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Abstract: To address the synchronization control problem of heterogeneous neural networks, this
paper proposed a novel adaptive impulsive hybrid control strategy incorporating state feedback and
event-triggered mechanisms. First, based on Lyapunov stability theory, the effectiveness of the
designed controller was established under a static event-triggered scheme, achieving synchronization
of heterogeneous neural networks while avoiding Zeno behavior. Then, an auxiliary parameter was
introduced to dynamically adjust the triggering threshold, thereby constructing a dynamic event-
triggered mechanism. On the basis of the static triggering principle, the validity of the controller
under the dynamic event-triggered condition was further verified. Finally, numerical simulations
were conducted to demonstrate the effectiveness and feasibility of the proposed method. The results
show that, compared with the traditional static triggering strategy, the dynamic event-triggered
scheme can guarantee synchronization performance while significantly reducing the number of
triggering events and lowering system resource consumption, thereby validating the advantages of
the proposed approach.
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1. Introduction

Neural networks, as a special class of complex networks, originate from the abstraction and
modeling of biological neural systems. They exhibit fundamental properties such as nonlinearity,
self-adaptation, robustness, and fault tolerance, which are intrinsic characteristics of real neural
circuits [1,2]. By bridging biological plausibility with mathematical modeling, neural networks have
emerged as powerful tools for exploring neural information processing, brain-inspired computation,
and learning mechanisms [3]. Due to their broad potential applications in signal processing, image
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recognition, and large-scale language models, neural networks have attracted substantial attention
across multiple scientific disciplines [4—6]. In the existing studies on neural networks, homogeneous
neural networks are the most commonly analyzed because the dynamic behaviors of nodes with
identical structures or nonlinearities are consistent, making analysis relatively simple. However,
many real-world systems are inherently heterogeneous, and research on such systems has gradually
increased [7-11]. For heterogeneous neural networks, each node may exhibit different dynamical
behaviors, which leads to greater complexity and uncertainty. Therefore, studying heterogeneous
neural networks is more meaningful [12]. A network is considered heterogeneous when the nodes
exhibit nonidentical dynamics, which may arise from differences in system parameters, activation
functions, or external inputs [13]. At present, research on heterogeneous neural networks remains
limited, and synchronization control of heterogeneous networks is an important topic worthy of
further investigation.

Although many control methods have been developed for synchronization in homogeneous neural
networks [14], such as adaptive control [15,16], sliding-mode control [17,18], intermittent control [19,
20], and pinning control, most of them are designed for systems with identical node dynamics.
However, for heterogeneous neural networks, where nodes may exhibit different dynamical properties,
a single control strategy may not fully exploit the advantages of different methods. Therefore,
integrating multiple control strategies to form hybrid control schemes has attracted increasing attention.
For complex networks, traditional continuous control strategies require frequent acquisition and
transmission of system states, resulting in high communication cost. Compared with traditional
continuous control, impulsive control achieves synchronization of delayed neural networks with
mismatched parameters at fixed discrete times. This method effectively reduces energy consumption
by avoiding continuous communication and frequent triggering [21, 22]. Following this, Zhou et
al. [23] further proposed an event-triggered impulsive control strategy to reduce transmission delays
and improve synchronization accuracy. Later, Zhou et al. introduced a novel event-triggered impulsive
control scheme based on communication delays and switching thresholds, which significantly reduced
triggering frequency and improved control efficiency [24].

Therefore, combining impulsive control with event-triggered mechanisms can further reduce unnec-
essary control updates and communication transmissions, while maintaining effective synchronization
performance, which provides a promising approach for synchronization control of heterogeneous
neural networks. Since the concept of event-triggered control was introduced over the past two
decades [23-25], it has been widely used to save communication and computational resources [10,
21,26]. Under time-triggered strategies, system states must be transmitted periodically, whereas
event-triggered mechanisms can effectively reduce system energy consumption by transmitting state
information only when necessary. Various event-triggered mechanisms have been proposed, such
as distributed event triggering [26], self-triggered control [27], adaptive event triggering [23], and
event-triggered impulsive control [25]. Compared with static triggering strategies, dynamic triggering
strategies introduce an auxiliary parameter to adjust the threshold function at each triggering moment,
effectively reducing unnecessary triggering events and saving energy.

However, despite the progress achieved in synchronization control of neural networks, several issues
still deserve further investigation. Most existing results mainly focus on homogeneous neural networks,
where the dynamical properties of nodes are identical, which simplifies the synchronization analysis. In
many practical applications, neural networks often exhibit heterogeneous dynamics due to differences
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in system parameters, activation functions, or external inputs. Moreover, although event-triggered
impulsive control has been introduced to reduce communication burden, most existing studies are still
based on static event-triggered schemes. Research on heterogeneous neural networks under dynamic
event-triggered impulsive control remains relatively limited, which motivates the work in this paper.

The considered drive-response neural network structure is inspired by the master—slave framework
commonly encountered in practical networked control systems. Due to differences in hardware
implementation, parameter configurations, or nonlinear characteristics, the dynamics of the drive
and response systems are often not identical, which motivates modeling them as heterogeneous
neural networks.

