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Abstract: Abnormal respiratory rhythms, a hallmark of many respiratory diseases, largely arise
from transitional firing dynamics in the pre-Botzinger complex (pre-BotC) neurons. Mixed-mode
bursting (MMB), characterized by alternating depolarization block (DB) and square-wave (SW)
bursts, represents a particularly complex firing pattern of significant research interest. Based on
Diekman’s closed-loop respiratory control model, this study applies a fast-slow dynamical analysis
and the bifurcation theory to investigate how variations in hemoglobin concentration ([Hb]) govern the
emergence and disappearance of MMB. Numerical simulations show that [Hb] variations induce clear
transitions between MMB and single SW bursting. A dynamical analysis reveals that the intrinsic
slow variable h determines the type of individual bursting, while the slow feedback variable g,
which is regulated by the arterial blood oxygen partial pressure, evolves on a comparable timescale and
influences the global trajectories by shifting the critical bifurcation structures. The interaction between
these slow variables enables the emergence of MMB. When the slow feedback pathway is fixed such
that g,,.,. remains constant, MMB can no longer be sustained. These results indicate that MMB in
closed-loop systems relies on the dynamic coupling of multiple slow variables rather than on the static
value of a single parameter, thus providing a dynamical mechanism for complex rhythm generation.

Keywords: pre-Botzinger complex; closed-loop control model; mixed-mode bursting; bifurcation;
depolarization block

1. Introduction

Breathing is a fundamental physiological process essential to sustain life, and abnormal respiratory
rhythms are closely associated with various respiratory diseases [1-4]. Physiological studies have
shown that the respiratory system can generate multiple rhythmic patterns, with dynamic transitions
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between these patterns dependent on the coordinated regulation of the central nervous system
network [5-8]. Among the neural structures involved in respiratory rhythm generation, the pre-
Botzinger complex (pre-BotC) is widely recognized as a key central region responsible for generating
respiratory rhythms [9-12]. Experiments have confirmed that pre-B6tC neurons not only generate
complex rhythmic activity but also undergo a dynamic transition between different patterns, such as
bursting and tonic spiking, thus providing crucial physiological insights into the diversity of respiratory
rhythm patterns [5, 13-17].

To further elucidate the regulatory mechanisms that underlie respiratory rhythms, researchers
have integrated physiological experiments with computational modeling to develop a variety of
mathematical models that simulate the firing behaviors of pre-BotC neurons and their network
dynamics. For example, the minimal neuron model proposed by Butera et al. successfully reproduced
the bursting and tonic spiking activities typical of pre-B6tC neurons [18, 19], and Best et al. further
investigated the bursting dynamics of excitatory interneurons [20]. Notably, the persistent sodium
current (Iy,p) was identified as a key ionic mechanism underlying stable bursting in pre-BotC
neurons [12,21-23], while the calcium-activated nonspecific cationic current (Ic4y) also significantly
contributes to rhythm regulation [24-26]. Dunmyre et al. integrated these currents into a unified model,
thus successfully simulating multiple neuronal firing patterns, including tonic spiking, square-wave
bursting (SW), depolarization block (DB), and mixed-mode bursting (characterized by alternating SW
and DB bursts) [27]. Subsequently, Ben-Tal and Smith pioneered the integration of a simplified lung
model with a neural control model to establish a closed-loop framework for respiratory regulation [28].
Building on this foundation, Diekman et al. further integrated chemosensory, biomechanical, and
metabolic processes to construct a more comprehensive closed-loop respiratory control model [29].
Based on this model, Duan et al. introduced Ic4y to investigate the system’s dynamic response and
recovery capabilities under transient hypoxia [30].

Among the various bursting patterns observed in pre-B6tC neurons, mixed-mode bursting (MMB)
has attracted considerable attention due to its complex structure, which features the alternation or
random occurrence of multiple burst types within a single oscillatory cycle. Dunmyre et al. observed
the MMB in in vitro experiments and proposed that its emergence relies on the synergistic interaction
between Iy,p and Icay [27]. The two-compartment model (TB model) developed by Toporikova and
Butera successfully reproduced MMB by incorporating /-4y [31]. A fast-slow analysis has been widely
applied in the study of nonlinear dynamical systems [32-36]. From a dynamical systems viewpoint,
Wang et al. demonstrated that a two-timescale mechanism is sufficient to generate MMB [32]. Guo
et al. extended the Butera model by introducing external stimuli and revealed the modulatory effects
of electromagnetic radiation and externally applied currents on MMB patterns [33]. Yang et al. used
a coupled pre-BotC neuron model to simulate the rhythmic transition from DB to SW bursting and
finally to period-1 bursting [34]. Duan et al. further illustrated how changes in calcium concentration
alter the relative position of the bifurcation curve, thereby modulating MMB dynamics [35]. Liu et al.
showed that, in the pre-Botzinger complex network, the electrical coupling facilitates in-phase spike
synchronization within mixed bursters [37].

