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Abstract: Let β > 0 and assume 0 < b ≤ β. Let n ≥ 2 denote an integer and let n − 1 < α ≤ n.
The theory of u0-positive operators with respect to a cone in a Banach space was applied to study
eigenvalue problems for left focal boundary value problems for Caputo fractional linear differential
equations. Under suitable conditions, it was first established that there exists 0 < δ < β such that if
0 < b < δ, the left focal boundary value problem had a unique solution, u ≡ 0. Then, the left focal
point of the left focal boundary value problem was defined and criteria was established to characterize
the left focal point with respect to the spectral radius of an associated compact linear fractional integral
operator. In order to establish the criteria, properties of related families of Green’s functions were
observed. The article closed with an application to a nonlinear boundary value problem.
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1. Introduction

Let β > 0. Let n ≥ 2 be an integer and assume n − 1 < α ≤ n. For each 0 < b ≤ β, consider the
family of boundary value problems (BVPs) of the form

CDα0+u(t) + p(t)u(t) = 0, 0 ≤ t ≤ b, (1.1)

u(i)(0) = 0, i = 1, . . . , n − 1, u(b) = 0. (1.2b)

The operator, CDα0+ , defined precisely in Section 2, denotes a Caputo fractional derivative, and p is a
continuous nonnegative function on [0, β] which does not vanish identically on any open subinterval
of [0, β] of positive length.
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For ordinary differential equations, the two−point boundary conditions (1.2b) are contained in the
family of disfocal or left disfocal boundary conditions [1, 2]. For convenience, we shall refer to (1.2b)
as left focal boundary conditions. We shall study properties of a particular b0 ∈ (0, β], if it exists, such
that the BVP, (1.1), (1.2b0), has a nontrivial solution, and for 0 < b < b0, the BVP, (1.1), (1.2b), is
uniquely solvable, with unique solution u ≡ 0. If such a b0 exists, we shall define b0 to be the left focal
point of (1.1) corresponding to the left focal boundary conditions, (1.2b).

For ordinary differential equations, it is well known that if that if p is continuous and nonnegative on
(0,∞) and b0 is the conjugate point of the BVP, y′′(t)+ p(t)y(t) = 0, y(0) = y(b) = 0, then there exists a
solution y of the BVP, y′′(t)+ p(t)y(t) = 0, y(0) = y(b0) = 0 such that y(t) , 0 for 0 < t < b0. The result
is obtained by elementary methods, and we refer the reader to the authoritative monograph [3] for more
context. Employing the theory of cones, Schmitt and Smith [4] extended this principle to second order,
m−dimensional systems of two-point conjugate BVPs. Since then, their methods [4] have extended to
BVPs for various functional equations such as higher order scalar ordinary differential equations [5–8]
or BVPs for equations on various time scales [9, 10]. Our purpose is to extend these methods to the
BVP (1.1), (1.2b0).

More recently, positive operator theory has been successfully applied to study the eigenvalue
problem for two−point BVPs for Riemann−Liouville fractional differential equations. Beginning in
2014, sufficient conditions were established to first imply the existence of a principal eigenvalue for a
two−point conjugate BVP for a Riemann−Liouville fractional differential equation [11], and second,
characterize the conjugate point for a family of two−point BVPs with respect to the spectral radius
of an associated integral operator [12]. Further applications in the realm of fractional calculus can be
found in [13, 14].

The work here is motivated by [11,12]. We shall first establish the existence of the principal eigen-
value for an eigenvalue problem,

CDα0+u(t) + λp(t)u(t) = 0, 0 ≤ t ≤ b,

coupled with (1.2b), using the now standard methods of u0− positive operators. With the observation
that the principal eigenvalue produces the spectral radius of an associated integral operator, we then
characterize the left focal point of the BVP (1.1), (1.2b) with the corresponding spectral radius. We do
point out that in the case n = 2, Henderson and Kosmatov [15] studied the principal eigenvalue of the
BVP (1.1), (1.2b).

In Section 2, we provide the definition of the left focal point, and for the sake of self-containment,
we provide the necessary definitions and theorems that are employed. A family of Green’s functions
is constructed and analyzed in Section 3. In Section 4, the theory of u0− positive operators is applied
to obtain the existence of principal eigenvalues which are the spectral radii of the integral operators.
A universal Banach space is also defined so that the spectral radii can be compared. In the primary
result, Theorem 4.3, the left focal point of (1.1), (1.2b) is characterized by the spectral radius. We
close Section 4 with a remark, which we believe to be of interest, in which the kernel of an integral
operator, recently studied in [16], which depends on 1 ≤ γ ≤ α, reduces to the Green’s function
employed here for the Caputo fractional differential equation at γ = 1, and reduces to the Green’s
function employed in [11] for the Riemann−Liouville fractional differential equation at γ = α. An
application to a nonlinear BVP is presented in Section 5.
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2. Preliminaries

Definition 2.1. Let n denote a positive integer and assume n − 1 < α ≤ n. Let t0 ∈ R and assume
t0 < T ∈ R. For u ∈ L1[t0,T ], the Riemann−Liouville α−th order fractional integral of u, originating at
t0 ∈ R, denoted as Iαt+0

u, is defined as

Iαt+0 u(t) =
∫ t

t0

(t − s)α−1

Γ(α)
u(s) ds, t0 ≤ t ≤ T.