Based on the above discussion and the control structure illustrated in Figure 1, this paper investigates
the synchronization control of heterogeneous neural networks and proposes a novel hybrid control
strategy. The main contributions are as follows:

1. Unlike most existing studies that focus on homogeneous neural networks [10, 21, 24], the
heterogeneous neural network considered in this paper features nodes with distinct dynamical
properties. Compared with homogeneous networks, studying heterogeneous neural networks is
more meaningful from both theoretical and practical perspectives.

ii. A novel adaptive hybrid control strategy combining state feedback and impulsive control
with event-triggered mechanisms is proposed. Based on Lyapunov stability theory, impulsive
comparison techniques and parameter variation methods are adopted to rigorously prove that the
proposed controller ensures synchronization while effectively reducing the triggering frequency
and shortening the control time, thereby improving control efficiency.

iii. Both static and dynamic event-triggered mechanisms are developed to achieve synchronization
of heterogeneous neural networks. In particular, under the dynamic event-triggered scheme,
synchronization can still be ensured even though existing studies on heterogeneous neural
networks under dynamic event-triggered conditions remain limited. By introducing an auxiliary
parameter to adjust the threshold function, a new dynamic event-triggered mechanism is
established. This mechanism avoids frequent triggering present in traditional static strategies,
reduces energy consumption, and fully demonstrates the effectiveness and engineering potential
of the proposed control scheme.

Driver Layer Network Synchronization Error

4 Generator > Event Trigger
%0 60 =y,0-x0 )

Response Layer Synchronization
—
Network Controller

50 u,(0)

Figure 1. Control framework of the heterogeneous neural network under hybrid event-
triggered impulsive control.
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2. Lemmas and assumptions

Let R be the set of real numbers. R” and R™ denote the sets of n-dimensional real column vectors
and n X m real matrices. E is the N x N identity matrix, A” denotes the transpose of a matrix or vector
A, and diagl{d,,d>,- - - ,d,} denotes an n-dimensional diagonal matrix. Ay,;,(A) and A;,.x(A) denote the
minimum and maximum eigenvalues of the symmetric matrix A. || - || denotes the vector or matrix
2-norm. PC(n) is the set of piecewise continuous functions. For y(t*) = lim,_o+ y(t + s) and (") =
lim,_o- x (7 + ), D*x(2) = lim sup, . X220,
Lemma 1 [28]. If there exist z;(¢), Z;(t) € PC(1) such that ¢ = #{ is a discontinuity point, z;(#;") and
Zi() exist, and z;(£) = z;(£), Zi(£") = Z ("), then there exist positive constants a;,a, > 0 and p > 0
such that
D+Zl‘(l) < alzi(t) + azzi(t - T), t# l‘é, t> 0,
Zi(t5) < pri(t), s €N,

and
D*Zi(t) > a\Z(H) + axz(t — 1), t#1, >0,
Z(15) = pzi(y), s € N,

If z;(r) < Zi(¢) for all ¢ € [—7, 0], then z;(f) < Z;(¢) holds for all ¢ > 0.

Assumption 1. For the activation functions f(-), f5(-), g”(-), and g’ (-) of the network system,
there exist positive constants &, @5, B, 35 such that

ik’ IFik * ik
1M (p) - M@l < alp - ql, 12(p) - £ @I < alp - ql,
M) - M@l <BMip—ql, 1€ () - & (@I <B3p - gl
Herei=1,2,...,N,k=1,2,...,n. Define the diagonal matrices
E' = diag{ad,...,al}, E)=diagla),...,a}},

B, = diag{BY,....B8)), E, =diag{B},....B;}
Definition 1 [29]. For a drive-response network with N nodes, let x;(r) and y;(¢) represent the
states of the drive layer and the corresponding response layer. If for any initial conditions, the

network satisfies
lim ||x;(£) — y:(®] = 0 (i=12,...,N),
—o0

then the network achieves complete synchronization. If instead limsup,_, |[x;(#) — yi(@®)I < c(i =
1,2,...,N), for some constant ¢ > 0, then the network achieves quasi-synchronization.
Remark 1. For heterogeneous neural networks, the node dynamics may differ due to parameter
mismatches, structural differences, and heterogeneous activation functions. Under such conditions,
achieving complete synchronization is often difficult in practical systems. Therefore, quasi-
synchronization provides a more realistic performance objective, where the synchronization errors
converge to a bounded neighborhood of zero. From an engineering perspective, this means that the
states of the drive and response layers remain consistent within an acceptable tolerance range, which
is sufficient for many applications requiring coordinated behavior.