Meanwhile, the role of external stimulation in inducing MMB has also attracted attention. The
Hua team demonstrated that mixed-mode bursting can be induced by both excitatory and inhibitory
stimuli, thus providing important insights into its underlying dynamical mechanisms and potential
association with neurological disorders such as migraines [38]. In addition, Liu et al. further confirmed
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in a closed-loop respiratory control model that light stimulation can trigger a transition in neuronal
firing patterns from tonic spiking to MMB [39]. Beyond external stimuli, physiological parameters
within the respiratory control system and their associated feedback regulation also play crucial roles
in the formation and modulation of respiratory rhythms. In a closed-loop respiratory control system,
the arterial oxygen partial pressure serves as a key state variable. Through chemoreceptor feedback
pathways, the oxygen partial pressure influences the central pattern generator, thereby enabling
respiratory thythms to dynamically track the body’s oxygenation status.

The hemoglobin concentration ([Hb]) is a fundamental physiological determinant of the blood’s
oxygen-carrying capacity. Variations in the [Hb] directly affect the oxygen transport efficiency and
consequently influence the maintenance and regulation of the arterial oxygen partial pressure [40].
Abnormal fluctuations in the [Hb] are associated with a variety of pathological conditions. For
example, a decreased [Hb] leads to anemia, which reduces the oxygen-carrying capacity and may
trigger compensatory respiratory responses [41]. However, in patients with respiratory failure, this
compensatory mechanism is often limited, and anemia may paradoxically increase the risk of adverse
outcomes [42]. Conversely, an elevated [Hb] is commonly observed in physiological or pathological
conditions such as polycythemia and high-altitude adaptation, both of which alter the oxygen transport
and respiratory regulation processes [43,44].

Previous studies have explored the role of oxygen-related parameters in respiratory regulation.
In particular, Diekman et al. demonstrated within a closed-loop respiratory control model that
modulating the oxygen sensitivity gain parameters can significantly alter the respiratory rhythms, thus
suggesting that changes in the oxygen transport capacity may contribute to the phenomenon of “silent
hypoxemia” [45].

However, although variations in oxygen transport capacity have been shown to affect the dynamics
of closed-loop respiratory control systems, the dynamical mechanisms by which the [Hb] modulates
the respiratory rhythms through slow feedback structures in oxygen-feedback pathways remain
insufficiently understood, particularly regarding its role in the generation and transition of MMB.
Therefore, in this study, we take the [Hb] as a key control parameter that governs the strength of slow
feedback in the respiratory control loop. Using fast-slow decomposition and a bifurcation analysis, we
systematically examine how variations in the [Hb] affect the emergence and transition of MMB.

The remainder of the paper is organized as follows: Section 2 describes the closed-loop model and
analytical methods; and Sections 3 and 4 present the main results and conclusions, respectively.

2. Model and methods
2.1. Model

Diekman et al. developed a closed-loop respiratory control model in which bursting pacemaker
neurons within the pre-BotC act as the central pattern generator (CPG) for respiration. The model
incorporates motor neurons (&), lung volume (vol;), alveolar oxygen partial pressure (P40,), arterial
oxygen partial pressure (P,0,), and chemoreceptor feedback, thus encompassing the essential neural,
mechanical, and chemical processes of respiration. The system dynamics are described by the
following set of equations [29]:

av 1

E - E( - gKn4(V - EK) - gL(V - EL) - gtom'c(v - Etonic)
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where V denotes the membrane potential, C denotes the membrane capacitance, and n and / represent
the gating variables for the potassium (K™) delayed rectifier and sodium (N;) currents, respectively.
The five terms on the right-hand side of Eq (2.1) correspond, in order, to the potassium delayed rectifier
current, leak current, tonic excitatory current, persistent sodium current, and fast sodium current. The
parameters gk, &1, &ronics &Nap> and gy, denote the maximal conductances of the corresponding ionic
currents, while Ex, E;, E;,i., and Ey, represent their respective reversal potentials. a, voly, P,O>,
and P,O, represent the motor neuron activity, lung volume, alveolar oxygen partial pressure, and
arterial oxygen partial pressure, respectively. Here, [x], = max(x,0). Equations (2.4)—(2.7) describe
the dynamics of the motor pool, lung volume changes driven by motor output, regulation of alveolar
oxygen partial pressure, and variations in arterial oxygen partial pressure, respectively. Additionally,
chemoreceptors monitor the changes in arterial oxygen partial pressure and regulate the g;,,., thereby
modulating the tonic excitatory current. The expression for g, 1s given as follows:

P,0, -6,
Giomic = ¢ | 1 — tanh| ——=—"¢ . (2.8)
O

This regulatory mechanism enables the respiratory control system to adapt in response to the blood
oxygen levels, thereby forming a closed-loop feedback control system. The voltage-dependent
activation (or inactivation) function x,(V) and the corresponding time constant function 7,(V) are
defined as follows:

1

Xo(V) = ———————, x € {n,h,m, p}.
1+ exp(vg;fx)
Tx
Tx(V) = — x € {n, h}.
cosh(%)
Other relevant functions are expressed as follows:
[T] = T inax
1+ eXP(— V,;:,/T ) ,
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The above formulations describe the hemoglobin saturation curve and the oxygen-carrying capacity of
blood. For other parameters, we refer to the definitions given in [29]. The parameter values used in the

model are listed in Table 1.

Table 1. Parameter values used in the model.

