
Electronic  
Research Archive

https://www.aimspress.com/journal/era

ERA, 34(4): 2572–2589.
DOI: 10.3934/era.2026119
Received: 28 November 2025
Revised: 14 February 2026
Accepted: 03 March 2026
Published: 24 March 2026

Research article

Exact statistical inference for quantities of loggamma distribution

Bowen Liu1,* and Malwane M. A. Ananda2

1 School of Science and Engineering, University of Missouri-Kansas City, 5110 Rockhill Road,
Kansas City, MO 64110, USA

2 Department of Mathematical Sciences, University of Nevada, Las Vegas, 4505 S Maryland Pkwy,
Las Vegas, NV 89154, USA

* Correspondence: Email: bowen.liu@umkc.edu.

Abstract: Transformed gamma distributions are widely used in various fields such as survival analysis,
reliability engineering, and environmental studies. Statistical inference for the quantities of the
transformed gamma distributions is of great importance in these applications. However, traditional
inference methods often rely on large sample approximations, which is not accurate for small sample
sizes. To address this issue, we introduced an exact statistical inference framework for quantities
of the transformed gamma distributions and applied the framework to loggamma distribution. The
performance of the proposed framework was extensively evaluated via comprehensive simulation
studies. The results showed that the proposed framework outperforms the parametric bootstrapping
method in terms of coverage probability and type 1 error rate. Two real data applications are provided
for illustrative purposes.
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1. Introduction

Modeling univariate data with parametric probability distributions is a widely used approach
across various scientific fields, including hydrological data modeling, environmental analysis, and
insurance loss assessment [1, 2]. Among parametric distributions, the gamma distribution and its
transformed family are particularly valuable for analyzing positive and skewed data [3–6]. Their
effectiveness in modeling hydrological and financial data is well established. For instance, the log
Pearson type 3 distribution, a member of the transformed gamma family, is one of the most frequently
used distributions in hydrologic frequency analysis [7]. Similarly, the inverse gamma distribution has
found widespread applications in reliability and survival analysis [8, 9].
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While the statistical modeling of gamma distributions and their variants has been extensively
studied, statistical inference for their parameters and associated quantities remains a crucial area of
investigation. Although maximum likelihood estimation (MLE) is widely used for parameter
estimation, with inference typically based on asymptotic properties, this approach may not be
optimal in all scenarios. Particularly, while asymptotic methods perform well with large samples,
many real-world applications involve small sample sizes where such asymptotic inference may
be inadequate.

Exact inference methods, which do not rely on large-sample approximations, are essential for
providing accurate and reliable results in small-sample scenarios. The broad applications can be
found in the literature, such as exact inference for quantities under different assumptions [10–16].
Recently, there is also a growing interest in algebraic exact inference framework within the paradigm
of algebraic state space theory (ASST) [17, 18]. Thus, the exact inference methods are becoming
increasingly important for practitioners and researchers, especially in contexts where sample sizes are
limited or where the assumptions of asymptotic methods may not hold.

Weerahandi and Gamage [10] developed a comprehensive approach for conducting generalized
inference on two-parameter continuous distributions. Their method enables the construction of exact
tests and confidence intervals for quantities associated with these distributions, based on exact
probability statements rather than approximations. They demonstrated its effectiveness for
two-parameter gamma distributions through examples of testing gamma scale parameters and means
with unknown parameters. Building on this work, Ananda [11] extended the approach to gamma
quantiles and demonstrated its satisfactory performance through simulations.

In this paper, we extend this generalized approach to quantities associated with loggamma
distribution. Section 2 provides a brief introduction to statistical inference for the gamma distribution.
Section 3 provides a summary of generalized inference for two-parameter gamma distributions and
introduces methods for the loggamma distribution. Section 4 presents simulation studies in
comparison with the parametric bootstrapping method. Section 5 demonstrates the practical
application of our proposed procedure using real datasets, with comparisons to conventional methods.
Section 6 concludes with final remarks.

2. Preliminaries

2.1. Sufficient statistics

To comprehensively illustrate the generalized inference procedure, we will start by introducing the
concept of sufficient statistics. A sufficient statistic is defined as follows:

Definition 1. A statistic T (X) is sufficient for parameter θ if the conditional distribution of the sample
X given the statistic T (X) does not depend on the parameter θ.

The sufficiency principle states that if a statistic is sufficient for θ, then any inference on θ should
depend on sample X only through the statistic T (X).

