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Abstract: This paper investigates a class of elliptic hemivariational inequalities (HVIs) arising
from steady-state heat conduction problems that involve linear and nonlinear mixed boundary effects
and explores their applications to optimal control problems. First, we use nonsmooth analysis and
pseudomonotone operator theory to establish the existence of solutions of the HVIs for the model.
Under a relaxed monotonicity condition, we obtain uniqueness of the solution. Second, we prove that
the solutions of the HVIs converge strongly to the solution of the corresponding Dirichlet boundary
problem as the coefficient A tends to infinity. Finally, a convergence analysis is provided for the solutions
of the optimal control problem governed by HVIs. The results provide a theoretical framework for the
study of elliptic problems with nonmonotone and multivalued boundary conditions, and they contribute
to the mathematical foundation of related control and engineering applications.
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1. Introduction

Hemivariational inequalities (HVIs) were introduced to solve nonconvex and nonsmooth phenomena
arising in mechanics. The theory was proposed by Panagiotopoulos in the 1980s [1,2] and overcomes the
restriction of monotone operators in classical variational inequalities via the Clarke generalized gradient.
In recent years, significant progress has been made in the well-posedness, equivalence, numerical
convergence, and optimal control of hemivariational inequalities. This has gradually established a
unified framework from theoretical analysis to applications and provided a solid foundation for their
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further application in heat conduction, fluid mechanics, electrostatics, partial differential equations,
foundational mathematics, and engineering control. Numerous scholars have extensively studied this
theory, including Liu et al. [3,4], Han et al. [5, 6], Migdrski et al. [7,8], Gariboldi and Tarzia [9, 10], and
Sofonea et al. [11,12]. With the development of optimal control theory, the scope of study has expanded
from systems governed by ordinary differential equations to infinite-dimensional problems constrained
by partial differential equations and variational inequalities. In particular, when HVIs serve as state
constraints, their inherent nonconvexity and nonsmoothness give rise to fundamental difficulties, such
as nonuniqueness of state solutions, weak stability, and the absence of classical optimality conditions.
This explains why related research has only gradually emerged in recent years. Although many results
have been obtained on multivalued and optimal control problems under nonmonotone conditions
(see [13-19]), substantial gaps remain in the existing theory. This paper is motivated by the work of
Gariboldi et al., who studied elliptic models with nonmonotone multivalued boundary conditions and
the associated optimal control problems governed by HVIs [20-22]. However, boundary conditions
involving both linear and nonmonotone multivalued components were not considered in their studies.
Building on this work, we investigate a class of elliptic equations governed by HVIs by introducing the
boundary term Sy, and we study the associated optimal control problems in this generalized framework.
Under the boundary condition involving Bu, the weak formulation of the elliptic problem (1.2) leads to
the boundary hemivariational inequality (1.3). Its variational structure is a coupled form, involving a
boundary linear term and a nonsmooth multivalued term, which differs from the structure considered in
the work of Gariboldi et al. As a consequence, the uniqueness, convergence, and asymptotic behavior of
solutions to HVIs in [21] are no longer direct consequences of existing results and must be reestablished
within the new variational framework. These properties are analyzed and proved in Theorems 1-3.
Moreover, this structural change also affects the optimal control problems governed by the associated
HVIs. The introduction of Su alters the variational structure of the state system, implying that the results
in [22] on the existence, convergence, and asymptotic behavior of solutions for optimal control problems
cannot be directly extended to the present setting. The corresponding results are revisited in Theorems
4 and 5. In this sense, the models considered here are more general, because they include previously
studied models as particular cases (corresponding to S = 0), as well as problems involving linear and
nonlinear mixed boundary effects.

We study steady-state heat conduction problems subject to mixed boundary conditions. Let D ¢ R¢
be a bounded domain whose boundary X satisfies the regularity assumptions. The boundary X consists
of three measurable components %; (i = 1,2,3) that are pairwise disjoint, each having a positive
(d — 1)-dimensional Hausdorff measure |X;|. The vector n represents the exterior normal of Z.

. 9
—Ap = finD, pls, =0, _a_ﬁ L= Hly, = ¢, (1.1)
2
. P d
—Ay = finD, uly, =0, _a_ﬁ = _a_ﬁ _ B e A0y (1.2)
2 3

Here, u denotes the temperature in D, f represents the internal energy in D, ¢ corresponds to the
temperature on X3 in (1.1) and to the temperature of the exterior neighborhood of X3 in (1.2), r denotes
the heat flux on %,, and 4 > 0 is the heat transfer coefficient on X;. We assume that § € L*(X;),
feH=L*D),re Q=L*X),andce H %(23). The function ¢ : X3 X R — R is generally nonconvex,
locally Lipschitz continuous, and nondifferentiable. The symbol ° denotes its Clarke generalized
directional derivative.
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The notational framework outlined below is applied consistently throughout the paper:

S=H'D), So={s€S|s=0onZ},
E={seS|s=0o0nX, s=conXs},
Ey={seS|s=00onZX UXs},

A(u, s):fV,u'Vsdy, F(s):ffsdy—f rysdx.
D D b))

Here, y : S — L*(2) is the trace operator. In what follows, u will also denote its trace on the boundary,
for u € S. The form A is bilinear, symmetric, continuous, and coercive; that is, for some constant m > 0,
A(s, 5) = lIsllg, = mlIsli§, Vs € Sy [23]. We define the norms on S and S as

1
2 2 2 .
Islls = (15122, + V5122 ) Vs €S
Islls, = IVsllz2pray, Vs € So.
It is a classical result that the two norms mentioned above are equivalent on Sy. Moreover, the
multivalued boundary condition on X3 in problem (1.2) is characterized by nonmonotone relation

through the Clarke generalized gradient. Together with Green’s formula, the weak formulation of
Problem (1.2) is given as follows: Find u € S, such that

A, 5) — f Busdx + /lf WO $)dE > F(s), VseSo. (1.3)
3 23

2. Preliminaries

Let (X, || - |lx) denote a Banach space, and let X* denote the dual space of X. We use the notation (-, -)
to represent the duality pairing between X* and X. The following definitions are taken from Definitions
3.20, 3.21, 3.54, 3.57, 3.68 and Theorem 2.21 in [7].