Parameter Value Parameter Value

Parameter Value

C 21 pF Ex —-85mV E;
ENa 50mV Etunic O0mV gk
gr 2.3nS &NapP 2.8nS ENa
6, —-34mV Om —-5mV 6,
o, —4mV T, 10 ms 6,
oy, 6mV T 10000 ms 0,
o —6mV s 0.00l mM'ms™" r,;
T ax 1 mM Vr 2mV Kp
E, 0.0025ms™" E, 0.4ms™! vol,
PO, 149.7mmHg 7.5 500 ms R
T 310K M 8% 10 ms™! Bo,
K 26 mmHg volg 51 c

1) 0.3nS 0, 85 mmHg O

—-65mV

7nS

18nS

-29mV

—48 mV

-40mV

0.001 mM~'ms™!

SmV

21

62.364 Il mmHg K~! mol™!
0.03 mlO, Iblood ™' mmHg™!
2.5

30 mmHg

2.2. Fast-slow analysis

Building upon Diekman’s seven-dimensional closed-loop respiratory control model, this study
employs the maximum relative velocity (v,) — defined as the ratio of the maximum rate of change of a
variable to its dynamic range — to characterize the time-scale properties of the system variables [29].
For [Hb] = 140 g/l, the maximum relative velocity of each variable was calculated, with results
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summarized in Table 2. Under other [Hb] values (150, 200, and 250 g/1), the variations in the maximum
relative velocity were found to be negligible.

Table 2. Maximum relative velocity of each variable in the model at [Hb] = 140 g/I.

X \% n a h voly P,0O, P,0,
Vi 1.1423 1.304 0.032 0.0081 0.0016 0.0015 0.0013

In the Diekman model, the variables V and n evolve on an ultrafast timescale, while « and h
exhibit dynamics approximately one order of magnitude slower. The variables vol;, P,O,, and P,0,
evolve even more slowly, resulting in an overall three-timescale structure composed of ultrafast, fast,
and slow components. Under the parameter settings adopted in this study, the timescale of the slow
inactivation variable 4 becomes comparable to that of vol;, P,O,, and P,0,. Although the maximum
relative velocity of « is smaller than that of the membrane potential variables (V and n), it remains
substantially larger than those of the slow feedback variables (k, vol;, P,O,, and P,0,). Therefore,
from the perspective of the timescale separation, a evolves on a timescale comparable to the fast
neuronal dynamics rather than the slow physiological feedback processes. As a result, the original
multi-timescale structure effectively reduces to a two-timescale system composed of a fast subsystem
and a slow subsystem. Accordingly, Eqs (2.3) and (2.5)—(2.7) are grouped as the slow subsystem, while
Egs (2.1), (2.2) and (2.4) constitute the fast subsystem.

As shown in Eq (2.8), the excitatory conductance g;,,;, monotonically varies with the arterial
oxygen partial pressure P,0;; thus,it functions as a slow feedback modulator within the closed-loop
architecture. In the subsequent analysis, g;..- 1S adopted as an explicit representative of the P,O; -
mediated feedback pathway, since it is uniquely determined by P,O, and evolves on the same slow
timescale. Thus, together with the intrinsic slow variable &, g, is treated as a bifurcation parameter
to investigate the fast-slow dynamical mechanisms that underlie rhythm transitions in the closed-
loop system.

All numerical simulations were performed in MATLAB using the stiff solver odelSs. Time
integration was carried out with both the relative and absolute tolerances set to 10~°. The initial
conditions were specified as V = =58, n = 0.00095344, h = 0.7454, a = 0.00020026, vol; = 2.0525,
PO, = 98.9638, and P,0, = 92.4247. The total integration time was 200s. Bifurcation analyses
were performed using XPPAUT, where the continuation step size was set to 0.1 [46].

3. Results

3.1. Parameter-dependent rhythm transitions in the closed-loop system
3.1.1. Appearance and disappearance of MMB under variation of [Hb]

This section examines the dynamical behavior of the closed-loop system under variations in the
[Hb], with particular emphasis on the structure of MMB and its transition to single bursting regimes.
Figure 1 illustrates the membrane potential dynamics for [Hb] = 140, 150, 200, and 250 g/l. At
[Hb] = 140 and 150 g/l (Figures 1(a),(b), respectively), the system exhibits a typical MMB pattern
characterized by the alternating occurrence of DB and SW bursting. When the [Hb] is increased
to 200 g/1 (Figure 1(c)), the number of SW bursts increases, and the activity evolves into a periodic
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sequence consisting of four bursts (DB:SW=1:3). A further increase in the [Hb] to 250 g/I (Figure 1(d))
leads to a complete transition to a pure SW bursting state.

— 01( _ o (b) |
E-zo— ‘ Z 20 \

40 - | \ :-40 |
-60 1 -60 1

0 0 10 20 30 40 50
t(s) t(s)

. 0{( _ (d) \

E-zo- z.

40 1 -40 (N
-60 60— L —L L L AL

0 0 10 20 30 40 50
t(s) £(s)

2 & 3 bursts

100 125 150 175 200 225 250
[Hb] (/1)

Figure 1. Membrane potential V and burst statistics for different [Hb]. (a) At [Hb] = 140 g/1,

DB (green):SW (blue)= 1:1; (b) At [Hb] = 150 g/l, DB:SW = 1:2; (c) At [Hb] = 200 g/l,

DB:SW = 1:3; (d) At [Hb] = 250 g/, single bursting dominated by SW; (e) Dependence of

the number of burst clusters per oscillation cycle on the [Hb].

