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Abstract: In this paper, we study a structural acoustics model with supercritical source and nonlinear
damping. The model consists of a wave equation defined on a bounded domain which is strongly
coupled with a Berger plate equation acting on the elastic wall. The aim of the paper is to remove the
strong condition u € L*(R*; L%(Q)) for m; > 5 in the work [1] to obtain a weaker energy decay, and
give a logarithmic decay rate under a weak assumption on the initial data.
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1. Introduction

This paper is concerned with a structural acoustic model with supercritical source and
nonlinear damping:

uy — Au+ g1(u,) = fi(u) in Qx(0,7),

Wi + AW + ulr + go(wy) = H(w) inI"x(0,7T),

u=20 onlyx(0,T), (.
ou=w, onI' x(0,7),

w=0,w=0 on oI’ x (0,T),

(u(0), u(0)) = (uo, ur),  (W(0), w,(0)) = (wo, wy),
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where Q c R3 is an open, bounded, and connected domain with smooth boundary dQ = I'y UT". The
sets I'p and I are disjoint, open, connected subsets of dQ with positive Lebesgue measure, and I is
assumed to be a flat portion of Q. The boundary part I'y represents a rigid wall, whereas the coupling
occurs through the flexible wall I'. The functions f; and f, are source terms and f; is of supercritical
order. Finally, g;(,) and g,(w;,) are nonlinear frictional damping terms.

Models such as (1.1) arise in the modeling of gas pressure in an acoustic cavity whose boundary
is composed of both rigid and flexible walls. The pressure inside the cavity is governed by a wave
equation, while the vibration of the flexible wall is described by a coupled Berger plate equation.

The study of structural-acoustic interactions dates back to the pioneering works [2-6]. The
underlying physical setting is that, in a domain with smooth and compact boundary, the gas undergoes
a small irrotational perturbation from a stationary state. In [4], Beale and Rosencrans considered a
wave equation with acoustic boundary conditions and proved global existence and regularity for the
corresponding nonlinear problem. Beale [3] subsequently discussed spectral properties of this model.
In [2], the authors introduced a two-dimensional model to describe acoustic—structure interaction in a
rectangular cavity in which the boundary consists of three rigid walls and one vibrating wall, the latter
being modeled by the Euler-Bernoulli beam equation. With respect to the stability and controllability
of structural-acoustic models, Lasiecka provided a comprehensive overview in the book [7]. For
further results on the asymptotic behavior of related structural-acoustic models, we refer the reader
to [8—12] and the references therein.

Note that, in (1.1), the nonlinear source competes with the nonlinear damping. In [13], the authors
investigated a wave equation with both a source and a damping term, and proved global existence of
solutions provided that the damping term dominates the source term. In contrast, solutions may blow-
up when the source dominates the damping. Analogous results for wave equations with nonlinear
boundary damping and nonlinear sources were obtained in [14, 15]. Bociu and Lasiecka [16] studied
a wave equation with supercritical interior and boundary sources, together with damping terms, and
proved local Hadamard well-posedness of finite-energy (weak) solutions by allowing for more singular
sources. Moreover, uniqueness of weak solutions for semilinear wave equations with supercritical
boundary/interior sources and damping was established in [17], while blow-up results were obtained
in [18]. Guo and Rammaha studied a coupled wave equation with damping and a supercritical source;
Hadamard well-posedness, energy decay for potential well solutions, and blow-up of weak solutions
were established in [19-21]. For further contributions on wave equations with supercritical source
terms, we refer to [22—-30], to name but a few.

For system (1.1), Hadamard well-posedness was established in [31]. More specifically, existence
of local and global weak solutions was obtained by means of a semigroup approach for nonlinear
operators. Uniqueness of solutions and continuous dependence on the initial data were also proved
therein. In [1], Feng et al. proved the global existence of potential well solutions and derived their
energy decay rates of such solutions. The blow-up of weak solutions was proved in [32].

However, in their study of the energy decay rates for (1.1) in [1], the authors assumed that u €
L*(R*; L%(Q)) for m; > 5, which requires a smoother initial datum u,. The main goal of this paper
is to remove the above strong assumptions on u required in [1] to obtain a weaker energy decay. In
particular, we establish a logarithmic decay rate.

