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Abstract: This paper studied the trajectory tracking performance of electrohydraulic position servo
systems subject to impulsive disturbance via sliding mode control. Different from traditional sliding
mode control, which in applied in continuous state space, our proposed sliding mode control could
restrain the negative effect of impulsive disturbance. The proposed method is based on the linear
matrix inequality method; some sufficient conditions were presented to ensure the reachability of the
sliding surface and the stability of the resulting sliding mode dynamics, where a relationship between
continuous dynamics, impulsive strength, and impulsive frequency was established. It showed that
this relationship can fully estimate the effect of impulsive disturbance. Moreover, we provided the
estimation of the reaching time, which was related to the impulse actions and initial state. Finally, the
simulations demonstrated the validity of the obtained results.
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1. Introduction

Impulsive systems, as a special subclass of hybrid systems, consist of three main components:
continuous dynamics governed by ordinary differential equations, discrete dynamics subject to
instantaneous state jumps, and impulsive law that determines when impulses occur. Generally,
impulsive systems serve as fundamental mathematical models for describing complex physical
phenomena involving sudden changes, such as epidemic models in pathology [1], spacecraft relative
motions [2], and electronic networks [3]. Over the past decades, the study of impulsive systems has
attracted increasing attention; see [4–7] and the references therein. Based on these results, one may
observe that the study of impulsive systems includes two types. One type of study focuses on the case
where a system without impulse cannot exhibit desired properties (such as boundness and stability),
and such performances can be achieved via admissible impulsive actions, called the impulse control
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problem. Because impulsive control has significant advantages of simple structure and low energy
consumption, it has been applied in various practical scenarios, including network synchronization,
secure communication, and satellite rendezvous [8–10]. Another type of study focuses on the case in
which a system exhibits some properties in absence of impulse, and moreover, these performances
can be maintained even when the system subject to instantaneous disturbance, known as the impulsive
disturbance problem. So far, an increasing number of results on the impulsive disturbance problem
have been reported in the literature; see [11, 12].

Electrohydraulic position servo systems are commonly used as basic models for imitating
dynamical processes of force loading and performing structural static tests [13]. Because
electrohydraulic position servo systems can effectively realize a higher force-to-weight ratio, faster
response speed, and better position capabilities than other systems, they have been extensively applied
in many fields, such as aerospace explorations [14], vehicle suspension systems [15], ship steering
gear [16], and especially coal mining machinery [17]. Recently, there have been many typical
advanced control methods on the precision tracking of electrohydraulic position servo systems;
see [18–29]. In particular, studies [18, 19] designed proportional integral derivative controllers for
trajectory tracking problems of electrohydraulic position servo systems, where some restrictions on
the regulation of control parameters were imposed, resulting in lower tracking precision. Preset
performance control was investigated in [20], where a homeomorphic transformation and
performance functions were designed to constrain the bound of trajectory tracking errors. Study [21]
proposed a novel prescribed performance fault-tolerant control method for electrohydraulic servo
systems with actuator faults, external disturbances, and unknown nonlinearities. However, the above
results [20, 21] only ensure that the trajectory tracking errors remain within the prescribed bounds. To
improve the tracking performance, study [22] designed an appropriate backstepping controller to
stabilize the electrohydraulic position servo systems in a strict-feedback form. In [23], the stability of
an electrohydraulic servo system was studied by designing model predictive control regulator. It is
worth noting that the backstepping method in [22] requires repeated calculation of the derivative of
the virtual control law, and the method in [23] involves solving online optimization problems and
relies on an accurate prediction model, which increases the complexity of both the analysis and
design. To reduce the computational burden, studies [24, 25] investigated the stabilization problems
for electrohydraulic force servo systems via adaptive control, where the parametric uncertainties were
primarily addressed. However, the adaptive control in [24, 25] exhibited limited robustness against
external disturbances. Subsequently, neural network compensators were developed in [26, 27], and an
observer-based event-triggered control method was provided in [28] to estimate external disturbances.
Although such methods can effectively attenuate disturbances, the control performance strongly relies
on the accuracy of disturbance estimation or learning processes. By contrast, sliding mode
control (SMC) guarantees strong robustness to external disturbances and uncertainties, including
friction, bulk modulus variation, and leakage of the hydraulic cylinder of electrohydraulic position
servo systems [29]. More specifically, SMC ensures that the trajectory can reach a sliding surface in
finite time and then tend to the origin along such a surface. Up to date, SMC has attracted
considerable research attention in the literature [30–34]. Especially, based on the linear matrix
inequality method, fuzzy fast terminal SMC was proposed in [31] for multi-input, multi-output
systems to achieve finite-time convergence of the system trajectories. However, such a method was
developed under the assumption of fault-free actuators. To enhance robustness in the presence of
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actuator faults, an adaptive-barrier global SMC was investigated in [32] for uncertain systems with
faulty actuators, where external disturbances are assumed to be bounded. To relax such restrictions on
external disturbances, the barrier function adaptive technique was employed in [34] to estimate the
unknown upper bounds of external disturbances.

