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Abstract: This paper investigates a class of elliptic hemivariational inequalities (HVIs) arising
from steady-state heat conduction problems that involve linear and nonlinear mixed boundary effects
and explores their applications to optimal control problems. First, we use nonsmooth analysis and
pseudomonotone operator theory to establish the existence of solutions of the HVIs for the model.
Under a relaxed monotonicity condition, we obtain uniqueness of the solution. Second, we prove that
the solutions of the HVIs converge strongly to the solution of the corresponding Dirichlet boundary
problem as the coefficient λ tends to infinity. Finally, a convergence analysis is provided for the solutions
of the optimal control problem governed by HVIs. The results provide a theoretical framework for the
study of elliptic problems with nonmonotone and multivalued boundary conditions, and they contribute
to the mathematical foundation of related control and engineering applications.
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1. Introduction

Hemivariational inequalities (HVIs) were introduced to solve nonconvex and nonsmooth phenomena
arising in mechanics. The theory was proposed by Panagiotopoulos in the 1980s [1,2] and overcomes the
restriction of monotone operators in classical variational inequalities via the Clarke generalized gradient.
In recent years, significant progress has been made in the well-posedness, equivalence, numerical
convergence, and optimal control of hemivariational inequalities. This has gradually established a
unified framework from theoretical analysis to applications and provided a solid foundation for their
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further application in heat conduction, fluid mechanics, electrostatics, partial differential equations,
foundational mathematics, and engineering control. Numerous scholars have extensively studied this
theory, including Liu et al. [3,4], Han et al. [5,6], Migórski et al. [7,8], Gariboldi and Tarzia [9,10], and
Sofonea et al. [11,12]. With the development of optimal control theory, the scope of study has expanded
from systems governed by ordinary differential equations to infinite-dimensional problems constrained
by partial differential equations and variational inequalities. In particular, when HVIs serve as state
constraints, their inherent nonconvexity and nonsmoothness give rise to fundamental difficulties, such
as nonuniqueness of state solutions, weak stability, and the absence of classical optimality conditions.
This explains why related research has only gradually emerged in recent years. Although many results
have been obtained on multivalued and optimal control problems under nonmonotone conditions
(see [13–19]), substantial gaps remain in the existing theory. This paper is motivated by the work of
Gariboldi et al., who studied elliptic models with nonmonotone multivalued boundary conditions and
the associated optimal control problems governed by HVIs [20–22]. However, boundary conditions
involving both linear and nonmonotone multivalued components were not considered in their studies.
Building on this work, we investigate a class of elliptic equations governed by HVIs by introducing the
boundary term βµ, and we study the associated optimal control problems in this generalized framework.
Under the boundary condition involving βµ, the weak formulation of the elliptic problem (1.2) leads to
the boundary hemivariational inequality (1.3). Its variational structure is a coupled form, involving a
boundary linear term and a nonsmooth multivalued term, which differs from the structure considered in
the work of Gariboldi et al. As a consequence, the uniqueness, convergence, and asymptotic behavior of
solutions to HVIs in [21] are no longer direct consequences of existing results and must be reestablished
within the new variational framework. These properties are analyzed and proved in Theorems 1–3.
Moreover, this structural change also affects the optimal control problems governed by the associated
HVIs. The introduction of βµ alters the variational structure of the state system, implying that the results
in [22] on the existence, convergence, and asymptotic behavior of solutions for optimal control problems
cannot be directly extended to the present setting. The corresponding results are revisited in Theorems
4 and 5. In this sense, the models considered here are more general, because they include previously
studied models as particular cases (corresponding to β = 0), as well as problems involving linear and
nonlinear mixed boundary effects.

We study steady-state heat conduction problems subject to mixed boundary conditions. Let D ⊂ Rd

be a bounded domain whose boundary Σ satisfies the regularity assumptions. The boundary Σ consists
of three measurable components Σi (i = 1, 2, 3) that are pairwise disjoint, each having a positive
(d − 1)-dimensional Hausdorff measure |Σi|. The vector n represents the exterior normal of Σ.

−∆µ = f in D, µ|Σ1
= 0, −

∂µ

∂n

∣∣∣∣∣
Σ2

= r, µ|Σ3
= c, (1.1)

−∆µ = f in D, µ|Σ1
= 0, −

∂µ

∂n

∣∣∣∣∣
Σ2

= r, −
∂µ

∂n

∣∣∣∣∣
Σ3

+ βµ ∈ λ∂ψ(µ). (1.2)

Here, µ denotes the temperature in D, f represents the internal energy in D, c corresponds to the
temperature on Σ3 in (1.1) and to the temperature of the exterior neighborhood of Σ3 in (1.2), r denotes
the heat flux on Σ2, and λ > 0 is the heat transfer coefficient on Σ3. We assume that β ∈ L∞(Σ3),
f ∈ H = L2(D), r ∈ Q = L2(Σ2), and c ∈ H

1
2 (Σ3). The function ψ : Σ3 × R→ R is generally nonconvex,

locally Lipschitz continuous, and nondifferentiable. The symbol ψ0 denotes its Clarke generalized
directional derivative.
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The notational framework outlined below is applied consistently throughout the paper:

S = H1(D), S 0 = {s ∈ S | s = 0 on Σ1},

E = {s ∈ S | s = 0 on Σ1, s = c on Σ3},

E0 = {s ∈ S | s = 0 on Σ1 ∪ Σ3},

A(µ, s) =
∫

D
∇µ · ∇sdy, F(s) =

∫
D

f sdy −
∫
Σ2

rγsdΣ.

Here, γ : S → L2(Σ) is the trace operator. In what follows, µ will also denote its trace on the boundary,
for µ ∈ S . The form A is bilinear, symmetric, continuous, and coercive; that is, for some constant m̃ > 0,
A(s, s) = ∥s∥2S 0

≥ m̃ ∥s∥2S , ∀s ∈ S0 [23]. We define the norms on S and S0 as

∥s∥S =
(
∥s∥2L2(D) + ∥∇s∥2L2(D;Rd)

) 1
2
, ∀s ∈ S ;

∥s∥S 0 = ∥∇s∥L2(D;Rd), ∀s ∈ S 0.

It is a classical result that the two norms mentioned above are equivalent on S 0. Moreover, the
multivalued boundary condition on Σ3 in problem (1.2) is characterized by nonmonotone relation
through the Clarke generalized gradient. Together with Green’s formula, the weak formulation of
Problem (1.2) is given as follows: Find µ ∈ S0 such that

A(µ, s) −
∫
Σ3

βµ s dΣ + λ
∫
Σ3

ψ0(µ; s)dΣ ≥ F(s), ∀s ∈ S 0. (1.3)

2. Preliminaries

Let (X, ∥ · ∥X) denote a Banach space, and let X∗ denote the dual space of X. We use the notation ⟨·, ·⟩
to represent the duality pairing between X∗ and X. The following definitions are taken from Definitions
3.20, 3.21, 3.54, 3.57, 3.68 and Theorem 2.21 in [7].

Definition 1. Let ϕ1 : X → R be a locally Lipschitz function, that is, for each y ∈ X, there exist a
neighborhood yϵ of y and a constant ly > 0 such that

|ϕ1(w) − ϕ1(v)| ≤ ly ∥w − v∥X ∀w, v ∈ yϵ .

Definition 2. Let ϕ1 : X → R be a locally Lipschitz function. The Clarke generalized directional
derivative of ϕ1 at y ∈ X along the direction s ∈ X is given by

ϕ0
1(y; s) = lim sup

w→y,α→0+

ϕ1(w + αs) − ϕ1(w)
α

.

The Clarke generalized gradient associated with ϕ1 at y is a subset of X∗, defined by

∂ϕ1(y) = {ζ ∈ X∗ | ϕ0
1(y; s) ≥ ⟨ζ, s⟩, ∀s ∈ X}.