The Riemann−Liouville α−th order fractional derivative of u, originating at t0 ∈ R, denoted as Dα0+u,
is defined as

Dαt+0 u(t) = DnIn−α
t+0

u(t), t0 ≤ t ≤ T,

provided the righthand side exists, where Dn denotes the usual nth order derivative. The Caputo α−th
order fractional derivative of u, originating at t0 ∈ R, denoted as CDαt+0

u, is defined as

CDαt+0 u(t) = Dαt+0

u(t) −
n−1∑
k=0

u(k)(t0)(t − t0)k

k!

 , t0 ≤ t ≤ T,

provided the righthand side exists.

For our purposes, 2 ≤ n, t0 = 0, and 0 < b = T.Moreover [17],

CDα0+ I
α
0+u(t) = Dα0+ I

α
0+u(t) = u(t), 0 < t < b, if u ∈ L1[0, b], (2.1)

Iα0+Dα0+u(t) = u(t) +
n∑

k=1

cktα−(n−(k−1)), 0 < t < b, if Dα0+u ∈ L1[0, b], (2.2)

Iα0+(
CDα0+)u(t) = u(t) +

n∑
k=1

cktn−(n−(k−1)), 0 < t < b,

= u(t) +
n∑

k=1

cktk−1, 0 < t < b, if Dα0+u ∈ L1[0, b]. (2.3)

In (2.2), ck =
− limx→0+ Dk−1In−α

0+
u(x)

Γ(α−(n−k)) , k = 1, . . . , n, and in (2.3), ck =
−Dk−1u(0)
Γ(k) , k = 1, . . . , n, and Dk−1 denotes

the usual integer order derivative.

Definition 2.2. We shall say that 0 ≤ b0 is the left focal point of the BVP (1.1), (1.2b) if

b0 = inf{b > 0 : (1.1), (1.2b) has a nontrivial solution}.

Definition 2.3. Let B be a Banach space over R. A closed nonempty subset P of B is said to be a cone
provided

(i) c1u + c2v ∈ P, for all u, v ∈ P and all c1, c2 ≥ 0, and

(ii) u ∈ P and −u ∈ P implies u = 0.
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Definition 2.4. Let B be a Banach space over R and assume P ⊂ B is a cone. The cone P is a solid
cone if the interior, Int P, of P, is nonempty. The cone P is reproducing if for each w ∈ B, there exist
u, v ∈ P such that w = u − v.

Remark 2.1. According to Krasnosel’skiĭ [18], every solid cone is a reproducing cone.

Definition 2.5. Let B be a Banach space over R and assume P ⊂ B is a cone. We say u ≤ v with
respect to P, if u, v ∈ B, and v − u ∈ P. If M,N : B → B are bounded linear operators, we say M ≤ N
with respect to P if Mu ≤ Nu for all u ∈ P.

Definition 2.6. [18] A bounded linear operator M : B → B is u0-positive with respect to P if there
exists u0 ∈ P\{0} such that for each u ∈ P\{0}, there exist constants k1(u) > 0 and k2(u) > 0 such that
k1u0 ≤ Mu ≤ k2u0 with respect to P.

Let r(N) denote the spectral radius of a bounded linear operator N.
The application of u0-positive operator theory is summarized in the following results. Theorem 2.3

is found in [19]. The last three results and proofs are found in [18, 20–22].

Theorem 2.1. LetB denote a Banach space over the reals and letP ⊂ B be a solid cone. If N : B → B
is a linear operator such that N : P \ {0} → Int P, then N is u0−positive with respect to P.

Theorem 2.2 (Krein Rutman Theorem [20]). Let B denote a Banach space over the reals and assume
P ⊂ B is a reproducing cone. Assume N : B → B is a compact linear operator that is u0−positive
with respect to P. Then, N has an eigenvalue that is simple, positive, and larger in modulus than any
other eigenvalue of N.Moreover, a corresponding eigenvector is an element of P and the dimension of
the eigenspace is 1. In particular, this eigenvalue is r(N), the spectral radius of N : B → B.

Theorem 2.3. [19] Let Nb, η ≤ b ≤ β be a family of compact, linear operators on a Banach space
such that the mapping b 7→ Nb is continuous in the uniform operator topology. Then, the mapping
b 7→ r(Nb) is continuous.