It worth noting that there have been more and more interesting works on SMC for electrohydraulic
position servo systems, see [35–38]. For example, study [35] designed a high-order sliding mode
control with varying boundary layers, which only ensures the bounded tracking performance of
electrohydraulic position servo systems, thereby limiting the application ranges. Recently, adaptive
SMC was proposed in [36] to identify parameter uncertainties and deal with external disturbances.
However, when the systems are subject to impulsive disturbance, the existing results using SMC for
these systems, such as [35–38], are infeasible. In fact, when the system involves impulsive
disturbance, it is challenging to estimate the reaching time of the sliding surface. Moreover, it remains
unknown whether the sliding mode dynamics could be avoided from jumping off the sliding surface,
which further increases analysis complexity to some extent.

Inspired by the discussion above, this article studies the trajectory tracking performance for
impulsive electrohydraulic position servo systems via SMC. We present some sufficient conditions to
guarantee the reachability of the sliding surface and achieve the stability of sliding mode dynamics.
The innovations of this paper are outlined.

(i) SMC is proposed for the trajectory tracking performance of electrohydraulic position servo
systems with external disturbance. Compared with the existing typical control methods [24–28], the
proposed SMC guarantees strong robustness to external disturbances.

(ii) A relationship between continuous dynamics, impulsive strength, and impulsive frequency is
established in this paper to fully estimate the effect of impulsive disturbance. Unlike traditional
SMC [30–38], which was applied in continuous state space, our proposed SMC could restrain the
negative effect of impulsive disturbance.

(iii) There is no need to impose a uniformly bounded assumption on the intervals between two
consecutive impulse signals. Compared with integral SMC [39], the proposed method allows the
impulse signals to be flexibly regulated.

This article is divided into five sections, organized as follows. The dynamic models of
electrohydraulic position servo systems and some preliminary results are provided in Section 2. In
Section 3, some sufficient conditions for the reachability of the sliding surface and the stability of the
resulting sliding mode dynamics are established. Some simulations are conducted to validate the
obtained results in Section 4. Section 5 gives some conclusions.

Notations. The set of real numbers is denoted by R. Let R+ = {a ∈ R : a ≥ 0}. Z+ represents the set of
positive integers. Rn stands for the n-dimensional Euclidean space. Denote as λmax(A) (λmin(A)) the
maximum (minimum) eigenvalue of matrix A. For two constants m and n, m ∧ n stands for the
minimum value.