Definition 3. Let D ⊂ Rd (d ≥ 2) be a bounded domain having a Lipschitz continuous boundary. There
is a bounded linear trace operator

γ : H1(D)→ L2(Σ)

which satisfies the following properties.
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(1) Boundedness: There is a constant C0 > 0 such that

∥γw∥L2(Σ) ≤ C0∥w∥H1(D) ∀w ∈ H1(D);

(2) Compactness: The trace operator γ : H1(D)→ L2(Σ) is compact.

Definition 4. Let B : X → X∗ be a hemicontinuous operator if the function

t 7→ ⟨B(y + tw), v⟩X∗×X ∀y,w, v ∈ X,

continuous on [0, 1].

Definition 5. Let T : X → 2X
∗

be an operator, and let Gr(T ) denote its graph. The operator T is said to
be monotone if

⟨w∗ − s∗,w − s⟩X∗×X ≥ 0 ∀(w,w∗), (s, s∗) ∈ Gr(T ).

Definition 6. Let X be a reflexive Banach space, and let T : X → 2X
∗

be an operator. The operator T is
pseudomonotone if the following conditions are satisfied:

(1) The values of T are subsets of X∗ that are nonempty, closed, bounded, and convex.
(2) T is upper semicontinuous from every finite-dimensional subspace of X to X∗, with the weak

topology of X∗.
(3) For {wn} ⊂ X with wn ⇀ w in X and w∗n ⊂ Twn satisfying lim sup⟨w∗n,wn −w⟩X∗×X ≤ 0, there exists

an element w∗(s) ∈ Tw, ∀s ∈ X such that

⟨w∗(s),w − s⟩X∗×X ≤ lim inf⟨w∗n,wn − s⟩X∗×X.

The operator T is said to be generalized pseudomonotone if {wn} ⊂ X and {w∗n} ⊂ X
∗ with w∗n ∈ Twn,

wn ⇀ w inX, w∗n ⇀ w∗ inX∗, and lim sup⟨w∗n,wn−w⟩X∗×X ≤ 0; we obtain w∗ ∈ Tw and ⟨w∗n,wn⟩X∗×X →

⟨w∗,w⟩X∗×X.

Proposition 1. [24] Let ϕ1 : X → R be a function which is locally Lipschitz. Then, it satisfies the
following properties:

(1) For each y ∈ X, the mapping s 7→ ϕ0
1(y; s) from X to R is subadditive and positively homogeneous,

that is,
ϕ0

1(y;αs) = αϕ0
1(y; s) ∀α ≥ 0, s ∈ X,

ϕ0
1(y; s1 + s2) ≤ ϕ0

1(y; s1) + ϕ0
1(y; s2) ∀s1, s2 ∈ X;

(2) For each y ∈ X, it holds that ϕ0
1(y; s) = max{⟨ζ, s⟩ | ζ ∈ ∂ϕ1(y)};

(3) The mapping (y, s) 7→ ϕ0
1(y; s) from X × X to R is upper semicontinuous;

(4) For each y ∈ X, the ∂ϕ1(y) is weak∗ compact, convex, and contains at least one element of X∗;
(5) The graph of ∂ϕ1 is closed in X × X∗, with X∗ in the weak∗ topology.

Proposition 2. [25] Let X be a reflexive Banach space and T : X → 2X
∗

be a generalized pseudomono-
tone operator. If T is bounded, and for all y ∈ X, the set T (y) ⊆ X∗ is convex, closed, and nonempty,
then T is pseudomonotone.

We impose the following assumptions, denoted by A1. Let ψ : Σ3 × R→ R satisfy:
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2552

(1) For every e ∈ R, the mapping ψ(·, e) satisfies the measurability condition on Σ3;
(2) For almost every y ∈ Σ3, ψ(·, e) is locally Lipschitz;
(3) Nonnegative constants c0, c1 exist such that

|∂ψ(y, e)| ≤ c0 + c1|e| ∀e ∈ R, a.e. y ∈ Σ3;

(4) A constant c ∈ R exists such that

ψ0(y, e; c − e) ≤ 0 ∀e ∈ R, a.e. y ∈ Σ3;

(5) If ψ0(y, e; c − e) = 0 ∀e ∈ R, a.e. y ∈ Σ3, then e = c.

Proposition 3. [21] Define the functional L : L2(Σ3)→ R by

L(z) =
∫
Σ3

ψ(y, z(y)) dΣ, ∀z ∈ L2(Σ3).

Under assumptions (1)–(3) of A1 and by Corollary 4.15 in [7], the functional L satisfies the following
properties:

(1) The functional L is Lipschitz continuous on bounded subsets of L2(Σ3);
(2) For all z, v ∈ L2(Σ3), L0(z; v) ≤

∫
Σ3
ψ0(y, z(y); v(y)) dΣ;

(3) For every z ∈ L2(Σ3), the Clarke generalized gradient of L obeys the estimate

∥∂L(z)∥L2(Σ3) ≤ c0 + c1∥z∥L2(Σ3),

where c0, c1 ≥ 0 are constants.

Based on the preceding definitions, we now introduce some lemmas that provide the analytical
framework for the investigation of the associated HVIs. Lemmas 1 and 2 are taken from Theorems 3.61
and 3.69 in [7], respectively.

Lemma 1. Let X be a reflexive Banach space. If T : X → 2X
∗

is coercive and pseudomonotone, then T
is a surjection.

Lemma 2. LetX be a reflexive Banach space. If T : X → X∗ is bounded, monotone, and hemicontinuous,
then T is pseudomonotone.

Lemma 3. [21] Let { fn} ⊂ L2(D), {rn} ⊂ L2(Σ2), and sn ∈ S for n ∈ N. Define Fn ∈ S ∗ by

Fn(s) =
∫

D
fns dy −

∫
Σ2

rns dΣ, ∀s ∈ S .

Suppose that fn ⇀ f in L2(D), rn ⇀ r in L2(Σ2), and sn ⇀ s in S . Then,

lim Fn(sn) = F(s) and ∥Fn∥S ∗ ≤ C ∀n ∈ N,

where C is a positive constant independent of n.

Lemma 4. [20] The variational form of (1.1) is expressed as follows: Find µ ∈ E such that

A(µ, s) = F(s), ∀s ∈ E0, (2.1)

and the solution to this variational equation is unique.
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3. Existence analysis of solutions to hemivariational inequalities

Theorem 1. Assume that A1 holds. Let ∥β∥L∞ ≤ 1/C2
1, where C2

1 is the trace constant associated with
the trace operator. Then, for any F ∈ S ∗0 and any λ > 0, the inequality (1.3) has a solution.

Proof. We denote by ⟨·, ·⟩ the duality pairing between S ∗0 and S 0. Define the operator B1 : S 0 → S ∗0 by

⟨B1µ, s⟩ = A(µ, s) −
∫
Σ3

βµs dΣ, ∀µ, s ∈ S 0.

We show that the operator B1 is hemicontinuous. To this end, define the function

g(t) = ⟨B1(µ + ts), z⟩, for z ∈ S 0.

Substituting the operator B1, we obtain

g(t) =
(
A(µ, z) −

∫
Σ3

βµz dΣ
)
+ t

(
A(s, z) −

∫
Σ3

βsz dΣ
)
. (3.1)

By the definition of B1, we have

⟨B1µ, z⟩ = A(µ, z) −
∫
Σ3

βµz dΣ, ⟨B1s, z⟩ = A(s, z) −
∫
Σ3

βsz dΣ.