Only through the definition of sufficiency, the derivation of sufficient statistics can be challenging.
However, there are some useful theorems that can help us find sufficient statistics more easily. One
of the most commonly used theorems is the factorization theorem. The Fisher–Neyman factorization
theorem [19, 20] is stated as follows:
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Theorem 1 (Factorization criteria). Let f (x|θ) be the joint probability density function (PDF) or
probability mass function (PMF) of a sample X = (X1, X2, ..., Xn). A statistic T (X) is sufficient for
parameter θ if and only if there exist non-negative functions g and h such that for all sample points X
and all parameter points θ, the joint PDF or PMF can be factorized as

f (x|θ) = g(T (x), θ)h(x).

Moreover, to completely understand the generalized inference procedure, we also need to introduce
the concept of minimal sufficiency. A minimal sufficient statistic is defined as follows:

Definition 2. A sufficient statistic T (X) is minimal sufficient for parameter θ if, for any other sufficient
statistic T ′(X), there exists a function f such that T (X) = f (T ′(X)).

The Lehmann–Scheffé criteria [21] provides a useful method to find minimal sufficient statistics.
The criteria is stated as follows:

Theorem 2 (Lehmann–Scheffé criteria). A statistic T (X) is minimal sufficient for parameter θ if and
only if, for any two sample points x and y, the ratio of their joint PDF or PMF f (x|θ)/ f (y|θ) is constant
as a function of θ if and only if T (x) = T (y).

This theorem allows us to determine whether a sufficient statistic is minimal sufficient by examining
the ratio of joint PDF or PMF for different sample points.

2.2. Gamma distribution and sufficiency

A gamma random variable X is associated with the following PDF:

f (x|α, β) =
1

Γ(α)βα
xα−1e−x/β, x > 0,

where α > 0 is the shape parameter and β > 0 is the scale parameter.
Let X = (X1, X2, . . . , Xn) be an independent identical distributed (IID) sample from the gamma

distribution with parameters α and β. The joint PDF of the sample is given by

f (x|α, β) =
n∏

i=1

f (xi|α, β) =
1

[Γ(α)βα]n

 n∏
i=1

xi

α−1

e−
1
β

∑n
i=1 xi1(x(1) > 0). (2.1)

Define S =
∑n

i=1 Xi and P =
∏n

i=1 Xi. We shall prove the following propositions.

Proposition 1. T (x) = (S , P) is sufficient for θ = (α, β).

Proof. With the joint PDF in Eq (2.1), define T (X) =
(∏n

i=1 xi,
∑n

i=1 xi
)
. Then we can express

f (x|α, β) = g(T (x), α, β) h(x),

where

g(T (x), α, β) = [Γ(α)]−nβ−nα

 n∏
i=1

xi

α−1

e−
∑n

i=1 xi/β, h(x) = 1(x(1) > 0).

Hence, by the factorization theorem, T (X) is sufficient for (α, β).
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Proposition 2. T (x) = (S , P) is minimal sufficient for θ = (α, β).

Proof. By the Lehmann–Scheffé criterion, a statistic T (X) is minimal sufficient for the parameter (α, β)
if, for any two samples x = (x1, . . . , xn) and y = (y1, . . . , yn), the ratio

f (x|α, β)
f (y|α, β)

is constant in (α, β) if and only if T (x) = T (y).
From the joint PDF of the Gamma sample,

f (x|α, β) =
1

[Γ(α)βα]n

 n∏
i=1

xα−1
i

 exp

−1
β

n∑
i=1

xi

 .
Hence, for two samples x and y,

f (x|α, β)
f (y|α, β)

=

(∏n
i=1 xα−1

i

)
exp

(
− 1
β

∑n
i=1 xi

)
(∏n

i=1 yα−1
i

)
exp

(
− 1
β

∑n
i=1 yi

) .
Simplifying, we get

f (x|α, β)
f (y|α, β)

=

(∏n
i=1 xi∏n
i=1 yi

)α−1

exp

−1
β

 n∑
i=1

xi −

n∑
i=1

yi


 .

For this ratio to be constant in both α and β, the exponential and power terms must not depend on
those parameters. Thus, the ratio is constant in (α, β) if and only if

n∑
i=1

xi =

n∑
i=1

yi and
n∏

i=1

xi =

n∏
i=1

yi.

Therefore,

T (X) =

 n∑
i=1

Xi,

n∏
i=1

Xi


satisfies the Lehmann–Scheffé condition and is hence a minimal sufficient statistic for (α, β).

Proposition 3. V = P1/n

S/n is free of parameter β. That is, the distribution of V does not depend on β.

