
Electronic  
Research Archive

http://www.aimspress.com/journal/era

ERA, 34(5): 3573–3592.
DOI: 10.3934/era.2026160
Received: 08 February 2026
Revised: 28 March 2026
Accepted: 21 April 2026
Published: 27 April 2026

Research article

Logarithmic decay rate for a structural-acoustic interaction model with
supercritical source and nonlinear damping

Haiyan Li1,*, Victor R. Cabanillas2 and Donal O’Regan3

1 College of Mathematics and Information Science, North Minzu University, Yinchuan 750021,
China
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Abstract: In this paper, we study a structural acoustics model with supercritical source and nonlinear
damping. The model consists of a wave equation defined on a bounded domain which is strongly
coupled with a Berger plate equation acting on the elastic wall. The aim of the paper is to remove the
strong condition u ∈ L∞(R+; L

3
2 (Ω)) for m1 > 5 in the work [1] to obtain a weaker energy decay, and

give a logarithmic decay rate under a weak assumption on the initial data.
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1. Introduction

This paper is concerned with a structural acoustic model with supercritical source and
nonlinear damping:

utt − ∆u + g1(ut) = f1(u) in Ω × (0,T ),

wtt + ∆
2w + ut|Γ + g2(wt) = f2(w) in Γ × (0,T ),

u = 0 on Γ0 × (0,T ),

∂νu = wt on Γ × (0,T ),

w = ∂νΓw = 0 on ∂Γ × (0,T ),

(u(0), ut(0)) = (u0, u1), (w(0),wt(0)) = (w0,w1),

(1.1)
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where Ω ⊂ R3 is an open, bounded, and connected domain with smooth boundary ∂Ω = Γ0 ∪ Γ. The
sets Γ0 and Γ are disjoint, open, connected subsets of ∂Ω with positive Lebesgue measure, and Γ is
assumed to be a flat portion of ∂Ω. The boundary part Γ0 represents a rigid wall, whereas the coupling
occurs through the flexible wall Γ. The functions f1 and f2 are source terms and f1 is of supercritical
order. Finally, g1(ut) and g2(wt) are nonlinear frictional damping terms.

Models such as (1.1) arise in the modeling of gas pressure in an acoustic cavity whose boundary
is composed of both rigid and flexible walls. The pressure inside the cavity is governed by a wave
equation, while the vibration of the flexible wall is described by a coupled Berger plate equation.

The study of structural–acoustic interactions dates back to the pioneering works [2–6]. The
underlying physical setting is that, in a domain with smooth and compact boundary, the gas undergoes
a small irrotational perturbation from a stationary state. In [4], Beale and Rosencrans considered a
wave equation with acoustic boundary conditions and proved global existence and regularity for the
corresponding nonlinear problem. Beale [3] subsequently discussed spectral properties of this model.
In [2], the authors introduced a two-dimensional model to describe acoustic–structure interaction in a
rectangular cavity in which the boundary consists of three rigid walls and one vibrating wall, the latter
being modeled by the Euler-Bernoulli beam equation. With respect to the stability and controllability
of structural-acoustic models, Lasiecka provided a comprehensive overview in the book [7]. For
further results on the asymptotic behavior of related structural-acoustic models, we refer the reader
to [8–12] and the references therein.

Note that, in (1.1), the nonlinear source competes with the nonlinear damping. In [13], the authors
investigated a wave equation with both a source and a damping term, and proved global existence of
solutions provided that the damping term dominates the source term. In contrast, solutions may blow-
up when the source dominates the damping. Analogous results for wave equations with nonlinear
boundary damping and nonlinear sources were obtained in [14, 15]. Bociu and Lasiecka [16] studied
a wave equation with supercritical interior and boundary sources, together with damping terms, and
proved local Hadamard well-posedness of finite-energy (weak) solutions by allowing for more singular
sources. Moreover, uniqueness of weak solutions for semilinear wave equations with supercritical
boundary/interior sources and damping was established in [17], while blow-up results were obtained
in [18]. Guo and Rammaha studied a coupled wave equation with damping and a supercritical source;
Hadamard well-posedness, energy decay for potential well solutions, and blow-up of weak solutions
were established in [19–21]. For further contributions on wave equations with supercritical source
terms, we refer to [22–30], to name but a few.

For system (1.1), Hadamard well-posedness was established in [31]. More specifically, existence
of local and global weak solutions was obtained by means of a semigroup approach for nonlinear
operators. Uniqueness of solutions and continuous dependence on the initial data were also proved
therein. In [1], Feng et al. proved the global existence of potential well solutions and derived their
energy decay rates of such solutions. The blow-up of weak solutions was proved in [32].

However, in their study of the energy decay rates for (1.1) in [1], the authors assumed that u ∈
L∞(R+; L

3
2 (Ω)) for m1 > 5, which requires a smoother initial datum u0. The main goal of this paper

is to remove the above strong assumptions on u required in [1] to obtain a weaker energy decay. In
particular, we establish a logarithmic decay rate.

The paper is organized as follows. In Section 2, we present the preliminaries, recall some known
results, and state our main theorem on energy decay. In Section 3, we provide the proof.
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2. Preliminaries and main result

2.1. Notations and assumptions

We adopt the notation of [1]. For 1 ≤ p ≤ ∞, we write ∥u∥p := ∥u∥Lp(Ω) and |u|p := ∥u∥Lp(Γ).
Moreover, (u, v)Ω := (u, v)L2(Ω) and (u, v)Γ := (u, v)L2(Γ) denote the usual L2 inner products on Ω and on
Γ, respectively.

We define the space
H1
Γ0

(Ω) := {u ∈ H1(Ω) : u|Γ0 = 0}. (2.1)

By the Poincaré inequality, for u ∈ H1
Γ0

(Ω), the H1-norm is equivalent to ∥∇u∥2. Throughout the paper,
C > 0 denotes a generic constant whose value may vary from line to line.