The paper is organized as follows. In Section 2, we present the preliminaries, recall some known
results, and state our main theorem on energy decay. In Section 3, we provide the proof.
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2. Preliminaries and main result

2.1. Notations and assumptions

We adopt the notation of [1]. For 1 < p < oo, we write |ull, := |lullzrq and |ul, = [lullr@).
Moreover, (u, v)q := (4, V)2 and (4, v)r := (4, V)2, denote the usual L? inner products on Q and on
I', respectively.

We define the space

H{ (Q) :={uecH(Q) : ulr, =0} 2.1)

By the Poincaré inequality, for u € H}O(Q), the H'-norm is equivalent to || Vu||,. Throughout the paper,
C > 0 denotes a generic constant whose value may vary from line to line.
Similar to that [1], we impose the following assumptions.

Assumption 2.1. (I) For i = 1,2, the functions g; : R — R are continuous and monotone increasing,
with g;(0) = 0. Moreover, we assume that there exist positive constants « and 3 such that, for |s| > 1,

als/™*! < gi(s)s < BlsI™*, withm; > 1.
(1) The functions f; are of class C'(R) and satisfy
I/ ()] < C(IsP~t + 1), with1 < p; <6, p, > 1.

(IIl) The exponents satisfy

+1
i < 6.

Pi
ny

To study the potential well solutions, we should impose additional assumptions on the source terms
fiand f; asin [1].

Assumption 2.2. For i = 1,2, there exist nonnegative functions Fi(s) € C'(R) such that F i(s) = fi(s),
and F; are homogeneous of order p; + 1, that is, F;(1s) = APHLE(s), for >0, seR.

Remark 2.3. By the Euler theorem on homogeneous functions, the homogeneity of F; yields
sfi(s) = (pi + DFi(s), i = 1,2. (2.2)
Moreover, since Fi(s) are homogeneous, there exists M > 0 such that
Fi(s) < M|slP™', i =1,2. (2.3)

2.2. Some known results

The quadratic energy associated with (1.1) is defined by

E@t) = 5 (Il + Wil + IVu@)ll3 + [Aw(0)). (2.4)

| =
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In particular, one has the energy identity

! A
E@) + f f g1(u)u,dxdr + f f g wow,dldr
0 Ja o Jr

:E(O)+f ffl(u)u,dxdr+f ffz(w)wtdFdT. (2.5
0 Ja 0o Jr

We define total energy of (1.1) by

&) :=E@) - f Fi(u)dx — sz(w)dF
Q r

(Il O3 + WO + IVu@IB + 1Aw(@)) - fg Fy(u)dx - fr Fa(w)dT, (2.6)

N =

which implies that

8(t)+f fgl(u,)u,dxdr+f fgz(w,)w,dFdT:S(O), forall t € [0,T). 2.7
0 Ja 0o Jr

Now we define the potential energy functional J(¢) by

1
J(u,w) = E(IIVuH% + |Awl) —f

Q

Fi(u)dx — f Fr(w)dr',
r
and the Nehari manifold by
N = {(u,w) € H\{(0,0)} : (J'(u,w), (u,w)) = 0}, (2.8)

where H = H}O (Q) x H3(I), and the Fréchet derivative of J at (u,w) € H is given by
w600 = [ Vu-Vodns [ aw-apar- [ fiaosds— [ poowr.
Q r Q r
for (¢, ¥) € H. This together with (2.2) yields

N = {(u, w) € E\{(0,0)} : [IVull3 + 1AW = (py + 1) fg Fi(wdx + (py + 1) f Fwdl},  (2.9)
r

The potential well is defined by
W ={(u,w)eH: J(u,w) <dj, (2.10)
where the depth d of the well W is given by

d:= inf J(u,w). (2.11)

(u,Ww)eN

We further decompose W into two disjoint subsets W; and W,:
W, = {(u, w) € W o |[Vullz + [Awl; > (p) + 1)fF1(u)dX+ (P2 + 1)sz(W)dF} U{(0,0)},
Q r
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W, = {(u,w)e W 2 IVl + |Awf3 < (py + l)fFl(u)dx+(p2+ 1)fF2(w)dF}.
Q r

We refer to W, as the stable part and to W, as the unstable part. Clearly, W, N W, = @ and
WiuWw, =W,

We now give the definition of a weak solution of (1.1).