Proof. Let Yi := Xi/β for i = 1, . . . , n. For X ∼ Γ(α, β), the moment generating function is

MX(t) = (1 − βt)−α, t < 1/β.

Then for Y = X/β,

MY(t) = E
[
etY] = E[e(t/β)X] = MX(t/β) = (1 − β(t/β))−α = (1 − t)−α, t < 1.

Thus, Y ∼ Γ(α, 1). Since X1, . . . , Xn are IID Γ(α, β), we have Y1, . . . ,Yn as IID Γ(α, 1).
Now write

S =
n∑

i=1

Xi = β

n∑
i=1

Yi,

 n∏
i=1

Xi

1/n

= β

 n∏
i=1

Yi

1/n

.
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Therefore,

V =
(∏n

i=1 Xi
)1/n

S/n
=
β
(∏n

i=1 Yi
)1/n(

β
∑n

i=1 Yi
)
/n
=

(∏n
i=1 Yi

)1/n

(
∑n

i=1 Yi)/n
,

which is a function only of (Y1, . . . ,Yn) and hence free of β.

Remark 1. The proof shows V is scale-free (independent of β). Writing Ui = Yi/
∑n

j=1 Y j gives V =
n
(∏n

i=1 Ui
)1/n with (U1, . . . ,Un) ∼ Dirichlet(α, . . . , α), so V depends on α only.

Proposition 4. (S ,V) is sufficient for (α, β).

Proof. Any one-to-one function of minimal sufficient statistic is also a minimal sufficient statistic.
Hence, since there is a one-to-one correspondence defined between (V, S ) and (S , P), (V, S ) is also
minimal suffcient for (α, β).

Proposition 5. V ⊥ S . That is, V and S are statistically independent.

Proof. Consider the one-to-one transformation:

S =
n∑

i=1

Xi, Ui =
Xi

S
(i = 1, . . . , n − 1), Un = 1 −

n−1∑
i=1

Ui,

whose inverse is Xi = S Ui for i = 1, . . . , n. The range is s > 0, ui > 0, and
∑n

i=1 ui = 1.
The Jacobian matrix J = ∂(x1,...,xn)

∂(s,u1,...,un−1) has entries as follows:

∂xi

∂s
= ui,

∂xi

∂u j
=


s if i = j ≤ n − 1,
−s if i = n,

0 otherwise.

Thus,

J =



u1 s 0 · · · 0
u2 0 s · · · 0
...

...
...
. . .

...

un−1 0 0 · · · s
un −s −s · · · −s


.

Hence, ∣∣∣det J
∣∣∣ = s n−1.

The joint density of X = (X1, . . . , Xn) is

fX(x | α, β) =
1

[Γ(α)βα]n

 n∏
i=1

xα−1
i

 exp
(
− 1
β

n∑
i=1

xi

)
1{xi>0}.

Substitute xi = s ui (with un = 1 −
∑n−1

j=1 u j) and multiply by |det J|:

n∏
i=1

xα−1
i = s n(α−1)

n∏
i=1

uα−1
i ,

n∑
i=1

xi = s.
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Therefore,
fS ,U(s,u) = fX(su) | det J|

=
1

[Γ(α)βα]n s n(α−1)

 n∏
i=1

uα−1
i

 e−s/β s n−1.

Rearranging the terms, we have

fS ,U(s,u) =
1

[Γ(α)βα]n s nα−1e−s/β

 n∏
i=1

uα−1
i

 , s > 0, u ∈ ∆n−1,

where ∆n−1 = {u ∈ Rn−1 : ui > 0,
∑n−1

i=1 ui = 1}.
The joint PDF factorizes as

fS ,U(s,u) =
1

Γ(nα) β nα s nα−1e−s/β︸                    ︷︷                    ︸
fS (s)

×
Γ(nα)∏n
i=1 Γ(α)

( n∏
i=1

uα−1
i

)
︸                    ︷︷                    ︸

fU(u)

,

so S ∼ Gamma(nα, β), U ∼ Dirichlet(α, . . . , α), and S and U are independent.
Finally,

V =
(∏n

i=1 Xi
)1/n

S/n
= n

 n∏
i=1

Ui

1/n

depends only on U, hence V is independent of S .