Theorem 2.4. Assume B is a real Banach space and assume P ⊂ B is a reproducing cone. Assume
N : B → B is compact, linear, and positive with respect to P, and assume r(N) > 0. Then, r(N) is an
eigenvalue of N, and there is a corresponding eigenvector in P.

Theorem 2.5. Assume B is a real Banach space and assume P ⊂ B is a reproducing cone. Assume
N1,N2 : B → B are compact, linear, and positive with respect to P, and assume N1 ≤ N2 with respect
to P. Then, r(N1) ≤ r(N2).

Theorem 2.6. [21] AssumeB is a real Banach space, assumeP ⊂ B is a reproducing cone and assume
N : B → B is compact, linear, and positive with respect to P. Suppose there exists γ > 0, u ∈ B,
−u < P such that γu ≤ Nu with respect to P. Then, N has an eigenvector in P which corresponds to
an eigenvalue λ with λ ≥ γ.

3. Green’s functions and associated properties

The Green’s function for a BVP CDα0+u(t) + f (t) = 0, (1.2b) is given by

G(b; t, s) =


(b−s)α−1

Γ(α) −
(t−s)α−1

Γ(α) , 0 ≤ s ≤ t ≤ b,

(b−s)α−1

Γ(α) , 0 ≤ t ≤ s ≤ b.
(3.1)
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To see this, employ (2.3) and apply the operator Iα0+ to CDα0+u(t) + f (t) = 0 to obtain

u(t) = −Iα0+ f (t) −
n∑

k=1

cktk−1.

The boundary conditions at t0 = 0 in (1.2b) imply ck = 0, k = 2, . . . , n. So,

u(t) = −Iα0+ f (t) − c1.

Then, the boundary condition u(b) = 0 implies c1 = −Iα0+ f (b) and

u(t) = −Iα0+ f (t) + Iα0 f (b).

Extract the kernel of this integral equation to obtain (3.1).
Note also that for each i ∈ {1, . . . , n − 1},

∂i

∂ti G(b; t, s) =


−

(t−s)α−1−i

Γ(α−i) , 0 ≤ s ≤ t ≤ b,

0, 0 ≤ t ≤ s ≤ b.

We point out some obvious properties of G, which we state in a theorem without proof.

Theorem 3.1. Note the following:

(1) G(b; t, s) > 0 on [0, b) × [0, b).

(2) ∂i

∂ti G(b; t, s) ≤ 0 on [0, b) × [0, b), for i = 1, . . . , n − 1.

(3) G(b; b, s) = 0 on [0, b).

(4) ∂
∂tG(b; b, s) < 0 on [0, b).

(5) If 0 < b1 < b2, then G(b2; t, s) > G(b1; t, s) ≥ 0 on [0, b1] × [0, b1].

(6) If 0 < b, and f ∈ C[0, b], then
∫ b

0
G(b; ·, s) f (s) ds ∈ Cn−1[0, b].

We shall employ Theorem 3.1 (1), (3)–(5) in the applications of Theorems 2.1, 2.2, 2.4–2.6 in
Section 4. Theorem 3.1 (6) is employed to prove the following result that is fundamental for the
purposes of applying fixed point theorems to obtain sufficient conditions for the existence of solutions
of nonlinear BVPs, CDα0+u(t) + f (t, u(t), u′(t), . . . , u(n−1)(t)) = 0, (1.2b).

Theorem 3.2. Assume f : [0, b]×Rn → R is continuous. Then, u ∈ Cn−1[0, b] is a solution of the BVP

CDα0+u(t) + f (t, u(t), u′(t), . . . , u(n−1)(t)) = 0, 0 < t < b,

u(i)(0) = 0, i = 1, . . . , n − 1, u(b) = 0,

if, and only if, u ∈ Cn−1[0, b] is a solution of the integral equation

u(t) =
∫ b

0
G(b; t, s) f (s, u(s), u′(s), . . . , u(n−1)(s)) ds.
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4. Criteria for left focal points

For each 0 < b ≤ β, define a Banach space

B(b) = {u : [0, b]→ R : u ∈ Cn−1[0, b], u(i)(0) = 0, i = 1, . . . , n − 1, u(b) = 0},

with the norm
||u||b = max

i=0,...,n−1
{ sup
t∈[0,b]
|u(i)(t)|}.

We shall also have need for the Banach space B = C[0, β] with ||u|| = supt∈[0,β] |u(t)|.
For each 0 < b ≤ β, define a cone P(b) ⊂ B(b) by

P(b) = {u ∈ B(b) : u(t) ≥ 0 for t ∈ [0, b]}.

It is straightforward to show that Int P(b) is nonempty and, in fact, it is straightforward to show that

Int P(b) = {u ∈ P(b) : u(t) > 0, 0 ≤ t < b, u′(b) < 0}. (4.1)

Thus, P(b) is a solid cone and, hence, reproducing by Remark 2.1. Likewise, define the cone P ⊂ B
by

P = {u ∈ B : u(t) ≥ 0, for 0 ≤ t ≤ β}.