Definition 1. Let ¢, : X — R be a locally Lipschitz function, that is, for each y € X, there exist a
neighborhood y. of y and a constant l, > 0 such that
lpr(w) —p1WI < L [lw —Vllx  Yw,v € ye.

Definition 2. Let ¢; : X — R be a locally Lipschitz function. The Clarke generalized directional
derivative of ¢1 at y € X along the direction s € X is given by

dr1(w + as) — ¢1(w)

(0

gb?(y; s) = limsup

w—y,a—0"

The Clarke generalized gradient associated with ¢, at y is a subset of X*, defined by
01(y) =1L € X" | 41(y:9) 2 (L, 5), Vs € X},

Definition 3. Let D C R? (d > 2) be a bounded domain having a Lipschitz continuous boundary. There

is a bounded linear trace operator
y: H(D) » L*(%)

which satisfies the following properties.
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(1) Boundedness: There is a constant Cy > 0 such that
Iywllzzs) < Colwllmpy —Yw € H'(D);

(2) Compactness: The trace operatory : H (D) — L*(X) is compact.

Definition 4. Let B : X — X* be a hemicontinuous operator if the function
r— <B(y + tW), V)X*XX Vy’ w,v € Xa

continuous on [0, 1].

Definition 5. Let T: X — 2% be an operator;, and let Gr(T') denote its graph. The operator T is said to
be monotone if
W =5 w—8)xxx =0 Y(w,w),(s,s") e Gr(T).

Definition 6. Let X be a reflexive Banach space, and let T: X — 2% be an operator. The operator T is
pseudomonotone if the following conditions are satisfied:

(1) The values of T are subsets of X* that are nonempty, closed, bounded, and convex.

(2) T is upper semicontinuous from every finite-dimensional subspace of X to X*, with the weak
topology of X*.

(3) For {w,} € X withw, — win X and w, C Tw, satisfying lim sup{w},, w, — W)x-xx < 0, there exists
an element w*(s) € Tw, ¥s € X such that

W (s), w — Hxxx < liminf(w), w, — $)x-xx.

The operator T is said to be generalized pseudomonotone if {w,} C X and {w}} C X* withw, € Tw,,
w, = win X, w, = w"in X*, and lim sup(w;, w, = w)x-xx < 0; we obtain w* € Tw and (W, W,)xxx —
(W, Whxesx.

Proposition 1. [24] Let ¢; : X — R be a function which is locally Lipschitz. Then, it satisfies the
following properties:

(1) For each y € X, the mapping s — ¢(1)(y; s) from X to R is subadditive and positively homogeneous,
that is,
\(yias) = ad)(y;s) Va>0,s€X,
;51 +52) < B s1) + (i) sy, s € X;

(2) For eachy € X, it holds that ¢)(y; s) = max{{Z, s) | { € d¢1(»)};

(3) The mapping (y, s) — ¢‘1)(y; s) from X X X to R is upper semicontinuous;

(4) For eachy € X, the 0¢:(y) is weak™ compact, convex, and contains at least one element of X*;
(5) The graph of 0¢ is closed in X X X*, with X* in the weak* topology.

Proposition 2. [25] Let X be a reflexive Banach space and T : X — 2% be a generalized pseudomono-
tone operator. If T is bounded, and for all y € X, the set T(y) C X* is convex, closed, and nonempty,
then T is pseudomonotone.

We impose the following assumptions, denoted by A;. Let ¢ : £3 X R — R satisfy:
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(1) For every e € R, the mapping y(-, e) satisfies the measurability condition on X3;
(2) For almost every y € 23, ¥(-, e) is locally Lipschitz;
(3) Nonnegative constants ¢y, ¢; exist such that

Oy (y,e)l < co+cile] Ve €eR, ae.yeZs;
(4) A constant ¢ € R exists such that
wo(y,e;c —e)<0 VeeR, ae. yeZs;
(5) IfY°(y,e;c—e) =0 Ve € R, ae. y € X3, thene = c.
Proposition 3. [21] Define the functional L : L*(X3) — R by

L(z) = f Y, 20 dE, Yz e LX(Z3).
Z3

Under assumptions (1)—(3) of A, and by Corollary 4.15 in [7], the functional L satisfies the following
properties:

(1) The functional L is Lipschitz continuous on bounded subsets of L*(X3);

(2) Forall z,v € LX(Zs), Lz v) < L 40, 200); v(y)) d;

(3) For every 7 € L*(X3), the Clarke generalized gradient of L obeys the estimate

IOL(DI12(s5) < o + Cillzllzzcss)s
where ¢y, ¢, = 0 are constants.

Based on the preceding definitions, we now introduce some lemmas that provide the analytical
framework for the investigation of the associated HVIs. Lemmas 1 and 2 are taken from Theorems 3.61
and 3.69 in [7], respectively.

Lemma 1. Let X be a reflexive Banach space. If T : X — 2% is coercive and pseudomonotone, then T
is a surjection.

Lemma 2. Let X be a reflexive Banach space. If T : X — X* is bounded, monotone, and hemicontinuous,
then T is pseudomonotone.

Lemma 3. [21] Let {f,} € L*(D), {r,} € L*(X,), and s, € S for n € N. Define F, € S* by

F,,(s):ffnsdy—frnsdﬁl, Vses.
D

%

Suppose that f, — f in L*(D), r, — r in L*(%,), and s, — s in S. Then,
limF,(s,) = F(s) and ||F,ls- <C VYneN,

where C is a positive constant independent of n.

Lemma 4. [20] The variational form of (1.1) is expressed as follows: Find u € E such that
A(u, s) = F(s), VseE,, (2.1)

and the solution to this variational equation is unique.
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3. Existence analysis of solutions to hemivariational inequalities

Theorem 1. Assume that A, holds. Let |||~ < 1/C?, where Cf is the trace constant associated with
the trace operator. Then, for any F € S and any A > 0, the inequality (1.3) has a solution.