Hence, g(t) = ⟨B1µ, z⟩ + t⟨B1s, z⟩, which is continuous on [0, 1]. It follows from Definition 4 that B1 is
hemicontinuous. By the definition of the operator norm, it holds that

∥B1µ∥S ∗0 = sup
∥s∥S 0≤1

∣∣∣⟨B1µ, s⟩
∣∣∣ = sup

∥s∥S 0≤1

∣∣∣∣A(µ, s) −
∫
Σ3

βµsdΣ
∣∣∣∣. (3.2)

Applying the Cauchy–Schwarz inequality, we obtain

|A(µ, s)| =
∣∣∣∣∫

D
∇µ · ∇s dy

∣∣∣∣ ≤ ∥∇µ∥L2(D) ∥∇s∥L2(D) = ∥µ∥S 0 ∥s∥S 0 . (3.3)

The boundedness of the trace operator guarantees a constant C1 > 0 for which ∥γµ∥L2(Σ3) ≤

C1 ∥µ∥S 0 , ∀µ ∈ S 0. By the boundedness of β and the trace operator, we have∣∣∣∣∣∣
∫
Σ3

βµsdΣ

∣∣∣∣∣∣ ≤ ∥β∥L∞(Σ3) ∥µ∥L2(Σ3) ∥s∥L2(Σ3) ≤ C2
1∥β∥L∞(Σ3)∥µ∥S 0∥s∥S 0 . (3.4)

Combining this with (3.3), we obtain∣∣∣⟨B1µ, s⟩
∣∣∣ ≤ ∥µ∥S 0 ∥s∥S 0 + ∥β∥L∞(Σ3)C2

1∥µ∥S 0∥s∥S 0

=
(
1 + ∥β∥L∞(Σ3)C2

1
)
∥µ∥S 0 ∥s∥S 0 .

Taking the supremum for all s ∈ S 0 with ∥s∥S 0 ≤ 1, we get

∥B1µ∥S ∗0 ≤
(
1 + ∥β∥L∞(Σ3)C2

1
)
∥µ∥S 0 .
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To verify the coercivity of the operator B1, we compute

⟨B1µ, µ⟩ = A(µ, µ) −
∫
Σ3

βµ2dΣ ≥ ∥µ∥2S 0
− ∥β∥L∞(Σ3)

∫
Σ3

µ2 dΣ

≥ ∥µ∥2S 0
− ∥β∥L∞(Σ3) C2

1 ∥µ∥
2
S 0
=

(
1 − ∥β∥L∞(Σ3)C2

1
)
∥µ∥2S 0

.

Because ∥β∥L∞ ≤ 1/C2
1, the operator B1 is coercive. By Definition 5, the operator B1 is also monotone.

In conclusion, the operator B1 is hemicontinuous, bounded, and monotone. Therefore, B1 satisfies
Lemma 2 and is a pseudomonotone operator. Define the multivalued operator B2 : S 0 → 2S ∗0 by

B2(s) = λγ∗∂L(γs), ∀s ∈ S 0,

where γ∗ : L2(Σ) → S ∗0 is the adjoint operator corresponding to the trace operator γ : S 0 → L2(Σ).
Proposition 1(4) ensures that, for every s ∈ S 0, the set B2(s) is convex, closed, and nonempty in S ∗0.
Moreover, the operator B2 satisfies the following boundedness estimate:

∥B2s∥S ∗0 = ∥λγ
∗∂L(γs)∥S ∗0 ≤ λ∥γ

∗∥ ∥∂L(γs)∥L2(Σ3)

≤ λ∥γ∗∥
(
c̄0 + c̄1∥γ∥ ∥s∥S 0

)
, ∀s ∈ S 0,

(3.5)

where ∥γ∥ stands for the operator norm corresponding to the mapping γ : S 0 → L2(Σ). It will be shown
that B2 is generalized pseudomonotone. In accordance with Definition 6, let {sn} ⊂ S 0 and {s∗n} ⊂ S ∗0 be
sequences such that

sn ⇀ s in S 0, s∗n ⇀ s∗ in S ∗0, s∗n ∈ B2(sn) ∀n ∈ N,

and lim sup⟨s∗n, sn − s⟩S ∗0×S 0 ≤ 0. To establish the generalized pseudomonotonicity of B2, it suffices to
show that

s∗ ∈ B2(s) and lim⟨s∗n, sn⟩S ∗0×S 0 = ⟨s
∗, s⟩S ∗0×S 0 .

By the definition of the operator B2, the inclusion s∗n ∈ B2(sn) guarantees the existence of ρn ∈

∂L(γsn) such that s∗n = λ γ
∗ρn. According to Proposition 3(3), the sequence {ρn} is bounded in L2(Σ3).

There is a subsequence, which we continue to denote by {ρn}, and an element ρ ∈ L2(Σ3) such that
ρn ⇀ ρ in L2(Σ3). Moreover, because the trace operator γ : S 0 → L2(Σ3) is compact, the weak
convergence sn ⇀ s in S 0 yields γsn → γs in L2(Σ3). By virtue of Proposition 1(5), the graph of the
Clarke subdifferential ∂L is strongly-weakly closed. Hence, ρ ∈ ∂L(γs). We obtain s∗ = λ γ∗ρ, and
s∗ ∈ λγ∗∂L(γs) = B2(s). Next, we verify the convergence of the corresponding duality pairings. Indeed,
for each n ∈ N,

⟨s∗n, sn⟩ = λ⟨ρn, γsn⟩L2(Σ3) = λ⟨ρn, γs⟩L2(Σ3) + λ⟨ρn, γ(sn − s)⟩L2(Σ3). (3.6)

Because ρn ⇀ ρ in L2(Σ3), and γs ∈ L2(Σ3) is fixed, we conclude that

lim⟨ρn, γs⟩L2(Σ3) = ⟨ρ, γs⟩L2(Σ3).

Applying the Cauchy–Schwarz inequality together with the boundedness of the sequence {ρn} in L2(Σ3),
we have ∣∣∣⟨ρn, γ(sn − s)⟩L2(Σ3)

∣∣∣ ≤ ∥ρn∥L2(Σ3) ∥γ(sn − s)∥L2(Σ3).
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Consequently,
lim⟨s∗n, sn⟩ = λ⟨ρ, γs⟩L2(Σ3) = ⟨λγ

∗ρ, s⟩ = ⟨s∗, s⟩.

Finally, by Proposition 2, the operator B2 is pseudomonotone.
To prove the surjectivity of B1 + B2, it remains to show that it is coercive. Under assumption A1(4)

and conditions (1) and (2) of Proposition 1, it holds that for all e ∈ R and for almost every y ∈ Σ3,

ψ0(y, e;−e) = ψ0(y, e; (c − e) − c
)
≤ ψ0(y, e; c − e) + ψ0(y, e;−c)

≤ ψ0(y, e;−c) ≤ sup
ξ∈∂ψ(y,e)

|ξ| |c| ≤ |c|
(
c0 + c1|e|

)
. (3.7)

Next, let s ∈ S 0 and s∗ ∈ B2(s). Then, we get ρ ∈ ∂L(γs) such that s∗ = λγ∗ρ. According to
Proposition 3(2), we derive

λ⟨ρ,−γs⟩L2(Σ3) ≤ λL0(γs;−γs) ≤ λ
∫
Σ3

ψ0(y, γs(y);−γs(y)
)

dΣ

≤ λ|c|
∫
Σ3

(
c0 + c1|γs(y)|

)
dΣ ≤ a0 + a1∥s∥S 0 ,

where the constants a0 and a1 are defined by

a0 = λ|c|c0|Σ3| ≥ 0, a1 = λ|c|c1

√
|Σ3| ∥γ∥∥s∥S 0 ≥ 0.

By the relation λ⟨ρ, γs⟩L2(Σ3) = ⟨s∗, s⟩, we infer that

⟨s∗, s⟩ ≥ −a0 − a1∥s∥S 0 , ∀s ∈ S 0.

For the multivalued operator B2, it follows that

inf
s∗∈B2 s
⟨s∗, s⟩ ≥ −a0 − a1∥s∥S 0 .

Combining this estimate with the coercivity of B1, we obtain

⟨(B1 + B2)s, s⟩ ≥ m̃∥s∥2S 0
− a1∥s∥S 0 − a0. (3.8)

Consequently, the operator B1 + B2 is bounded, coercive, and pseudomonotone. By Lemma 1, it follows
that B1 + B2 is surjective; hence, there exists µ ∈ S 0 such that F ∈ (B1 + B2)µ.

In the concluding step of the proof, we demonstrate that every element µ ∈ S 0 satisfying the inclusion
F ∈ (B1 + B2)µ also fulfills the hemivariational inequality (1.3). From the relation B1µ + λγ

∗ρ = F, ρ ∈
∂L(γµ), it follows that

⟨B1µ, s⟩ + λ⟨ρ, γs⟩L2(Σ3) = ⟨F, s⟩, ∀s ∈ S 0.