Definition 2.4. A pair (u, w) is said to be a weak solution to (1.1) on [0, T] if

u € C([0,T]; Hy, (), u, € C([0, TT; LX(Q)) N L™ (Q x (0, T)),
w e C([0,T]; Hy(I)), w; € C([0, TT; L*(T)) N L™ (T x (0, T)),

the initial data satisfy
((0), u/(0)) = (uo, u1) € Hy,(Q) x L*(Q), (w(0), w,(0)) = (wo, w1) € Hy(T') x LX(T),
and the following variational identities hold for all t € [0, T]. For every test function
v e C([0,T]; Hy, () N L (Qx (0, 7)), v, € LY(0, T; LX(Q)),

we have

(u (1), V(D)o = (u1,v(0))a — f (ui(5), vi(s)a ds + f (Vu(s), Vv(s))a ds
0 0

_f(Wt(s)’VV(S))FdS"‘ffgl(uz(s))v(s)dde:fffl(”(s))v(s)dxds’ (2.12)
0 0Ja 0Ja

where yu denotes the trace of u on I'. For every test function
z€ C([0,TI; HyM),  z € LY(0,T; L(D),

we have
(W (2) + yu(t), z()r — (wy + yu(0), z(0)r — f (wi(s), z(s))rds — f (yu(s), z/(s))rds
0 0

! t f
+ f(Aw(s),Az(s))p ds + ffgg(w,(s)) z(s)dl'ds = fffz(w(s)) z2(s)dl' ds. (2.13)
0 0Jr 0Jr
The existence of global potential well solutions is summarized in the following theorem, proved
in [1].

Theorem 2.5. ( [1]) Let Assumptions 2.1 and 2.2 hold. Assume that 1 < p; < 5 and p, > 1. Assume
further that (uy,wy) € Wy and E(0) < d. Then, problem (1.1) admits a global weak solution (u,w).
Moreover, for any t > 0,

(1) J(u(®),w(t)) < &) < EO0) < d;
(i) (u(r),w(n)) € Wy;
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(iii) E(f) < %;
(iv) 2 B < 80) < E,

c
where ¢ = min{p; + 1, p, + 1} > 2.

Since Hy (Q) — L"*'(Q) for I < p; < 5 and Hj(I') < L»*(I) for p, > 1, we introduce the
optimal embedding constants:

p2+1

1
L= su Py (2.14)
p2+1
weHa O\ (0) |AWI,

p1+1

pi+l Wl

Juel
Kl =

sup ——=,
wert @\ [[Vully

Combining (2.3) and (2.14), we obtain

TG, w) 2 %uwuué + 1AW = Ml + i)
> %(nwn% +1AWE) = MK, [IVull™ — MK | Aw(;!
> % e, ) I =M K e, W™ = MKl w2 (2.15)
By introducing the function
G(s) := %sz — MK, s — MK, s, (2.16)
we get from (2.15) that
J(u,w) > G(||(u,w)|lg), forany (u,v) € H. 2.17)

Since py, p» > 1, we have
G'(s) = s[1 = MK (p; + 1)s"™" = MK»(p, + 1)s"7'].
Thus, G’ has a unique positive zero sy, where s, is the unique root of
MK (p; + Ds" ™'+ MK>(p, + 1)s77! = 1. (2.18)
It is easy to check that G(s) has a maximum value at s, on [0, c0), that is,

sup G(s) = G(so) > 0.

s€[0,00)

Let
Wy o= {(u,w) € H : |[(u, w)llg < s, J(ut, w) < G(s0)}. (2.19)
For any small 6 > 0, a closed subset of W, is defined by
W= {w,w) € H: |[(u, w)llg < so — 6, J(u,w) < G(so— )} (2.20)
Clearly,
WicWw, cw,.
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2.3. Main result

We now state the main result of the paper.