Proof. We denote by (-, -) the duality pairing between S and S. Define the operator By : So — S by

(B, sy = A(u, s) — f pusd¥, Yu,seSy.
3
We show that the operator B, is hemicontinuous. To this end, define the function
g(t) =(By(u+ts),z), forzelS,.
Substituting the operator B, we obtain

g = (A(u, 7) — f Buz dZ) + t(A(s, 7) — f Bsz a’Z). (3.1
3 23

By the definition of By, we have

(Bu2) = A, 2) - f BuzdS,  (Bys,2) = A(s,2) - f Bszds.
3 23

Hence, g(¢) = (Biu, z) + t{Bys, z), which is continuous on [0, 1]. It follows from Definition 4 that B, is
hemicontinuous. By the definition of the operator norm, it holds that

1Bdls; = sup [(Bu. )| = sup |AGu. s) - f Busds| (3.2)
lIslls o<1 lIslls o<1 T3
Applying the Cauchy—Schwarz inequality, we obtain
A, )| = | f Vi Vsdy| < IVl 192y = s, Dsls,- (3.3)
D

The boundedness of the trace operator guarantees a constant C; > 0 for which |lyull2s,) <
Cillulls,, Yu € So. By the boundedness of 8 and the trace operator, we have

f PusdZ
23

Combining this with (3.3), we obtain

2
S Bl czs) el 22z Isllz2ss) < CllBl oz lIklls, sl - (3.4)

[KBiae, )| < Hlulls, lsllsy + 1Bllzecy) Cllells, lslls,
=1+ ||ﬁ||L°°(Z3)C%) [lells, IISlls, -

Taking the supremum for all s € § with |[s]|s, < 1, we get
IBiulls; < (1+ 1Bll=)CH) lllls, -
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To verify the coercivity of the operator B;, we compute

B = Aep) ~ [ 4205 2 Wl = Bl [ 4
23 23
> 1, — Bl C R, = (1 = Bllocey COIIE, .

Because ||8||;~ < 1/C?, the operator B, is coercive. By Definition 5, the operator B, is also monotone.
In conclusion, the operator B is hemicontinuous, bounded, and monotone. Therefore, B; satisfies
Lemma 2 and is a pseudomonotone operator. Define the multivalued operator B, : S — 250 by

By(s) = Ay"0L(ys), Vs€ Sy,

where y* : L*(Z) — S} is the adjoint operator corresponding to the trace operator y : So — L*(%).
Proposition 1(4) ensures that, for every s € Sy, the set B,(s) is convex, closed, and nonempty in S§.
Moreover, the operator B, satisfies the following boundedness estimate:

1B2slls; = ll4y"0L(ys)lls; < Ally INOL(y $)llzcsy)

(A L = (3.5)
< AN @ + Eilivlllislls, ) Vs € So,

where ||y|| stands for the operator norm corresponding to the mapping y : S¢ — L*(X). It will be shown
that B, is generalized pseudomonotone. In accordance with Definition 6, let {s,} C S¢ and {s;,} C S be
sequences such that

sy = sin Sy, s, = s in S, s, € Bo(s,) VneN,

and lim sup(s,, s, — $)s;xs, < 0. To establish the generalized pseudomonotonicity of By, it suffices to
show that
S* € BZ(S) and llm<S;:, Sn)S(*)XS() = <S*’ S>S$><S()'

By the definition of the operator B,, the inclusion s, € B,(s,) guarantees the existence of p, €
O0L(ys,) such that s; = 1y"p,. According to Proposition 3(3), the sequence {p,} is bounded in L*(Z5).
There is a subsequence, which we continue to denote by {p,}, and an element p € L?(Z3) such that
pn — p in L*(Z3). Moreover, because the trace operator y : S, — L*(Z3) is compact, the weak
convergence s, — sin S yields ys, — ys in L*(X3). By virtue of Proposition 1(5), the graph of the
Clarke subdifferential dL is strongly-weakly closed. Hence, p € dL(ys). We obtain s* = Ay*p, and
s* € Ay*dL(ys) = B,(s). Next, we verify the convergence of the corresponding duality pairings. Indeed,
for eachn e N,

<S:7 Sn> = /l<pna 7S11>L2(23) = ﬂ(pn’ 7’5>L2(23) + /l<pna Y(Sn - S)>L2(Z3)- (36)
Because p, — p in L*(X3), and ys € L*(Z3) is fixed, we conclude that
im{o,, ¥$)12¢5) = 0> Y$)12(5s)-

Applying the Cauchy—Schwarz inequality together with the boundedness of the sequence {p,} in L*(Z5),
we have

|<Pn,7(5n - S)>L2(z3)| < loallzesy Y (sn = Ollzzs)-
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Consequently,
Hm(s,, s,) = AP, ¥$) s, = (Ay'p, s) = (s, s).
Finally, by Proposition 2, the operator B, is pseudomonotone.
To prove the surjectivity of B; + B,, it remains to show that it is coercive. Under assumption A;(4)
and conditions (1) and (2) of Proposition 1, it holds that for all e € R and for almost every y € X3,

W, es—e) =’y e;(c—e) —c) < ¢’y esc — ) + Y (y, e, —¢)

0 .
<Y(y,e;—c) < sup |€llel < lel(co + cilel).
£edu(y.e)

(3.7

Next, let s € Sy and s* € B,(s). Then, we get p € dL(ys) such that s* = Ay*p. According to
Proposition 3(2), we derive

Xp, =y $) 12y < AL (ys; —ys) < A f YOy, ys(); —ys(y)) d=
23

< Alc| fz (co + cilysWI) dZ < ao + aillslls,,
3
where the constants a( and a, are defined by
ay = AcleolZ3| 2 0. ar = Alcler VIZl Iylllsls, = 0.
By the relation Kp, ys)2s,) = (57, 5), we infer that
(8%, 8) = —ap — ayllslls,, Vs €So.
For the multivalued operator B,, it follows that

inf (s%,s) > —ap — aillslls,-
s*€By s

Combining this estimate with the coercivity of B;, we obtain
((By + By)s, s) 2 mllsll, — aillslls, — do. (3.8)

Consequently, the operator By + B, is bounded, coercive, and pseudomonotone. By Lemma 1, it follows
that By + B, is surjective; hence, there exists u € S such that F' € (B, + B,)u.
In the concluding step of the proof, we demonstrate that every element u € S satisfying the inclusion
F € (B; + By)u also fulfills the hemivariational inequality (1.3). From the relation Bju + Ay*p = F, p €
O0L(yu), it follows that
(Biu, 8) + XK, ¥$) 12z = (F,5), VYs€Sy.