3. Generalized inference

3.1. Generalized inference for two-parameter distributions

The generalized inference procedure for any two-parameter continuous distribution was introduced
by Weerahandi and Gamage [10]. Suppose X1, X2, ..., Xn forms a random sample from a continuous
distribution f (x;α, β). Assume that both parameters are not known. Assume that (S ,T ) are jointly
minimal sufficient statistics for parameters (α, β). Consider β as the parameter of interest. Now let U =
U(T ;α, β) = Pr(T ≤ t) = FT (t;α, β) ∼ U(0, 1), where FT (t;α, β) denotes the cumulative distribution
function (CDF) of T and U(0, 1) stands for a uniform distribution with the support [0, 1]. At the
observed value of T = t, denote the corresponding observed u = U(t;α, β) = FT (t;α, β). With the
observed value of t and fixed β, we can treat u = u(α) as a function of α. Denote u−1 as the inverse
function of u that satisfies u−1(u(α)) = α. Define

Rb(T ;α, β, t) = u−1(U(T )).

Rb indeed has the following properties:

• At the observed value of t, Rb(T ;α, β, t) = u−1(U(T )) = u−1(u(α)) = α.
• The distribution of Rb is free of the nuisance parameter α.
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Rb is a random quantity that will be used to construct the generalized pivotal quantity (GPQ).
Sometimes, Rb is denoted as α̂(U) as an intermediate quantity to construct the subsequent generalized
pivotal quantity.

For testing the hypothesis for the quantity of interest Q, assume Q is a function of α and β, where
Q = q(α, β). Suppose the hypothesis is defined as follows:H0 : Q ≤ Q0,

HA : Q > Q0,

where Q0 is a prespecified value. Let β = q−1(Q0, α). That is, through the value of Q0 and α, we
can find the corresponding value of β. Thus, through the intermediate quantity Rb, we can find the
corresponding value of β as β̂(U,Q0) = q−1(Q0, α̂(U)). Now we can construct the generalized pivotal
quantity for testing the hypothesis. Consider the random variable W(S ; t) = FS |T=t(S |t, α, β) ∼ U(0, 1).
The distribution of W given S = s is standard uniform and does not depend on S = s. Thus, the
unconditional distribution of W = W(S ,T ;α, β) is also uniform and independent of S .

The generalized testing variable is defined as

R0 =
W

w(s, t; α̂(U), β̂(U,Q0))
, (3.1)

where w(s, t; α̂(U), β̂(U,Q0)) is the observed value of W at the observed data (s, t) and the estimated
parameters (α̂(U), β̂(U,Q0)).

The generalized p-value for testing H0 is

p = P(R0 ≤ 1)
= P

(
W ≤ w(s, t; α̂(U), β̂(U,Q0))

)
,

(3.2)

or 1 − p depending on the stochastic monotonicity of R. In real practice, the value of p is computed
based on Monte Carlo methods by drawing the random samples from U.

3.2. Generalized inference for gamma distribution

Previous research has shown that the inference for the functions of gamma distribution parameters
can be successfully performed with the above procedure [10]. In order to perform the procedure on
gamma distribution, we need to find the sufficient statistics for the distribution. Let X1, X2, ..., Xn be a
random sample from a gamma distribution X ∼ G(α, β). The PDF of X is as follows:

f (x|α, β) =
1

Γ(α)βα
xα−1e−x/β, x > 0. (3.3)

In Section 2, we have shown that S =
∑

Xi and P =
∏

Xi are minimal sufficient statistics for the
parameters α and β with factorization criterion and the Lehmann–Scheffé criteria. However, S and P
are not independent of each other. Bhaumik et al. [22, 23] utilized the following statistic:

T =
P1/n

S/n
. (3.4)
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We have also shown in detail that the distribution of T is free of θ and the distribution of T is
independent of S in Section 2.

Therefore, the procedure for two-parameter distributions can be utilized without finding the
conditional distribution of S given T . However, the CDF of T is difficult to solve for, so an empirical
CDF method will be used.

Consider testing the following hypothesis for a gamma sample:H0 : Q = q(α, β) ≤ q0,

HA : Q = q(α, β) > q0.
(3.5)

Let β = q−1(Q0, α). The pseudocode for computing the generalized p-value given data X is as follows
(n is the sample size of X; N1 specifies the number of replicates for simulation of the CDF of T ; N2

denotes the number of replicates for the computation of generalized p-value.):

Algorithm 1 Generalized inference procedure for gamma distribution

Input: (X, n,N1,N2, q−1(Q0, α),Q0)
1: Compute observed T = t and S = s with sample X.
2: Prepare the empirical CDF of T that evaluates at T = t: FT (t) with observed t, prespecified N1,

and sample size n.
3: Generate the uniform sample u1, u2, ..., uN2 with sample size being N2.
4: For each i ∈ 1, 2, ...,N2, numerically solve FT (t, αi) = ui for αi. Denote the solution as k̂i.
5: Find β̂i = q−1(Q0, α̂i).
6: Compute wi =

∫ s

0
1

Γ(nα̂i)β̂
nα̂i
i

xnα̂i−1e−x/β̂i dx for i = 1, 2, ...,N2.