2. Dynamic models and preliminaries

2.1. Dynamic models of electrohydraulic position servo systems
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The electrohydraulic position servo systems consist of a double-rod hydraulic cylinder, a
three-position four-way servo valve, and an external load with disturbances [36]. Note that the
working principle of the electrohydraulic position servo systems is that the servo valve regulates the
hydraulic fluid flow to drive the cylinder, thereby powering the external load, as shown in Figure 1.
The dynamic models of the electrohydraulic position servo systems can be described by the following
three equations. Consider the flow equation of the servo valve,

QL = Kqyv − KcPL, (2.1)

in which Kc is the pressure coefficient, Kq is gain, QL is the load flow, and PL = P1 − P2 is the
load pressure. P1 and P2 are the pressures of two chambers, respectively. yv = Kau represents the
servo-valve spool displacement, where Ka is the servo amplifier gain, and u is the control voltage [40].
Moreover, based on the flow conservation law, the flow pressure continuous equation is given by

QL = Aẏ +
1

4βe
VtṖL +CtePL, (2.2)

where y is the piston position, and ẏ is the upper right-hand derivative of y. A is the effective area,
Vt is the total volume, and Cte is the total leakage coefficient of the hydraulic cylinder. βe denotes the
effective fluid bulk modulus. The force balance equation can be derived as follows:

APL = Mÿ + Bcẏ + Ksy + FL, (2.3)

where M is the load mass, Ks is the stiffness coefficient, Bc is the damping coefficient, and FL is the
external load.

KS

FL
M

BC

A

P1 P2

y

yv

Figure 1. Schematic drawing of an electrohydraulic position servo system.
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2.2. Preliminaries

Let x = [x1, x2, x3]T = [y, ẏ, ÿ]T . Combining with (2.1)–(2.3), the state space equation of the
electrohydraulic position servo systems can be expressed as

ẋ1(t) = x2(t)

ẋ2(t) = x3(t)

ẋ3(t) = a1x1(t) + a2x2(t) + a3x3(t) + d(t) + bU(t), t ≥ 0,

(2.4)

where

a1 = −
1
M

Ksβ, a2 = −
1
M

(
Ks + Bcβ + A2α

)
, a3 = −

1
M

Bc − β,

d(t) = −
1
M

(
ḞL + βFL

)
, b =

1
M
αAKqKa, α =

4βe

Vt
, β = α(Cte + Kc).

In practice, due to the noise, uncertainties and unexpected obstructions, the electrohydraulic position
servo systems may be subject to instantaneous disturbance, which exhibits sudden changes in state
variables x2 and x3 at certain instants, that is, impulsive disturbance. One then considers impulsive
disturbance as follows:

∆x(t) = Gx(t−), t = tk (2.5)

with

G =


0 0 0
0 g2 g3

0 g4 g5

 ,
and gi ∈ R for i = 2, 3, 4, 5. x(t−) stands for the left limit, and ∆x(t) := x(t) − x(t−) represents the state
jump at impulse instants. The sequence {tk : k ∈ Z+} (short for {tk}) denotes the impulse time sequence
satisfying 0 = t0 < t1 < · · · < tk → ∞ as k → ∞. Define such a class of {tk} by set S. In this paper, all
signals are supposed to be right-continuous.

Consider the slave impulsive electrohydraulic position servo systems (2.4)–(2.5) and the master
impulsive electrohydraulic position servo system which can be described as

ẋd1(t) = xd2(t)

ẋd2(t) = xd3(t)

ẋd3(t) = a1xd1(t) + a2xd2(t) + a3xd3(t), t , tk,

∆xd(tk) = Gxd(t−k )

(2.6)

with xd = [xd1, xd2, xd3]T . Define the tracking error as e = x− xd = [e1, e2, e3]T , so that the error system
can be written as 

ė1(t) = e2(t)

ė2(t) = e3(t)

ė3(t) = a1e1(t) + a2e2(t) + a3e3(t) + d(t) + bU(t), t , tk,

e(tk) = Ḡe(t−k ),

(2.7)
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where matrix Ḡ = I+G. For any given {tk} ∈ S, suppose that e(t) = e(t, 0, e0, {tk}) stands for the solution
of error system (2.7), with the initial state e0 ∈ R

3. This paper aims to ensure that error system (2.7)
can exponentially converge to the origin by designing the input voltage of SMC.