By combining the definition of dL(-yu) with Proposition 3(2), we obtain

<F7 S) = <B],U, S> + /1<p’ ys>L2(E3)
< (B, s) + AL (yp; y's) (3.9)

< A(u, s) - f Pusdz + /lf Yoy, ys)dX, Vs € Sy.
33 33

This shows that every u € S satisfying the inclusion F' € (B; + B,)u also constitutes a solution to the
hemivariational inequality (1.3). O
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Suppose that the assumption A;(4) is replaced by the relaxed monotonicity condition
Vo, ej—e) +y°y, jie— j) Smle~ jP, Ve, jeR, ae. y€Xs,

where m; > 0. Here, the constant m; denotes the relaxed monotonicity constant associated with the
locally Lipschitz function ¢; when ¢ is convex, the condition holds with m; = 0 [25]. Moreover, if the
following smallness condition holds:

m = Bll=lyI? > Amy |y, m >0,

then problem (1.3) has a unique solution.

Theorem 2. Assume that A, holds, and let A > 0 be given. Let F,,F € S* be the associated linear
functionals, and let u,, € S denote the solutions of the boundary hemivariational inequality

A(n, 8) = f Buns dx + ﬂf WO (s ) dE = F,(s), Vs €S,
23 23

where the sequence {F,} satisfies
lim F,(v,) = F(v) for any sequence v, — vinS. (3.10)

Then, there exist a subsequence {u,} and an element ¢ € S such that p, — & in S, and € is a solution of
(1.3). Moreover, if the relaxed monotonicity condition and the smallness condition are both satisfied,
then (1.3) has a unique solution u € S associated with F. In this case, the entire sequence {u,}
converges strongly to u, namely,

Uy — U inS asn— oo.

Proof. Let u, € S denote the solution to problem (1.3) associated with F,, and let u* € E be the
solution to problem (2.1). Choosing the test function s; = u* — u, € Sy, we obtain

A(ﬁlnssl)—fﬁﬂnsldz"'/lfl/’o(lvln§51)d22Fn(Sl)-
23 23

Consequently, we get

A(sy, 51) + f Bu,s; dX < A(u”, s1) — Fo(s1) + /lf lﬁo(ﬂn; s1)dx. (3.11)
3 23

Because the bilinear form A satisfies the properties of boundedness and coercivity, it holds that

’71||S1||§ < A(p*,,u* _,un) + Fn(/Jn _/’l*) - f ﬁﬂn(/l* _ﬂn) dx
23
< M1 ls lisills + 1811z [P lleealls lsalls + 1Flls- l1sills-

Consequently, we have
Ml = palls < Mlllls + 1Bl 1P ltalls + 1Fulls-
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Applying the triangle inequality yields
(= |1Bll= P Isills < (M + 1Bl Iy IP) " lls + 1 Fls--

Hence, we obtain
(M + 1Bl PP It lls + [1Fllse

m = Bl II?

lIsills < =: kg,

and by the triangle inequality,
talls < llu™ = palls + ll7lls < ko + 1llls, Yn €N,

where k, > 0 is independent of n. The sequence {u,} is uniformly bounded in S and in §. Because S
is reflexive, we can find € € S and a subsequence, which we continue to denote by {u,}, such that

U, — & inSy asn — oo.

Next, we verify that & € § satisfies (2.1). Because u, € S, we have

At ) f Bty sdE + 1 f O $)dS > Fo(s), Vs € So.
23 23

By taking the limit superior as n — oo and applying the weak continuity of A(:, s) together with (3.10),
we obtain

A, s) — fz B, sdZ + Alim s,upf2 Yoy s)dE > F(s), VseS,. (3.12)
3 3
The compactness of the trace operator from S into L?(X3) ensures that
fls, = &l in LA(S5) asn — oo,
Furthermore, a subsequence, which we continue to denote by {u,}, can be selected such that

Ha(y) = &(y) ae.y€X; and |u,(y)|<h(y) ae. y€Zs,

for some h; € L*(X3). Because the mapping (e, j) € R X R = ¢(y, e, j) € R is upper semicontinuous
almost everywhere on X3, we have

lim sup ¥°(y, 1, (»); 5(7) < Y0, £0); s(»))  ae. y € Zs. (3.13)
In view of the estimate

[0, 12(9); S| < (o + crlaDIsO] < ki (y)  ace. y € Iy,

where k; € L'(Z3) is defined by k;(y) = (co + ¢1h,())|s(y)|, we may apply the reverse Fatou lemma
(see [26]) to get

lim sup f YO, pa(); s())AE < f lim sup ¢°(y, 14, (»); 5(3))dZ. (3.14)
3

23
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Combining (3.13) with (3.14), it follows that

lim sup fz 000, i (3): 5()) dE < fz 000, £0); 5O)) dE.

By inserting the result into (3.12), we obtain
A, s)— | Bupsdr+ /lf WO&; s)dZ > F(s), VseS,. (3.15)
23 23

Because u, — £1in S, and the trace operator y : S — L*(X3) is compact, it follows that u,|z, — &5, in
L*(X3). Consequently, we have

lim fz BOa(y)s(y) dx = L BOEQY)s(y) dx. (3.16)

By taking the limit in the hemivariational inequality (3.12) satisfied by u, and substituting this result,
we obtain

A, s) — f BEsdS + /lf YO& s)dS > F(s), VseSo, (3.17)
23 23

which confirms that & € S solves problem (1.3).

In addition, assuming the relaxed monotonicity and smallness conditions, the existence of a solution
to (1.3) is ensured by the first part of the theorem. To verify uniqueness, assume that u, u, € S are two
solutions of problem (1.3). For the inequality associated with u;, we choose the test function u, — u;,
and for the inequality associated with u,, we choose the test function p; — u,. Adding the two resulting
inequalities yields

A(.Ul—112,#2—/11)+fﬂ(112—#1)2d2
X3

+ ﬁf Wi o — ) + Y (uos 1 — p2)) dZ > 0.
23

Using the coercivity of the bilinear form A together with the relaxed monotonicity assumption, we
derive

mlluy — polls Sfﬁ(/uz—,ul)zdiwlmlf 1 (y) — o ()PdE
23 23

< Bl Pl = palls + mallyIPllen = ol -

The smallness condition implies that y; = u,. Therefore, the solution of problem (1.3) in S is unique.
In view of (3.17), it follows that & = u.