By combining the definition of ∂L(γµ) with Proposition 3(2), we obtain

⟨F, s⟩ = ⟨B1µ, s⟩ + λ⟨ρ, γs⟩L2(Σ3)

≤ ⟨B1µ, s⟩ + λL0(γµ; γs)

≤ A(µ, s) −
∫
Σ3

βµsdΣ + λ
∫
Σ3

ψ0(γµ; γs)dΣ, ∀s ∈ S 0.

(3.9)

This shows that every µ ∈ S 0 satisfying the inclusion F ∈ (B1 + B2)µ also constitutes a solution to the
hemivariational inequality (1.3). □
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Suppose that the assumption A1(4) is replaced by the relaxed monotonicity condition

ψ0(y, e; j − e) + ψ0(y, j; e − j) ≤ m1|e − j|2, ∀e, j ∈ R, a.e. y ∈ Σ3,

where m1 ≥ 0. Here, the constant m1 denotes the relaxed monotonicity constant associated with the
locally Lipschitz function ψ; when ψ is convex, the condition holds with m1 = 0 [25]. Moreover, if the
following smallness condition holds:

m̃ − ∥β∥L∞∥γ∥2 > λm1∥γ∥
2, m̃ ≥ 0,

then problem (1.3) has a unique solution.

Theorem 2. Assume that A1 holds, and let λ > 0 be given. Let Fn, F ∈ S ∗ be the associated linear
functionals, and let µn ∈ S 0 denote the solutions of the boundary hemivariational inequality

A(µn, s) −
∫
Σ3

βµns dΣ + λ
∫
Σ3

ψ0(µn; s) dΣ ≥ Fn(s), ∀s ∈ S 0,

where the sequence {Fn} satisfies

lim Fn(vn) = F(v) for any sequence vn ⇀ v in S . (3.10)

Then, there exist a subsequence {µn} and an element ξ ∈ S 0 such that µn ⇀ ξ in S , and ξ is a solution of
(1.3). Moreover, if the relaxed monotonicity condition and the smallness condition are both satisfied,
then (1.3) has a unique solution µ ∈ S 0 associated with F. In this case, the entire sequence {µn}

converges strongly to µ, namely,
µn → µ in S as n→ ∞.

Proof. Let µn ∈ S 0 denote the solution to problem (1.3) associated with Fn, and let µ∗ ∈ E be the
solution to problem (2.1). Choosing the test function s1 = µ

∗ − µn ∈ S 0, we obtain

A(µn, s1) −
∫
Σ3

βµns1 dΣ + λ
∫
Σ3

ψ0(µn; s1) dΣ ≥ Fn(s1).

Consequently, we get

A(s1, s1) +
∫
Σ3

βµns1 dΣ ≤ A(µ∗, s1) − Fn(s1) + λ
∫
Σ3

ψ0(µn; s1) dΣ. (3.11)

Because the bilinear form A satisfies the properties of boundedness and coercivity, it holds that

m̃ ∥s1∥
2
S ≤ A(µ∗, µ∗ − µn) + Fn(µn − µ

∗) −
∫
Σ3

βµn(µ∗ − µn) dΣ

≤ M ∥µ∗∥S ∥s1∥S + ∥β∥L∞ ∥γ∥
2 ∥µn∥S ∥s1∥S + ∥Fn∥S ∗ ∥s1∥S .

Consequently, we have

m̃ ∥µ∗ − µn∥S ≤ M ∥µ∗∥S + ∥β∥L∞ ∥γ∥2 ∥µn∥S + ∥Fn∥S ∗ .
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Applying the triangle inequality yields

(m̃ − ∥β∥L∞ ∥γ∥2) ∥s1∥S ≤ (M + ∥β∥L∞ ∥γ∥2) ∥µ∗∥S + ∥Fn∥S ∗ .

Hence, we obtain

∥s1∥S ≤
(M + ∥β∥L∞ ∥γ∥2) ∥µ∗∥S + ∥Fn∥S ∗

m̃ − ∥β∥L∞ ∥γ∥2
=: ka,

and by the triangle inequality,

∥µn∥S ≤ ∥µ
∗ − µn∥S + ∥µ

∗∥S ≤ ka + ∥µ
∗∥S , ∀n ∈ N,

where ka > 0 is independent of n. The sequence {µn} is uniformly bounded in S and in S 0. Because S 0

is reflexive, we can find ξ ∈ S 0 and a subsequence, which we continue to denote by {µn}, such that

µn ⇀ ξ in S 0 as n→ ∞.

Next, we verify that ξ ∈ S 0 satisfies (2.1). Because µn ∈ S 0, we have

A(µn, s) −
∫
Σ3

βµn s dΣ + λ
∫
Σ3

ψ0(µn; s) dΣ ≥ Fn(s), ∀s ∈ S 0.

By taking the limit superior as n→ ∞ and applying the weak continuity of A(·, s) together with (3.10),
we obtain

A(ξ, s) −
∫
Σ3

βµn s dΣ + λ lim sup
∫
Σ3

ψ0(µn; s) dΣ ≥ F(s), ∀s ∈ S 0. (3.12)

The compactness of the trace operator from S into L2(Σ3) ensures that

µn|Σ3 → ξ|Σ3 in L2(Σ3) as n→ ∞.

Furthermore, a subsequence, which we continue to denote by {µn}, can be selected such that

µn(y)→ ξ(y) a.e. y ∈ Σ3, and |µn(y)| ≤ h1(y) a.e. y ∈ Σ3,

for some h1 ∈ L2(Σ3). Because the mapping (e, j) ∈ R × R 7→ ψ0(y, e, j) ∈ R is upper semicontinuous
almost everywhere on Σ3, we have

lim supψ0(y, µn(y); s(y)) ≤ ψ0(y, ξ(y); s(y)) a.e. y ∈ Σ3. (3.13)

In view of the estimate∣∣∣ψ0(y, µn(y); s(y))
∣∣∣ ≤ (

c0 + c1|µn(y)|
)
|s(y)| ≤ k1(y) a.e. y ∈ Σ3,

where k1 ∈ L1(Σ3) is defined by k1(y) =
(
c0 + c1h1(y)

)
|s(y)|, we may apply the reverse Fatou lemma

(see [26]) to get

lim sup
∫
Σ3

ψ0(y, µn(y); s(y))dΣ ≤
∫
Σ3

lim supψ0(y, µn(y); s(y))dΣ. (3.14)
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Combining (3.13) with (3.14), it follows that

lim sup
∫
Σ3

ψ0(y, µn(y); s(y)) dΣ ≤
∫
Σ3

ψ0(y, ξ(y); s(y)) dΣ.

By inserting the result into (3.12), we obtain

A(ξ, s) −
∫
Σ3

βµns dΣ + λ
∫
Σ3

ψ0(ξ; s) dΣ ≥ F(s), ∀s ∈ S 0. (3.15)

Because µn ⇀ ξ in S , and the trace operator γ : S 0 → L2(Σ3) is compact, it follows that µn|Σ3 → ξ|Σ3 in
L2(Σ3). Consequently, we have

lim
∫
Σ3

β(y)µn(y)s(y) dΣ =
∫
Σ3

β(y)ξ(y)s(y) dΣ. (3.16)

By taking the limit in the hemivariational inequality (3.12) satisfied by µn and substituting this result,
we obtain

A(ξ, s) −
∫
Σ3

βξs dΣ + λ
∫
Σ3

ψ0(ξ; s) dΣ ≥ F(s), ∀s ∈ S 0, (3.17)

which confirms that ξ ∈ S 0 solves problem (1.3).
In addition, assuming the relaxed monotonicity and smallness conditions, the existence of a solution

to (1.3) is ensured by the first part of the theorem. To verify uniqueness, assume that µ1, µ2 ∈ S 0 are two
solutions of problem (1.3). For the inequality associated with µ1, we choose the test function µ2 − µ1,
and for the inequality associated with µ2, we choose the test function µ1 − µ2. Adding the two resulting
inequalities yields

A(µ1 − µ2, µ2 − µ1) +
∫
Σ3

β(µ2 − µ1)2 dΣ

+ λ

∫
Σ3

(
ψ0(µ1; µ2 − µ1) + ψ0(µ2; µ1 − µ2)

)
dΣ ≥ 0.