Similar to that [1], we impose the following assumptions.

Assumption 2.1. (I) For i = 1, 2, the functions gi : R → R are continuous and monotone increasing,
with gi(0) = 0. Moreover, we assume that there exist positive constants α and β such that, for |s| ≥ 1,

α|s|mi+1 ≤ gi(s)s ≤ β|s|mi+1, with mi ≥ 1.

(II) The functions fi are of class C1(R) and satisfy

| f ′i (s)| ≤ C(|s|pi−1 + 1), with 1 ≤ p1 < 6, p2 ≥ 1.

(III) The exponents satisfy

p1
m1 + 1

m1
< 6.

To study the potential well solutions, we should impose additional assumptions on the source terms
f1 and f2 as in [1].

Assumption 2.2. For i = 1, 2, there exist nonnegative functions Fi(s) ∈ C1(R) such that F′i (s) = fi(s),
and Fi are homogeneous of order pi + 1, that is, Fi(λs) = λpi+1Fi(s), for λ > 0, s ∈ R.

Remark 2.3. By the Euler theorem on homogeneous functions, the homogeneity of Fi yields

s fi(s) = (pi + 1)Fi(s), i = 1, 2. (2.2)

Moreover, since Fi(s) are homogeneous, there exists M > 0 such that

Fi(s) ≤ M|s|pi+1, i = 1, 2. (2.3)

2.2. Some known results

The quadratic energy associated with (1.1) is defined by

E(t) :=
1
2

(
∥ut(t)∥22 + |wt(t)|22 + ∥∇u(t)∥22 + |∆w(t)|22

)
. (2.4)
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In particular, one has the energy identity

E(t) +
∫ t

0

∫
Ω

g1(ut)utdxdτ +
∫ t

0

∫
Γ

g2(wt)wtdΓdτ

= E(0) +
∫ t

0

∫
Ω

f1(u)utdxdτ +
∫ t

0

∫
Γ

f2(w)wtdΓdτ. (2.5)

We define total energy of (1.1) by

E(t) : = E(t) −
∫
Ω

F1(u)dx −
∫
Γ

F2(w)dΓ

=
1
2

(
∥ut(t)∥22 + |wt(t)|22 + ∥∇u(t)∥22 + |∆w(t)|22

)
−

∫
Ω

F1(u)dx −
∫
Γ

F2(w)dΓ, (2.6)

which implies that

E(t) +
∫ t

0

∫
Ω

g1(ut)utdxdτ +
∫ t

0

∫
Γ

g2(wt)wtdΓdτ = E(0), for all t ∈ [0,T ). (2.7)

Now we define the potential energy functional J(t) by

J(u,w) =
1
2

(∥∇u∥22 + |∆w|22) −
∫
Ω

F1(u)dx −
∫
Γ

F2(w)dΓ,

and the Nehari manifold by

N = {(u,w) ∈ H\{(0, 0)} : ⟨J′(u,w), (u,w)⟩ = 0} , (2.8)

where H = H1
Γ0

(Ω) × H2
0(Γ), and the Fréchet derivative of J at (u,w) ∈ H is given by

⟨J′(u,w), (ϕ, ψ)⟩ =
∫
Ω

∇u · ∇ϕdx +
∫
Γ

∆w · ∆ψdΓ −
∫
Ω

f1(u)ϕdx −
∫
Γ

f2(w)ψdΓ,

for (ϕ, ψ) ∈ H. This together with (2.2) yields

N =
{
(u,w) ∈ H\{(0, 0)} : ∥∇u∥22 + |∆w|22 = (p1 + 1)

∫
Ω

F1(u)dx + (p2 + 1)
∫
Γ

F2(w)dΓ
}
, (2.9)

The potential well is defined by

W := {(u,w) ∈ H : J(u,w) < d}, (2.10)

where the depth d of the well W is given by

d := inf
(u,w)∈N

J(u,w). (2.11)

We further decompose W into two disjoint subsets W1 and W2:

W1 =

{
(u,w) ∈ W : ∥∇u∥22 + |∆w|22 > (p1 + 1)

∫
Ω

F1(u)dx + (p2 + 1)
∫
Γ

F2(w)dΓ
}
∪ {(0, 0)},

Electronic Research Archive Volume 34, Issue 5, 3573–3592.
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W2 =

{
(u,w) ∈ W : ∥∇u∥22 + |∆w|22 < (p1 + 1)

∫
Ω

F1(u)dx + (p2 + 1)
∫
Γ

F2(w)dΓ
}
.

We refer to W1 as the stable part and to W2 as the unstable part. Clearly, W1 ∩ W2 = ∅ and
W1 ∪W2 = W.

We now give the definition of a weak solution of (1.1).

Definition 2.4. A pair (u,w) is said to be a weak solution to (1.1) on [0,T ] if

u ∈ C
(
[0,T ]; H1

Γ0
(Ω)

)
, ut ∈ C

(
[0,T ]; L2(Ω)

)
∩ Lm1+1(Ω × (0,T )

)
,

w ∈ C
(
[0,T ]; H2

0(Γ)
)
, wt ∈ C

(
[0,T ]; L2(Γ)

)
∩ Lm2+1(Γ × (0,T )

)
,

the initial data satisfy

(u(0), ut(0)) = (u0, u1) ∈ H1
Γ0

(Ω) × L2(Ω), (w(0),wt(0)) = (w0,w1) ∈ H2
0(Γ) × L2(Γ),

and the following variational identities hold for all t ∈ [0,T ]. For every test function

v ∈ C
(
[0,T ]; H1

Γ0
(Ω)

)
∩ Lm1+1(Ω × (0,T )

)
, vt ∈ L1(0,T ; L2(Ω)