Finally, we prove the sequence u, — w in S. By taking suitable test functions from S in the
hemivariational inequalities (1.3) and (3.17), we have

A(,un,,u _,un) - ‘L ﬁﬂ’l(]‘l _,Un)dz + A‘L\ 'ﬁ%l%hu —,Un)CE 2 Fn(/J _,un)’ (318)
A, ptn — ) — L B, — pd= + ﬂfz WO (s phy — A > F(pty — ). (3.19)
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By summing the two inequalities, we deduce

Aty = ot — ) + ﬂf [ s 1t = ) + 0 (s pt — p)]dE

X3

+ f ﬁ(/,l _/Jn)zd2 2 Fn(;u _/Jn) + F(/Jn _ﬂ)
Z3
Applying the coercivity of A together with the relaxed monotonicity condition, we obtain

1w, = plls < BNy IP e, — wlly + Amy Iy IPlle, — plls

(3.20)
+ Fo(u, — ) + F(u — py,),
which implies
(m = Bl = Amg Pl — pll§ < Folptn — ) + F(u = ).
Combining (3.10) with the smallness condition, we obtain
e — plls > 0 asn — oo,
Due to the uniqueness of u € Sy, we getu, = puin S. |

4. Asymptotic analysis of solutions

In this section, we analyze the limiting behavior of the solutions to problem (1.3) as 4 — oo.

Theorem 3. Assume that A, and the smallness condition hold. Let u, C S consist of solutions
to problem (1.3), and let u € E denote the unique solution corresponding to problem (2.1). As a
consequence, as A — oo, we have

w—u inS.

Proof. To prove the boundedness of the sequence {u,}, we take the test function s, = u — u, € So in
problem (1.3), which gives

Ay, 52) — f BuasrdE + A f WO(uy; 52)dE > F(sy).
3 23
Using the relation A(uy, u — py) = —A(u — pa, 1 — ) + A(u, 0 — py), we obtain
A(s2, 52) — ﬂf WO (ua; $2)dE < Au, 52) — f BuasadZ — F(sy). 4.1)
23 23

Because we have ¢/°(y, u; pu — i) = ¥°(y, a; ¢ — i) on X3 and by assumption A, (4), it follows that

WO s — ) <0 on Zs.

Therefore, the inequality reduces to
A(s2, 52) <A, 52) - f B s2dE — F(s2). (4.2)
23
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Owing to the coercivity and continuity of the bilinear form A, we can find constants m, M > 0 satisfying

mlsalls < (Mlulls + Bl llalls + 1Flls-) lls2lls.

where ||y|| stands for the norm of the trace operator. Dividing both sides by ||s,||s yields

mlisalls < Mlllls + 1Bl Iy IPllalls + 1 lls-. (4.3)

Using the inequality |[ualls < |Is2lls + llulls together with (4.3), we infer that

M|ulls + ||ﬁ||L°°||7||2||M||S +|1F]ls+
m — ||l Iyl

where k;, > 0 does not depend on A. It follows that ||u,|ls < &k + ||ulls - The reflexivity of S ensures the
existence of an element u* € S and a subsequence, which we continue to denote by y,, such that

=: ky, (4.4)

lIs2lls <

Uy —p° inS§ asd— co.

Next, we verify that the weak limit u* belongs to E. Because the sequence u,; converges weakly tou* in S,
the compact embedding induced by the trace operator implies that u,|s, — p*|s, as 4 — oco. By extracting
a subsequence, which we continue to denote by {u,}, we have u,(y) — u*(y) for almost every y €
Y3, with a function h, € L*(Z3) satisfying | (y)] < hy(y) for almost every y € X;. According to
Proposition 1(3), the function ¢ is upper semicontinuous. Therefore, for almost every y € X3, we have

lim sup y° (v, t12(»); € — 1)) < Y, 1) € — 1 ().

The following estimate holds for almost every y € 2s:

[0, 112 ); € = )| < (o + il Dle — Ol < k),

where ky(y) = (co + c1h2(y))(|c| + ha(y)) € L'(Z3). Applying the reverse Fatou lemma, we have

lim sup fz O, pa(y); ¢ — a(»))dE < f lim sup ¢°(y, 11 (); ¢ — pa(y))d=. (4.5)

23

Combining this with the upper semicontinuity property, we deduce

limsup | ¥%uq;c—p)dE < f WO e — u) dx.
23 23

Because the bilinear form A is nonnegative, Inequality (4.1) yields

1 2
-2 f WO = ) dE < =(Millls +1Bll- IyPllealls +IFls: ) =2 Co.
23

where C; > 0 does not depend on A. Hence, it holds that
C
- f YOuas e — ) dE < 71. (4.6)
23
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Combining this estimate with asssumption A;(4), we deduce

0< —f WO e — ) dx < liminf(— O(uas e — p)dz) < 0.
23

%3

This yields f23 YO(u*; c—p*)dE = 0. Applying assumption A;(4), we conclude that Y°(y, u*(y); c—u*(y)) =
0 for almost every y € X3. Then, by assumption A;(5), it follows that u*(y) = ¢ for almost every y € Z;.

Subsequently, we show that u* = u. By the weak sequential closedness of S in S, the weak limit y*
of the sequence {u,} C S belongs to . For any z € E, we choose the test function s = 7z — u, € Sy.
Substituting this choice into the hemivariational inequality (1.3), we obtain

A, z = ) — f Bua(z — p)dz + ﬂf YOz — p)dE > F(z — pa). 4.7)
23 23
Because z = ¢ on X3, assumption A;(4) yields

WOz — ) = v (e — ) <0 on Zs.

As a consequence, we obtain

Apa, 2 — pa) — g Bua(c — p)dZ > F(z — py).