Burst cluster number
SN BN

The relationship between burst count and the [Hb] is summarized in Figure 1(e). The solid
curve denotes the number of distinct bursts identified in each full oscillation cycle. The shaded
background distinguishes two firing regimes: a multi-burst regime corresponding to MMB (blue
region), and a single-burst regime corresponding to pure SW bursting (gray region). Circular markers
indicate transition intervals where qualitative changes in the bursting mechanism occur, such as
the critical region between the two- and three-burst states. At low [Hb] levels (100-140 g/l), the
system predominantly maintains a two-burst mixed-mode pattern. Within an intermediate range
(145-210 g/1), the burst number nonlinearly increases, ranging from two to seven, after which the
multimodal characteristics of MMB gradually weaken. When the [Hb] exceeds a critical threshold of
approximately 210 g/l, MMB entirely disappears and the system only exhibits regular SW bursting.

3.1.2. Fast-slow interaction and geometric mechanisms of MMB

Figure 2(a) presents the one-parameter bifurcation diagram of the fast subsystem (Eqgs (2.1), (2.2)
and (2.4)) with respect to the slow variable 4. The gray and black curves denote the bifurcation
branches corresponding to the minimum and maximum values of g, respectively, where solid
lines indicate a stable state and dashed lines denote an unstable one state. The equilibrium branch
exhibits an S-shaped structure, comprised of an upper segment (focus), a middle segment (saddle),
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and a lower segment (node). As the bifurcation parameter /& decreases, two saddle-node bifurcations
(SN1 and SN2) occur at the turning points. The stable focus on the upper branch loses stability
via a subcritical Andronov-Hopf bifurcation (H), giving rise to an unstable limit cycle. This cycle
later stabilizes through a limit point of cycles (LPC) bifurcation and eventually vanishes in a saddle-
homoclinic (SH) bifurcation upon collision with the saddle point on the middle branch. An increase in
Zronic shifts the bifurcation structure leftward, with the lower branch (SN1) undergoing a significantly

larger displacement than the upper branch.
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Figure 2. One- and two-parameter bifurcation diagrams of the fast subsystem. (a) One-
parameter bifurcation diagram corresponding to the maximum (black) and minimum (gray)
values of g Solid curves denote stable equilibria or limit cycles; dashed curves indicate
unstable states. (b) Two-parameter bifurcation diagram that shows Hopf (hopf, blue), saddle-
node (sn, magenta), limit point of cycles (Ipc, green), and saddle-homoclinic (sh, orange)
bifurcation curves. Codimension-2 bifurcation points include generalized Hopf (GH), Cusp
(CP), Bogdanov-Takens (BT), and Cusp of periodic cycle (CPC). The inset provides an
enlarged view of the critical region associated with bursting pattern transitions.

To elucidate the regulatory mechanism that underlies MMB generation through the dynamic
interplay between the slow variable /4 and g,,,;., we constructed a two-parameter bifurcation diagram
in the (h, gnic) plane (Figure 2(b)). In this diagram, the hopf, sn, Ipc, and sh bifurcation curves are
shown in blue, magenta, green, and orange, respectively. The saddle-node (sn) and Hopf (hopf) curves
intersect at a Bogdanov-Takens (BT) point, two sn curves meet at a cusp (CP) bifurcation, and the
convergence of two Ipc curves gives rise to a cusp bifurcation of a periodic cycle (CPC). Additionally,
the transition between supercritical and subcritical Andronov-Hopf bifurcations occurs at a generalized
Hopf (GH) point. The presence of these codimension-2 bifurcations highlights the system’s intricate
dynamical structure and its capacity to exhibit a wide range of behavioral regimes.

The multiple timescale dynamical analysis of the closed-loop respiratory control system under
different [Hb] is illustrated in Figures 3(al)-(d1), which presents the one-parameter bifurcation
diagrams of the fast subsystem with respect to the slow variable /4, which is superimposed with phase
trajectories of the full system.

At [Hb] = 140 g/l (Figure 3(al)), the trajectory of burst 1 (green) originates from the lower resting
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state, drifts rightward along the stable node, and undergoes a rapid transition to the upper branch via the
SN1 bifurcation. As it remains distant from the LPC bifurcation point, only a stable focus exists in this
region; therefore, the trajectory exhibits damped oscillations around this stable focus. After crossing
the Hopf (H) bifurcation, it is repelled by the unstable focus and eventually returns to the lower branch,
thus ending the activity of burst 1 and restoring the resting state. This behavior identifies burst 1 as a
“subHopf/subHopf” bursting pattern [47]. From a physiological perspective, this regime corresponds
to a depolarization-block like state, where the membrane potential remains relatively elevated and
neuronal excitability is reduced, thus resulting in a weakened or suppressed spike activity.

In contrast, burst 2 (blue) also transitions to the upper branch via SN1 but then enters the bistable
region (stable focus and stable limit cycle coexist), which is located left of the LPC bifurcation. Here,
the trajectory is attracted to the stable limit cycle,thus resulting in sustained oscillations that generate a
SW burst. As the bifurcation parameter 4 further decreases, the neuronal activity ultimately terminates
via an SH bifurcation, thus returning the system to rest and completing the cycle. The bursting pattern
is classified as a “fold/homoclinic” type. This regime corresponds to the classical SW bursting pattern
commonly observed in neuronal systems, which is characterized by sustained spiking and a relatively
high neuronal excitability during the bursting phase.