Definition 2 [30]. If there exists a constant p; > 0 such that the impulse interval satisfies inf ey {t; —
ts_1} = p1 > 0, then the synchronization error system does not exhibit Zeno behavior.
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3. Synchronization analysis under a static event-triggered mechanism

3.1. Synchronization error system of heterogeneous neural networks

Consider a heterogeneous neural network in which the drive layer and the response layer each
contain N nodes. The considered structure follows a drive-response synchronization framework, where
each node in the response layer is required to track the corresponding node in the drive layer. The
network dynamics are described as follows:

%i() = —CMx() + AM fMx,(0) + BY g™(xi(t — 1)) + J, A1)

yi) = =Clyi(t) + A? (1) + B; 82 (it = D) + J + (), .
where i = 1,2,...,N, and x;(¢),y;(t) € R" represent the states of the i-th neuron in the drive layer
and response layer, respectively. Functions f(-), £5(), g(), g5(¢) : R" — R" are activation
functions. Matrices AY, A%, BM, BS are constant matrices. CY = diag{C¥,C¥,...,CM} and
C? = diag{C5,C5,...,C;} are diagonal connection weight matrices. J € R" denotes an external

input vector, 7 > 0 is the time delay, and u;(¢) € R” is the control input for the i-th neuron.
Define the synchronization error between the drive and response layers as e;(t) = yi(t) — x;(¢),
i=1,2,...,N. Differentiating yields

ei(t) = yi(t) — xi(1)
= —C}yi(t) + A £ 0i(0) + B °(it = 1))
= | = CMxio) + A fxi0) + BY ¢Mxitt = )| + i) (3.2)
= —CJ ei(t) + AN(f* (3i(0) = f* (xi(2)))
+ Bi(g° (it = 1)) — 8° (xilt = 1)) + Fi(xi(8) + uy(2),
where the mismatch function between the drive and response layers is defined as F;(x;(¢)) = (CIM —
CHxi() + (A7 f° (xi(0) = AY M (xi(0)) + (B] g° (xi(t — 7)) = BY g™ (xi(t — 1))).
3.2. Static event-triggered control protocol

The event-triggered mechanism can effectively save communication resources and avoid continuous
transmission of information. Therefore, a control protocol based on a static event-triggered mechanism
is designed.

+00
uit) = —kei(r') + Z (00 = Vet ot — 1), telt .f), seN, (3.3)

s=1
where i = 1,2,...,N, ti is the event-triggering instant, 7, = 0 is the initial time, {t,1,,13,...} is the

sequence of triggering times, k is the feedback control gain, P\ is the impulsive strength, and d6(-) is
the Dirac delta function.

Remark 2. The second design item in (3.3) corresponds to the impulsive control component introduced
at the event-triggering instants. Its main function is to instantaneously correct the synchronization
error so as to compensate for the performance degradation caused by the event-triggered sampling
mechanism. In coordination with the continuous state-feedback term, this impulsive correction helps
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accelerate the error convergence. Moreover, it contributes to reducing the event-triggering frequency,
thereby improving the overall control efficiency and facilitating the subsequent stability analysis.

Assume that at r = £, e;(r'*) = ¢;(#"). The error system of the state feedback and impulsive control
based on the static event-triggered mechanism is given by:

eilt) = =Cleit) + A (£° i) — 5 (i) + B} (¢° Gilt = 1) — ¥ (xilt - 1))
+ ) —ke(f),  reld . h), seN, (3.4)
e,-(tf:r) =p¥ ei(tf;,—) , s € N.

Remark 3. The impulsive sequence is non-periodic and determined by the event-triggering condition.
Thus, event-triggered impulsive control not only reduces communication burden but also makes full
use of available network resources.

3.3. Synchronization analysis procedure of neural networks under static event-triggered conditions

Theorem 1. If Assumption 1 holds and the following static event-triggering conditions are satisfied,
then the heterogeneous neural network achieves quasi-synchronization:

Amax(A}) > 0, Amax(A5) > 0.

The event-triggering instants are denoted by 7., and the event-triggering function is defined as

th,y = inf{t > £ | le:(t)IP = lles(£DIP < 0} (3.5)
Remark 4. The event-triggered control protocol proposed in this subsection is static. Intuitively,
the static event-triggering condition compares the current synchronization error with the error at the
last triggering instant, and a triggering event occurs only when the deviation becomes sufficiently
large, thereby avoiding unnecessary control updates. A new dynamic event-triggered protocol will be
presented later. Compared with the static mechanism, the dynamic event-triggered strategy introduces
an auxiliary variable to adaptively adjust the triggering threshold, which can further reduce the
triggering frequency while preserving synchronization performance. Since dynamic event-triggered
control includes impulsive effects, the synchronization proof for dynamic triggering relies on the results
of static event triggering.

Proof. Construct the Lyapunov function
N N
Vit = Y Vi = Y [l Wen],  i=1,2,...,N. (3.6)
i=1 i=1

Taking the upper-right Dini derivative of V() yields
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N

DVi(1) = ) [2e] (1) = Cleilt) + AT (£ 0i(0) = 5 (xi(0)))

i=1
+ B (¢ (it = 1) — & (xi(t = 1)) + F, i(xi(t))) - 2ke,.T(t)e,.(t§)]
N
= Z [eiT(t)( —2C)ei(t) + €] (HAT (A7) ei(1)
i=1

+ (i) = £ ) (F° i) = 5 (1)) + €] (1)BE (B )Tey(t)
+ (& 0ur = 1) = &° (it = 1) ' (¢° Gt = 1) = &° (e = 1))
+ e} (Dei(t) + F (xi(O)Fi(xi(t)) — 2ke,.T(r)e,~(tg)]

N
< D [eFa(~ 265 + ASADT + BYBYT + (2) + Bty
i=1

+el(t-1) (Eg)2 eilt = 7) + FT (x(0) Filxi(1) = 2ke] (t)ei())].
Using inequality techniques, one obtains
2k el (1) ei(th) = 2K| (ei(t)) — e1) " ei(t}) — €] (t))ei(r))
< K| (et} - i) (ei)) = e0) = e (1ei(r))],
and thus
v