Assumption 2.1. The external disturbance d(t) is bounded with |d(t)| ≤ d̄ for all t ≥ 0, where d̄ is a
positive constant.

Assumption 2.2. There exist some constants c1, c2, and µ ≥ 1 such that

ḠTCTCḠ ≤ µ2CTC, (2.8)

where matrix C = [c1 c2 1].

3. Main results

In this section, we establish some sufficient conditions to guarantee that error system (2.7) can reach
a sliding surface and exponentially converges to equilibrium along such surface.

To begin, we construct the following sliding surface and SMC:

Γ(t) = c1e1(t) + c2e2(t) + e3(t) = Ce(t) = 0,

U(t) = −
1
b

(a1e1(t) + (c1 + a2)e2(t) + (c2 + a3)e3(t) + ηsign(Γ(t))), (3.1)

where control gain η > d̄. For any given µ ≥ 1, define by S1 the class of {tk} in S satisfying

min
{

i ∈ Z+ :
ti

µi−1 ≥
σ

η − d̄

}
:= N < +∞. (3.2)

Let Ωσ = {z ∈ R3 : |Cz| ≤ σ}, where σ > 0.

Theorem 3.1. Under Assumptions 1–2, the states of error system (2.7) with e0 ∈ Ωσ under SMC
in (3.1) over the class S1 can reach Γ(t) = 0 in finite time, which can be estimated by

T (e0, {tk}) ≤
µN−1σ

η − d̄
, ∀e0 ∈ Ωσ, {tk} ∈ S1. (3.3)

Proof. For given e0 ∈ Ωσ, suppose that e(t) = e(t, 0, e0, {tk}) stands for the solution of error system (2.7).
DefineV(t) = 1/2ΓT (t)Γ(t). When t = tk, for all k ∈ Z+, it can be obtained from (2.8) that

V(tk) =
1
2

eT (tk)CTCe(tk) =
1
2

eT (t−k )ḠTCTCḠe(t−k ) ≤ µ2V(t−k ). (3.4)

When t ∈ [tk−1, tk), calculating the right-upper Dini derivative of V(t) along the solution of error
system (2.7), we obtain

D+V(t) = ΓT (t) (c1e2(t) + c2e3(t) + a1e1(t) + a2e2(t) + a3e3(t) + bU(t) + d(t))

≤ −(η − d̄)|Γ(t)|

≤ −
√

2(η − d̄)V
1
2 (t). (3.5)
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Next, we shall claim that error system (2.7) with e0 ∈ Ωσ over the class S1 can reach Γ(t) = 0 in finite
time. Denote δ := η − d̄ > 0 and ξ = σ/δ. One derives from (3.5) that for all t ∈ [0, t1 ∧ ξ),

V
1
2 (t) ≤ V

1
2 (0) −

√
2

2
δt. (3.6)

Then, we shall consider two possible cases, namely, t1 ≥ ξ and t1 < ξ. When t1 ≥ ξ, that is, N = 1,
one gets Γ(t) ≡ 0 for t ≥ ξ. Otherwise t1 < ξ, we have N ≥ 2. By (3.5)–(3.6), one derives that for all
t ∈ [t1, t2 ∧ µξ),

V
1
2 (t) ≤ µV

1
2 (t−1 ) −

√
2

2
δ(t − t1)

≤ µ

V 1
2 (0) −

√
2

2
δt1

 − √2
2
δ(t − t1)

≤ µ

√
2

2
δ −

√
2

2
δt.