As A — oo, the sequence u, — u*in S, and the compact embedding of the trace operatory : Sy — L*(Z3)
ensures that the strong convergence, that is, |y, — (s, In L*(Z3). It follows that

limf (e — pu)dz = f Wi(c—puHdx. (4.8)
Z3 3

Let us now define v = z — u*. Noting that z, u* € E, we conclude that v € E,. Taking the limit inferior as
A — oo and applying the fact that A is weakly lower semicontinuous, we obtain

A@*,v) > F(v) VYveE,.
Noting that Ej is a linear subspace, we have
A(u*,v) = F(v) YveE,, 4.9)

which shows that u* solves the problem (2.1). By uniqueness, we conclude that y* = p.
Finally, we prove the sequence y; — pin § as 4 — co. Choosing test function s3 = u — u, € So in
the inequality (1.3) leads to

A(ug, s3) — f BuassdZ + ﬂf Y (ua; 53)dE > F(s3).
23 23
By applying the relation
A, p = ) = A, = ) = Al = po, 1= (a),
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the inequality can be expressed as

A(S3, S3) < A(,Ll, S3) - F(S3) - f ﬁ,u,153d2 +A l//o([,t,l; S3)d2.
Z3 %3
Because ¢ = ¢ on X3, and assumption A;(4) holds, we have

WO — ) = ¥(usc — ) <0 ae. on Xs.

Using this property together with the coercivity of A, we obtain
Al < AGe 52 = Fs) = [ passds. (4.10)
23

The weak convergence u; — pin S as 4 — oo implies

lim[A(u, p = ) = F(u = )] = 0.
Because the trace operator T : S — L*(Z3) is compact, the sequence ,|s, converges strongly to uls, in
L*(X3), which yields
lim | m(u—p)dx=0.

%3

Taking the limit 4 — oo in (4.10), we obtain lim ﬁll,u—,uﬂlé < 0, and therefore ||u—p,lls — 0 as 4 — oo.
This completes the proof. O

5. Optimal control problem

We investigate an optimal control problem governed by HVIs. For each 4 > 0, the problem aims to
determine an optimal pair (f,,7,) € H X Q satisfying

Ly(f,r2) = (f,gg]lxg Ly(f,r).

The associated cost functional L, : H X Q — R is expressed as

1 M, M
Ly(f,r) = Ell,um —vallyy + TIIfIIi + Tbllrllé, (5.1)

where 11,4, denotes the state corresponding to the control variables (f, r), defined as the solution of (1.3).
Here, v; € H is a prescribed desired state, and M,, M, > 0 are positive constants.

Theorem 4. Assume that conditions (1)—(4) of A, and the smallness condition hold. For each parameter
A > 0, at least one solution exists for the optimal control problem governed by HVIs.

Proof. We define T,(f, r) as the set of solutions to the hemivariational inequality (1.3) corresponding
to given controls f € H and r € Q, for a given A > 0, assuming that solutions exist. This allows us to
define the value

m = inf{L(f.r) : (f.r) € HX Q. iy, € Ta(f. 1)} 2 0. (5.2)
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For each A > 0, assume that {(f, r)},.ax € H X Q is a minimizing sequence satisfying

1
m< L(frh) <m+ e (5.3)

with associated states ;1,1 solving the hemivariational inequality (1.3). To verify boundedness, let
u € E denote the solution of problem (2.1). Taking s4 = u — py 41,1 € Sy in the inequality (1.3) yields

Auages) = [ B iz + 2 [ 0%ugssods
23 23

fo,fs4dy—frfls4d2.
D %

Rewriting the inequality yields

A(Sg, 54) <A(U, S4) — f By piyr s4dX + /lf l//o(yﬂfnamz; S1)dZ
23 23

(5.4)
- ff,fs4dy + f rls4dz.
D %
Moreover, the coercivity of the functional L,,
lim  Ly(f,r) = +o0, |I(f, ”)||12L1XQ = 1£1I7 + ||”||2Q,
Il Ex@—+00
guarantees that {(f4, r!)} is bounded in H x Q. Suppose that the sequence {(f*, r*)} is unbounded. Then,

the coercivity of L, would imply L,(f#, r}) — +oo, contradicting (5.3). This implies the existence of a
A-independent constant C, > 0 satisfying

IS0 < Coy Irgllg < Co.
By assumption A;(4) together with the coercivity and boundedness of the A(-, -), we have
mllsally <A, s8) = | B sadS — f flsady + f rls4dE
23 D by}

< (Mlllls + £ N+ gl Il + 1Bl Iy IP1lee g ls llsalls -

(5.5)

Observing that ||t i,4lls < [Isalls + llulls, we have

Milulls + 15 Me + lrlloliyll + 1Bl lglls
m = ||Bll=IIy1I? '

IIs4lls <

Consequently, the sequence of states satisfies

lagiralls < llsalls + lludls =: Cs,

where ||y|| stands for the norm of the trace operator, m, M > 0 are constants, and C; > 0 is independent
of A. Forevery A > 0, as n — oo,

/“l/lf;frﬁép/linso’ f,f—\T,linH, }"ﬁ—‘{/lan
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for some 7, € H, {; € Q, and p, € §y. Moreover, for every s € S, the following hemivariational
inequality is satisfied by each (£, r}):

Apagirs s)—f Bty sdX + ﬂf 1/10(,11”}3,3; $)dT
X3 %3

(5.6)
> f flsdy — f rlsdz.
D )3
Considering the limit superior n — oo, we deduce
A(or, ) — | BpasdZ + Alimsup f wo(pﬂf}f,;}; s)dx
= = (5.7)

mesdy— OsdE, VseSy.
D p)

By the compact embedding S — L?*(Z3), it follows that u Afirtly, = P als, 1In L*(Z3). By extracting a
subsequence, which we continue to denote by u, 41,1, we have w1, z,4(y) — pa(y) for almost every y € Zs,
and there is a function k3 € L*(¥;) satisfying |u,;1,1(y)| < hs(y) for almost every y € 5. Then, by
invoking the upper semicontinuity of the mapping (e, j) = ¥°(y, e; j), we obtain

lim sup (v, a2 07 50) < Y00, pa(0): 5(3))  forae. y € .