)
,

we have

(ut(t), v(t))Ω − (u1, v(0))Ω −
∫ t

0
(ut(s), vt(s))Ω ds +

∫ t

0
(∇u(s),∇v(s))Ω ds

−

∫ t

0
(wt(s), γv(s))Γ ds +

∫ t

0

∫
Ω

g1(ut(s)) v(s) dx ds =
∫ t

0

∫
Ω

f1(u(s)) v(s) dx ds, (2.12)

where γu denotes the trace of u on Γ. For every test function

z ∈ C
(
[0,T ]; H2

0(Γ)
)
, zt ∈ L1(0,T ; L2(Γ)

)
,

we have

(wt(t) + γu(t), z(t))Γ − (w1 + γu(0), z(0))Γ −
∫ t

0
(wt(s), zt(s))Γ ds −

∫ t

0
(γu(s), zt(s))Γ ds

+

∫ t

0
(∆w(s),∆z(s))Γ ds +

∫ t

0

∫
Γ

g2(wt(s)) z(s) dΓ ds =
∫ t

0

∫
Γ

f2(w(s)) z(s) dΓ ds. (2.13)

The existence of global potential well solutions is summarized in the following theorem, proved
in [1].

Theorem 2.5. ( [1]) Let Assumptions 2.1 and 2.2 hold. Assume that 1 < p1 ≤ 5 and p2 > 1. Assume
further that (u0,w0) ∈ W1 and E(0) < d. Then, problem (1.1) admits a global weak solution (u,w).
Moreover, for any t ≥ 0,

(i) J(u(t),w(t)) ≤ E(t) ≤ E(0) < d;

(ii) (u(t),w(t)) ∈ W1;

Electronic Research Archive Volume 34, Issue 5, 3573–3592.
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(iii) E(t) <
c d

c − 2
;

(iv)
c − 2

c
E(t) ≤ E(t) ≤ E(t),

where c = min{p1 + 1, p2 + 1} > 2.

Since H1
Γ0

(Ω) ↪→ Lp1+1(Ω) for 1 < p1 ≤ 5 and H2
0(Γ) ↪→ Lp2+1(Γ) for p2 > 1, we introduce the

optimal embedding constants:

K1 := sup
u∈H1

Γ0
(Ω)\{0}

∥u∥p1+1
p1+1

∥∇u∥p1+1
2

, K2 := sup
w∈H2

0 (Γ)\{0}

|w|p2+1
p2+1

|∆w|p2+1
2

. (2.14)

Combining (2.3) and (2.14), we obtain

J(u,w) ≥
1
2

(∥∇u∥22 + |∆w|22) − M(∥u∥p1+1
p1+1 + |w|

p2+1
p2+1)

≥
1
2

(∥∇u∥22 + |∆w|22) − MK1∥∇u∥p1+1
2 − MK2|∆w|p2+1

2

≥
1
2
∥ (u,w)∥2H −MK1∥(u,w)∥p1+1

H − MK2∥(u,w)∥p2+1
H . (2.15)

By introducing the function

G(s) :=
1
2

s2 − MK1sp1+1 − MK2sp2+1, (2.16)

we get from (2.15) that

J(u,w) ≥ G(∥(u,w)∥H), for any (u, v) ∈ H. (2.17)

Since p1, p2 > 1, we have

G′(s) = s[1 − MK1(p1 + 1)sp−1 − MK2(p2 + 1)sp2−1].

Thus, G′ has a unique positive zero s0, where s0 is the unique root of

MK1(p1 + 1)sp1−1 + MK2(p2 + 1)sp2−1 = 1. (2.18)

It is easy to check that G(s) has a maximum value at s0 on [0,∞), that is,

sup
s∈[0,∞)

G(s) = G(s0) > 0.

Let

W̃1 := {(u,w) ∈ H : ∥(u,w)∥H < s0, J(u,w) < G(s0)}. (2.19)

For any small θ > 0, a closed subset of W̃1 is defined by

W̃θ
1 := {(u,w) ∈ H : ∥(u,w)∥H ≤ s0 − θ, J(u,w) ≤ G(s0 − θ)}. (2.20)

Clearly,

W̃θ
1 ⊂ W̃1 ⊂ W1.
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2.3. Main result

We now state the main result of the paper.

Theorem 2.6. Let 1 < p1 ≤ 5 and assume that Assumptions 2.1 and 2.2 hold. Suppose moreover
that gi(s) (i = 1, 2) are linearly bounded near the origin, i.e., there exist constants αi > 0 and βi > 0
such that

αi|s| ≤ gi(s) ≤ βi|s|, i = 1, 2, ∀ |s| < 1.

Fix θ > 0 sufficiently small satisfying (3.31), and let u0 ∈ Wθ
1 with E(0) ≤ G(s0 − θ).

If m1 > 5, assume in addition that α : R+ → R+ is a strictly increasing C1-function and that

α(t) =
∫ t

0
ξ(s)ds with lim

t→+∞
α(t) = +∞, (2.21)

where ξ : R+ → R+ is a non-increasing differentiable function with ξ(0) > 0, and (1+t)ξ(t) is uniformly
bounded for t ≥ 0. Then, there exist positive constants C and δ such that

E(t) ≤
c

c − 2
E(t) ≤ CE(0)

(
1 + µ

1 + µδα(t)

) 1
µ

, ∀ t ≥ 0, (2.22)

where µ = 1
m1

. In particular, we get the logarithmic energy decay

c − 2
c

E(t) ≤ E(t) ≤ CE(0)
[

log(2 + t)
]− 1

µ
, ∀ t ≥ 0.

3. Proof of main result

In this section, we prove Theorem 2.6. To this end, we recall the following lemma from [33], which
will be crucial in the proof.

Lemma 3.1. ( [33]) Suppose that h : R+ → R+ is a decreasing function and β : R+ → R+ is a strictly
increasing C1−function satisfying β(0) = 0 and limt→+∞ β(t) = +∞. Assume that there exist constants
ζ > 0 and ρ > 0 such that ∫ +∞

t
β′(s)

[
h(s)

]1+ζ
ds ≤

1
ρ

[
h(0)

]ζ
h(t).