Similar to the above discussion, when t2 ≥ µξ, we have Γ(t) ≡ 0 for all t ≥ µξ. Otherwise t2 < µξ,
it implies that N ≥ 3. In view of the definition of N in (3.2), one derives that ti < µ

i−1ξ for all
i = 1, 2, . . . ,N − 1 and tN > µ

N−1ξ. Then one obtains for t ∈ [tN−1, µ
N−1ξ),

V
1
2 (t) ≤ µN−1

√
2

2
δ −

√
2

2
δt,

and Γ(t) ≡ 0 for all t ≥ µN−1ξ. Hence, the solution of error system (2.7) with e0 ∈ Ωσ under SMC
in (3.1) over the class S1 can reach Γ(t) = 0, where the reaching time can be estimated by (3.3). This
completes the proof. □

Remark 3.1. Theorem 1 presents some sufficient conditions to guarantee the reachability of the
sliding surface Γ(t) = 0 for error system (2.7) via SMC in (3.1), which involves a sign function. Then,
substituting SMC in (3.1) into error system (2.7) results in a system with a discontinuous property.
Thus, the system states are understood in the Filippov’s sense [41].

Remark 3.2. Note that traditional SMC guarantees the state of the systems continuously reach
Γ(t) = 0 in finite time. When the impulsive disturbance is involved, it is possible that the state
trajectory becomes discontinuous. In this case, the existing results on traditional SMC, such as those
in [30–38], are no longer applicable. Different from the above results, the SMC in (3.1) and the class
S1 of {tk} satisfying condition (3.2) are proposed to ensure the reachability of the sliding surface
Γ(t) = 0. It is worth noting that condition (3.2) establishes a relationship between continuous
dynamics, impulsive strength, and impulsive frequency to fully extract the information of impulsive
disturbance. In addition, under such impulse effects, note that the reaching time T (e0, {tk}) in (3.3)
depends not only on the initial state e0 but also on the class S1. Compared with traditional SMC,
where reaching time is estimated by σ/(η − d̄), the negative effect of impulsive disturbance leads to a
larger bound of T (e0, {tk}).

By Theorem 1, when the solution of error system (2.7) slides on Γ(t) = 0, it yields that

e3(t) = −c1e1(t) − c2e2(t). (3.7)
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By substituting (3.7) into error system (2.7), sliding mode dynamics can be obtained:χ̇(t) = A0χ(t), t , tk,

χ(t) = Ḡ0χ(t−), t = tk, t ≥ T0,
(3.8)

where

χ =

(
e1

e2

)
, A0 =

(
0 1
−c1 −c2

)
, Ḡ0 =

(
1 0
−c1g3 1 + g2 − c2g3

)
, T0 = T (e0, {tk}),

satisfying that A0 is Hurwitz. Denote by S2 the class of {tk} in S1 satisfying for all t ≥ T0 ≥ 0,

N(T0, t) ≤
t − T0

τ
+ N̄, (3.9)

where N(T0, t) is the count of impulses on (T0, t] and τ, N̄ are positive constants.

Theorem 3.2. Under Assumptions 1–2, if there exist constants λ, µ1 ≥ 1, and matrix P > 0 such that

PA0 + AT
0P ≤ −λP, (3.10)

ḠT
0PḠ0 ≤ µ1P, (3.11)

then the states of error system (2.7) with e0 ∈ Ωσ under SMC in (3.1) can exponentially converge to
the origin over the class S2, with τ satisfying

τ >
ln µ1

λ
. (3.12)

Proof. By Theorem 1, the solution of error system (2.7) under SMC in (3.1) can reach Γ(t) = 0. In
the following, we consider sliding mode dynamics (3.8). Let V1(t) = χT (t)Pχ(t). Without loss of
generality, when the solution of error system (2.7) reaches Γ(t) = 0, suppose that tm > T0 is the instant
at which the first impulse occurs, where m ∈ Z+. When t , tm+ j−1 for all j ∈ Z+, along the solution of
sliding mode dynamics (3.8), it can be derived from condition (3.10) that for t ≥ T0,

D+V1(t) ≤ −λχT (t)Pχ(t) = −λV1(t). (3.13)