Under assumption A;(4), the following estimate holds:

W0 g ); SO < (co + il DI < ka(y),

where we set k3(y) = (co + ¢1h3(y))ls(y)| € L' (Z3). Then, applying the reverse Fatou lemma, we deduce
lim sup f WO ) dE < | wpa; 5) d2.
N " %
Substituting the inequality into (5.7) yields

Ay, s)— | BoasdZ + A f Y20, $)dE
23 23

Zf‘r,lsdy—fg,lsdz, YseSy,
D b

which confirms that p, is a solution of the hemivariational inequality (1.3). Furthermore, the fact that L,
is weakly lower semicontinuous yields

(5.8)

m > liminf Ly(£2, )

1 M, M,
> —[lo; — vally + 7”7'/1”%1 + 7||§A||2Q

= Li(ta, {0,

which demonstrates that (7,, {;) is an optimal control for the problem. O
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After confirming that a solution exists for the problem (5.1), we investigate its asymptotic behavior.
The optimal control problem governed by the variational equality

find (f,7) € H x Q such that L(f,7) = min L(f,r)
(f:NeHxQ
is known to have a unique solution [10]. The associated cost functional is defined by

1
Lifor) = Sllugr = vall + IIfIIH —|| rlip- (5.9)

Here, 1y, denotes the unique state corresponding to the control pair (f, r), which solves the variational
equality (2.1); v; € H 1s a prescribed target state, and M,, M, > 0 are given constants.

Theorem 5. Assume that A, holds. Let (fy, 7)) be the optimal pair for problem (5.1), and let (f,F)
denote the unique optimal pair for problem (5.9). Then, as A — oo, we have

(f_;b?ﬂ)_)(‘f_”_ﬁ) lonQ’ /'l/lf/lh_)/'tfi_’ lnS

Proof. To prove the boundedness, we observe that for any given A > 0, the pair (f, 7;) solves Prob-
lem (5.1). Consequently, by the optimality of (fy, 7,), the associated cost functional satisfies

1 2
Slewagir, = vally, + ||fﬁ||H muQ
1 2 a 2
<l = valy + 1A + 7||r|| :

for all (f,r) € Hx Q. By choosing f = 0in D and r = 0 on X,, the optimality inequality yields a
positive constant C such that

M, - M, 1
§||/~‘mm —vall; + T“IIfallﬁ IIUIIQ < 2||,u»Loo vally; < C.
In view of Theorem 3, the sequence {u o0} converges as 4 — oco. As a consequence, we have

Ifllz < Ca, I7allo < Cs, 377l < Ca, (5.10)

where C,, C3, and C, are positive constants that do not depend on A. Assume the test function
S5 = H1fr — Ma7r, € So and use it in the hemivariational inequality (1.3). It follows that

AWz 85) = | BuassSsdX + A lﬂo(pmh; s5)d% > F(s5).

23 23

Using the bilinearity of the operator A(:, -), we have
A(u/lfﬁp s5) = A(,U,lfm, s5) — A(Ss, S5).
Combining the above relations, we obtain
A(ss, s5) + f Bz ssdx — /lf ﬂbo(ll/lﬂm; s5)d%
23 23

<A(ug, s5) — F(ss).

(5.11)
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Taking into account the fact that y° (F‘Aﬂh;#ﬁ - pmh) =y (ﬂﬂf—m; c— ﬂﬂfm) on X3, and invoking

assumption A;(4), it follows that y° (/1 A € — HafF 4) < 0 almost everywhere on X;. Consequently, we
obtain

A(ss, s5) + | BugrssdE < A(ug, ss) — F(ss).
23

The coercivity and boundedness properties of the operator A imply that
nlssllg < lsslls [ M llzills + 1Bl Il glls + 1Flls- |,
for some positive constants m and M. It follows that
leazells < Mg — tagrls + llegls

1
%(M”,Uf‘fns + Bl APl glls + IF s+ ) + llagrlls (5.12)
=: C5,

IA

where Cs > 0 denotes a constant independent of of A. Note that A(uz — wazz,» M7 — Hafr,) = 0. Then,
from (5.11), we have

-A f ’ﬁo(ﬂ/lﬁr,l;ﬂﬁ - ll/lﬁh) dx
23

<l = pagirlls (M llglls + 1Bl VIR llgslls + [1Fls- )

(5.13)
< —(Mllaglls + 1Bl lazols + 1Fls-)’
s = frlls L Frlls s
=: Cs,
where Cg > 0 denotes a constant independent of A. Consequently, we have
0 Cs
= | Wik = g ) dE < = (5.14)
b

It follows from (5.12) that the sequence {u,7 } is bounded in S. After extracting a subsequence, which
we continue to denote by u, 77,, we have an element p; € § satisfying

Mapr, — p1 weaklyin§  as A — oo. (5.15)

Furthermore, by virtue of (5.10), there exist elements p, € H and p; € Q such that, after selecting a
suitable subsequence if necessary,

fi— p, weaklyin H asd — oo, and 7, — p; weaklyin Q as A — oo.

Next, we prove that p; = uz, p> = f, and p; = F. We first show that p; € E. Indeed, by (5.15) and
the compactness of the trace operator, it follows that w77, 5, 2 D ly, in L*(X3) as 1 — oo. By taking a
suitable subsequence when necessary, we may assume that i,z (v) — pi1(y) for almost every y € X3
and that there is T € L*(Z5) satisfying |u A7, (O] < 7(y) for almost every y € X3. By Proposition 1(3), it
follows that

lim sup lﬁo()”#mm(ﬂ; c— umh(y)) < 1//0(}7,]71()7); c— Pl(y))
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for almost every y € 23. Using the following estimate,

VOO, e, 05 € = g, )| < (co + ciltazr O |e = tazr, )|
< k;(y) fora.e.yeZ;,

where the function k3 € L'(Z3) is given by k3(y) = (co + ¢17(y))(Ic| + 7(y)), we may apply the reverse
Fatou lemma to get

llm Sup f wo(y’ #/lf_/ﬁ'/i ,C— /’t/lf_ﬂ_‘/{) dz
- (5.16)
< f lim sup wo(y’ l’t/lf,l?/l; ¢ — /'[/lf,ﬁ/l) dz'