Note that if u ∈ B, then u = u1 − u2 where

u1(t) = max{0, u(t)} ∈ B, and u2(t) = max{0,−u(t)} ∈ B.

Thus, P is also a reproducing cone.
For the remainder of the article, assume p is a continuous nonnegative function on [0, β] which

does not vanish identically on any open subinterval of [0, β] of positive length, and set P = max
0≤t≤β
|p(t)|.

Define N̄0u(t) := 0, 0 ≤ t ≤ β, and for each 0 < b ≤ β, define N̄b : B → B by

N̄bu(t) :=


∫ b

0
G(b; t, s)p(s)u(s) ds, 0 ≤ t ≤ b,

0, b < t ≤ β.
(4.2)

For each 0 < b ≤ β, we shall also consider Nb : B(b)→ B(b) defined by

Nbu(t) :=
∫ b

0
G(b; t, s)p(s)u(s) ds, 0 ≤ t ≤ b.

In the following theorem, the contraction mapping principle is employed to argue that b0, the left
focal point of (1.1), (1.2b), is positive, if it exists.

Theorem 4.1. There exists 0 < δ ≤ β such that if 0 < b < δ, there exists a unique solution of the BVP,
(1.1), (1.2b); in particular, if 0 < b < δ, then u ≡ 0 is the only solution of (1.1), (1.2b).
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Proof. Let u1, u2 ∈ B(b). For t ∈ [0, b],

(Nbu1 − Nbu2)(t) =
∫ b

0

(b − s)α−1

Γ(α)
(pu1 − pu2)(s) ds −

∫ t

0

(t − s)α−1

Γ(α)
(pu1 − pu2)(s) ds,

(Nbu1 − Nbu2)(i)(t) = −
∫ t

0

(t − s)α−1−i

Γ(α − i)
(pu1 − pu2)(s) ds, i = 1, . . . , n − 1.

Then,

||Nbu1 − Nbu2||b ≤ max
{

2bα

Γ(α + 1)
, max

i=1,...,n−1
{

bα−i

Γ(α − i + 1)
}

}
P||u1 − u2||b.

Note that

lim
b→0+

2bα

Γ(α + 1)
= 0, lim

b→0+

bα−i

Γ(α − i + 1)
= 0, i = 1, . . . , n − 1;

thus, choose δ > 0 such that if 0 < b < δ,

max
{

2bα

Γ(α + 1)
, max

i=1,...,n−1

bα−i

Γ(α − i + 1)

}
<

1
2P
.

Then, Nb : B(b)→ B(b) is a contraction map.

Lemma 4.1. If 0 < b ≤ β, then, the linear operator Nb : B(b)→ B(b) is compact.

Proof. Linearity is clear.
Let u ∈ B(b). Then, pu ∈ C[0, b] and

Nbu = Iα0+ pu(b) − Iα0+ pu ∈ Cn−1[0, b],

by Theorem 3.1 (6). Moreover, by construction, (Nbu)(i)(0) = 0, i = 1, . . . n − 1, and Nbu(b) = 0. Thus,

Nb : B(b)→ B(b).

To prove that Nb : B(b) → B(b) is compact, let {un} denote an arbitrary sequence in the unit ball
of B(b). We show that for each i = 0, . . . n − 1, the sequence {(Nbun)(i)} is uniformly bounded and
equicontinuous and the proof of Lemma 4.1 will be complete.

For uniform boundedness, note that since 0 ≤ t ≤ b,

|Nbun(t)| ≤ P
∫ b

0

(b − s)α−1

Γ(α)
ds + P

∫ t

0

(t − s)α−1

Γ(α)
ds ≤

2Pbα

Γ(α + 1)
, (4.3)

and for i = 1, . . . , n − 1,

|(Nbun)(i)(t)| ≤ P
∫ b

0

(t − s)α−1−i

Γ(α − i)
ds ≤

Pbα−i

Γ(α − i + 1)
.