Using the coercivity of the bilinear form A together with the relaxed monotonicity assumption, we
derive

m̃∥µ1 − µ2∥
2
S ≤

∫
Σ3

β(µ2 − µ1)2dΣ + λm1

∫
Σ3

|µ1(y) − µ2(y)|2dΣ

≤ ∥β∥L∞∥γ∥
2∥µ1 − µ2∥

2
S + λm1∥γ∥

2∥µ1 − µ2∥
2
S .

The smallness condition implies that µ1 = µ2. Therefore, the solution of problem (1.3) in S 0 is unique.
In view of (3.17), it follows that ξ = µ.

Finally, we prove the sequence µn → µ in S . By taking suitable test functions from S 0 in the
hemivariational inequalities (1.3) and (3.17), we have

A(µn, µ − µn) −
∫
Σ3

βµn(µ − µn)dΣ + λ
∫
Σ3

ψ0(µn; µ − µn)dΣ ≥ Fn(µ − µn), (3.18)

A(µ, µn − µ) −
∫
Σ3

βµ(µn − µ)dΣ + λ
∫
Σ3

ψ0(µ; µn − µ)dΣ ≥ F(µn − µ). (3.19)
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By summing the two inequalities, we deduce

A(µn − µ, µ − µn) + λ
∫
Σ3

[
ψ0(µn; µ − µn) + ψ0(µ; µn − µ)

]
dΣ

+

∫
Σ3

β(µ − µn)2dΣ ≥ Fn(µ − µn) + F(µn − µ).

Applying the coercivity of A together with the relaxed monotonicity condition, we obtain

m̃ ∥µn − µ∥
2
S ≤ ∥β∥L∞∥γ∥

2∥µn − µ∥
2
S + λm1∥γ∥

2∥µn − µ∥
2
S

+ Fn(µn − µ) + F(µ − µn),
(3.20)

which implies (
m̃ − ∥β∥L∞∥γ∥2 − λm1∥γ∥

2)∥µn − µ∥
2
S ≤ Fn(µn − µ) + F(µ − µn).

Combining (3.10) with the smallness condition, we obtain

∥µn − µ∥S → 0 as n→ ∞.

Due to the uniqueness of µ ∈ S 0, we get µn → µ in S . □

4. Asymptotic analysis of solutions

In this section, we analyze the limiting behavior of the solutions to problem (1.3) as λ→ ∞.

Theorem 3. Assume that A1 and the smallness condition hold. Let µλ ⊂ S 0 consist of solutions
to problem (1.3), and let µ ∈ E denote the unique solution corresponding to problem (2.1). As a
consequence, as λ→ ∞, we have

µλ → µ in S .

Proof. To prove the boundedness of the sequence {µλ}, we take the test function s2 = µ − µλ ∈ S 0 in
problem (1.3), which gives

A(µλ, s2) −
∫
Σ3

βµλs2dΣ + λ
∫
Σ3

ψ0(µλ; s2)dΣ ≥ F(s2).

Using the relation A(µλ, µ − µλ) = −A(µ − µλ, µ − µλ) + A(µ, µ − µλ), we obtain

A(s2, s2) − λ
∫
Σ3

ψ0(µλ; s2)dΣ ≤ A(µ, s2) −
∫
Σ3

βµλs2dΣ − F(s2). (4.1)

Because we have ψ0(y, µλ; µ − µλ) = ψ0(y, µλ; c − µλ) on Σ3 and by assumption A1(4), it follows that

ψ0(y, µλ; µ − µλ) ≤ 0 on Σ3.

Therefore, the inequality reduces to

A(s2, s2) ≤ A(µ, s2) −
∫
Σ3

βµλ s2 dΣ − F(s2). (4.2)
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Owing to the coercivity and continuity of the bilinear form A, we can find constants m̃,M > 0 satisfying

m̃ ∥s2∥
2
S ≤

(
M∥µ∥S + ∥β∥L∞∥γ∥2∥µλ∥S + ∥F∥S ∗

)
∥s2∥S ,

where ∥γ∥ stands for the norm of the trace operator. Dividing both sides by ∥s2∥S yields

m̃∥s2∥S ≤ M∥µ∥S + ∥β∥L∞∥γ∥2∥µλ∥S + ∥F∥S ∗ . (4.3)

Using the inequality ∥µλ∥S ≤ ∥s2∥S + ∥µ∥S together with (4.3), we infer that

∥s2∥S ≤
M∥µ∥S + ∥β∥L∞∥γ∥2∥µ∥S + ∥F∥S ∗

m̃ − ∥β∥L∞∥γ∥2
=: kb, (4.4)

where kb > 0 does not depend on λ. It follows that ∥µλ∥S ≤ kb + ∥µ∥S . The reflexivity of S ensures the
existence of an element µ∗ ∈ S and a subsequence, which we continue to denote by µλ, such that

µλ ⇀ µ∗ in S as λ→ ∞.

Next, we verify that the weak limit µ∗ belongs to E. Because the sequence µλ converges weakly to µ∗ in S ,
the compact embedding induced by the trace operator implies that µλ|Σ3 → µ∗|Σ3 as λ→ ∞.By extracting
a subsequence, which we continue to denote by {µλ}, we have µλ(y) → µ∗(y) for almost every y ∈
Σ3, with a function h2 ∈ L2(Σ3) satisfying |µλ(y)| ≤ h2(y) for almost every y ∈ Σ3. According to
Proposition 1(3), the function ψ0 is upper semicontinuous. Therefore, for almost every y ∈ Σ3, we have

lim supψ0(y, µλ(y); c − µλ(y)
)
≤ ψ0(y, µ∗(y); c − µ∗(y)

)
.

The following estimate holds for almost every y ∈ Σ3:∣∣∣ψ0(y, µλ(y); c − µλ(y))
∣∣∣ ≤ (

c0 + c1|µλ(y)|
)
|c − µλ(y)| ≤ k2(y),

where k2(y) = (c0 + c1h2(y))(|c| + h2(y)) ∈ L1(Σ3). Applying the reverse Fatou lemma, we have

lim sup
∫
Σ3

ψ0(y, µλ(y); c − µλ(y))dΣ ≤
∫
Σ3

lim supψ0(y, µλ(y); c − µλ(y))dΣ. (4.5)

Combining this with the upper semicontinuity property, we deduce

lim sup
∫
Σ3

ψ0(µλ; c − µλ) dΣ ≤
∫
Σ3

ψ0(µ∗; c − µ∗) dΣ.

Because the bilinear form A is nonnegative, Inequality (4.1) yields

−λ

∫
Σ3

ψ0(µλ; c − µλ) dΣ ≤
1
m̃

(
M∥µ∥S + ∥β∥L∞∥γ∥2∥µλ∥S + ∥F∥S ∗

)2
=: C1,

where C1 > 0 does not depend on λ. Hence, it holds that

−

∫
Σ3

ψ0(µλ; c − µλ) dΣ ≤
C1

λ
. (4.6)
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Combining this estimate with asssumption A1(4), we deduce

0 ≤ −
∫
Σ3

ψ0(µ∗; c − µ∗) dΣ ≤ lim inf
(
−

∫
Σ3

ψ0(µλ; c − µλ) dΣ
)
≤ 0.

This yields
∫
Σ3
ψ0(µ∗; c−µ∗)dΣ = 0.Applying assumption A1(4), we conclude that ψ0(y, µ∗(y); c−µ∗(y)) =

0 for almost every y ∈ Σ3. Then, by assumption A1(5), it follows that µ∗(y) = c for almost every y ∈ Σ3.