At [Hb] = 150 g/1, the MMB pattern consists of one DB burster and two SW bursters (Figure 1(b)).
The dynamical types of burst 1 (green) and burst 2 (blue) remain consistent with those observed at
[Hb] = 140 g/1. The newly emerged burst 3 (yellow-orange) also exhibits a “fold/homoclinic” bursting
pattern (Figure 3(b1)). Specifically, its trajectory transitions to the active state via the SN1 bifurcation.
Although it lies to the right of the LPC bifurcation point, it is situated closer to the LPC than burst 1,
thus influencing its oscillatory behavior.

When [Hb] increases to 200 g/l (Figure 3(cl)), bursts 1 and 2 retain their original dynamical
properties. In contrast, burst 3 (yellow-orange) now reaches the upper branch at a position very close to
the LPC bifurcation point, where the stable limit cycle becomes the dominant attractor. Once captured
by this attractor, the trajectory exhibits a sustained bursting activity, which ultimately terminates via
a saddle-homoclinic (SH) bifurcation. Then the system returns to the resting state, followed by the
emergence of burst 4 (red), which also exhibits a “fold/homoclinic” bursting pattern. The behavior of
burst 4 resembles that of burst 3 observed at [Hb] = 150 g/1.

When [Hb] increases to 250 g/1 (Figure 3(d1)), the system simplifies to a single SW bursting pattern
(see Figure 1(d)). The phase-plane trajectory of this burst is consistent with the SW pattern described
earlier. A dynamical analysis confirms that this bursting type persists due to the underlying invariant
bifurcation structure: the trajectory consistently enters the active state through an SN1 bifurcation and
terminates via an SH bifurcation, following the same “fold/homoclinic” bursting mechanism.

Notably, the ranges of the bifurcation parameter 4 that support DB and SW bursting substantially
differ, as evidenced by the contrast in oscillation amplitudes between bursts 1 and 2 in Figure 3. This
disparity is further amplified by the systematic leftward shift of bifurcation curves under the regulation
of gonic, Which promotes the coexistence of multiple steady states in the phase plane during system
evolution. Consequently, the closed-loop system can generate a wide variety of bursting patterns, thus
enhancing its dynamic repertoire.

Figures 3(a2)—(d2) show the dynamical evolution trajectory of MMB within the two-parameter
plane. The bifurcation structure remains consistent with that shown in Figure 2(b). The yellow
shaded region denotes the parameter domain where stable limit cycles exist. As g, increases, all
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bifurcation curves shift leftward in the (4, g;nic) plane, with the snl curve exhibiting a significantly
greater displacement compared to the other bifurcation curves. The snl curve intersects with the Ipc
curve at (1, gionic) = (0.68,0.14), thus highlighting a key organizing center in the parameter space.

Bursts 1 (green), 2 (blue), 3 (brown), and 4 (red) all evolve in a counterclockwise direction, with
gray arrows indicating the progression of the system during the resting phases. The key dynamical
distinction between DB and SW bursting lies in the relative position of the trajectory with respect to the
stable limit cycle region (yellow-shaded area) when crossing the saddle-node bifurcation curve (snl):

1) DB bursting (Burst 1): Under all [Hb] conditions, the trajectory starts from the resting state and,
as h and g, increase, crosses snl while remaining outside the stable limit cycle region. In this case,
only a stable focus attractor exists in the phase plane, thus resulting in transient stability. As & and g;,p;c
subsequently decrease, the trajectory sequentially crosses the hopf and sh bifurcation curves, thereby
terminating Burst 1;

2) SW (Bursts 2—4): In contrast, after crossing the snl curve, the trajectory either remains
within or enters the basin of attraction of the stable limit cycle. For instance, at [Hb] = 140 g/l
(Burst 2, Figure 3(a2), the elevated g, following Burst 1 causes the trajectory to cross snl above
its intersection with the Ipc curve, thus placing it within the stable limit cycle region. The system is
subsequently attracted to the limit cycle, thus producing a burst with a gradually increasing amplitude
that terminates via a sh bifurcation. At [Hb] = 150 g/l (Burst 3, Figure 3(b2), after Burst 2 ends
at the sh bifurcation, the trajectory first crosses the Ipc curve before approaching the snl curve; its
proximity to the Ipc allows it to be recaptured by the stable limit cycle, thereby re-entering the yellow
region and generating sustained oscillations until it terminates at the sh bifurcation. At [Hb] = 200 g/1
(Figure 3(c2)), two-parameter analysis confirms that Bursts 1 and 2 maintain their previous dynamics,
while Burst 3 crosses snl inside the stable limit cycle region and exhibits SW behavior similar to Burst
2. Burst 4 follows a pattern analogous to Burst 3 at [Hb] = 150 g/I. At [Hb] =250 g/1 (Figure 3(d2)), the
trajectory remains confined between the snl and sh curves. After each crossing of snl, it is repeatedly
drawn back into the stable limit cycle region, thus resulting in sustained SW bursting.

A bifurcation analysis reveals that the system exhibits multistability as the [Hb] varies, thus
highlighting the synergistic regulation between the slow variable / and the excitatory conductance gonic
in generating MMB. As the [Hb] changes, the system trajectory repeatedly traverses critical bifurcation
curves (e.g., snl and sh) in the phase plane, thus resulting in distinct bursting patterns across different
parameter regions. In particular, the alternation between DB and SW bursts gives rise to MMB. These
findings demonstrate that, within a closed-loop fast-slow dynamical system, MMB patterns can emerge
from the interaction between multiple timescales and the underlying bifurcation structure.