Theorem 2.6. Let 1 < p; < 5 and assume that Assumptions 2.1 and 2.2 hold. Suppose moreover
that gi(s) (i = 1,2) are linearly bounded near the origin, i.e., there exist constants a; > 0 and 3; > 0
such that

als| < gi(s) <Bilsl, i=1,2, ¥s| <1

Fix 6 > 0O sufficiently small satisfying (3.31), and let uy € Wf with E0) < G(sg — 6).
If my > 5, assume in addition that & : R* — R* is a strictly increasing C'-function and that

a(t) = f &(s)ds with lim a(t) = +oo, 2.21)
0 t—+00

where & : R* — R* is a non-increasing differentiable function with £(0) > 0, and (1+1)&(t) is uniformly
bounded for t > 0. Then, there exist positive constants C and 6 such that

E() < éa(z) < C8(O)( 1 L+p ) V10, (2.22)

+ poa(t)

where u = m% In particular, we get the logarithmic energy decay

1

) -1
CTE(t) < 8(1) < CEO)[ log2 + 1] ", V1>0.
3. Proof of main result

In this section, we prove Theorem 2.6. To this end, we recall the following lemma from [33], which
will be crucial in the proof.

Lemma 3.1. ( [33]) Suppose that h : R* — R” is a decreasing function and B : R* — R* is a strictly
increasing C'—function satisfying (0) = 0 and lim,_, . B(t) = +oco. Assume that there exist constants
{ > 0and p > 0 such that
+ 00 , 1+§ 1 {
f B'(s)|h(s)| "ds < /—)[h(O)] h(t).
t

Then, h satisfies the following decay estimate:
1
1+¢ ¢
h(t) < h(0) (—) , Vi>0.
1+ plp(1)

Proof of Theorem 2.6. By the regularity of weak solutions in Definition 2.4, we have u, € L™*'(Q x
(0,7)). Noting uy € L™*1(Q), it follows that
t
f u(1)dt + ug
0

T T
f f lul™ ' dxdt = f f
0 Q 0 Q

1 1 1
< O MOl oy + T ) < 00, (3.1)

my+1

dxdt

Electronic Research Archive Volume 34, Issue 5, 3573-3592.
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which gives us u € L™+1(Qx(0, T)). Hence, replacing v by £(H)u(t)E#(¢) in (2.12) and z by E(H)w()EF (1)
in (2.13), where u > 0 will be determined later, we deduce that

§HENT) fg u(Tu(T)dx — £(SHE(S) j; u(S)Hu(S )dx — fs Tf(t)S” (0)llu| 31
- fs T[g(t)Sﬂ(t)], fg uudxdt + fs Tf(t)S”(t)lqullidt— fs Tf(t)S”(t) fr uw,dldt
+ fs Tg(t)aﬂ(t) fg "™ wudxdt + ET)EX(T) fr w(T)Yw(T)dT

—&$)ES) fr w(SIW(S)dl" — fs T§(t)8" (Dlwilzdr ~ fs T[f(t)ﬁ“ 0] j; wwdl'dt

T
+ f ENE (O Awlrdt + E(T)EH(T) fw(T)u(T)a’F —E(S)HEN(S) fw(S)u(S )dl'
s r r

T T
- f EMEH (1) f uw,dl'dt — f [EE ()], f uwdl'dt
S r S r

T T
+ f E(DE () f /™ 'wwdldt = f E(NE(t) ( f fi(uwyudx + f fz(w)wdl")dt,
S r S Q T

which along with (2.6) yields

T
2 f EDE* (ndr = ~E(T)ENT) f u(T)u(T)dx + £(S)HE(S) f u (S )u(S )dx
S Q Q

—&MET) f w(T)w(T)dI" + £(S)E(S) f wi(SIw(S)dl
r r

- &(T)HE(T) fw(T)u(T)dF + £(S)E(S) fw(S u(S)dr
r r

T T
+ f [EE ()], f uudxdt + f [EE ()], f wwdl'dt
S Q S r

T T T
+ f [£()E (1)), f uwdldt + 2 f ENE ()|l |3dt + 2 f ENE (t)lwi|3dT
S r S S

T T
+2f f(t)S“(t)fuw,dth—f §(Z)8‘(t)fg1(ut)udxdt
s r s Q

T
- f EME (1) f 2 (w)wdl dt
N r
T
+f f(t)&‘(t)((l?—l)fF1(u)dx+(q—1)fF2(w)dF)dt. (3.2)
S Q r

In what follows, we shall estimate each term on the right-hand side of (3.2) so that we can use
Lemma 3.1 to prove our main result.