When t = tm+ j−1 for all i ∈ Z+, by condition (3.11), it holds that

V1(tm+ j−1) = χT (tm+ j−1)Pχ(tm+ j−1) = χT (t−m+ j−1)ḠT
0PḠ0χ(t−m+ j−1)

≤ µ1χ
T (t−m+ j−1)Pχ(t−m+ j−1) = µ1V1(t−m+ j−1). (3.14)

When t ∈ [T0, tm), it holds that

V1(t) ≤ exp(−λ(t − T0))V1(T0). (3.15)

When t ∈ [tm+ j−1, tm+ j) for all i ∈ Z+, it can be deduced from (3.13) and (3.14) that

V1(t) ≤ exp(−λ(t − tm+ j−1))V1(tm+ j−1)
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≤ µ1 exp(−λ(t − tm+ j−1))V1(t−m+ j−1)

≤ µ1 exp(−λ(t − tm+ j−2))V1(tm+ j−2)

· · ·

≤ µN(T0,t)
1 exp(−λ(t − T0))V1(T0). (3.16)

By (3.12), (3.15), and (3.16), one has that for t ≥ T0,

V1(t) ≤ exp
(
N̄ ln µ1 +

(
ln µ1

τ
− λ

)
(t − T0)

)
V1(T0),

which means that

|χ(t)| ≤ γ exp(−θ(t − T0))|χ(T0)|, ∀t ≥ T0,

where γ =
(
λmax(P) exp(N̄ ln µ1)/λmin(P)

)1/2
, and θ = 1/2(λ − ln µ1/τ). Thus, sliding mode

dynamics (3.8) are exponentially stable, indicating that the state of error system (2.7) with e0 ∈ Ωσ
can exponentially converge to the origin. The proof is complete. □

Remark 3.3. Theorem 2 presents linear matrix inequalities-based conditions (3.10) and (3.11) for the
stability of sliding mode dynamics (3.8), involving the unknown terms λ and µ1. In implementation,
we first design term λ, which describes the possible convergence rate of continuous dynamics. It can
be derived from condition (3.10) that the larger λ is, the closer λP approximates PA0 + AT

0P. The term
λ can be derived by the maximization problem as follows:Maximum λ,

Linear matrix inequality in (3.10).

One may obtain the feasible solution of matrix P accordingly. In view of the feasible solution P,
it follows from condition (3.11) that it is desirable to find the minimum µ1, where µ1 describes the
possible impulsive strength. Specifically, the terms λ and µ1 can be selected by the following step-by-
step algorithmic implementation procedures.

Algorithm 3.1.
Step 1: Given positive constants µ1 = 1, λ > 0, step length ι > 0, and matrix C.
Step 2: Check (3.10). If (3.10) is satisfied, then increase λ by a step size of ι until (3.10) infeasible.
Set λ = λ − ι to return to the last feasible solution. Otherwise, decrease λ > 0 by a step size of ι
until (3.10) first holds.
Step 3: Solve (3.10) to obtain P using λ from Step 2.
Step 4: Check (3.11) using P from Step 3. If (3.11) is satisfied, then go to Step 5. Otherwise,
increase µ1 by a step size of ι until (3.11) holds.
Step 5: Output µ1, λ and P. Stop.

Remark 3.4. Study [39] studied the stabilization of impulsive systems via SMC. To deal with the
impulsive disturbance, a term involving the impulse effects was specially introduced into the sliding
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functions in [39]. Unlike the above result, our proposed SMC adopts the linear sliding function, leading
to easy-to-verify SMC laws that facilitate implementation. On the other hand, study [39] provided a
uniformly bounded assumption on the intervals between two consecutive impulse signals, namely,
σ0 ≤ tk − tk−1 ≤ σ1 with 0 < σ0 ≤ σ1, for all k ∈ Z+. In fact, the above assumption reduced the
rationality and flexibility of impulse time sequences to a certain extent. In this paper, however, the
restriction on the bound of impulse time sequences is dropped. More specifically, the first N impulse
signals can be flexibly regulated based on condition (3.2) in Theorem 1. Based on the average dwell-
time approach, it can be seen from condition (3.12) in Theorem 2 that the restriction on sequence {tk}

has been relaxed.