DVI(D) < 3 [eF(-2CF + A AT + BY BT + (1) + E)estr)

i=1
vl -1 () et = 1)+ FFou0) Fi(xu(o)
+ kei(r) — eD)(edr) — (1) — kel (#) ex(r)]

<

IM=

| Amax(AD) €] (Dei(t) + Amax (AD) €] (¢ = T)ei(t = T)

+

k(ei(ty) — ein) T (ei(t}) — e(1) — kej (&) ei(ty) + F (xi(D)F i(xi(t))]

M-

1l
—_

< [/me(/\’i)IIei(t)II2 + Amax (ADllei(r = DI + IIFi(xi(t))IIZ]-

1

From the event-triggering condition, we have
llei(r) = eI = eI < 0.

Thus,

(3.7

(3.8)
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N
D* V(1) < Z [ s (DI DI + A (ADllei(z = DI + 1F (eI

- (3.9)
N
< D [Amax(AD Vi) + Amax(AD Vit = 7) + .
i=1
Let Al = —2CF + A7 (A5 + B](B)T + 22 + E, AL =22, i€ {1,2,...,N}, ¥ = |Fi(x()IP.
Construct the auxiliary function
D*zi(t) = cizi(t) + ozt —T)+y+w, t#t, >0,
2t = pzi(1), t=1, seN, (3.10)

Zi(1) = Vi(1), —7<t<0.

According to the lemma, Vi(f) < z(¢) for t > 0. From the parametric representation of z;(¢),
one obtains

zi(t) = Wi(1,0) z;(0) + f Wi, r)(cozi(r—7) + y + w)dr, t>0. (3.11)
0

Here W(¢, r) denotes the Cauchy matrix of the following impulsive differential equation:

Dtzi(t) = c1z;(t), t#¢t,t>0,
{ () =iz, t#L, 1> G2

it = pVz(t7), t=1,s5€N.

By mathematical induction, we have

Wit, r) = ¢ [ ﬂ p(l)]. (3.13)

r<ti<t
Since 0 < pfj) < 1, let p = max{ (f)} < 1. There exists a constant v such that inf . (#, — 1,_1) > v > 0.
Therefore,

Wit,r) < (o) e < L gersmoron, (3.14)
P

From the above results, one obtains

(1) < =l ) e 0)]] + f ; (52D (ozi(r = 7) + 9 + w) dr
0

!
(‘1+ln)’+f eler+ 52 )a- ’)( Zi(r—7) + y+w)dr,
0 P P

where i = p™! SUP_ << lleiMl-
Define the auxiliary function f(b) = b +( ln—p) + p~'c2e’™. Since f(0) < 0, f(+o0) > 0, and
(cl + ln") > p~le, > 0, as well as, f/(b) = 1 + 1p " 'ce™ > 0, it follows that there exists a unique
solution for » > 0 such that f(b) =0

1
P (3.15)

<

7:1
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When -7 <t <0,since b >0,w >0,and 0 < p < 1, one has

o) < el 2 < g ¢ — PO * )

< jie™” +

When ¢ > 0, it is required to prove that the following inequality holds:

Py + w)

_ Inp) _ 1,
(C1+v) p

z(t) < fie™ +

If the above inequality does not hold, then there exists * > 0 such that

p 'y +w)

* ~ —bt*
. >
zi(t") > fie™”" + np -
— (01 + 7) -p ey

Moreover, for ¢ < t*, one has

‘o p_1(7+w)
_(Cl + mTp) —ple

zilt) < fie™”
Combining the above results, one obtains

)
2t < el V) 4 f N sz — ) 4+ p oy + ) dr
0

Inp

_ Inp) _ 1,
(C1+V) p

(3.16)

(3.17)

(3.18)

(3.19)

-1 a Inp
< Jlaste) {,a + ( pre f T (o eazi(r = 1) + o7 (y + W) dr}
— 0

Inp) _ -1
Cl+v) pC

-1 t*
< e(c1+]"vp)t*{la + p (7 +w) + f e—(c1+ln7p)r[p—lcz(ﬁ ~b(r-1)
0

- (01 + IHT‘O) —p7 ey
!( ) _
= (C:O+ é;fp‘lq) o w)]dr}
] +1“”)t*{~ P (y +w) PO pei (eree)e
| ’u+—(C1+m7p)—P_1C2+(C1+m—p)—b[e ("

v

f POFO) g (e 1]}
—(C1 + IHTP) —ple
-1
g p (Y +w)
<pue” + np o
- (C1 + T) —p C

(3.20)

_ 1)]

When w — 0, it follows that Vi(f) < z;(f) < jie™ + L{, t > 0. Therefore, the drive layer
_ o

)

and the response layer can achieve quasi-synchronization.
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3.4. Analysis of Zeno behavior under static event-triggering

Event-triggered control strategies may suffer from Zeno behavior, that is, infinitely many triggering
events may occur within a finite time interval. Therefore, it is necessary to exclude the occurrence of
Zeno behavior.