Using that &(r) and &(r) are nonincreasing, and applying the embedding inequality together
with (2.5), we obtain that

Electronic Research Archive Volume 34, Issue 5, 3573-3592.
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—&M& (1) f

Q
1

u(Tu(T)dx + £(S)E(S) f u,(S)Hu(S )dx
Q

IA

EOE O)lue(TH + NI + et (I + la(S)I)

IA

EO)E O)llu (T3 + collVu(TI + ()1 + collVu(S)I)

N =N =19

IA

0 (0)(2co + 2)(E(T) + E(S)) < £0)E(0)(2¢o + 2)58(5 )s

where ¢y > 0 is the constant such that ||ju|? < Co||Vl/t||%.
Similarly, we can get

— &T)E(T) f w(T)w(T)dT + ES)E(S) f Wwi(S)W(S )dl
r I
< E0)E(0)(2c; + 2>C_L28<S>,

and

- &(TH&EN(T) fw(T)u(T)dF + E(S)EH(S) fw(S u(S)dr’
r r
¢

< E0)EH(0)(2c; + 2c*)c )

&(S),

where ¢; > 0 and ¢, > 0 are constants such that |w[5 < ¢;|Awl|; and |yul; < c.||Vull3, respectively.

Note that

T
f [EDE (D], f uudxdt
N Q

T T
= f EE (1) f uudxdt + f EOETIHE (1) f wudxdt.
S Q S Q

By Young’s inequality and (2.5), we obtain

T T
f f’(l)c‘}“(t)futudxdt = —f §'(t)8’“‘(t)fu,udxdt
s Q s Q

1 T
= fs £ OE DColVull2 + luD)dr

c
c—2

T T
< —(1 +¢yp) f EME(E(t)dt < —(1 + ¢yp) f EME (dt
N S

= —(1 + C())

T
. (@f(r)aﬂ“ ), - f (u+ 1)8#(:)8'(05@)) dr
c—-2 s Js
C
c—2

<(1+cp) E0)EW0)E(S).

(3.3)

(3.4)

(3.5)

(3.6)
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and
T
u f EOENHE (1) f uudxdt
S Q

T
S_g fs ENDENOE () col|Vull3 + |lul3)dt

Cc
c—2

T
< —’5‘(2 + 2co) f ENE(HE ME@)dr < —§(2 +2¢o)
N

7, c
— (1 +
,u+1( CO)C—Z

< EH0)EW0)E(S).

Hence, combining (3.6) and (3.7) we obtain

T
f ENE (D), f wuddr < SO 2 L)),
S Q c—2 M+ 1

Similarly, we have

T
f EOE D], f wowdrdr < 27 2 g o000,
K r C — 2 /l + 1
and
T
f [EDOE (D)), f uwdldr < S 2 F Lo o0)8(9),
s r c—-2 u+1
Let
Q=xeQ:|u(x,n <1}, Q={xeQ:|u(x,1)|>1}
Then,

T T T
2 f ENE )|l |l3dt = 2 f EMEM (1) f wrdxdt +2 f EME(D) f urdxdt.
S S Q S Q)

Now, Assumption 2.1 and (2.7) imply

T T

2[ .f(t)&‘(t)f utzdxdts Ef .f(t)&‘(t)f g1(u)udxdt
s Q @y Js Q
2 (T 2 (T

< — f EDE (1) f g1(uudxdr < — f EME ()(-E'(1))dt
ar Js Q a; Js

<

T D08 0ES)

Since |u,* < |u,/™*" on the set |u,| > 1 and m; > 5, we obtain

T
f ENE O (ndt
S

(3.7

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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T T
2 f EE (1) f urdxdt <2 f EOE (1) f |, ™ dxdt
S Qz S QZ

T T
< %f f(f)S”(l)f g1(uudxdr < %f f(f)s”(f)fgl(uz)uzdxdf
a Jg Q a Js Q

§OE0)E(S).

a(u+1)
Substituting (3.12) and (3.13) into (3.11), it follows that

2a + 2a;

mf(O)S“ OE(S).