Figures 4(a)—(d) illustrate the dynamical evolution of system trajectories in the three-dimensional
(h, &onic» V) space. In the parameter-space panels, the black curve in the left subpanel represents the
bifurcation structure when g,,,,;- reaches its maximum value during the bursting cycle, while the gray
curve in the right subpanel corresponds to the bifurcation structure at its minimum value (refer to
Figures 3(al)—(d1)). The results indicate that the resting state evolves from the region of a minimum
Zionic towards the maximum (right to left), whereas the bursting activity propagates in the opposite
direction, from the maximum toward the minimum g,,,;. region.
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Figure 3. Multiscale dynamical analysis of the closed-loop respiratory control system under
different hemoglobin concentrations ([Hb]). (a) [Hb] = 140 g/I; (b) [Hb] = 150 g/1; (c)
[Hb] = 200 g/I; (d) [Hb] = 250 g/l. (al)—(d1) Separation of fast and slow variables. (a2)—
(d2) Projection of the full-system phase trajectories onto the two-parameter plane, where the
numbers indicate the sequence of bursting events and gray arrows show the direction of the

trajectory evolution.
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Figure 4. Bifurcation and bursting trajectories in the (h, gonc, V) space. Left panels:
bifurcation at maximum g;,,;.; Right panels: bifurcation at minimum g;,,;.. (a) [Hb] = 140 g/I;
(b) [Hb] = 150 g/1; (c) [Hb] = 200 g/1; (d) [Hb] = 250 g/1.

A comparative analysis shows that the DB pattern occupies a significantly wider range in the &-
parameter space compared to SW bursting and exhibits distinct stability, as it remains unaffected by
limit cycles or SH bifurcations. This stability is a fundamental characteristic of the depolarization
block mechanism. In contrast, SW bursting begins when the trajectory exits the resting state via a SN1
bifurcation, undergoes a rapid transition near the extremal value of g;,,;., and ultimately terminates at
the SH bifurcation in the minimum-gtonic region. Notably, the dynamic range of g,,,;. variation during
SW bursting is substantially larger than during DB.

Variations in the [Hb] regulate the excitatory conductance g, via changes in the P,0,, thereby
altering the phase space trajectory of the system. This series of cascading effects ultimately determines
the emergence or disappearance of MMB. A further analysis indicates that the slow variable & plays
a central role in determining the bursting type (SW or DB bursting) by governing the bifurcation
structures associated with different firing patterns.

In contrast, the slow feedback variable g,,,;., which evolves on a comparable timescale, regulates
the rhythmic activity by systematically shifting the relative positions of these bifurcation curves.
However, it remains unclear whether these rhythm transitions originate from the temporal evolution
of g.nic Or are primarily governed by its quasi-static level. To address this question, in the following
section, we examine the system dynamics under a slow feedback pathway by fixing the control
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variable P,0,, which modulates g,,,., to further elucidate the role of dual slow-variable interactions in
generating MMB.

3.2. Elimination of MMB under constant slow feedback
3.2.1. Freezing the slow evolution of g, via fixed P,0,

As shown in Eq (2.8), g:onic 18 defined as a monotonic and instantaneous function of P,0,, without
additional dynamic delays or independent modulation from other state variables. Therefore, in the
numerical simulations, fixing P,0, at a constant value strictly fixes g, Which is equivalent to
freezing the slow feedback pathway. This procedure decouples the dynamic interaction between P,0,
and g, while allowing all other variables to evolve normally, thus enabling us to distinguish the
dynamical role of the slow feedback from its static parameter effect. In Section 3.1, P,O, dynamically
evolves with the system state, thereby driving g, to slowly change on a comparable timescale.
By shifting the relative positions of key bifurcation curves, this slow evolution enables the system
trajectory to repeatedly traverse critical the bifurcation regions, thereby facilitating the emergence of
MMB. To determine whether the generation of MMB depends on the dynamic evolution of the slow
feedback variable g,.., rather than solely on its static level, this section considers a representative
parameter setting of [Hb] = 140 g/l. Other cases ([Hb] = 150, 200, and 250 g/1) exhibit qualitatively
similar dynamical behaviors and are therefore omitted for brevity. By clamping P,O0,, gomic 1S held
constant throughout the system evolution, allowing us to examine the firing rhythm under a frozen
slow-feedback condition and to isolate the role of slow-variable dynamics in shaping MMB.

When the system initially exhibited a MMB rhythm composed of one DB burst and one SW burst,
P,0, was fixed at 60 mmHg at ¢+ = 50 s for a duration of 20 s (Figure 5(a)). During the clamp, g
no longer varied with the system state but remained fixed. The numerical results show that the original
MMB rhythm quickly disappeared, and the electrical activity of the system transitioned to a sustained
high-frequency tonic spiking state. This firing pattern functionally corresponds to a high-frequency
drive in the respiratory center, which is typically associated with accelerated rhythmic states such as
tachypnea. After the interference was removed, the system failed to spontaneously return to the original
MMB rhythm and instead remained in the tonic spiking mode.