Then, h satisfies the following decay estimate:

h(t) ≤ h(0)
(

1 + ζ
1 + ρζβ(t)

) 1
ζ

, ∀ t ≥ 0.

Proof of Theorem 2.6. By the regularity of weak solutions in Definition 2.4, we have ut ∈ Lm1+1(Ω ×
(0,T )). Noting u0 ∈ Lm1+1(Ω), it follows that∫ T

0

∫
Ω

|u|m1+1dxdt =
∫ T

0

∫
Ω

∣∣∣∣∣∣
∫ t

0
ut(τ)dτ + u0

∣∣∣∣∣∣m1+1

dxdt

≤ C(T m1+1∥ut(t)∥
m1+1
Lm1+1(Ω×(0,T ))

+ T∥u0∥
m1+1
m1+1) < ∞, (3.1)
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which gives us u ∈ Lm1+1(Ω×(0,T )). Hence, replacing v by ξ(t)u(t)Eµ(t) in (2.12) and z by ξ(t)w(t)Eµ(t)
in (2.13), where µ ≥ 0 will be determined later, we deduce that

ξ(T )Eµ(T )
∫
Ω

ut(T )u(T )dx − ξ(S )Eµ(S )
∫
Ω

ut(S )u(S )dx −
∫ T

S
ξ(t)Eµ(t)∥ut∥

2
2dt

−

∫ T

S
[ξ(t)Eµ(t)]t

∫
Ω

utudxdt +
∫ T

S
ξ(t)Eµ(t)∥∇u∥22dt −

∫ T

S
ξ(t)Eµ(t)

∫
Γ

uwtdΓdt

+

∫ T

S
ξ(t)Eµ(t)

∫
Ω

|ut|
m1−1utudxdt + ξ(T )Eµ(T )

∫
Γ

wt(T )w(T )dΓ

− ξ(S )Eµ(S )
∫
Γ

wt(S )w(S )dΓ −
∫ T

S
ξ(t)Eµ(t)|wt|

2
2dt −

∫ T

S
[ξ(t)Eµ(t)]t

∫
Γ

wtwdΓdt

+

∫ T

S
ξ(t)Eµ(t)|∆w|22dt + ξ(T )Eµ(T )

∫
Γ

w(T )u(T )dΓ − ξ(S )Eµ(S )
∫
Γ

w(S )u(S )dΓ

−

∫ T

S
ξ(t)Eµ(t)

∫
Γ

uwtdΓdt −
∫ T

S
[ξ(t)Eµ(t)]t

∫
Γ

uwdΓdt

+

∫ T

S
ξ(t)Eµ(t)

∫
Γ

|wt|
m2−1wtwdΓdt =

∫ T

S
ξ(t)Eµ(t)

(∫
Ω

f1(u)udx +
∫
Γ

f2(w)wdΓ
)

dt,

which along with (2.6) yields

2
∫ T

S
ξ(t)Eµ+1(t)dt = −ξ(T )Eµ(T )

∫
Ω

ut(T )u(T )dx + ξ(S )Eµ(S )
∫
Ω

ut(S )u(S )dx

− ξ(T )Eµ(T )
∫
Γ

wt(T )w(T )dΓ + ξ(S )Eµ(S )
∫
Γ

wt(S )w(S )dΓ

− ξ(T )Eµ(T )
∫
Γ

w(T )u(T )dΓ + ξ(S )Eµ(S )
∫
Γ

w(S )u(S )dΓ

+

∫ T

S
[ξ(t)Eµ(t)]t

∫
Ω

utudxdt +
∫ T

S
[ξ(t)Eµ(t)]t

∫
Γ

wtwdΓdt

+

∫ T

S
[ξ(t)Eµ(t)]t

∫
Γ

uwdΓdt + 2
∫ T

S
ξ(t)Eµ(t)∥ut∥

2
2dt + 2

∫ T

S
ξ(t)Eµ(t)|wt|

2
2dΓ

+ 2
∫ T

S
ξ(t)Eµ(t)

∫
Γ

uwtdΓdt −
∫ T

S
ξ(t)Eµ(t)

∫
Ω

g1(ut)udxdt

−

∫ T

S
ξ(t)Eµ(t)

∫
Γ

g2(wt)wdΓdt

+

∫ T

S
ξ(t)Eµ(t)

(
(p − 1)

∫
Ω

F1(u)dx + (q − 1)
∫
Γ

F2(w)dΓ
)

dt. (3.2)

In what follows, we shall estimate each term on the right-hand side of (3.2) so that we can use
Lemma 3.1 to prove our main result.

Using that E(t) and ξ(t) are nonincreasing, and applying the embedding inequality together
with (2.5), we obtain that

Electronic Research Archive Volume 34, Issue 5, 3573–3592.
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− ξ(T )Eµ(T )
∫
Ω

ut(T )u(T )dx + ξ(S )Eµ(S )
∫
Ω

ut(S )u(S )dx

≤
1
2
ξ(0)Eµ(0)(∥ut(T )∥22 + ∥u(T )∥22 + ∥ut(S )∥22 + ∥u(S )∥22)

≤
1
2
ξ(0)Eµ(0)(∥ut(T )∥22 + c0∥∇u(T )∥22 + ∥ut(S )∥22 + c0∥∇u(S )∥22)

≤
1
2
ξ(0)Eµ(0)(2c0 + 2)(E(T ) + E(S )) ≤ ξ(0)Eµ(0)(2c0 + 2)

c
c − 2

E(S ), (3.3)

where c0 > 0 is the constant such that ∥u∥22 ≤ c0∥∇u∥22.
Similarly, we can get

− ξ(T )Eµ(T )
∫
Γ

wt(T )w(T )dΓ + ξ(S )Eµ(S )
∫
Γ

wt(S )w(S )dΓ

≤ ξ(0)Eµ(0)(2c1 + 2)
c

c − 2
E(S ), (3.4)

and

− ξ(T )Eµ(T )
∫
Γ

w(T )u(T )dΓ + ξ(S )Eµ(S )
∫
Γ

w(S )u(S )dΓ

≤ ξ(0)Eµ(0)(2c1 + 2c∗)
c

c − 2
E(S ), (3.5)

where c1 > 0 and c∗ > 0 are constants such that |w|22 ≤ c1|∆w|22 and |γu|22 ≤ c∗∥∇u∥22, respectively.