Subsequently, we show that µ∗ = µ. By the weak sequential closedness of S 0 in S , the weak limit µ∗

of the sequence {µλ} ⊂ S 0 belongs to S 0. For any z ∈ E, we choose the test function s = z − µλ ∈ S 0.
Substituting this choice into the hemivariational inequality (1.3), we obtain

A(µλ, z − µλ) −
∫
Σ3

βµλ(z − µλ)dΣ + λ
∫
Σ3

ψ0(µλ; z − µλ)dΣ ≥ F(z − µλ). (4.7)

Because z = c on Σ3, assumption A1(4) yields

ψ0(µλ; z − µλ) = ψ0(µλ; c − µλ) ≤ 0 on Σ3.

As a consequence, we obtain

A(µλ, z − µλ) −
∫
Σ3

βµλ(c − µλ)dΣ ≥ F(z − µλ).

As λ→ ∞, the sequence µλ ⇀ µ∗ in S , and the compact embedding of the trace operator γ : S 0 → L2(Σ3)
ensures that the strong convergence, that is, µλ|Σ3 → µ∗|Σ3 in L2(Σ3). It follows that

lim
∫
Σ3

µλ(c − µλ)dΣ =
∫
Σ3

µ∗(c − µ∗)dΣ. (4.8)

Let us now define v = z − µ∗. Noting that z, µ∗ ∈ E, we conclude that v ∈ E0. Taking the limit inferior as
λ→ ∞ and applying the fact that A is weakly lower semicontinuous, we obtain

A(µ∗, v) ≥ F(v) ∀v ∈ E0.

Noting that E0 is a linear subspace, we have

A(µ∗, v) = F(v) ∀v ∈ E0, (4.9)

which shows that µ∗ solves the problem (2.1). By uniqueness, we conclude that µ∗ = µ.
Finally, we prove the sequence µλ → µ in S as λ→ ∞. Choosing test function s3 = µ − µλ ∈ S 0 in

the inequality (1.3) leads to

A(µλ, s3) −
∫
Σ3

βµλs3dΣ + λ
∫
Σ3

ψ0(µλ; s3)dΣ ≥ F(s3).

By applying the relation

A(µλ, µ − µλ) = A(µ, µ − µλ) − A(µ − µλ, µ − µλ),
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the inequality can be expressed as

A(s3, s3) ≤ A(µ, s3) − F(s3) −
∫
Σ3

βµλs3dΣ + λ
∫
Σ3

ψ0(µλ; s3)dΣ.

Because µ = c on Σ3, and assumption A1(4) holds, we have

ψ0(µλ; µ − µλ) = ψ0(µλ; c − µλ) ≤ 0 a.e. on Σ3.

Using this property together with the coercivity of A, we obtain

m̃∥s3∥
2
S ≤ A(µ, s3) − F(s3) −

∫
Σ3

βµλs3 dΣ. (4.10)

The weak convergence µλ ⇀ µ in S as λ→ ∞ implies

lim
[
A(µ, µ − µλ) − F(µ − µλ)

]
= 0.

Because the trace operator Σ : S 0 → L2(Σ3) is compact, the sequence µλ|Σ3 converges strongly to µ|Σ3 in
L2(Σ3), which yields

lim
∫
Σ3

µλ(µ − µλ) dΣ = 0.

Taking the limit λ→ ∞ in (4.10), we obtain lim m̃∥µ−µλ∥2S ≤ 0, and therefore ∥µ−µλ∥S → 0 as λ→ ∞.
This completes the proof. □

5. Optimal control problem

We investigate an optimal control problem governed by HVIs. For each λ > 0, the problem aims to
determine an optimal pair ( f λ, rλ) ∈ H × Q satisfying

Lλ( f λ, rλ) = min
( f ,r)∈H×Q

Lλ( f , r).

The associated cost functional Lλ : H × Q→ R is expressed as

Lλ( f , r) =
1
2
∥µλ f r − vd∥

2
H +

Ma

2
∥ f ∥2H +

Mb

2
∥r∥2Q, (5.1)

where µλ f r denotes the state corresponding to the control variables ( f , r), defined as the solution of (1.3).
Here, vd ∈ H is a prescribed desired state, and Ma,Mb > 0 are positive constants.

Theorem 4. Assume that conditions (1)–(4) of A1 and the smallness condition hold. For each parameter
λ > 0, at least one solution exists for the optimal control problem governed by HVIs.

Proof. We define Tλ( f , r) as the set of solutions to the hemivariational inequality (1.3) corresponding
to given controls f ∈ H and r ∈ Q, for a given λ > 0, assuming that solutions exist. This allows us to
define the value

m = inf
{
Lλ( f , r) : ( f , r) ∈ H × Q, µλ f r ∈ Tλ( f , r)

}
≥ 0. (5.2)
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For each λ > 0, assume that {( f λn , r
λ
n)}n∈N ⊂ H × Q is a minimizing sequence satisfying

m ≤ Lλ( f λn , r
λ
n) ≤ m +

1
n
, (5.3)

with associated states µλ f λn rλn solving the hemivariational inequality (1.3). To verify boundedness, let
µ ∈ E denote the solution of problem (2.1). Taking s4 = µ − µλ f λn rλn ∈ S 0 in the inequality (1.3) yields

A(µλ f λn rλn , s4) −
∫
Σ3

βµλ f λn rλn s4dΣ + λ
∫
Σ3

ψ0(µλ f λn rλn ; s4) dΣ

≥

∫
D

f λn s4 dy −
∫
Σ2

rλn s4 dΣ.

Rewriting the inequality yields

A(s4, s4) ≤A(µ, s4) −
∫
Σ3

βµλ f λn rλn s4dΣ + λ
∫
Σ3

ψ0(µλ f λn rλn ; s4)dΣ

−

∫
D

f λn s4dy +
∫
Σ2

rλn s4dΣ.
(5.4)

Moreover, the coercivity of the functional Lλ,

lim
∥( f ,r)∥H×Q→+∞

Lλ( f , r) = +∞, ∥( f , r)∥2H×Q = ∥ f ∥
2
H + ∥r∥

2
Q,

guarantees that {( f λn , r
λ
n)} is bounded in H × Q. Suppose that the sequence {( f λn , r

λ
n)} is unbounded. Then,

the coercivity of Lλ would imply Lλ( f λn , r
λ
n)→ +∞, contradicting (5.3). This implies the existence of a

λ-independent constant C2 > 0 satisfying

∥ f λn ∥H ≤ C2, ∥rλn∥Q ≤ C2.

By assumption A1(4) together with the coercivity and boundedness of the A(·, ·), we have

m̃ ∥s4∥
2
S ≤ A(µ, s4) −

∫
Σ3

βµλ f λn rλn s4dΣ −
∫

D
f λn s4dy +

∫
Σ2

rλn s4dΣ

≤
(
M∥µ∥S + ∥ f λn ∥H + ∥r

λ
n∥Q∥γ∥ + ∥β∥L∞∥γ∥

2∥µλ f λn rλn∥S
)
∥s4∥S .

(5.5)

Observing that ∥µλ f λn rλn∥S ≤ ∥s4∥S + ∥µ∥S , we have

∥s4∥S ≤
M∥µ∥S + ∥ f λn ∥H + ∥r

λ
n∥Q∥γ∥ + ∥β∥L∞∥γ∥

2∥µ∥S

m̃ − ∥β∥L∞∥γ∥2
.

Consequently, the sequence of states satisfies

∥µλ f λn rλn∥S ≤ ∥s4∥S + ∥µ∥S =: C3,

where ∥γ∥ stands for the norm of the trace operator, m̃,M > 0 are constants, and C3 > 0 is independent
of λ. For every λ > 0, as n→ ∞,

µλ f λn rλn ⇀ ρλ in S 0, f λn ⇀ τλ in H, rλn ⇀ ζλ in Q.
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for some τλ ∈ H, ζλ ∈ Q, and ρλ ∈ S 0. Moreover, for every s ∈ S 0, the following hemivariational
inequality is satisfied by each ( f λn , r

λ
n):

A
(
µλ f λn rλn , s

)
−

∫
Σ3

βµλ f λn rλn s dΣ + λ
∫
Σ3

ψ0(µλ f λn rλn ; s
)
dΣ

≥

∫
D

f λn sdy −
∫
Σ2

rλn sdΣ.
(5.6)

Considering the limit superior n→ ∞, we deduce

A(ρλ, s) −
∫
Σ3

βρλ s dΣ + λ lim sup
∫
Σ3

ψ0(µλ f λn rλn ; s)dΣ

≥

∫
D
τλsdy −

∫
Σ2

ζλsdΣ, ∀s ∈ S 0.