With P,0, fixed at 80 mmHg (Figure 5(b)), the oscillation period of the membrane potential
shortened, the firing frequency increased, and the original MMB changed into a pure SW pattern.
Following the perturbation, the system gradually recovered to its pre-intervention state within
approximately 30 s. Similarly, when P,0, was set to 100 mmHg (Figure 5(c)), the system also switched
from MMB to a pure SW bursting mode and was able to autonomously recover; however, its dynamical
characteristics differed from those at 80 mmHg: during the intervention, the burst period increased and
the firing frequency decreased, while the time required for the system to return to the initial rhythm
was shorter. Figure 5(d) shows the response when P,0, was fixed at 110 mmHg. Although the system
retained a basic ability to recover, the neuronal electrical activity was markedly suppressed during the
clamp, and the system briefly entered a firing-suppressed state. After the interference was removed, the
system rapidly reverted to its original rhythm, thus indicating that this state corresponds to a transient
dynamical suppression rather than a structural disruption of the rhythm.
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Figure 5. Responses of the closed-loop system under fixed P,0, at [Hb] = 140 g/1. Black
curves denote the pre-intervention state, blue curves indicate the interval during which P,0,
is fixed, and red curves show the post-intervention response. (a) P,0, = 60 mmHg: fixing
P,0, induces a transition from MMB to tonic spiking; (b) P,O, = 80 mmHg: fixing P,0,
suppresses MMB and yields a single SW with shortened periods; (¢) P,O, = 100 mmHg:
the system exhibits a single SW during the fixed-parameter interval, with longer periods
and a reduced firing frequency; (d) P,O, = 110mmHg: fixing P,0, at a high level
leads to strong suppression of the neuronal activity, with markedly attenuated membrane
potential oscillations.

In summary, under all P,0, clamp conditions, the system no longer exhibited MMB but instead
transitioned to spiking, pure SW bursting, or electrically suppressed states. This demonstrates that
when the dynamic evolution of the slow feedback variable g, is inhibited, the system cannot sustain
the rhythmic structure necessary for MMB.

3.2.2. Bifurcation structure associated with the disappearance of MMB

The two-parameter bifurcation curves are presented in Figure 6. As P,0, decreases, the snl
(magenta) bifurcation curve markedly shifts leftward in the (4, g/onic) plane. When P,0, decreases
from 110 mmHg to 60 mmHg, the corresponding bifurcation parameter 4 for snl decreases from 0.809
to 0.272, thus yielding a displacement of 0.537. In contrast, the / values associated with the sh (orange),
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Ipc (green), and hopf (blue) bifurcations only vary by 0.224, 0.099, and 0.078, respectively. These
results demonstrate that the displacement of sn1 is substantially larger than that of the other bifurcation
curves. This asymmetric shift fundamentally alters the relative topological arrangement between snl
and key bifurcation curves such as Ipc and sh.

When P,0, is fixed, g no longer dynamically evolves with the system state. As a consequence,
the system trajectories are unable to repeatedly traverse the bifurcation curves in the parameter plane,
thereby disrupting the dual slow-variable feedback mechanism required to sustain MMB. As snl shifts
leftward and progressively approaches sh, the trajectory, after crossing snl, encounters sh more rapidly,
thus leading to the earlier termination of each burst and a shortening of the bursting period. With a
further reduction of P,0,, this compression of the bifurcation structure ultimately drives the system
into a regime of sustained tonic spiking.

Figure 7 illustrates the one-parameter bifurcation structures of the fast subsystem for different fixed
P,0; levels (60, 80, 100 and 110 mmHg) under the condition [Hb] = 140 g/1. Although Figures 7(a)—(d)
exhibit qualitatively similar overall structures, the relative positions of the key bifurcation points
substantially differ. At P,0, = 60 mmHg (Figure 7(a)), SN1 and SH are in proximity, thereby confining
the system trajectory within the attraction domain of the stable limit cycle and thus sustaining a tonic
spiking state. At P,0, = 80 mmHg (Figure 7(b)), the more pronounced rightward shift of SN1 relative
to SH allows the trajectory to jump to the upper branch, enter the stable limit cycle, and subsequently
terminate via SH, thus forming a characteristic “fold/homoclinic” bursting pattern. In contrast, at P,0,
= 100 mmHg (Figure 7(c)), SN1 moves closer to LPC, thus leading to an extended burst duration and
an increased number of spikes within each burst. When P,0O, increases to 110 mmHg (Figure 7(d)),
SN1 shifts to the right of LPC, thus trapping the system trajectory near the stable node on the lower
branch and markedly suppressing the neuronal firing activity.

0.6
05+-------- ----—--\---=-%+=-=-=-=-=-- 60 mmHg
0.4
R 80 mmHg
S 0.31
%))
0.2
_____________________ 100 mmHg
014+ ________\ 110 mmHg
0.0
0.0 0.8

Figure 6. Bifurcations in the (%, g;n.) plane of the fast subsystem. Black dashed lines
indicate g, values at P,O, = 60, 80, 100, and 110 mmHg. As P,0O, decreases, the
snl curve shifts leftward toward the sh curve, thereby modifying bifurcation sequences and
altering bursting patterns.
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Figure 7. Fast-slow decomposition of the system at [Hb] = 140 g/1 under different P,0,. (a)
P,0, = 60mmHg; (b) P,O0, = 80 mmHg; (¢) P,O, = 100 mmHg; (d) P,0, = 110 mmHg.