Note that ∫ T

S
[ξ(t)Eµ(t)]t

∫
Ω

utudxdt

=

∫ T

S
ξ′(t)Eµ(t)

∫
Ω

utudxdt + µ
∫ T

S
ξ(t)Eµ−1(t)E′(t)

∫
Ω

utudxdt.

By Young’s inequality and (2.5), we obtain∣∣∣∣∣∣
∫ T

S
ξ′(t)Eµ(t)

∫
Ω

utudxdt

∣∣∣∣∣∣ = −
∫ T

S
ξ′(t)Eµ(t)

∫
Ω

utudxdt

≤ −
1
2

∫ T

S
ξ′(t)Eµ(t)(c0∥∇u∥22 + ∥ut∥

2
2)dt

≤ −(1 + c0)
∫ T

S
ξ′(t)Eµ(t)E(t)dt ≤ −(1 + c0)

c
c − 2

∫ T

S
ξ′(t)Eµ+1(t)dt

= −(1 + c0)
c

c − 2

(
ξ(t)Eµ+1(t)

∣∣∣∣T
S
−

∫ T

S
(µ + 1)Eµ(t)E′(t)ξ(t)

)
dt

≤ (1 + c0)
c

c − 2
Eµ(0)ξ(0)E(S ). (3.6)
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and

µ

∫ T

S
ξ(t)Eµ−1(t)E′(t)

∫
Ω

utudxdt

≤ −
µ

2

∫ T

S
ξ(t)Eµ−1(t)E′(t)(c0∥∇u∥22 + ∥ut∥

2
2)dt

≤ −
µ

2
(2 + 2c0)

∫ T

S
ξ(t)Eµ−1(t)E′(t)E(t)dt ≤ −

µ

2
(2 + 2c0)

c
c − 2

∫ T

S
ξ(t)Eµ(t)E′(t)dt

≤
µ

µ + 1
(1 + c0)

c
c − 2

Eµ(0)ξ(0)E(S ). (3.7)

Hence, combining (3.6) and (3.7) we obtain∫ T

S
[ξ(t)Eµ(t)]t

∫
Ω

utudxdt ≤
c(1 + c0)

c − 2
·

2µ + 1
µ + 1

Eµ(0)ξ(0)E(S ). (3.8)

Similarly, we have∫ T

S
[ξ(t)Eµ(t)]t

∫
Γ

wtwdΓdt ≤
c(1 + c1)

c − 2
·

2µ + 1
µ + 1

Eµ(0)ξ(0)E(S ), (3.9)

and ∫ T

S
[ξ(t)Eµ(t)]t

∫
Γ

uwdΓdt ≤
c(c∗ + c1)

c − 2
·

2µ + 1
µ + 1

Eµ(0)ξ(0)E(S ). (3.10)

Let
Ω1 = {x ∈ Ω : |ut(x, t)| < 1}, Ω2 = {x ∈ Ω : |ut(x, t)| ≥ 1}.

Then,

2
∫ T

S
ξ(t)Eµ(t)∥ut∥

2
2dt = 2

∫ T

S
ξ(t)Eµ(t)

∫
Ω1

u2
t dxdt + 2

∫ T

S
ξ(t)Eµ(t)

∫
Ω2

u2
t dxdt. (3.11)

Now, Assumption 2.1 and (2.7) imply

2
∫ T

S
ξ(t)Eµ(t)

∫
Ω1

u2
t dxdt ≤

2
α1

∫ T

S
ξ(t)Eµ(t)

∫
Ω1

g1(ut)utdxdt

≤
2
α1

∫ T

S
ξ(t)Eµ(t)

∫
Ω

g1(ut)utdxdt ≤
2
α1

∫ T

S
ξ(t)Eµ(t)(−E′(t))dt

≤
2

α1(µ + 1)
ξ(0)Eµ(0)E(S ). (3.12)

Since |ut|
2 ≤ |ut|

m1+1 on the set |ut| > 1 and m1 > 5, we obtain
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2
∫ T

S
ξ(t)Eµ(t)

∫
Ω2

u2
t dxdt ≤ 2

∫ T

S
ξ(t)Eµ(t)

∫
Ω2

|ut|
m1+1dxdt

≤
2
α

∫ T

S
ξ(t)Eµ(t)

∫
Ω2

g1(ut)utdxdt ≤
2
α

∫ T

S
ξ(t)Eµ(t)

∫
Ω

g1(ut)utdxdt

≤
2

α(µ + 1)
ξ(0)Eµ(0)E(S ). (3.13)

Substituting (3.12) and (3.13) into (3.11), it follows that

2
∫ T

S
ξ(t)Eµ(t)∥ut∥

2dt ≤
2α + 2α1

αα1(µ + 1)
ξ(0)Eµ(0)E(S ). (3.14)

Similarly, we can get

2
∫ T

S
ξ(t)Eµ(t)|wt|

2dΓ ≤
2α + 2α1

αα1(µ + 1)
ξ(0)Eµ(0)E(S ). (3.15)

By using Young’s inequality, we get for any ε > 0,

2
∫ T

S
ξ(t)Eµ(t)

∫
Γ

uwtdΓdt

≤

∫ T

S
ξ(t)Eµ(t)(ε∥∇u∥22 +C(ε)|wt|

2
2)dt

= ε

∫ T

S
ξ(t)Eµ(t)∥∇u∥2dt +C(ε)

∫ T

S
ξ(t)Eµ(t)|wt|

2dt

≤
2c

c − 2
ε

∫ T

S
ξ(t)Eµ+1(t)dt +C(ε)

∫ T

S
ξ(t)Eµ(t)|wt|

2dt,

which together with (3.15) implies

2
∫ T

S
ξ(t)Eµ(t)

∫
Γ

uwtdΓdt ≤
2c

c − 2
ε

∫ T

S
ξ(t)Eµ+1(t)dt +C(ε)ξ(0)Eµ(0)E(S ). (3.16)

We denote
AΓ = {x ∈ Γ : |wt(x, t)| < 1}, BΓ = {x ∈ Γ : |wt(x, t)| ≥ 1}.