7: Find the mean of all wi over N2 replicates. Denote it as p(q0).
8: If R in (2) is stochastically decreasing in Q, then p-value equals p(q0); otherwise, p-value equals

1 − p(q0). This is the p-value for testing the hypothesis in (3.5).
9: The (1−γ)100% equal-tail confidence interval can be found by finding [qL, qU] such that p(qL) = γ2

and p(qU) = 1 − γ2 .

The construction of the confidence interval of the quantity is straightforward based on the property
of the generalized pivotal quantity R. The percentiles of R will be used to construct the confidence
intervals of the parameter of interest.

It should be noted that this generalized inference framework provides an exact probability statement
in the sense that the constructed GPQ has a distribution free of nuisance parameters under the assumed
model. Consequently, the resulting confidence intervals and tests possess exact finite-sample validity
in principle, without relying on asymptotic approximations.

However, in practice, the distribution of the GPQ is evaluated via Monte Carlo simulation. Thus,
the reported confidence limits and p-values are Monte Carlo approximations to the exact generalized
inference procedure. The theoretical guarantee pertains to the pivotal construction itself, while the
numerical accuracy depends on the Monte Carlo sample size.
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3.3. Application to transformed gamma distributions

Suppose we define a family of distributions F such that for all Y ∈ F , Y = g(X), where X follows
a gamma distribution and g is a continuous monotone function that does not introduce any new
parameters. This family F contains a wide range of distributions such as the inverse gamma
distribution (g(X) = 1/X), loggamma distribution (g(X) = log(X)), transformed gamma distribution
(g(X) = X1/τ, τ > 0) [1, 2], and the inverse transformed gamma distribution (g(X) = X1/τ, τ > 0) [1, 2].
As we provided the procedures for generalized inference of quantities of the gamma distribution, we
now extend these procedures to the family F , starting with the following theorem.

Theorem 3. Suppose X = {Xi : i = 1, 2, ..., n} is an IID sample from a gamma distribution with shape
parameter α and scale parameter β. Let Y = {Yi : Yi = g(Xi), i = 1, 2, ..., n}, where g is monotone and
g−1 has a continuous derivative on the domain of Yi for all i = 1, 2, ..., n. Let S =

∑
Xi, P =

∏
Xi,

and T = P1/n

S/n . Suppose S and T are jointly sufficient statistics derived for the gamma sample X. Then

S ∗ =
∑

g−1(Yi) and T ∗ = (
∏

g−1(Yi))1/n

S ∗/n are jointly sufficient for the parameters α and β associated with Y.

Proof. Since S and T are jointly sufficient for α and β for the gamma sample X, we have

fX(x|α, β) =
n∏

i=1

fX(xi|α, β)

=
1

[Γ(α)βα]n

 n∏
i=1

xα−1
i

 exp

−1
β

n∑
i=1

xi

 .
The joint PDF of Y is then

fY(y|α, β) =
n∏

i=1

fX(g−1(yi))

∣∣∣∣∣∣dg−1(yi)
dyi

∣∣∣∣∣∣
=

1
[Γ(α)βα]n

 n∏
i=1

g−1(yi)α−1

 exp

−1
β

n∑
i=1

g−1(yi)

 n∏
i=1

∣∣∣∣∣∣dg−1(yi)
dyi

∣∣∣∣∣∣ .
Define

S ∗ =
n∑

i=1

g−1(yi), P∗ =
n∏

i=1

g−1(yi), T ∗ =
(P∗)1/n

S ∗/n
.

Substituting these into the joint PDF, we can rewrite

fY(y|α, β) = h(y)
1

[Γ(α)βα]n (T ∗)n(α−1)(S ∗)n(α−1) exp
(
−

S ∗

β

)
︸                                              ︷︷                                              ︸

depends only on S ∗, T ∗, α, β

,

where

h(y) =
n∏

i=1

∣∣∣∣∣∣dg−1(yi)
dyi

∣∣∣∣∣∣ /[(T ∗)n(α−1)(S ∗)n(α−1)]
is free of α and β.
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Thus, the joint PDF factorizes into a product of two components: one depending on (S ∗,T ∗, α, β)
and another depending only on the sample y. By the factorization theorem, (S ∗,T ∗) are jointly sufficient
for (α, β).