These results indicate that the diversity of firing rhythms observed in the system, including tonic
spiking, SW bursting with different periods, and quiescent states, is primarily regulated by the slow
variable . However, when the slow feedback variable g;,,;. is held constant, the evolution of 4 alone
is insufficient to drive the system trajectory through the sequence of bifurcation transitions required to
sustain MMB. Consequently, the emergence of MMB in the closed-loop system is not determined by
a fixed value of g, but instead critically depends on its dynamic modulation over time.

4. Discussion

MMB is an important and complex neuronal firing pattern observed in the pre-BotC, which is
the core structure responsible for respiratory rhythm generation. Within a single oscillatory cycle,
different types of bursts alternate, exhibiting characteristic multiscale dynamical features. In recent
years, the physiological basis of MMB has been increasingly supported by experimental evidence.
For example, Dunmyre et al. confirmed the presence of MMB in pre-BotC slice preparations through
in vitro electrophysiological recordings [27]. Subsequently, Chevalier et al. further demonstrated in
embryonic mouse brain slices that this rhythmic pattern depends on the dynamic balance between the
persistent sodium current and the calcium-activated nonspecific cationic current [48]. These findings
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not only verify the biological existence of MMB but also provide an important physiological foundation
for theoretical models that describe respiratory rhythm regulation.

Building on these experimental insights, Diekman and colleagues developed a closed-loop res-
piratory control model based on the pre-B6tC rhythmogenic network and incorporated peripheral
chemosensory feedback. In this framework, the P,0, serves as a key feedback signal that regulates the
rhythmic output of the central pattern generator through chemoreceptor pathways, thereby enabling
respiratory rhythms to dynamically respond to the body’s oxygenation state. As a fundamental
physiological determinant of the blood’s oxygen-carrying capacity, the [Hb] influences the oxygen
transport efficiency and consequently affects the dynamical evolution of the P,0, ((Figure 8)).
Therefore, the [Hb] becomes an important physiological parameter that influences the stability and
regulation of the closed-loop respiratory control system.

Neural Control Resplratory Mechanlcs

CPG Motor Pool Lung Volume
(V,Tl,h) vV () ('UO lL)

1 tonic
Conductance Arterial oxygen Lung oxygen
(Gtonic) (P,02)= f([Hb]) (P407)
Chemosensation q Gas Exchange

Figure 8. Schematic diagram of the closed-loop respiratory control model,adapted from [29].

Based on a closed-loop respiratory control model, this study uses the [Hb] to characterize variations
in oxygen pressure-related slow feedback modulation and systematically investigates the formation of
MMB and its transitions under [Hb] modulation from a dynamical systems perspective. The results
show that variations in the [Hb] can induce clear transitions between MMB and single SW bursting.
At relatively low [Hb] levels, the system exhibits typical MMB behavior, which is characterized by
alternating DB and SW bursts within each oscillation cycle. As the [Hb] increases, the number of
bursts per cycle changes nonlinearly, the multimodal structure of MMB gradually diminishes, and
the system eventually stabilizes into a single-mode SW bursting pattern. This transition reflects a
reorganization of the fast-slow dynamical interaction rather than a qualitative change in the intrinsic
dynamics of the fast subsystem.

Fast-slow decomposition and a bifurcation analysis further reveal that the bursting type is primarily
governed by the slow variable /., which determines the admissible bifurcation structures associated with
different firing modes. Meanwhile, the slow feedback variable g;,,;., regulated by the slow evolution of
P,0,, evolves on a comparable timescale and modulates the global organization of rhythmic activity
by shifting the relative positions of critical bifurcation curves. The interaction between h and gy
enables the system trajectories to traverse multiple bifurcation regions within a single period, thereby
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giving rise to MMB.

To further clarify whether MMB depends on the dynamic evolution of the slow feedback variable
Zionic Tather than merely its steady-state level, P,O, was fixed to constrain the evolution of g;,,;.. Under
all fixed-P,0, conditions, the system no longer exhibits MMB; instead, it transitions to tonic spiking,
single SW bursting, or a suppressed activity depending on the parameter level. Notably, although the
intrinsic slow variable /4 continues to evolve, its isolated action is insufficient to sustain MMB. These
observations indicate that MMB in the closed-loop system is not determined by a specific static value
of the slow feedback variable g,,;., but instead relies on its time-dependent modulation in coordination
with intrinsic slow dynamics.

From a dynamical systems perspective, this study elucidates how slow feedback regulation orga-
nizes complex discharge patterns and extends the theoretical understanding of multiscale interaction
mechanisms that underlie MMB. In particular, our findings are consistent with the results of Wang
et al., who demonstrated that MMB dynamics can arise from interactions between two temporal
scales [32].

It should be noted that the present analysis is based on a simplified closed-loop respiratory control
model. The model does not yet account for the heterogeneity of pre-BotC neuronal populations,
nor does it incorporate important physiological feedback mechanisms such as CO, chemosensitivity.
Therefore, future work could examine the robustness of these results within more comprehensive
modeling frameworks, for example, by introducing CO, chemosensory feedback [49, 50], thereby
considering heterogeneous neuronal populations, or experimentally validating model predictions
using in vitro pre-BotC slice preparations. Furthermore, developing a hardware emulator for the
proposed model represents a promising direction for future research. As discussed in [51], such an
emulator could be implemented either digitally using low-cost microcontrollers or through analog
electronic circuits. In particular, an analog emulator would provide a robust platform for the real-time
investigation of the nonlinear dynamics that underlie multiscale mixed-bursting patterns.
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