T
2f EDE Ollu|Pdr <
S

Similarly, we can get

T 2a + 2«
2 1
2 fs EME (t)w|~dl' < mf(O)S“(O)S(S ).

By using Young’s inequality, we get for any € > 0,

T
2f ‘f(t)(‘}‘(t)fuwtcﬂ“dt
s r

T
st ENE (1)(ElVully + C(@lwily)dr

T T
= Sf EOE O|IVulldr + C(s)f EME (DlwiPdt
S N

2c

<
c—2

T T
€ f EME (nydr + C(e) f EME (DIw,dL,
S N

which together with (3.15) implies

2

T T
2 f E(DE (D) f uwidldi < - ¢ 5 f ENOE (1)dt + C(e)E0)EH0)ES).
S r - N

We denote
Ar={xeTl :|wi(x,t) <1}, Br={x€eTl :|wi(x,t)|>1}.

Then,

T
- f &N (1) f g(w)wdl dt
N r

T T
=- f ENE (1) f g2(wwdl'dt — f EDE (1) f g(w)wdl dt.
S Ar N Br

(3.13)

(3.14)

(3.15)

(3.16)
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Since g,(s) 1s linearly bounded near the origin, then by using Young’s inequality and noting (2.4), we
have for any € > 0,

T T
- f DO (1) f g(w)wdl'dt < f D (1) f [willwldl'dt
N Ar S r

T T
<e f EOE (NE(ndr + C(e) f EME (DIwiydt,
N N

which along with Theorem 2.5 and (3.15) implies

T
2 S f ENOE (1)dt + C(e)E0)EH0)E(S). (3.17)
S

C —

T
- f EOE M) | gow)wdldr <
S Ar

From Assumption 2.1 and Holder’s inequality, it is inferred that

T T
- f 08 @) | ga(wywdldr < f EDE (1) f |g2(wwldTdr
S Br S BF

my

T ﬁ my+1 my+1
< f ENE (1) ( f IWIm”ldF) ( f |gz(Wz)|"’2dF) dt
S Br Br

< T f (1) ( f IWImz”dF) ( f |g2(wt)|wtdr) dr, (3.18)
S r r

where we used the fact that [g,(s)| < Bls|™ for all |s| > 1. Noting that E(¢) < -5d for all 1 > 0, then it
follows from the embedding inequality that

flwlmz“dl" < ClAw™* < CEMZTH(I) < C(d,my)E(1). (3.19)
r

By Young’s inequality, it is concluded from (3.18) and (3.19) that for any & > O,

T
- f ENEH (1) f ga(woywdlds
S Br

T s
< C(d, m») f EDE(H) ()™ ( f |gz<w,>|wtdr) dr
S r

T T
< f EOE (NEMdr + C(e) f O (1) ( f |82(Wt)|wtdr)dt
S N r

2c T +1 4 ’
<o f EDE1 (1) + (@) f EDE (1)(=E (1)dr
c—2 S S

T
2_023 fs EDE (1) + C(&)EO)E0)E(S). (3.20)

<

c

Then, (3.17) and (3.20) imply that for any £ > 0,

4c
c—2

T T
- f ENE () f g(wwdl'dt < e f ENE (1) + C(e)E(0)EH(0)E(S). (3.21)
s r s
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Asin (3.11), we have

T
—f f(f)g‘(t)fgl(ut)udxdt
N Q

T T
. f c0& 0 [ guwudxdi - f £0E (1) f o1 (upudxt.
S Q] N QZ

By Young’s inequality and Assumption 2.1, we get for any € > 0,

T
- f EME (1) f g1(u)udxdt
S Q

T T
SSf f(t)g‘(t)llullﬁdHC(S)f f(t)ﬁ‘(t)f 181(u)Pdxdt
S S Q
T T
< coE f EME DIIVullzdr + C(e) f (1) f g1 (u)udxde
S N Q