Since Xi = g−1(Yi), it follows that S ∗ = S and T ∗ = T . Therefore, S and T are jointly sufficient
for α and β associated with the transformed gamma sample Y . Moreover, by the property of minimal
sufficient statistics, (S ∗, T ∗) are also minimal sufficient for (α, β) associated with the transformed
gamma sample Y .

Therefore, for any inference on a transformed gamma sample, the generalized inference procedure
developed for the gamma family can be directly utilized, provided an appropriate transformation
function g is defined. In this paper, we focus on the loggamma distribution (denoted by LG). If
Y ∼ LG(α, β), the inference on functions of the parameters of a loggamma distribution can be
performed using the generalized inference procedure described in Algorithm 1.

4. Simulations

We conducted comprehensive simulations to evaluate the performance of the generalized inference
and parametric bootstrapping methods when testing the 0.5th and 0.9th quantile of
loggamma distributions.

Let X be a gamma random variable with the PDF defined in 3.3. Consider Y = exp (X). The PDF of
Y can be found by utilizing the transformation method for continuous random variables. Specifically,
the PDF of LG(α, β) can be derived as follows:

fY(y) = fX(ln y)
∣∣∣∣∣dx
dy

∣∣∣∣∣ = 1
Γ(α)βα

(ln y)α−1e−(ln y)/β1
y
=

1
Γ(α)βα

(ln y)α−1y−(1+1/β), y > 1.

Thus, the quantile function of LG(α, β) can be expressed as follows:

Q(p|α, β) = exp(G−1(p|α, β)),

where G−1(p|α, β) is the quantile function of gamma distribution with shape parameter α and scale
parameter β. The likelihood function of a random sample Y1,Y2, ...,Yn from LG(α, β) is given by

L(α, β | Y1, . . . ,Yn) =
[

1
Γ(α) βα

]n n∏
i=1

(ln yi)α−1 y
−
(
1+ 1
β

)
i , α > 0, β > 0, yi > 1.

Let α̂ and β̂ be the MLE of α and β, respectively, based on the observed data. The parametric
bootstrapping procedure is as follows:

• Step 1: Generate a random sample of size n from LG(α̂, β̂) and compute the MLE of α and β,
denoted by α̂∗ and β̂∗, respectively.
• Step 2: Repeat Step 1 for B times to obtain B replicates of (α̂∗, β̂∗).
• Step 3: For each bootstrap replicate, compute the target quantile q∗p = Q(p | α̂∗, β̂∗). Using the B

values {q∗p}
B
b=1, form the (1− γ) confidence interval for the quantile via the percentile method, i.e.,

take the γ/2 and 1 − γ/2 empirical quantiles of {q∗p}.
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We considered various combinations of shape parameters (α = 1, 2), scale parameters (β = 0.5, 1),
and sample sizes (n = 10, 15, 20). For each combination, we generated 1000 random samples from
the specified loggamma distribution. We then applied both the generalized inference and parametric
bootstrapping methods to construct 90% confidence intervals for the p-th quantile and evaluated
their coverage probabilities. Additionally, we assessed the type 1 error rates for testing the null
hypothesis H0 : q ≤ qp at a significance level of γ = 0.05, where qp stands for the pth theoretical
quantile for the corresponding loggamma distribution. The results of the simulation study are
summarized in Tables 1 and 2.

For the implementation of generalized inference, the required distribution functions are evaluated
using Monte Carlo estimators of the form

F̂(x) =
1
N

N∑
i=1

1{Ri ≤ x},

where Ri denotes the i-th simulated generalized pivotal quantity generated according to Algorithm 1.
Specifically, each Ri is constructed by generating auxiliary random variables (e.g., uniform variates),
obtaining the corresponding generalized parameter values, and computing the resulting generalized
test quantity. Thus, F̂(x) represents the empirical cumulative distribution function of the simulated
generalized variables.

Confidence limits are obtained by numerically solving the corresponding estimating equation using
Brent’s bracketing root-finding algorithm (implemented via uniroot in R), which combines bisection,
secant, and inverse quadratic interpolation steps to ensure stable and guaranteed convergence within
the specified search interval.

For computational efficiency, we set N1 = 500 and N2 = 1000 in Algorithm 1, where N1 controls the
Monte Carlo approximation of the pivotal distribution and N2 determines the number of generalized
samples used to evaluate probabilities. For the parametric bootstrapping procedure, we set B = 10,000.