So each sequence {(Nbun)(i)}, i = 0, . . . , n − 1 is uniformly bounded.
For equicontinuity, first note that for each i = 0, . . . , n − 2, the uniform equicontinuity of {(Nbun)(i)}

follows immediately from the mean value theorem and the uniform boundedness of {(Nbun)(i+1)} since
for t1, t2 ∈ [0, b], there exists cn,i between t1 and t2 such that

|(Nbun)(i)(t2) − (Nbun)(i)(t1)| = |(Nbun)(i+1)(cn,i)||t2 − t1| ≤
Pbα−i−1

Γ(α − i)
|t2 − t1|.
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To address the equicontinuity of {(Nbun)(n−1)}, assume for convenience that 0 ≤ t1 < t2 ≤ b. Then,

|(Nbun)(n−1)(t2) − (Nbun)(n−1)(tt)| =

∣∣∣∣∣∣
∫ t2

0

(t2 − s)α−n

Γ(α − n + 1)
p(s)un(s) ds −

∫ t1

0

(t1 − s)α−n

Γ(α − n + 1)
p(s)un(s) ds

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫ t1

0
(

(t2 − s)α−n

Γ(α − n + 1)
−

(t1 − s)α−n

Γ(α − n + 1)
)p(s)un(s) ds +

∫ t2

t1

(t2 − s)α−n

Γ(α − n + 1)
p(s)un(s) ds

∣∣∣∣∣∣
≤ P

∫ t1

0

∣∣∣∣∣ (t2 − s)α−n

Γ(α − n + 1)
−

(t1 − s)α−n

Γ(α − n + 1)

∣∣∣∣∣ ds + P
∫ t2

t1

(t2 − s)α−n

Γ(α − n + 1)
ds

= P
∫ t1

0

(
(t1 − s)α−n

Γ(α − n + 1)
−

(t2 − s)α−n

Γ(α − n + 1)

)
ds + P

∫ t2

t1

(t2 − s)α−n

Γ(α − n + 1)
ds

= P
(

tα−n+1
1

Γ(α − n + 2)
−

tα−n+1
2

Γ(α − n + 2)
+ 2

(t2 − t1)α−n+1

Γ(α − n + 2)

)
.

The function f (x) = xα−n+1

Γ(α−n+2) , 0 ≤ x ≤ b is uniformly continuous on [0, b]. Thus, for ϵ > 0, there exists
δ > 0 such that if |t2 − t1| < δ, t1, t2 ∈ [0, b], then∣∣∣∣∣∣ tα−n+1

1

Γ(α − n + 2)
−

tα−n+1
2

Γ(α − n + 2)

∣∣∣∣∣∣ < ϵ2P
and
|(t2 − t1)|α−n+1

Γ(α − n + 2)
=
|(t2 − t1) − 0|α−n+1

Γ(α − n + 2)
<
ϵ

4P
,

and the equicontinuity of {(Nbun)(n−1)} is established. This completes the proof that the map Nb :
B(b)→ B(b) is a compact map.

Lemma 4.2. If 0 < b ≤ β, then, Nb : Pb \ {0} → Int Pb.

Proof. This is a straightforward consequence of Theorem 3.1 (1) and (4), the sign properties of p, and
the characterization of Int Pb in (4.1). Let u ∈ Pb. First, if 0 ≤ t < b, then Theorem 3.1 (1) implies

Nbu(t) =
∫ b

0
G(b; t, s)p(s)u(s) ds > 0.

Second, if t = b, then Theorem 3.1 (4) implies

(Nbu)′(b) =
∫ b

0

∂

∂t
G(b; b, s)p(s)u(s) ds < 0.

Corollary 4.1. If 0 < b ≤ β, then, r(Nb) > 0.Moreover, r(Nb) is an eigenvalue of Nb with corresponding
eigenvector, u ∈ Int P(b).

Proof. This is an immediate application of Theorems 2.1 and 2.2.

Corollary 4.2. Let 0 < b ≤ β. Then, λ is an eigenvalue of Nb if, and only if, λ is an eigenvalue of N̄.
Moreover, r(N̄b) = r(Nb) > 0, with corresponding eigenvector ūb ∈ P \ {0}.

Proof. The equivalence expressed in this corollary is an easy consequence of the observation that if u
is an eigenfunction for N̄b, then u(t) = 0, for b < t ≤ β, which implies

Nbu(t) + λpu(t) = 0, 0 ≤ t ≤ b if, and only if, N̄bu(t) + λpu(t) = 0, 0 ≤ t ≤ β.
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Lemma 4.3. The family of operators N̄b : B → B, 0 ≤ b ≤ β is a family of compact, linear operators
on B and the mapping b 7→ N̄b is continuous in the uniform topology.

Proof. Linearity is clear. Since B = C[0, β], the Arzela-Ascoli theorem only needs to be applied to
{N̄bun}, where {un} is contained in the unit ball of B. A calculation, very similar to that in (4.3), implies

|N̄bun(t)| ≤
2Pbα

Γ(α + 1)
, 0 ≤ t ≤ β.

For equicontinuity, one considers each of three cases, 0 ≤ t1 < t2 ≤ b, 0 ≤ t1 < b < t2 ≤ β, and
b ≤ t1 < t2 ≤ β. Straightforward calculations imply

|N̄bu(t2) − N̄bu(t1)| ≤
Pbα−2

Γ(α − 1)
|t2 − t1|.