T T
< coe f EDED|VulBdr + C(e) f EDE (D) f g1 (uudxdr,
S S Q

which along with (2.6) and (2.7) yields

2¢
c—2

T
2623 f ENOE (Dt + C(e)E0)EF(0)E(S). (3.22)
- S

T T T
— f ENE (1) f g1(u)udxdt < £ f EOE N ()dr — C(e) f EDE(HE (Hdt
S Q) S S

<
c

In the following, we no longer assume u € L*(R*; L%(Q)). Following the approach in [34], and
using that u € C'([0, T]; L*(€2)), we obtain that for all # > 0,

!
u(x, 1) = up(x) + f u,(s)ds, a.e. x € Q.
0

This leads to, for all ¢ > 0O,

mi+1
lu(x, £)™+t < 2m (luolm'” + ] a.e.x € Q.

f u,(s)ds
0

It is inferred from Holder’s inequality that
!
1 1 1
luCx, )2 < 2 (nuonx;:] + f ||ut(s>||ﬁ;11ds) .
0

For m; > 5 and |u| < 1, we have |u/™*! < |u|*>. Then, by Assumption 2.1 and (2.7), we conclude that
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t
f ||u,(s)||glj}ds_ f f lu, ()™ dxds + f f lu, ()™ dxd s
Ql 0 QZ
!
< f lu,(s)|>dxds + f f u, ()™ dxd's
<,31ffgl(uz)uthdS+ﬁffgl(u,)u,dxds
Q

<Bi+p f f a1uudxds < By + BEQO).
0 Q
Therefore, for all ¢ > 0,
Mmoo 1 m
1, )l 1 < 2757 (||uo||ml+1 4 (8(0>>mwmw).

Then, it follows from (2.7) that

T
- f EME (D f g1 (u)udxdt
S Q
! my+1 % ﬁ
< [ 5(»8#0)( |g1<u,>|mldx) ( [ Iul’"‘”dx) it
S Q o))
Sﬁ’”lf §(t)8"(t)(f gl(ut)utdx) (f Iulm‘”dx) dt
S Q) Q)
T el el
< pi f é-‘(t)8"(t)( f g1<ut>u,dx) ( f Iul’"‘”dx) i
S Q Q

1 r a’
<pit | &0 ®| - &)™ ull, adt
S

This together with (3.23) implies

T
—f §(f)8”(l)fg1(ut)udxdr
N B

m 1 T m
< 2B ol | S 0] - E @] s

m l

+2ml+lﬁmn“<8<0>>ml+l [ qvera] - g0

In view of . -
&(1) = &I (1) - EM7 (1),

we get

(3.23)

(3.24)
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my

my 14 T , my+1
25 e [ 080 - O] ar
S

ptl "

Mmoo T mip-l N
= 2m B gl | EDETI(2) - EMT ()] - E' (0] dt
S

T T et
<e f EOE (Hdt + C(e) f EnE (0| - E@)|dt, (3.25)
S S

and

1

e 4 T
21 g L (E(0))m A f EDEW| - E M| T
N

T T _—
<e f EOE (Hdt + C(e) f zg(r)arT(t)[—a'(z)]dt, (3.26)
S S

for any € > 0.
We replace (3.25) and (3.26) in (3.24) and make the assumption u > mll to derive

T
- f EME (1) f g1(u)udxdt
N B

my

T -1 T
<2 f EOE (Hdt + C(e)E ™ (0) f (1 +0Ew)| - & @)|dt,
S S

for any £ > 0. Since (1 + 1)&(¢) is uniformly bounded, then we obtain that for any £ > 0 and u > mL.’