23

Putting together the above arguments, we conclude that

limsupf Vazrs € = Hajr,) dZ < f v(p1; ¢ — p1)d2.
23 23

From Assumption A;(4) and Relation (5.14), it follows that
0< —f W (pric—p)dE < liminf(—f (ﬁo(yﬁf-m; c —,umh)dZ) <0.
23 23

Therefore, we obtain f& YO(pisec—p)dz = 0. By assumption A;(4), it follows that 1,//0(y, p1(y);c —
p1(y)) = 0 for almost every u € X3;. Moreover, assumption A;(5) implies that p;(y) =
c for almost every y € X3, and consequently, p; € E. We next show that p; = ug. Clearly, p; € Sg
because the sequence {u,;7} C So is sequentially weakly closed in §. For an arbitrary z € E, we set
S6 = Z— Majr, € So, and we use it in the hemivariational inequality (1.3). It follows that

A(Ua77,> S6) — f Bz, SedZ + ﬁf YO(Uazr; S6)dE > F(se). (5.17)
P 23

Because z = ¢ on X3, the assumption A;(4) ensures that

A lﬁo(,llmm;z _ll/lfm)dz = ﬂf l//O(,szm;C —,Uafm)dz <0.
23

%3

Consequently, the hemivariational inequality yields

Alttajiz,» S6) = f Biajir, S6 dX = F(s6).
23

Passing to the limit as 2 — oo, the weak convergence u,7;, — p1 in §, together with the compact
embedding induced by the trace operator X : §¢ — L*(Z3), implies that u, fnls, = pl|23 in L2(Z3). As a
result, we obtain ’

tim [ g e =g )d= = [ pite= pods. (5.18)
23 23
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Let us define j = z — p;. As both z and p; belong to E, it follows that j € E,. Taking the limit inferior
as 4 — oo and applying the fact that A is weakly lower semicontinuous, we obtain

A(p1, ) 2 F(j), Vje€ E.
As Ej is a linear subspace, substituting j and —j into the inequality yields
Alpr, ) = F(j), Vje Ey.

This shows that p; solves Problem (2.1), and the uniqueness property immediately gives py = pp, ;. As
A — 00, 77, = Hpyps InS. For any (f,r) € H X Q, we have

La(fo, 72) < La(f, 1), (5.19)

which implies
1 M, M
L(p2. p3) = Slkpaps = vallyy + TIIPzIIfq + Tb”p3||2Q

1 M, M,
= 5”]?1 - Vd||12q + 7”172”%1 + 7||P3||2Q
< liminf Lﬂ(ﬂ, 7)) < liminf L(f, r)
:th/l(far):L(far)’ V(f,r)GHXQ

Owing to the uniqueness of the solution of problem (5.9), it follows that p, = f and p; = 7. Conse-

quently, ., = Uz
Subsequently, we show that, as 4 — oo,

fi— finH, 7 —>FinQ, and pz; — ppinS.

To prove the strong convergence of w1, in S, we select s7 = up — 77, € So as a test function in
Problem (1.3), which leads to

A(Hafir,s 87) — f BHagr, s7d% + /lf lrllo(ﬂ/lﬁ?,l; s7)d2 = F(s7).
23 pX]
From the this inequality, we deduce that
A(srs)+ | Puges1dE < A, s7) = F(s) + 4 | 0°(z,: 57) dS. (5.20)
23 23

Noting that p 7 = ¢ on X3 and applying Assumption A;(4) and Relation (5.18), together with coercivity
of A, we obtain the estimate

2
¢ S AW e = oge) + Flage, — )

s = tazir
Utilizing the weak continuity of the operator A(uy;, -), we infer that p,;7;, — g7 InS asd — oo,
We next demonstrate that the control sequences converge strongly, that is, f; — fin H and 7, —
Fin Q as A — oo. The convergence u,;;, — i in H implies that

1 1
im b~ vl = Sl - vl 521)
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Because the sequences {f)} and {7,} converge weakly to f in H and to 7 in Q, respectively, the weak
lower semicontinuity of the norms yields

1717 < lim inf || fallZ, 71 < liminf ||l (5.22)

Combining these inequalities with Relations (5.21) and (5.22), we derive
1 M, - M, _
Fleage = vallyy + AU + 117l
L. 1 M, - M,
<timinf( ez, = vally + 5 Il + S I71G)-

which can be equivalently written as L(f, 7) < liminf L,(f;, 7,). By the definition of the optimal pair
(f2, 72), we have Ly(fy,71) < La(f, 7). Together with the strong convergence 7, — i in H, this
implies lim sup L,( fi, 7)) < lim sup L( f,7) = L(f, 7). Consequently, we conclude that lim L ( fi,72) =
L(f, 7), or, equivalently,
2! > M, - M,
tim( 5|z, = vally + 17 + S 170G)
(5.23)
1 2 Ma 12 Mb 2
= g = val, + AR + S

Combining Relations (5.21) and (5.23), we infer that ||All} — [Ifl?, and ||7’,1||2Q N ||?||2Q as 1l —
oco. Together with the weak convergences f; — f in H and #; — 7 in Q, this implies that f; —
fin H and 7, — 7in Q as A — oo. This completes the proof. O

6. Conclusions

This paper investigates a class of elliptic HVIs with nonmonotone and multivalued boundary conditions.
Using nonsmooth analysis, Clarke’s generalized gradient, and pseudomonotone operator theory, the
existence of solutions is established, and uniqueness is obtained under a relaxed monotonicity condition
together with a smallness condition. Moreover, we investigate the limiting behavior of the solutions and
show strong convergence to the corresponding Dirichlet problem as 4 — co. On this basis, an optimal
control problem governed by the HVIs is further studied, and the existence and asymptotic convergence of
optimal solutions are demonstrated. Future research may focus on several directions: Considering more
general nonlinear principal operators or time-dependent problems; investigating numerical discretization
of the corresponding problem and the convergence of the associated algorithms; and extending the present
theory to HVIs and optimal control problems under random perturbations or uncertainty frameworks,
thereby enhancing the applicability of the model to complex real-world systems.
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