So, N̄b : B → B is a linear compact map.
To see that the mapping b 7→ N̄b is continuous in the uniform operator topology, assume u ∈ B with

||u|| = 1. Assume for simplicity that 0 ≤ b1 < b2 ≤ β.

First, assume the case b1 = 0. Then,

|(N̄b2 − N̄0)u(t)| ≤

∣∣∣∣∣∣
∫ b2

0

(b2 − s)α−1

Γ(α)
p(s)u(s) ds

∣∣∣∣∣∣ +
∣∣∣∣∣∣
∫ t

0

(t − s)α−1

Γ(α)
p(s) u(s) ds

∣∣∣∣∣∣
≤

2Pbα2
Γ(α + 1)

= 2P
(

bα2
Γ(α + 1)

−
bα1

Γ(α + 1)

)
.

Now assume the case 0 < b1. For this case, first assume 0 < t ≤ b1. Then

|(N̄b2 − N̄b1)u(t)| =

∣∣∣∣∣∣
∫ b2

0

(b2 − s)α−1

Γ(α)
p(s)u(s) ds −

∫ b1

0

(b1 − s)α−1

Γ(α)
p(s)u(s) ds

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫ b1

0
(
(b2 − s)α−1

Γ(α)
−

(b1 − s)α−1

Γ(α)
)p(s)u(s) ds +

∫ b2

b1

(b2 − s)α−1

Γ(α)
p(s)u(s) ds

∣∣∣∣∣∣
≤ P

(∫ b1

0

(
(b2 − s)α−1

Γ(α)
−

(b1 − s)α−1

Γ(α)

)
ds +

∫ b2

b1

(b2 − s)α−1

Γ(α)
ds

)
= P

(
bα2

Γ(α + 1)
−

bα1
Γ(α + 1)

)
.

Second, assume b1 < t ≤ b2. Then,

|(N̄b2 − N̄b1)u(t)| =

∣∣∣∣∣∣
∫ b2

0

(b2 − s)α−1

Γ(α)
p(s)u(s) ds −

∫ t

0

(t − s)α−1

Γ(α)
p(s)u(s) ds

∣∣∣∣∣∣
≤ P

(
bα2

Γ(α + 1)
−

tα

Γ(α + 1)

)
≤ P

(
bα2

Γ(α + 1)
−

bα1
Γ(α + 1)

)
.

Finally, for b2 < t ≤ β,

|(N̄b2 − N̄b1)u(t)| = 0 ≤ P
(

bα2
Γ(α + 1)

−
bα1

Γ(α + 1)

)
.
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In particular, if 0 ≤ b1 < b2 ≤ β, apply the mean value theorem and

||(N̄b2 − N̄b1)u|| ≤
2Pβα−1

Γ(α)
|b2 − b1|.

Thus, the mapping b→ Nb is continuous in the uniform topology.

Corollary 4.3. The mapping b 7→ r(N̄b) is continuous.

Proof. Apply Theorem 2.3 and the preceding lemma.

Theorem 4.2. The mapping b 7→ r(N̄b) is strictly increasing as a function of b.

Proof. First note that r(N̄0) = 0. Let b ∈ (0, β]. Then, r(N̄b) = r(Nb) > 0 is an eigenvalue of Nb :
B(b) → B(b) with corresponding eigenfunction ub ∈ Int P(b). Extend ub ∈ Cn−1[0, b] to ūb ∈ C[0, β]
by

ūb(t) =


ub(t), 0 ≤ t ≤ b,

0, b < t ≤ β,
(4.4)

and note that ūb ∈ P \ {0}. Perform this extension for each b ∈ (0, β].
If 0 < b1 < b2 ≤ β, then, r(Nb1) > 0 exists. Moreover, there exists ub1 ∈ Pb1 \ {0} such that

Nb1ub1(t) = r(Nb1)ub1(t), 0 ≤ t ≤ b1.

Let ūb1 denote the extension of ub1 to [0, β] according to (4.4). Set y1 = N̄b1 ūb1(t), 0 ≤ t ≤ β, and note
y1 ∈ P \ {0}; set y2 = N̄b2 ūb1 ∈ P \ {0}. For 0 ≤ t ≤ b1,

(y2 − y1)(t) =
∫ b2

0
G(b2; t, s)pūb1(s) ds −

∫ b1

0
G(b1; t, s)pūb1(s) ds

=

∫ b1

0
(G(b2; t, s) −G(b1; t, s)pub1(s) ds.