Define the measurement error variable as &;(f) = ¢;(t)) —ei(), i € {1,2,..., N}. Taking the derivative
of &;(¢) yields

&i(t) = —ei()
= —Clei(t) — A (f* 3i(0) — 5 (xi(1))) — B (° it — 1) — &° (it — 7)) (3.21)
— Fi(xi(2)) + kei(t), telt . t), seN.

Theorem 2. Under the control protocol and the conditions of Theorem 1, the event-triggering interval
satisfies £, —#/ > 0, and thus the static event-triggered control scheme does not exhibit Zeno behavior.

Proof. Construct the Lyapunov function V;(f) = siT(t)si(t),i € {1,2,...,N}. Taking the derivative of
the Lyapunov function yields

V(1) = 2&{ (D&(1)
= 28] (1) = CSei(t) - AS(fS i) - 15 (xi())
— B} (¢ 0t = 7)) = g (xi(t = 1) = Fi(xi(0)) + kei(1)

(3.22)
<&l (((CH'C) +AF AN + B) (B)) + E)ai(t)
+e] (O((E)’ + E)eit) + e] (1 = )(E}) ei(t = 7)
+ 2ke] (Dei(t)) + F] (xi(0) Fi(xi(1)).
According to inequality theory, it follows that
2ke! (Dei(ty) < k(lle I + lleEDI).-
From the above inequality, it follows that
Va(t) < 8] ()| (CF)CF + AT (AT + B (B))" + E|ei(t) + klle(0)I”
+ el (N((EBL)” + E)ei(t) + e] (t — T)(E ei(t — 7) + Klle (DI + |Fi(xi ()|
< A (€)' CY + AT AD) + BI B + E)lle0) (3.23)

+ /lmax((Eé)2 + E)”el(t)llz + ﬂmax((EZ)z)”ei(l - T)||2
+ keI + [IF (o)l
< WiVa(0) + Wa + kllei(2)I

Let W, = /lmax(Cf (CHT + AS(AHT + BY(B)) + E) +k, Wo = Anax (BD)? + E) + Anax ((E)?).
Applying the integrating factor method on the interval [¢, ¢], we obtain

W, + Klle(e)IIP

W (M — 1), (3.24)

Va(2) <

Electronic Research Archive Volume 34, Issue 4, 2607-2630.
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According to the event-triggering condition, one has
llei(ty) = eI = lleiDI = lle DI > 0.

Therefore, one has _

W, + klle ()1

2
(I <
lle: (D] W,

(eW‘ (=) _ 1) . (3.25)

Willei(¢)I1?

i 1
It follows that 7 | — 1, > 3 ln( Tyt kles T

+ 1) > 0. Hence, the controlled error system does not

exhibit Zeno behavior.
4. Synchronization analysis under dynamic event-triggering

4.1. Control protocol and the dynamic event-triggering function

Compared with the traditional static event-triggered control, dynamic event-triggered control
introduces an additional dynamic triggering variable, which allows the triggering condition to be
adjusted adaptively. This mechanism improves the control efficiency while ensuring system stability.
In the control protocol, the feedback gain is designed as an adaptive variable, enabling a more flexible
response to system error variations.

The control protocol is given as follows:

u(0) = ket + > (o) = 1) et -1y, te 1), ke, (4.1)
k=1

Here, the adaptive gain k;(¢) is bounded above by k;. The upper bound of the adaptive control gain
parameter is defined as the feedback gain under the static event-triggered mechanism, that is, k; = k.
The adaptive gain updating law is given by

T4\, (4 . -
ki(t) = {ei (t)edty). ki) < ki

- 4.2
0, k,‘(l’) > kl‘. ( )

The dynamic event-triggering function is defined as

7i(t) = —€mi(0) + o (les DI = llea(r)) = ex(OIF), € [£, 1), (4.3)

where n;(¢) satisfies ;(0) > 0,i=1,2,...,N,& > 0,0, <0,and 0; — k; < 0.
Proposition 1. The dynamic variable of the event-triggering function satisfies n;(t) > 0,i = 1,2, ..., N.

Proof. Combining the above equations, one obtains

ki i
(1) > —2 1) (4.4)
Letd = Uk—fk, and then
1ni(t) > Oni(1). 4.5)
It follows that
n:(1) > ¢*'n;(0) > 0. (4.6)
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4.2. Synchronization analysis of neural networks under dynamic event-triggering

Theorem 3. Suppose that Assumption 1 and the static event-triggering condition are satisfied. Then,
the heterogeneous neural networks can achieve quasi-synchronization.
The dynamic event-triggering condition is defined as

1 - . - _
(0 < 2 [0 = Bllex@IF + & = ollese) - eimnz]}. (4.7)

1

t.., =inf {t >t

Proof. Construct the following Lyapunov function:

N N . Y
AOEDNZOEDY [eiT(t)ei(t) +17(0) + M] i€{l,2,...,N), (4.8)
i=1 i=1
where V() = V() + mi(t) + &OFRE
Taking the upper-right Dini derivative of V3(¢) yields
N
D*Vs(t) = ) [2el (i) + 7i(t) + (ki) = Kka(o)]
l}:vl
=) [2eT ()= CFei(r) + AS (f5 (1) = f5 (xi(0) 4.9)

i=1
+ B} (¢° (it = 1) = &° (xi(t = 1)) + Fi(x,(1)) + u;(1))
+ 7(8) + (ki(®) = k(D).