Table 1. Performance of the generalized inference and parametric bootstrapping when testing
the 0.9th quantile of loggamma distributions. (GI: generalized inference; PB: parametric
bootstrapping)

α β Sample size n Coverage probability (90% CI) Type 1 error: H0 : q ≤ q0.9 (γ = 0.05)

GI PB GI PB
1 0.5 10 0.913 0.782 0.050 0.216
1 0.5 15 0.896 0.822 0.061 0.173
1 0.5 20 0.903 0.864 0.056 0.135
1 1 10 0.939 0.842 0.061 0.153
1 1 15 0.932 0.868 0.062 0.129
1 1 20 0.915 0.883 0.069 0.107
2 0.5 10 0.949 0.779 0.029 0.218
2 0.5 15 0.927 0.837 0.034 0.161
2 0.5 20 0.902 0.867 0.059 0.132
2 1 10 0.906 0.820 0.094 0.178
2 1 15 0.907 0.832 0.092 0.166
2 1 20 0.915 0.868 0.084 0.129
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Table 2. Performance of the generalized inference and parametric bootstrapping when testing
the 0.5th quantile of loggamma distributions. (GI: generalized inference; PB: parametric
bootstrapping)

α β Sample size n Coverage probability (90% CI) Type 1 error: H0 : q ≤ q0.5 (γ = 0.05)

GI PB GI PB
1 0.5 10 0.913 0.828 0.040 0.096
1 0.5 15 0.905 0.935 0.047 0.039
1 0.5 20 0.906 0.945 0.042 0.028
1 1 10 0.918 0.918 0.026 0.046
1 1 15 0.902 0.930 0.048 0.037
1 1 20 0.902 0.929 0.045 0.037
2 0.5 10 0.907 0.894 0.026 0.062
2 0.5 15 0.906 0.935 0.038 0.038
2 0.5 20 0.905 0.929 0.037 0.035
2 1 10 0.912 0.893 0.018 0.054
2 1 15 0.909 0.924 0.036 0.035
2 1 20 0.887 0.924 0.043 0.035

From the simulation results presented in Tables 1 and 2, it is evident that the generalized inference
method consistently outperforms the parametric bootstrapping method in terms of coverage
probabilities for the 90% confidence intervals across all combinations of shape parameters, scale
parameters, and sample sizes. The generalized inference method achieves coverage probabilities close
to the nominal level of 90%, while the parametric bootstrapping method exhibits significantly lower
coverage probabilities, particularly for smaller sample sizes. Furthermore, the type 1 error rates for
testing the null hypothesis H0 : q ≤ qp indicate that the generalized inference method maintains error
rates close to the nominal level of 0.05, whereas the parametric bootstrapping method shows inflated
type 1 error rates, especially for smaller sample sizes. These findings suggest that the generalized
inference method is more reliable and accurate for inference on the 0.9th quantile of loggamma
distributions compared to the parametric bootstrapping method.

5. Real data applications

In this section, we applied the generalized inference procedure for the loggamma distribution.
Specifically, we compared the performance of the generalized inference procedure with that of the
parametric bootstrapping procedure. The real data analysis is mainly illustrative for loggamma
inference with small sample sizes. Goodness of fit tests were conducted to evaluate the applicability
of the loggamma distribution for the data sets.

5.1. Example 1: The fatigue life of deep-groove ball bearings

The data set contains the number of a million revolutions before failure for each of the 23 ball
bearings in the reliability test. Previously, the data set was utilized by researchers to determine the
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service life of ball bearings [24]. The data are as follows:

17.88 28.92 33.00 41.52 42.12 45.60 48.80 51.84 51.96
54.12 55.56 67.80 68.64 68.64 68.88 84.12 93.12 98.64

105.12 105.84 127.92 128.04 173.40

Previous analyses used Weibull and Gamma models for the bearing fatigue life. The loggamma
distribution is also suitable because of its heavy-tail feature. Goodness of fit was evaluated with the
Kolmogorov–Smirnov (KS) and Anderson–Darling (AD) tests. The KS test statistic is defined as

D = sup
x
|Fn(x) − F(x|α̂, β̂)|,

where Fn(x) is the empirical CDF and F(x|α̂, β̂) is the CDF of loggamma distribution with MLEs α̂
and β̂. The range of D is between 0 and 1, and a smaller value of D indicates a better fit.