Note that ub1 ∈ Int P(b1) implies (y2 − y1)(t) > 0 for 0 ≤ t ≤ b1 by Theorem 3.1 (5). Moreover,
(y2 − y1) ∈ C[0, β], and so set m = min0≤t≤b1(y2 − y1)(t) > 0. Likewise, ub1 ∈ C[0, b1], and so set
M = max0≤t≤b1 ub1(t) > 0. Set δ = m

M > 0 and (y2 − y1)(t) ≥ δub1(t) for 0 ≤ t ≤ b1. For b1 < b ≤ β,
y2(t) ≥ 0 and y1(t) = 0. Then, (y2 − y1)(t) ≥ δūb1(t), for all 0 ≤ t ≤ β; in particular, (y2 − y1) ≥ δūb1 with
respect to the cone P. Thus, with respect to P,

y2 ≥ y1 + δūb1 = (r(N̄b1) + δ)ūb1 .

Apply Theorem 2.6 and r(N̄b2) ≥ r(N̄b1) + δ > r(N̄b1).

The next theorem characterizes the left focal point of the BVP (1.1), (1.2b) with respect to a corre-
sponding positive eigenfunction and with respect to a normalized spectral radius.

Theorem 4.3. The following are equivalent:

(1) b0 is the left focal point of the BVP (1.1), (1.2b);
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(2) there exists a nontrivial solution u of the BVP (1.1), (1.2b0) such that u ∈ P(b0);

(3) r(Nb0) = r(N̄b0) = 1.

Proof. (3) =⇒ (2) is true due to Theorem 2.4.
To see that (2) =⇒ (1), let u ∈ Pb0 \ {0} satisfy (1.1), (1.2b0). Let ū denote the extension of u

according to (4.4). Then, ū(t) = N̄b0 ū(t), 0 ≤ t ≤ β, and r(N̄b0) ≥ 1.
If r(N̄b0) = 1, apply Theorem 4.2. Let 0 < b < b0. Then, r(Nb) = r(N̄b) < 1 and the BVP (1.1),

(1.2b) has only the trivial solution. By definition, b0 is the left focal point of the BVP (1.1), (1.2b) and
(2) =⇒ (1) is proved.

If r(N̄b0) > 1, Let v̄ ∈ P \ {0} be an eigenfunction corresponding to r(N̄b0) for the operator N̄b0 . Let
v(t) denote the restriction of v(t) = v̄ to [0, b0]. Then, for 0 ≤ t ≤ b0, Nb0v(t) = r(N̄b0)v(t). Moreover,
v ∈ Int P(b0). Thus, there exists δ > 0 such that δv ≤ u with respect to the cone Pb0 . Thus, δv̄ ≤ ū, with
respect to the cone P. Let δ̄ = sup{δ > 0 such that δv̄ ≤ ū}. Then,

ū = N̄b0 ū ≥ Nb0 δ̄v̄ = δ̄N̄b0 v̄ = δ̄r(N̄b0)v̂,

a contradiction if r(N̄b0) > 1. Thus, r(N̄b0) = 1.
To prove (1) =⇒ (3), observe that the continuity of the mapping b 7→ r(N̄b) implies lim

b→0+
r(N̄b) = 0.

Note that (1) implies r(N̄b0) ≥ 1. If r(N̄b0) > 1, then the continuity of r implies there exists 0 < b < b0

such that r(N̄b) = 1, contradicting (1).

Remark 4.1. Assume 1 ≤ γ ≤ α. Recently in [16], an eigenvalue problem

u(t) = λIα0+u(1)tγ−1 − λI0+u(t) = λ
∫ 1

0
G(α, γ; t, s)u(s) ds, 0 ≤ t ≤ 1,

has been studied using u0−positive operator theory for the purpose of studying the real roots of
two−parameter Mittag−Leffler functions. So, on an interval [0, b], consider an eigenvalue problem

u(t) = λIα0+u(b)tγ−1 − λI0+u(t) = λ
∫ b

0
G(α, γ, b; t, s)u(s) ds, 0 ≤ t ≤ b,

where, for 1 ≤ γ ≤ α,

G(α, γ, b; t, s) =


tγ−1(b−s)α−1

bγ−1Γ(α) −
(t−s)α−1

Γ(α) , 0 ≤ s ≤ t ≤ b,

tγ−1(b−s)α−1

bγ−1Γ(α) , 0 ≤ t ≤ s ≤ b.

Set γ = 1, G(α, 1, b; t, s) = G(b; t, s) as in (3.1), the Green’s functions for the two−point left focal
BVP for Caputo fractional differential equations. Set γ = α, and G(α, α, b; t, s) is precisely the family
of Green’s functions employed in [11] and [12] in the study of a two−point conjugate BVPs for a
Riemann−Liouville fractional differential equation. The kernel G(α, γ, b; t, s) provides an interesting
algebraic connection between focal BVPs for Caputo fractional differential equations and conjugate
BVPs for Riemann-Liouville fractional differential equations.
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5. Application to a nonlinear problem

Motivated by [4], the above results are applied to a nonlinear problem. This application employs a
fixed point theorem, proved in [23] or [4].