4. Simulations

In this section, we provide some simulations to validate the proposed approach.

Table 1. Parameters for system (2.4).

Parameter Meaning Numerical value Unit
M Load mass 30 kg
Bc Damping coefficient 1500 N·s/m
Ks Stiffness coefficient 4 × 104 N/m
A Effective area 4.71 × 10−4 m2

Kq Gain 0.05 m2/s
Ka Servo amplifier gain 2 × 10−4 m/V
Vt Total volume 1.88 × 10−4 m3

βe Effective fluid bulk modulus 6.9 × 108 Pa
Cte Total leakage coefficient 1.55 × 10−12 m3/(s·Pa)
Kc Pressure coefficient 1.12 × 10−11 m3/(s·Pa)
FL External load 50sin(πt) N

Consider System (2.4) with parameters shown in Table 1. In reality, due to the rough ground,
System (2.4) is subjected to discontinuous disturbance. Such disturbance is regarded as impulsive
disturbance in the form of

∆x(tk) = Gx(t−k ) =


0 0 0
0 1 −5
0 −0.1 0.5

 x(tk),

which indicates that x2 and x3 are subjected to sudden changes. According to Assumption 1, we derive
that d̄ = 312.0121. Choose C = [0.1 0.1 1] such that A0 is a Hurwitz matrix. Then, we obtain that

Γ(t) = 0.1e1(t) + 0.1e2(t) + e3(t) = 0.

Let control gain η = 313 > d̄, and U(t) is obtained as follows:

U(t) = 108.2803e1(t) + 51.7389e2(t) + 0.1029e3(t) − 0.1358sign(Γ(t)). (4.1)
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According to Assumption 2, it is desirable to find the minimum µ = 1. By Theorem 1, we conclude that
the states of error system (2.7) with e0 ∈ Ωσ under SMC in (4.1) over the class S1 can reach Γ(t) = 0,
where S1 ⊆ S respects the class of {tk}, which meets

min
{

j ∈ Z+ : t j ≥
σ

0.9879

}
:= N < +∞.

Furthermore, T (e0, {tk}) can be estimated by T (e0, {tk}) ≤ σ/0.9879. Moreover, by Algorithm 3.1 with
step length ι = 0.01, one may find the maximum constant λ = 0.09 satisfying condition (3.10) and the
feasible solution

P =
(
19.4204 10.1896
10.1896 189.5647

)
.
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Figure 2. Simulations results with impulse time sequence {tk}
1.

It can then be derived from Condition (3.11) the minimum constant µ1 = 8.26. Based on Theorem 2,
the solution of error system (2.7) with e0 ∈ Ωσ can exponentially converge to the origin over the class
S2 ⊆ S1 with τ > 23.4603. For simulations, let x(0) = [45; 65; 35]T and xd(0) = [5; 5; 5]T . In such
case, we choose σ = 41. The sequence {tk} (denoted by {tk}

1) is given by tk = {0.05, 42} for k = 1, 2
and tk = 42 + 23.5(k − 1) for 3 ≤ k ∈ Z+. Figure 2(a),(b) depicts that the solution of error system (2.7).
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We get that the states of error system (2.7) with e0 ∈ Ω41 can reach Γ(t) = 0 and then converge to
the origin asymptotically. Figure 2(c) shows the positions of the master system (2.6) and the slave
system (2.4)–(2.5). The control signal U(t) is depicted in Figure 2(d). Under same condition, if we
consider sequence {tk} (denoted by {tk}

2) as tk = {0.05, 42} for k = 1, 2 and tk = 42 + 13(k − 1) for
all 3 ≤ k ∈ Z+, then it goes against Theorem 2. In this case, it can be seen from Figure 3 that the state
of error system (2.7) with e0 ∈ Ω41 does not asymptotically converge to the origin, which effectively
verifies our obtained results.