Then,

−

∫ T

S
ξ(t)Eµ(t)

∫
Γ

g2(wt)wdΓdt

= −

∫ T

S
ξ(t)Eµ(t)

∫
AΓ

g2(wt)wdΓdt −
∫ T

S
ξ(t)Eµ(t)

∫
BΓ

g2(wt)wdΓdt.
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Since g2(s) is linearly bounded near the origin, then by using Young’s inequality and noting (2.4), we
have for any ε > 0,

−

∫ T

S
ξ(t)Eµ(t)

∫
AΓ

g2(wt)wdΓdt ≤
∫ T

S
ξ(t)Eµ(t)

∫
Γ

|wt||w|dΓdt

≤ ε

∫ T

S
ξ(t)Eµ(t)E(t)dt +C(ε)

∫ T

S
ξ(t)Eµ(t)|wt|

2
2dt,

which along with Theorem 2.5 and (3.15) implies

−

∫ T

S
ξ(t)Eµ(t)

∫
AΓ

g2(wt)wdΓdt ≤
2c

c − 2
ε

∫ T

S
ξ(t)Eµ+1(t)dt +C(ε)ξ(0)Eµ(0)E(S ). (3.17)

From Assumption 2.1 and Hölder’s inequality, it is inferred that

−

∫ T

S
ξ(t)Eµ(t)

∫
BΓ

g2(wt)wdΓdt ≤
∫ T

S
ξ(t)Eµ(t)

∫
BΓ
|g2(wt)w|dΓdt

≤

∫ T

S
ξ(t)Eµ(t)

(∫
BΓ
|w|m2+1dΓ

) 1
m2+1

(∫
BΓ
|g2(wt)|

m2+1
m2 dΓ

) m2
m2+1

dt

≤ β
1

m2+1

∫ T

S
ξ(t)Eµ(t)

(∫
Γ

|w|m2+1dΓ
) 1

m2+1
(∫
Γ

|g2(wt)|wtdΓ
) m2

m2+1

dt, (3.18)

where we used the fact that |g2(s)| ≤ β|s|m2 for all |s| ≥ 1. Noting that E(t) < c
c−2d for all t ≥ 0, then it

follows from the embedding inequality that∫
Γ

|w|m2+1dΓ ≤ C|∆w|m2+1 ≤ CE
m2+1

2 (t) ≤ C(d,m2)E(t). (3.19)

By Young’s inequality, it is concluded from (3.18) and (3.19) that for any ε > 0,

−

∫ T

S
ξ(t)Eµ(t)

∫
BΓ

g2(wt)wdΓdt

≤ C(d,m2)
∫ T

S
ξ(t)Eµ(t) (E(t))

1
m2+1

(∫
Γ

|g2(wt)|wtdΓ
) m2

m2+1

dt

≤

∫ T

S
ξ(t)Eµ(t)E(t)dt +C(ε)

∫ T

S
ξ(t)Eµ(t)

(∫
Γ

|g2(wt)|wtdΓ
)

dt

≤
2c

c − 2
ε

∫ T

S
ξ(t)Eµ+1(t) +C(ε)

∫ T

S
ξ(t)Eµ(t)(−E′(t))dt

≤
2c

c − 2
ε

∫ T

S
ξ(t)Eµ+1(t) +C(ε)ξ(0)Eµ(0)E(S ). (3.20)

Then, (3.17) and (3.20) imply that for any ε > 0,

−

∫ T

S
ξ(t)Eµ(t)

∫
Γ

g2(wt)wdΓdt ≤
4c

c − 2
ε

∫ T

S
ξ(t)Eµ+1(t) +C(ε)ξ(0)Eµ(0)E(S ). (3.21)
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As in (3.11), we have

−

∫ T

S
ξ(t)Eµ(t)

∫
Ω

g1(ut)udxdt

= −

∫ T

S
ξ(t)Eµ(t)

∫
Ω1

g1(ut)udxdt −
∫ T

S
ξ(t)Eµ(t)

∫
Ω2

g1(ut)udxdt.

By Young’s inequality and Assumption 2.1, we get for any ε > 0,

−

∫ T

S
ξ(t)Eµ(t)

∫
Ω1

g1(ut)udxdt

≤ ε

∫ T

S
ξ(t)Eµ(t)∥u∥22dt +C(ε)

∫ T

S
ξ(t)Eµ(t)

∫
Ω1

|g1(ut)|2dxdt

≤ c0ε

∫ T

S
ξ(t)Eµ(t)∥∇u∥22dt +C(ε)

∫ T

S
ξ(t)Eµ(t)

∫
Ω1

g1(ut)utdxdt

≤ c0ε

∫ T

S
ξ(t)Eµ(t)∥∇u∥22dt +C(ε)

∫ T

S
ξ(t)Eµ(t)

∫
Ω

g1(ut)utdxdt,

which along with (2.6) and (2.7) yields

−

∫ T

S
ξ(t)Eµ(t)

∫
Ω1

g1(ut)udxdt ≤
2c

c − 2
ε

∫ T

S
ξ(t)Eµ+1(t)dt −C(ε)

∫ T

S
ξ(t)Eµ(t)E′(t)dt

≤
2c

c − 2
ε

∫ T

S
ξ(t)Eµ+1(t)dt +C(ε)ξ(0)Eµ(0)E(S ). (3.22)

In the following, we no longer assume u ∈ L∞(R+; L
3
2 (Ω)). Following the approach in [34], and

using that u ∈ C1([0,T ]; L2(Ω)), we obtain that for all t > 0,

u(x, t) = u0(x) +
∫ t

0
ut(s)ds, a.e. x ∈ Ω.