Consider a BVP for a nonlinear fractional differential equation of the form,

CDα0+u(t) + f (t, u) = 0, 0 < t < b, (5.1)

with boundary conditions (1.2b), where f (t, u) : [0,∞) × R → R is continuous, and f (t, 0) ≡ 0. In
addition, assume f is differentiable in u at u = 0. Assume p = (∂ f

∂u )(·, 0) is continuous on [0,∞) and
does not vanish identically on each open subinterval of [0,∞) of positive length. Then, the variational
equation along the zero solution of (5.1) is

CDα0+u(t) + p(t)u(t) = 0, 0 < t < b. (5.2)

Thus, assume in addition that p(t) ≥ 0, t ∈ (0,∞) so that if u ∈ P(b), then pu(t) ≥ 0, for 0 ≤ t ≤ b.
We shall apply the following fixed point theorem.

Theorem 5.1. [23] Let B be a real Banach space and assume P ⊂ B is a reproducing cone. Assume
M : B → B is a completely continuous operator such that M : P → P and M(0) = 0. Assume M is
Fréchet differentiable at u = 0 whose Fréchet derivative N = M′(0) has the property:

(A) There exist w ∈ P and µ > 1 such that Nw = µw, and Nu = u implies u < P. Further, there
exists ρ > 0 such that, if u = ( 1

λ
)Mu, u ∈ P and ||u|| = ρ, then λ ≤ 1.

Then, the equation u = Mu has a solution u ∈ P \ {0}.

We shall apply Theorem 5.1 and the results of Section 4 to prove the following theorem. As above,
let β > 0, B = C[0, β], and P = {u ∈ B : u(t) ≥ 0, for 0 ≤ t ≤ β.}.

Theorem 5.2. Assume b0 is the left focal point of (5.2), (1.2b). For each b0 < b ≤ β assume the
property:

(Â) There exists ρ(b) > 0 such that if u(t) is a nontrivial solution of the BVP,

CDα0+u +
(
1
λ

)
f (t, u) = 0, 0 < t < b,

with boundary conditions (1.2b) and if u ∈ Pb, with ∥u∥b = ρ(b), then λ ≤ 1.
Then, for each b0 < b, the BVP (5.1), (1.2b) has a nontrivial solution u ∈ Pb.

Proof. For each b0 < b, let N̄b : B → B be defined by (4.2) where p(t) ≡ (∂ f
∂u )(t, 0), 0 ≤ t ≤ b, and

define the nonlinear operator, Mb : B → B, by

Mbu(t) =


∫ b

0
G(b; t, s) f (s, u(s)) ds, 0 ≤ t ≤ b,

0, b ≤ t < ∞.
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The assumed conditions on f imply that Mb is Fréchet differentiable at u = 0, and M′b(0) = Nb. To
see this, employ the definition of Fréchet differentiable and the mean value theorem to obtain∣∣∣∣∣∣

∫ b

0
G(b; t, s)[ f (s, u(s)) − f (s, 0) − p(s)u(s)] ds

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∫ b

0
G(b; t, s)[ f (s, u(s)) − p(s)u(s)] ds

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫ b

0
G(b; t, s)[ fu(s, c(s)) − p(s)]u(s) ds

∣∣∣∣∣∣
≤

bα−1

Γ(α)

∫ b

0
| fu(s, c(s)) − p(s)| ds||u||,

where 0 ≤ c(s) ≤ u(s) for 0 ≤ s ≤ b.Moreover, M′b(0) = Nb.

By Theorem 4.3, r(N̄b0) = 1, and by Theorem 4.2, r(N̄b) > 1 if b0 < b. Moreover, since b0 is the left
focal point of (5.2), (1.2b), Theorem 4.3 implies that if b0 < b, and if N̄bu = u, u , 0, then u < P. Thus,
Condition (Â) implies that Theorem 5.1 applies, and there exists u ∈ P \ {0} such that u = Mbu.

Remark 5.1. One may question if Condition (Â) can be verified. Schmitt and Smith [4] addressed
that question for the case α = 2 and for the case of conjugate boundary conditions. Their calculations
are readily modified to show that if for each 0 < b ≤ β, there exist K(b) > 0, and γ ∈ (0, 1) such that

| f (t, u)| ≤ |u|γ, for |u| ≥ K(b), 0 ≤ t ≤ b,

then Condition (Â) is satisfied.

6. Results and discussion

In this paper, we considered a family high order left focal two−point BVPs for a Caputo fractional
differential equation. Employing the theory of u0−positive operators, the existence of a principal eigen-
value with corresponding eigenfunction living in the interior of a cone is obtained. Since the principal
eigenvalue corresponds to the spectral radius of an associated integral operator, the left focal point is
defined and studied in relation to the spectral radius of the associated integral operator. A fundamental
part of the analysis is to invert the BVPs and observe properties of a family of Green’s functions. The
article closes with an application of a fixed point theorem to a nonlinear BVP.
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