Figure 3. The solution of error system (2.7) with impulse time sequence {tk}
2.

0 100 200
0

1

2

3

Figure 4. Impulse time sequence {tk}
2 and impulse time sequence {tk}

3.

In the following, we show the optimality of the selection of the terms λ and µ1 with the same matrix
C. If we choose λ1 = 0.04 < λ, which goes against Algorithm 3.1, then it can be obtained the minimum
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constant µ1
1 = 7.83. The state of error system (2.7) with e0 ∈ Ωσ can exponentially converge to the

origin over the class S2 ⊆ S1 with τ1 > 51.4491. In simulations, the sequence {tk}
3 can be given by

tk = {0.05, 52} for k = 1, 2 and tk = 52 + 52(k − 1) for 3 ≤ k ∈ Z+. To illustrate the differences
between τ and τ1 more intuitively, the sequences of {tk}

2 and {tk}
3 are depicted in Figure 4. It can be

observed that, under the premise of guaranteeing stability, the selection of the parameters λ and µ1 by
Algorithm 3.1 relaxes the restriction on the impulsive frequency.

Table 2. Comparison results in estimation of reaching time and convergence performance J.

Method Estimation of reaching time Convergence performance J
The proposed SMC in (4.1) T (e0, {tk}) ≤ 0.1310 281.7343
Backstepping control in (4.2) \ 1328

0 50 100 150 200
-100

-50

0

50

100

Figure 5. The state trajectories of error system (2.7) under backstepping control in (4.2) and
SMC in (4.1).

Next, we compare the proposed SMC with backstepping control. Specifically, suppose that FL = 0
and gi = 0 for i = 2, 3, 4, 5. To make fair comparisons, we consider the same initial values x(0), xd(0)
and the convergence rate λ for these two control schemes. In simulations, we choose SMC in (4.1) as
the representative for this paper, and the backstepping control for error system (2.7) can be designed by

U1(t) = −
1
b

(
(a1 + λ +

1
8
λ3)e1(t) + (a2 + 2 +

3
4
λ2)e2(t) + (a3 +

3
2
λ)e3(t)

)
= 108.2802e1(t) + 51.7381e2(t) + 0.1028e3(t). (4.2)

Then, the estimation of reaching time and convergence performance J for these two methods are
shown in Table 2, where J :=

∫ T

0
|e3|ds. Intuitively, the trajectories of error system (2.7) under the
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backstepping control in (4.2) and SMC in (4.1) are depicted in Figure 5. It shows that SMC in (4.1)
can enable the system to have a faster convergence speed than backstepping control in (4.2).

5. Conclusions

In the presence of both impulsive disturbance and external disturbances, this article developed a
sliding mode control strategy for electrohydraulic position servo systems. Based on linear matrix
inequality and average dwell-time approaches, some criteria were presented to ensure the reachability
of the sliding surface and the stability of the resulting sliding mode dynamics. Unlike traditional
sliding mode control, a relationship between continuous dynamics, impulsive strength, and impulsive
frequency was established, which can fully extract the information of impulsive disturbance. It should
be noted that the proposed approach requires the impulses to be known or measurable. However, in
practical applications, uncertain impulses are unavoidable. In many cases, the impulse signal is
neither controllable nor measurable and may even exhibit stochastic characteristics. Thus, the future
topic would focus on the electrohydraulic position servo systems subject to uncertain or stochastic
impulsive disturbance. In addition, because the linearized model of the electrohydraulic system
inevitably introduces approximation errors with respect to the general dynamics with coupled external
disturbances, extending the proposed results to more general systems with coupled external
disturbances is another interesting topic.
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