(5.7)

By the compact embedding S ↪→ L2(Σ3), it follows that µλ f λn rλn

∣∣∣
Σ3
→ ρλ|Σ3

in L2(Σ3). By extracting a
subsequence, which we continue to denote by µλ f λn rλn , we have µλ f λn rλn (y)→ ρλ(y) for almost every y ∈ Σ3,

and there is a function h3 ∈ L2(Σ3) satisfying |µλ f λn rλn (y)| ≤ h3(y) for almost every y ∈ Σ3. Then, by
invoking the upper semicontinuity of the mapping (e, j) 7→ ψ0(y, e; j), we obtain

lim supψ0(y, µλ f λn rλn (y); s(y)
)
≤ ψ0(y, ρλ(y); s(y)

)
for a.e. y ∈ Σ3.

Under assumption A1(4), the following estimate holds:∣∣∣ψ0(y, µλ f λn rλn (y); s(y))
∣∣∣ ≤ (c0 + c1|µλ f λn rλn (y)|)|s(y)| ≤ k3(y),

where we set k3(y) = (c0 + c1h3(y))|s(y)| ∈ L1(Σ3). Then, applying the reverse Fatou lemma, we deduce

lim sup
∫
Σ3

ψ0(µλ f λn rλn ; s) dΣ ≤
∫
Σ3

ψ0(ρλ; s) dΣ.

Substituting the inequality into (5.7) yields

A(ρλ, s) −
∫
Σ3

βρλ s dΣ + λ
∫
Σ3

ψ0(ρλ; s)dΣ

≥

∫
D
τλs dy −

∫
Σ2

ζλs dΣ, ∀s ∈ S 0,

(5.8)

which confirms that ρλ is a solution of the hemivariational inequality (1.3). Furthermore, the fact that Lλ
is weakly lower semicontinuous yields

m ≥ lim inf Lλ( f λn , r
λ
n)

≥
1
2
∥ρλ − vd∥

2
H +

Ma

2
∥τλ∥

2
H +

Mb

2
∥ζλ∥

2
Q

= Lλ(τλ, ζλ),

which demonstrates that (τλ, ζλ) is an optimal control for the problem. □
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After confirming that a solution exists for the problem (5.1), we investigate its asymptotic behavior.
The optimal control problem governed by the variational equality

find ( f̄ , r̄) ∈ H × Q such that L( f̄ , r̄) = min
( f ,r)∈H×Q

L( f , r)

is known to have a unique solution [10]. The associated cost functional is defined by

L( f , r) =
1
2
∥µ f r − vd∥

2
H +

Ma

2
∥ f ∥2H +

Mb

2
∥r∥2Q. (5.9)

Here, µ f r denotes the unique state corresponding to the control pair ( f , r), which solves the variational
equality (2.1); vd ∈ H is a prescribed target state, and Ma,Mb > 0 are given constants.

Theorem 5. Assume that A1 holds. Let ( f̄λ, r̄λ) be the optimal pair for problem (5.1), and let ( f̄ , r̄)
denote the unique optimal pair for problem (5.9). Then, as λ→ ∞, we have

( f̄λ, r̄λ)→ ( f̄ , r̄) in H × Q, µλ f̄λ r̄λ → µ f̄ r̄ in S .

Proof. To prove the boundedness, we observe that for any given λ > 0, the pair ( f̄λ, r̄λ) solves Prob-
lem (5.1). Consequently, by the optimality of ( f̄λ, r̄λ), the associated cost functional satisfies

1
2

∥∥∥µλ f̄λ r̄λ − vd

∥∥∥2

H
+

Ma

2
∥ f̄λ∥2H +

Mb

2
∥r̄λ∥2Q

≤
1
2
∥µ f r − vd∥

2
H +

Ma

2
∥ f ∥2H +

Mb

2
∥r∥2Q,

for all ( f , r) ∈ H × Q. By choosing f = 0 in D and r = 0 on Σ2, the optimality inequality yields a
positive constant C1 such that

1
2
∥µλ f̄λ r̄λ − vd∥

2
H +

Ma

2
∥ f̄λ∥2H +

Mb

2
∥r̄λ∥2Q ≤

1
2
∥µλ00 − vd∥

2
H ≤ C1.

In view of Theorem 3, the sequence {µλ00} converges as λ→ ∞. As a consequence, we have

∥ f̄λ∥H ≤ C2, ∥r̄λ∥Q ≤ C3, ∥uλ f̄λ r̄λ∥H ≤ C4, (5.10)

where C2, C3, and C4 are positive constants that do not depend on λ. Assume the test function
s5 = µ f̄ r̄ − µλ f̄λ r̄λ ∈ S 0 and use it in the hemivariational inequality (1.3). It follows that

A(µλ f̄λ r̄λ , s5) −
∫
Σ3

βµλ f̄λ r̄λ s5 dΣ + λ
∫
Σ3

ψ0(µλ f̄λ r̄λ; s5
)
dΣ ≥ F(s5).

Using the bilinearity of the operator A(·, ·), we have

A(uλ f̄λ r̄λ , s5) = A(µλ f̄λ r̄λ , s5) − A(s5, s5).

Combining the above relations, we obtain

A(s5, s5) +
∫
Σ3

βµ f̄ r̄ s5dΣ − λ
∫
Σ3

ψ0(µλ f̄λ r̄λ; s5
)
dΣ

≤A(µ f̄ r̄, s5) − F(s5).
(5.11)
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Taking into account the fact that ψ0
(
µλ f̄λ r̄λ; µ f̄ r̄ − µλ f̄λ r̄λ

)
= ψ0

(
µλ f̄λ r̄λ; c − µλ f̄λ r̄λ

)
on Σ3, and invoking

assumption A1(4), it follows that ψ0
(
µλ f̄λ r̄λ; c − µλ f̄λ r̄λ

)
≤ 0 almost everywhere on Σ3. Consequently, we

obtain
A(s5, s5) +

∫
Σ3

βµ f̄ r̄ s5 dΣ ≤ A(µ f̄ r̄, s5) − F(s5).

The coercivity and boundedness properties of the operator A imply that

m̃ ∥s5∥
2
S ≤ ∥s5∥S

[
M ∥µ f̄ r̄∥S + ∥β∥L∞∥γ∥

2∥µ f̄ r̄∥S + ∥F∥S ∗
]
,

for some positive constants m̃ and M. It follows that

∥µλ f̄λ r̄λ∥S ≤ ∥µ f̄ r̄ − µλ f̄λ r̄λ∥S + ∥µ f̄ r̄∥S

≤
1
m̃

(
M ∥µ f̄ r̄∥S + ∥β∥L∞∥γ∥

2∥µ f̄ r̄∥S + ∥F∥S ∗
)
+ ∥µ f̄ r̄∥S

=: C5,

(5.12)

where C5 > 0 denotes a constant independent of of λ. Note that A(µ f̄ r̄ − µλ f̄λ r̄λ , µ f̄ r̄ − µλ f̄λ r̄λ) ≥ 0. Then,
from (5.11), we have

−λ

∫
Σ3

ψ0
(
µλ f̄λ r̄λ; µ f̄ r̄ − µλ f̄λ r̄λ

)
dΣ

≤ ∥µ f̄ r̄ − µλ f̄λ r̄λ∥S

(
M ∥µ f̄ r̄∥S + ∥β∥L∞∥γ∥

2∥µ f̄ r̄∥S + ∥F∥S ∗
)

≤
1
m̃

(
M ∥µ f̄ r̄∥S + ∥β∥L∞∥γ∥

2 ∥µ f̄ r̄∥S + ∥F∥S ∗
)2

=: C6,

(5.13)

where C6 > 0 denotes a constant independent of λ. Consequently, we have

−

∫
Σ3

ψ0
(
µλ f̄λ r̄λ; µ f̄ r̄ − µλ f̄λ r̄λ

)
dΣ ≤

C6

λ
. (5.14)

It follows from (5.12) that the sequence {µλ f̄λ r̄λ} is bounded in S . After extracting a subsequence, which
we continue to denote by µλ f̄λ r̄λ , we have an element p1 ∈ S satisfying

µλ f̄λ r̄λ ⇀ p1 weakly in S as λ→ ∞. (5.15)

Furthermore, by virtue of (5.10), there exist elements p2 ∈ H and p3 ∈ Q such that, after selecting a
suitable subsequence if necessary,

f̄λ ⇀ p2 weakly in H as λ→ ∞, and r̄λ ⇀ p3 weakly in Q as λ→ ∞.