Substituting the above results yields

N

D*Vy(1) = ) [2¢] (= CFei(t) + AF (f° (1) = f5 (1))

i=1
+ BS (g8 (yi(t — 1) — &5 (xi(t = 1)) + Filxi(0)) + (1)
= 2ki(t)e] (Nei(tl) + (ki(t) — Ky)e] (t)ei(t))]

N
< " [eF (= 2CH)er) + el (AT (A5 ex(1)
i=1

+ (F5 i) = 5 ) (F5 i) = £5 (1)) + el (B (BY Y ei(t)
+ (& it = 1) — &° (it — 1)) (&° (it — 1)) — &5 (ilt = 7))
+ e} (Deit) + F] (xi(0)Fi(xi(D)) + 17:(t) — 2ki(D)e] (ei(t)

+ (ki(t) = kel (£)ei(r) |

(4.10)

N
< > [ef (= 2C5 + ASAD) + BB + E0)? + E)ei(n
i=1

+ eiT(l - T)(Ei)%i(f -7+ FiT(xi(l))Fi(Xi(f))
+0(t) = 2kit)e] (eilr)) + (ki) — kel (Dei(th) |-
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According to inequality theory, one has

—2ki(0)e] (Dei(t) = 2ki(1)| (ei(th) — ex(1)" etl) — ef ()ei(th)]

. o o (4.11)
< ki(0)|(ei(t) — ex(0) (ex() — ex(0)) — €] (tei(th)]
Substituting the above inequality into D* V;(¢) yields
N
DV3(1) < D [Amax(A]) €] Dei(t) + Amax(AS) €] (¢ = Theitt = 7) + (1)
i=1
+ ki(1)(ei(t) — ex®) (ed(t) — ei0) — kel (£)ei(tl) + FiT(xi(t))Fi(xi(t))] “412)

N
< D [Amax(AL) Ui + Amax (AS) it = DIP = Emie) + (o7 = KllesEDIP

i=1

+ (ki — aplleity) — eI + ”Fi(xi(t))llz]-

From the event-triggering function, one has —&m;(¢) + (o7 — k)||e;(t)I|* + (k; — o)lei(t)) — e (D)|I> < O.
Substituting the above inequality into the derivative of the Lyapunov function yields

N
DV3(t) < D [Amax ADNesI? + Aman (ADlles(t = DI + IF (i)

" (4.13)
< D [Amax(AD Vi) + Amax(ADVilt = 7) + .
i=1

1

Remark 5. The synchronization proof under both dynamic and static event-triggered mechanisms is
established by the Lyapunov function Vi(t) = Vi(t) + mi(t) + M Therefore, the Lyapunov-based
synchronization analysis under the dynamic event-triggered mechanism follows the same structure as
that under the static event-triggered mechanism. By invoking Lemma 1, it can be concluded that the
heterogeneous neural network can achieve quasi-synchronization under the dynamic event-triggered
condition, and the drive layer and the response layer converge to each other asymptotically.

4.3. Zeno behavior analysis under a dynamic event-triggered mechanism

Similar to the static event-triggered strategy, it is also necessary to prove that the system does not
exhibit Zeno behavior under the dynamic event-triggered mechanism.

Define the measurement error as g,(f) = e;(t\) — e;(t), i € {1,2,...,N}. Taking the derivative of
gi(1) yields

&i(t) = —ei(?)
= —Cei(t) — A (f* 0i(0) = f* (1)) — B (&° it — 1)) — &° (x:(t — 7)) (4.14)
- Fi(xi() + ki(t)ei(ti)-

Theorem 4. Under the control protocol and the conditions of Theorem 3, the event-triggering interval
satisfies | — 1 > 0, and thus the dynamic event-triggered mechanism does not exhibit Zeno behavior.
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Proof. Construct the Lyapunov function V4(t) = &/ (t)e(1),i € {1,2,...,N}. Taking the derivative of
the Lyapunov function yields the following.
Va(t) = 28] (&,(1)
= 281 (1) = CSeit) — AS(f* 1)) - f* (xi(0)))
- B} (¢° (yi(t — 1)) — &° (x:(t — 1)) — Filxi(0)) + ki(t)ei(ti)]
<&l (0|C7 (€T + AF (AN + BS(B) + Eei(t)
+ e ()((ED” + E) ei(t) + e] (t - T)(E}eilt = )
+ 2ki(1)s] (Dei(ty) + Fi (xi(0) Fi(xi(r)).
By inequality theory, we have

(4.15)

) < & (el + e <)

Substituting the above inequality, one can further obtain

)

Vat) < &l (0| CF (" + AT (A5 + BY(B)) + E|ei(t) + kis] (1)&:()
+ e (N((ED? + E) ei(t) + €] (t - T)(E}eilt = 1)
+ kiel (t)ei(}) + F (xi(0) Fi(xi(1))
< A (CF (CF) + ASADT + BI(BY) + E) + i les ()| (4.16)
+ Amax(E5) + E) les(OIP + Amax((E5)?) llest = 7)1
+ killei(t)I + 11 Fi(x()II?
= Willei0I? + Wa + killei)I.