T T _—
—f EDE (1) fgl(u,)udxdt < 28f f(t)&’“‘”(t)dt + C(e)& ™ (0)E(S). (3.27)
s B S

Combining (3.22) and (3.27), we deduce that, for any £ > 0 and any u > m%, that

T
_f f(f)aﬂ(l)fgl(u,)udxdt
S Q

T
< (C2c2 + 2) sf ENOEN(dt + C(e)E(0)EH(0)ES)
- s

+ C(e)&™ " (0)&(S). (3.28)

By Remark 2.3, we can estimate as follows:
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T
f ENE (1) (<p1 -1 f Fi(dx + (p2 — 1) f F2<w)dr)dz
S Q r
T
< f EOS OM(p — DS} + M(ps — 1>|w|f;§:}]dr

f f(t)é‘”(t)[—M(p+1)||u||§11{ M(p + Diwl?z1] | dr
p2t

-1
smax{” 1” i §+1} f EDE D) [M(py + Dllull?’ 1} + M(py + Dlwl2 1| dt

-1
< max{p e } f EDE ) [ M(py + DK\IVully™ " + M(py + DK AW | dt
p1+ 1’ P2+ 1

pi—1 pr—
< max{pl s 1} f EOE@)(IVull5 + |Aw3)

M1+ DKWl ™ + M2 + Dl wl ' de

2 -1 pp=1) (7
< C R P1 , P2 f f(t)8ﬂ+l(t)
c—2 p1+ 1 P2+ 1 S

My + DR WL + M(ps + DKl w2 dr. (3.29)

Because (ug, wo) € W{’ and £(0) < G(sg — 0), we have
[|(u(t), w(®)|lg < 59 — 6, forall > 0. (3.30)
Then, it follows from (3.30), (3.29), and (2.5) that

T
f f(t)a”(t)((m—1)LF1(u)dX+(pz—l)sz(W)dF)dt
N

2c pi—1 p f !
< . NE (¢
<— malx{pl_'_1 p2+1} ENET (1)

- [M(py + DK (so — )"~ + M(py + DK, (so — 6)7'dt.
Thanks to (2.18), we can take 6 > 0 such that

2c pi—1 py—1 -1
= . , -[M(p; + DK -
Vi c—-2 max{pl +1 pr+ l} [Mip1 + DEi(s0 =)

+ M(ps + DKx(sg — )11 < 2, (3.31)

which leads to

T T
f ENE (1) ((p1 -1 f Fi(wdx +(p,—1) sz(w)dF) dt < v f ENE T (Ddt. (3.32)
s Q r s

Finally, substituting (3.3)—(3.5), (3.8)—(3.10), (3.14)—(3.16), (3.21), (3.28), and (3.32) into (3.2), we
deduce that for any € > 0,

T T
2-v) f ENE (Hdt < Ce f EN (Bt + Cle, £0), E(0)EHO)E(S).
S S
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At this point, we select € > 0 small enough such that2 —v; —Ce =1-v;/2 >0andletT — +oo

to obtain
C(e, £(0),E(0))

1-v/2

f i ENE* (1dt < EH0)E(S).
S

t
Now we apply Lemma 3.1 to the above inequality and take 5(r) = f &(s)ds to conclude
0

1+u z
&) < &0) (—) ,
1+ ppp(t)
_ 1-v/2
where p = o 70,607
In particular, we take
1
)= —.
&) 2+t

It is straightforward to verify that &£(7) satisfies the required assumptions. Moreover,

f
1
1) = ds =1log(2 +1t)—log?2.
a(r) £2+SS 0g(2 +1) —log

Therefore, the logarithmic energy decay

1

%E(t) < &(1) < CEO)[ log2 + 1| ", V120,

follows. This completes the proof.
4. Conclusions

In this article, we studied a structural acoustics model with supercritical source and nonlinear
damping. The model consists of a wave equation defined on a bounded domain, which is strongly
coupled with a Berger plate equation acting on the elastic wall. In the previous paper [1], the authors
have obtained some energy decay results of potential well solutions. = However, in their
results [1, Theorem 2.14], for the case m; > 5, they need the assumption u € L*(R*; L%(Q)), which
requires a smoother initial datum .

In this paper we remove the above assumption for m; > 5 to obtain a weaker energy decay by
using the approach in [34], and give a logarithmic decay rate under a weak assumption on the
initial data.
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