The AD test statistic is defined as follows:

An = −n −
1
n

n∑
i=1

(2i − 1)[lnF(Y(i)|α̂, β̂) + ln(1 − F(Y(n−i+1)|α̂, β̂))],

where Y(i) is the i-th order statistic of the sample. Similar to KS test, a smaller value of An indicates a
better fit. The p-values for both tests are obtained through Monte Carlo simulations.

Table 3 illustrates the test results when comparing the fitted model to the real data. KS test suggests
that the loggamma distribution is a good fit for the ball bearing data (D = 0.11, p = 0.99). AD test also
supports the same conclusion (An = 0.34, p = 0.90).

Table 3. Goodness of fit test for loggamma distribution with ball endurance data.

Model MLE
KS test statistic
(p-value)

AD test statistic
(p-value)

Loggamma
α̂ = 60.57
β̂ = 0.069

D = 0.13
(p = 0.99)

An = 0.34
(p = 0.90)
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Figure 1. Histogram of ball endurance data with fitted loggamma PDF.
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The histogram of the data with the fitted loggamma PDF is shown in Figure 1.
Figure 2 presents the comparison of lengths of 90% confidence intervals for the shape parameter

α and scale parameter β using the generalized inference method and the parametric bootstrapping
method. It can be observed that the lengths of the confidence intervals obtained from the generalized
inference method are shorter than those from the parametric bootstrapping method for both parameters,
indicating that the generalized inference method provides more precise estimates in this case.
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Figure 2. The comparison of lengths of 90% confidence intervals when using two
different methods.

5.2. Example 2: Stream flows for the Harricana River

The second data set contains the maximum river discharges (in m3/s) recorded during the month of
September over the period of 1940–1968 for the Harricana River in Canada.

119.0 126.0 39.9 101.0 43.3 62.6 51.0 49.6 32.8
61.4 18.7 39.1 88.6 49.6 92.6 22.9 70.8 65.4
86.1 62.0 84.7 106.0 26.8 81.6 38.8 117.0 65.7

This hydrological data was previously used by researchers [11, 25] to investigate the confidence
intervals for upper quantiles. Similar to the first example, we fitted a loggamma distribution to the
data and evaluated the goodness of fit using the KS and AD tests. The results are summarized in
Table 4. Both the KS test (D = 0.11, p = 0.99) and AD test (An = 0.42, p = 0.82) indicate that the
loggamma distribution is an appropriate model for the Harricana River data.

Table 4. Goodness-of-fit test for loggamma distribution with Harricana River data.

Model MLE
KS test statistic
(p-value)

AD test statistic
(p-value)

Loggamma
α̂ = 62.20
β̂ = 0.066

D = 0.11
(p = 0.99)

An = 0.42
(p = 0.82)

The histogram of the data with the fitted loggamma PDF is shown in Figure 3.
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Figure 3. Histogram of Harricana River data with fitted loggamma PDF.

Figure 4 presents the comparison of lengths of 90% confidence intervals for the shape parameter
α and scale parameter β using the generalized inference method and the parametric bootstrapping
method. Similar to the first example, the lengths of confidence intervals obtained from the generalized
inference method are shorter than those from the parametric bootstrapping method for both parameters,
indicating that the generalized inference method provides more precise estimates in this case.
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Figure 4. The comparison of lengths of 90% confidence intervals when using two
different methods.
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6. Conclusions

Statistical inference for quantities of gamma-related distributions has been an important topic in
statistics due to their wide applications in various fields. In this paper, we have demonstrated that the
previously proposed generalized inference method can be effectively applied to the transformed
gamma distributions to construct confidence intervals for quantities of interest that can be expressed
as functions of the shape and rate parameters of the underlying gamma distribution. We have
conducted simulation studies to evaluate the performance of the proposed method in terms of
coverage probability and average length of the confidence intervals. The results indicate that our
method provides satisfactory coverage probabilities close to the nominal level while maintaining
shorter average lengths compared to the parametric boostrapping method under the small sample size
assumption. Furthermore, we have applied the generalized inference procedure for constructing
confidence intervals for the quantiles of the log-gamma distribution. Through two real data examples,
we have demonstrated the performance of our proposed method in providing more precise estimates
compared to the parametric bootstrapping method. Since asymptotic inference depends on
large-sample approximations and parametric bootstrapping typically relies on point estimates (such as
MLEs) whose accuracy itself is justified asymptotically, the proposed method provides a practical and
reliable alternative for small-sample settings where traditional approaches may perform poorly.
However, it is important to note that the generalized inference method may involve higher
computational costs due to the simulation-based nature of the approach. Future research could focus
on optimizing the computational efficiency of the method and exploring its applicability to other
distributions and more complex models.
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