2ki(1) ] (1) e; (1) < ki(2) (llgi(t)HZ + e (1)

Integrating the above inequality yields

W. +l_€,' l‘li 2 i
Vi) < — Wue(“)” (M1 1), 4.17)
1

According to the dynamic event-triggering condition, we have

. 1 _ . _ .
Ny, < 5[@ — klleiE)IP + (ki = ai)lleiry) = ext)IP]. (4.18)

1

Atr="¢

s+1°

the following inequality holds:

Ws + kille(t)IP

o (M — 1), (4.19)

llei(r) = e (DI <

From the above inequality, one obtains

W, + /_€i||€i(f§)||2 .

Emit,) — (o7 = klle@)I < 7 (ki — orp)(eM1 G — 1), (4.20)
1
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Furthermore, one can derive

tfv+l -2

i
s

1
—In
1

Wi(Emi, ) — (o — k)lle:E)II) 1
(W2 + kille(f)IP) ki — o7)

> 0. (4.21)

Under the dynamic event-triggered mechanism, the controlled error system exhibits no Zeno

behavior.

5. Numerical simulations

Based on the theoretical analysis presented above, numerical simulations are carried out to verify
the correctness and effectiveness of the proposed control strategy.

Consider a heterogeneous neural network, where both the drive layer and the response layer consist
of five nodes, and the state of each node is two-dimensional. The system matrices corresponding to
i =1,...,5 are used for this 5-node case, while additional matrices for i = 6,..., 10 are provided for
the extended network. The initial states are randomly generated within the interval [-10, 10].

The activation functions are chosen as f™(-) = (sin(-), sin(-)),

(tanh(-), tanh(-))”,

gY() = (cos(-),cos())", f2() =

2%(-) = (sin(-),sin(-))’. According to the given conditions, the parameters and

coeflicient matrices are selected as follows: & = 1, &L=1,&&=1,6=2,6=2,00=-2, 0p =
-2, 03=-3, 04 = -3, 05 = -3, k= 2,k = 2,p" = 0.7,7,(0) = 0.3,7 = 0.01.

The system matrices are given as

0.2
M _
A ‘(—0.1 0.2 0.1
0.1 02 0.6
S _ M _
o ‘(0.2 0.1)’ i ‘(o

0.1 0.2

BS = (—0.1

A = (0.2 O.l)’ A5 = (0.2 0.1

02 -0.1 0

-0.2 0.1 0.3
M _ S _
A ‘(0.1 —0.2)’ A ‘(—0.1

0.2 )’ oM = (0.5

~0.1 03 0.7
S _ M _
5 ‘(—0.3 —0.1)’ s ‘(0
-0.2 -0.1 -0.2
M _ S _
A ‘(—0.1 —0.2)’ A ‘(—0.1
~0.1 -0.2 0.6
S _ M _
Bi ‘(—o.z —0.1)’ €4 ‘(o

Electronic Research Archive

-0.1 02 0.1 0.1
ot =fa o) e

0.1 0.2

-0.2
-0.2 -0.1)°

0 s _(05 0
0.6)’ Cl‘(o 0.5)'

0.1
)’ By :(0.2

0.2
-0.1)°

0 s (06 0
0s) =[5 o)

0.1\ Ly _ (01 -02
03 ) 73 7\-02 01)

0 s (04 0
0.7)’ C3‘(0 0.4)'

-0.1) (0.1 02
—02)” 7+ “lo02 o0.1)

0 s _(07 0
0.6)’ C4‘(0 0.7)'
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0.1 -0.1 0.1 0.1 02 -0.2
M _ S _ M _
ar= (S ) =0 o) = (s 0h)

02 02 05 0 04 0
S _ M _ S _
Bs = (0.2 0.2)’ < ‘(o 0.5)’ e ‘( )

03 -0.1 0.6 0.1 ~0.1 -0.2
M _ s _ M _
As ‘(—0.1 o.3)’ As ‘(0.1 0.6)’ Bo ‘(— )

0.1 0.2 -0.6 0.3 05 03
S _ M _ S _
Be ‘(0.2 0.1)’ Co ‘(—0.3 —0.6)’ Co ‘(0.3 0.5)'

03 -0.1 02 0.1 ~0.1 02
M _ s _ M _
A ‘(—0.1 0.3)’ 4 ‘(0.1 o.z)’ B ‘(0.2 —0.1)’

0.4 02 0.7 03 ~0.6 —0.4
S _ M _ S _
5 ‘(0.2 0.4)’ © ‘(0.3 0.7)’ © ‘(—0.4 —().6)'

A = (—00.12 _0(.)12), A5 = ( 0.2 —0.1), BY = ( 0.1 —0.2),

16 0 08 —0.1
M _ S _
- G ‘(o 1.6)’ Cs ‘(—0.1 0.8)‘

0.1 -0.1 0.4 0.1 -0.2 -0.2
M _ S _ M _
Al°‘(—0.1 0.1)’ AlO‘(o.1 0.4)’ BlO_(—O.Z —0.2)’

03 -03 05 -0.2 04 -0.2
S _ M _ S _
Bio = (—0.3 0.3 ) Cio = (—0.2 0.5 ) Cio = (—0.2 0.4 )

Therefore, according to Theorems 1 and 3, the heterogeneous neural network can achieve quasi-
synchronization under both static and dynamic event-triggered conditions.
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5.1. Synchronization simulations under static event-triggering

The following figures present the simulation results under the static event-triggered control scheme
based on the prescribed parameters.

eni(t)
ean(t)|
——en(t)
ey (t)
Egl(f) 1

0 1 2 3 4 5 6 7 8 9 10
Time

Figure 2. Time responses of the synchronization errors for the first state component under
the static event-triggered scheme.