This leads to, for all t > 0,

|u(x, t)|m1+1 ≤ 2m

|u0|
m1+1 +

∣∣∣∣∣∣
∫ t

0
ut(s)ds

∣∣∣∣∣∣m1+1 , a.e. x ∈ Ω.

It is inferred from Hölder’s inequality that

∥u(x, t)∥m1+1
m1+1 ≤ 2m

(
∥u0∥

m1+1
m1+1 + tm1

∫ t

0
∥ut(s)∥m1+1

m1+1ds
)
.

For m1 > 5 and |u| < 1, we have |u|m1+1 < |u|2. Then, by Assumption 2.1 and (2.7), we conclude that
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∫ t

0
∥ut(s)∥m1+1

m1+1ds =
∫ t

0

∫
Ω1

|ut(s)|m1+1dxds +
∫ t

0

∫
Ω2

|ut(s)|m1+1dxds

≤

∫ t

0

∫
Ω1

|ut(s)|2dxds +
∫ t

0

∫
Ω2

|ut(s)|m1+1dxds

≤ β1

∫ t

0

∫
Ω1

g1(ut)utdxds + β
∫ t

0

∫
Ω2

g1(ut)utdxds

≤ (β1 + β)
∫ t

0

∫
Ω

g1(ut)utdxds ≤ (β1 + β)E(0).

Therefore, for all t > 0,

∥u(x, t)∥m1+1 ≤ 2
m1

m1+1

(
∥u0∥m1+1 + (E(0))

1
m1+1 t

m1
m1+1

)
. (3.23)

Then, it follows from (2.7) that

−

∫ T

S
ξ(t)Eµ(t)

∫
Ω2

g1(ut)udxdt

≤

∫ T

S
ξ(t)Eµ(t)

(∫
Ω2

|g1(ut)|
m1+1

m1 dx
) m1

m1+1
(∫
Ω2

|u|m1+1dx
) 1

m1+1

dt

≤ β
1

m1

∫ T

S
ξ(t)Eµ(t)

(∫
Ω2

g1(ut)utdx
) m1

m1+1
(∫
Ω2

|u|m1+1dx
) 1

m1+1

dt

≤ β
1

m1

∫ T

S
ξ(t)Eµ(t)

(∫
Ω

g1(ut)utdx
) m1

m1+1
(∫
Ω

|u|m1+1dx
) 1

m1+1

dt

≤ β
1

m1
+1

∫ T

S
ξ(t)Eµ(t)

[
− E′(t)

] m1
m1+1
∥u∥m1+1dt.

This together with (3.23) implies

−

∫ T

S
ξ(t)Eµ(t)

∫
B

g1(ut)udxdt

≤ 2
m1

m1+1β
1

m1
+1
∥u0∥m+1

∫ T

S
ξ(t)Eµ(t)

[
− E′(t)

] m1
m1+1 dt

+ 2
m1

m1+1β
1

m1
+1(E(0))

1
m1+1

∫ T

S
ξ(t)Eµ(t)

[
− E′(t)

] m1
m1+1 t

m1
m1+1 dt. (3.24)

In view of
Eµ(t) = E

µ+1
m+1 (t) · E

m1µ−1
m1+1 (t),

we get
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2
m1

m1+1β
1

m1
+1
∥u0∥m1+1

∫ T

S
ξ(t)Eµ(t)

[
− E′(t)

] m1
m1+1 dt

= 2
m1

m1+1β
1

m1
+1
∥u0∥m1+1

∫ T

S
ξ(t)E

µ+1
m+1 (t) · E

m1µ−1
m1+1 (t)

[
− E′(t)

] m1
m1+1 dt

≤ ε

∫ T

S
ξ(t)Eµ+1(t)dt +C(ε)

∫ T

S
ξ(t)E

m1µ−1
m1 (t)

[
− E′(t)

]
dt, (3.25)

and

2
m1

m1+1β
1

m1
+1(E(0))

1
m1+1

∫ T

S
ξ(t)Eµ(t)

[
− E′(t)

] m1
m1+1 t

m1
m1+1 dt

≤ ε

∫ T

S
ξ(t)Eµ+1(t)dt +C(ε)

∫ T

S
tξ(t)E

m1µ−1
m1 (t)

[
− E′(t)

]
dt, (3.26)

for any ε > 0.
We replace (3.25) and (3.26) in (3.24) and make the assumption µ ≥ 1

m1
to derive

−

∫ T

S
ξ(t)Eµ(t)

∫
B

g1(ut)udxdt

≤ 2ε
∫ T

S
ξ(t)Eµ+1(t)dt +C(ε)E

m1µ−1
m1 (0)

∫ T

S
(1 + t)ξ(t)

[
− E′(t)

]
dt,

for any ε > 0. Since (1 + t)ξ(t) is uniformly bounded, then we obtain that for any ε > 0 and µ ≥ 1
m1

,

−

∫ T

S
ξ(t)Eµ(t)

∫
B

g1(ut)udxdt ≤ 2ε
∫ T

S
ξ(t)Eµ+1(t)dt +C(ε)E

m1µ−1
m1 (0)E(S ). (3.27)

Combining (3.22) and (3.27), we deduce that, for any ε > 0 and any µ ≥ 1
m1

, that

−

∫ T

S
ξ(t)Eµ(t)