20

1,2.---

w
T

en(t), i

Time

Figure 3. Time responses of the synchronization errors for the second state component under
the static event-triggered scheme.

From Figures 2 and 3, it can be observed that under the static event-triggered control strategy,
the synchronization errors of both state components converge to a small neighborhood of zero. This
indicates that the drive layer and the response layer of the heterogeneous neural network achieve
synchronization for all five nodes.
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4% X XXXX 2000 X x x WmoKx X -

3% % ® *® HX MR X X W MR X OO

2% XX X ki W00¢ X x W WK X *® MM X

Time

Figure 4. Event-triggering instants of the five nodes under the static event-triggered scheme.

The event-triggered instants under the static event-triggering scheme are illustrated in Figure 4,
where the numbers of triggering events for the five nodes are 42, 52, 37, 45, and 19, respectively.

5.2. Synchronization simulations under dynamic event-triggering

The following figures present the simulation results under the dynamic event-triggered control
scheme based on the prescribed parameters.

From Figures 5 and 6, it can be observed that under the dynamic event-triggered control strategy,
the synchronization errors of both state components converge to zero. This indicates that the drive layer
and the response layer of the heterogeneous neural network can achieve node-to-node synchronization
for all five nodes.

8 T
en(t)
5 en(t)] ]
e13(t)
i) EM(I‘,)
-4 es(t) |
a5
—
[l
= 0F
= -2
&
-4
-6
0 1 2 3 4 5 6 7 8 9 10
Time

Figure 5. Time responses of the synchronization errors for the first state component under
the dynamic event-triggered scheme.
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-10

-15

Time

Figure 6. Time responses of the synchronization errors for the second state component under
the dynamic event-triggered scheme.

Compared with the static event-triggered strategy, the dynamic event-triggered scheme achieves a
faster synchronization speed, demonstrating its superiority in improving convergence performance.

Time

Figure 7. Event-triggering instants of the five nodes under the dynamic event-triggered
scheme.

As shown in Figure 7, the numbers of triggering events for the five nodes under the dynamic event-
triggered scheme are 16, 11, 6, 5, and 9, respectively. Compared with the static event-triggered
strategy, the dynamic event-triggered mechanism significantly reduces the triggering frequency,
thereby lowering communication and computation costs.

To further demonstrate the scalability and effectiveness of the proposed hybrid event-triggered
impulsive control strategy, a heterogeneous neural network with 10 nodes is additionally considered.
The synchronization error trajectories of the 10-node network are presented in Figures 8 and 9. It
can be observed that the synchronization errors converge to zero, indicating that the proposed control
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method remains effective for networks with larger sizes.

10

1,2,
Y

e (t) =
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w
©
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Time

Figure 8. Time responses of the synchronization errors for the first state component in the
10-node heterogeneous neural network.

Time

Figure 9. Time responses of the synchronization errors for the second state component in
the 10-node heterogeneous neural network.

From Figure 10, it can be observed that the adaptive control gain varies dynamically and
converges to a bounded value. This indicates that the proposed adaptive event-triggered impulsive
control strategy possesses good self-adjustment capability, enabling it to adapt to different operating
conditions effectively.

Based on the above numerical simulations, it is concluded that both static and dynamic event-
triggered control schemes can realize node-to-node synchronization between the drive layer and the
response layer of the heterogeneous neural network. Moreover, by introducing the dynamic variable
n;(?) to adjust the triggering threshold adaptively, the dynamic event-triggered strategy achieves a faster
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synchronization speed with fewer triggering events compared with the static scheme.

25

ol L L 1 L L 1 L L L J

Time

Figure 10. Evolution of the adaptive control gain under the dynamic event-triggered
mechanism.

6. Conclusions

This paper investigates the synchronization control problem of heterogeneous neural networks and
proposes a novel hybrid control strategy that integrates adaptive state feedback with impulsive control.
Through rigorous theoretical analysis, the effectiveness of the proposed controller is verified under
both static and dynamic event-triggered mechanisms, and quasi-synchronization of the networked
system is achieved. Moreover, the proposed dynamic event-triggered strategy effectively excludes
Zeno behavior. Numerical simulation results further validate the correctness of the theoretical analysis,
demonstrating that the proposed method exhibits significant advantages in reducing communication
burden and energy consumption. These results indicate that the developed control framework provides
an efficient and practical solution for synchronization control of heterogeneous neural networks.
Future research will focus on the development of more efficient control strategies to address robust
synchronization control of heterogeneous neural networks in more complex environments. In addition,
reformulating the stability conditions within a linear matrix inequality (LMI) framework is also a
promising direction for future research.
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