∫
Ω

g1(ut)udxdt

≤

(
2c

c − 2
+ 2

)
ε

∫ T

S
ξ(t)Eµ+1(t)dt +C(ε)ξ(0)Eµ(0)E(S )

+C(ε)E
m1µ−1

m (0)E(S ). (3.28)

By Remark 2.3, we can estimate as follows:
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∫ T

S
ξ(t)Eµ(t)

(
(p1 − 1)

∫
Ω

F1(u)dx + (p2 − 1)
∫
Γ

F2(w)dΓ
)

dt

≤

∫ T

S
ξ(t)Eµ(t)[M(p − 1)∥u∥p1+1

p1+1 + M(p2 − 1)|w|p2+1
p2+1]dt

=

∫ T

S
ξ(t)Eµ(t)

[
p − 1
p + 1

M(p + 1)∥u∥p1+1
p1+1 +

p2 − 1
p2 + 1

M(p2 + 1)|w|p2+1
p2+1

]
dt

≤ max
{

p1 − 1
p1 + 1

,
p2 − 1
p2 + 1

}∫ T

S
ξ(t)Eµ(t)

[
M(p1 + 1)∥u∥p1+1

p1+1 + M(p2 + 1)|w|p2+1
p2+1

]
dt

≤ max
{

p1 − 1
p1 + 1

,
p2 − 1
p2 + 1

}∫ T

S
ξ(t)Eµ(t)

[
M(p1 + 1)K1∥∇u∥p1+1

2 + M(p2 + 1)K2|∆w|p2+1
2

]
dt

≤ max
{

p1 − 1
p1 + 1

,
p2 − 1
p2 + 1

}∫ T

S
ξ(t)Eµ(t)(∥∇u∥22 + |∆w|22)

·
[
M(p1 + 1)K1∥(u,w)∥p1−1

H + M(p2 + 1)K2∥(u,w)∥p2−1
H

]
dt

≤
2c

c − 2
·max

{
p1 − 1
p1 + 1

,
p2 − 1
p2 + 1

}∫ T

S
ξ(t)Eµ+1(t)

·
[
M(p1 + 1)K1∥(u,w)∥p1−1

H + M(p2 + 1)K2∥(u,w)∥p2−1
H

]
dt. (3.29)

Because (u0,w0) ∈ W̃θ
1 and E(0) ≤ G(s0 − θ), we have

∥(u(t),w(t))∥H ≤ s0 − θ, for all t ≥ 0. (3.30)

Then, it follows from (3.30), (3.29), and (2.5) that∫ T

S
ξ(t)Eµ(t)

(
(p1 − 1)

∫
Ω

F1(u)dx + (p2 − 1)
∫
Γ

F2(w)dΓ
)

dt

≤
2c

c − 2
·max

{
p1 − 1
p1 + 1

,
p2 − 1
p2 + 1

}∫ T

S
ξ(t)Eµ+1(t)

· [M(p1 + 1)K1(s0 − θ)p1−1 + M(p2 + 1)K2(s0 − θ)p2−1]dt.

Thanks to (2.18), we can take θ > 0 such that

ν1 :=
2c

c − 2
·max

{
p1 − 1
p1 + 1

,
p2 − 1
p2 + 1

}
· [M(p1 + 1)K1(s0 − θ)p1−1

+ M(p2 + 1)K2(s0 − θ)p2−1] < 2, (3.31)

which leads to∫ T

S
ξ(t)Eµ(t)

(
(p1 − 1)

∫
Ω

F1(u)dx + (p2 − 1)
∫
Γ

F2(w)dΓ
)

dt ≤ ν1

∫ T

S
ξ(t)Eµ+1(t)dt. (3.32)

Finally, substituting (3.3)–(3.5), (3.8)–(3.10), (3.14)–(3.16), (3.21), (3.28), and (3.32) into (3.2), we
deduce that for any ε > 0,

(2 − ν1)
∫ T

S
ξ(t)Eµ+1(t)dt ≤ Cε

∫ T

S
Eµ+1(t)dt +C(ε, ξ(0),E(0))Eµ(0)E(S ).
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At this point, we select ε > 0 small enough such that 2 − ν1 − Cε = 1 − ν1/2 > 0 and let T → +∞
to obtain ∫ +∞

S
ξ(t)Eµ+1(t)dt ≤

C(ε, ξ(0),E(0))
1 − ν1/2

Eµ(0)E(S ).

Now we apply Lemma 3.1 to the above inequality and take β(t) =
∫ t

0
ξ(s)ds to conclude

E(t) ≤ E(0)
(

1 + µ
1 + ρµβ(t)

) 1
µ

,

where ρ = 1−ν1/2
C(ε,ξ(0),E(0)) .

In particular, we take

ξ(t) =
1

2 + t
.

It is straightforward to verify that ξ(t) satisfies the required assumptions. Moreover,

α(t) =
∫ t

0

1
2 + s

ds = log(2 + t) − log 2.

Therefore, the logarithmic energy decay

c − 2
c

E(t) ≤ E(t) ≤ CE(0)
[

log(2 + t)
]− 1

µ
, ∀ t ≥ 0,

follows. This completes the proof.

4. Conclusions

In this article, we studied a structural acoustics model with supercritical source and nonlinear
damping. The model consists of a wave equation defined on a bounded domain, which is strongly
coupled with a Berger plate equation acting on the elastic wall. In the previous paper [1], the authors
have obtained some energy decay results of potential well solutions. However, in their
results [1, Theorem 2.14], for the case m1 > 5, they need the assumption u ∈ L∞(R+; L

3
2 (Ω)), which

requires a smoother initial datum u0.
In this paper we remove the above assumption for m1 > 5 to obtain a weaker energy decay by

using the approach in [34], and give a logarithmic decay rate under a weak assumption on the
initial data.
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