Next, we prove that p1 = µ f̄ r̄, p2 = f̄ , and p3 = r̄. We first show that p1 ∈ E. Indeed, by (5.15) and
the compactness of the trace operator, it follows that µλ f̄λ r̄λ

∣∣∣
Σ3
→ p1|Σ3

in L2(Σ3) as λ→ ∞. By taking a
suitable subsequence when necessary, we may assume that µλ f̄λ r̄λ(y) → p1(y) for almost every y ∈ Σ3

and that there is τ ∈ L2(Σ3) satisfying |µλ f̄λ r̄λ(y)| ≤ τ(y) for almost every y ∈ Σ3. By Proposition 1(3), it
follows that

lim supψ0
(
y, µλ f̄λ r̄λ(y); c − µλ f̄λ r̄λ(y)

)
≤ ψ0

(
y, p1(y); c − p1(y)

)
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for almost every y ∈ Σ3. Using the following estimate,∣∣∣∣ψ0(y, µλ f̄λ r̄λ(y); c − µλ f̄λ r̄λ(y)
)∣∣∣∣ ≤ (

c0 + c1|µλ f̄λ r̄λ(y)|
) ∣∣∣c − µλ f̄λ r̄λ(y)

∣∣∣
≤ k3(y) for a.e. y ∈ Σ3,

where the function k3 ∈ L1(Σ3) is given by k3(y) =
(
c0 + c1τ(y)

)(
|c| + τ(y)

)
, we may apply the reverse

Fatou lemma to get

lim sup
∫
Σ3

ψ0(y, µλ f̄λ r̄λ; c − µλ f̄λ r̄λ
)

dΣ

≤

∫
Σ3

lim supψ0(y, µλ f̄λ r̄λ; c − µλ f̄λ r̄λ
)

dΣ.
(5.16)

Putting together the above arguments, we conclude that

lim sup
∫
Σ3

ψ0(µλ f̄λ r̄λ; c − µλ f̄λ r̄λ
)

dΣ ≤
∫
Σ3

ψ0(p1; c − p1) dΣ.

From Assumption A1(4) and Relation (5.14), it follows that

0 ≤ −
∫
Σ3

ψ0(p1; c − p1) dΣ ≤ lim inf
(
−

∫
Σ3

ψ0(µλ f̄λ r̄λ; c − µλ f̄λ r̄λ
)

dΣ
)
≤ 0.

Therefore, we obtain
∫
Σ3
ψ0(p1; c − p1) dΣ = 0. By assumption A1(4), it follows that ψ0(y, p1(y); c −

p1(y)
)
= 0 for almost every u ∈ Σ3. Moreover, assumption A1(5) implies that p1(y) =

c for almost every y ∈ Σ3, and consequently, p1 ∈ E. We next show that p1 = µ f̄ r̄. Clearly, p1 ∈ S 0

because the sequence {µλ f̄λ r̄λ} ⊂ S 0 is sequentially weakly closed in S . For an arbitrary z ∈ E, we set
s6 = z − µλ f̄λ r̄λ ∈ S 0, and we use it in the hemivariational inequality (1.3). It follows that

A
(
µλ f̄λ r̄λ , s6

)
−

∫
Σ3

βµλ f̄λ r̄λ s6dΣ + λ
∫
Σ3

ψ0(µλ f̄λ r̄λ; s6
)
dΣ ≥ F(s6). (5.17)

Because z = c on Σ3, the assumption A1(4) ensures that

λ

∫
Σ3

ψ0(µλ f̄λ r̄λ; z − µλ f̄λ r̄λ
)

dΣ = λ
∫
Σ3

ψ0(µλ f̄λ r̄λ; c − µλ f̄λ r̄λ
)

dΣ ≤ 0.

Consequently, the hemivariational inequality yields

A
(
µλ f̄λ r̄λ , s6

)
−

∫
Σ3

βµλ f̄λ r̄λ s6 dΣ ≥ F(s6).

Passing to the limit as λ → ∞, the weak convergence µλ f̄λ r̄λ ⇀ p1 in S , together with the compact
embedding induced by the trace operator Σ : S 0 → L2(Σ3), implies that µλ f̄λ r̄λ

∣∣∣
Σ3
→ p1

∣∣∣
Σ3

in L2(Σ3). As a
result, we obtain

lim
∫
Σ3

µλ f̄λ r̄λ
(
c − µλ f̄λ r̄λ

)
dΣ =

∫
Σ3

p1(c − p1)dΣ. (5.18)
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Let us define j = z − p1. As both z and p1 belong to E, it follows that j ∈ E0. Taking the limit inferior
as λ→ ∞ and applying the fact that A is weakly lower semicontinuous, we obtain

A(p1, j) ≥ F( j), ∀ j ∈ E0.

As E0 is a linear subspace, substituting j and − j into the inequality yields

A(p1, j) = F( j), ∀ j ∈ E0.

This shows that p1 solves Problem (2.1), and the uniqueness property immediately gives p1 = µp2 p3 . As
λ→ ∞, µλ f̄λ r̄λ ⇀ µp2 p3 in S . For any ( f , r) ∈ H × Q, we have

Lλ( f̄λ, r̄λ) ≤ Lλ( f , r), (5.19)

which implies

L(p2, p3) =
1
2
∥µp2 p3 − vd∥

2
H +

Ma

2
∥p2∥

2
H +

Mb

2
∥p3∥

2
Q

=
1
2
∥p1 − vd∥

2
H +

Ma

2
∥p2∥

2
H +

Mb

2
∥p3∥

2
Q

≤ lim inf Lλ( f̄λ, r̄λ) ≤ lim inf Lλ( f , r)
= lim Lλ( f , r) = L( f , r), ∀( f , r) ∈ H × Q.

Owing to the uniqueness of the solution of problem (5.9), it follows that p2 = f̄ and p3 = r̄. Conse-
quently, µp2 p3 = µ f̄ r̄.

Subsequently, we show that, as λ→ ∞,

f̄λ → f̄ in H, r̄λ → r̄ in Q, and µλ f̄λ r̄λ → µ f̄ r̄ in S .

To prove the strong convergence of µλ f̄λ r̄λ in S , we select s7 = µ f̄ r̄ − µλ f̄λ r̄λ ∈ S 0 as a test function in
Problem (1.3), which leads to

A(µλ f̄λ r̄λ , s7) −
∫
Σ3

βµλ f̄λ r̄λ s7 dΣ + λ
∫
Σ3

ψ0(µλ f̄λ r̄λ; s7) dΣ ≥ F(s7).

From the this inequality, we deduce that

A(s7, s7) +
∫
Σ3

βµ f̄ r̄ s7 dΣ ≤ A(µ f̄ r̄, s7) − F(s7) + λ
∫
Σ3

ψ0(µλ f̄λ r̄λ; s7) dΣ. (5.20)

Noting that µ f̄ r̄ = c on Σ3 and applying Assumption A1(4) and Relation (5.18), together with coercivity
of A, we obtain the estimate

m̃
∥∥∥µ f̄ r̄ − µλ f̄λ r̄λ

∥∥∥2

S
≤ A

(
µ f̄ r̄, µ f̄ r̄ − µλ f̄λ r̄λ

)
+ F

(
µλ f̄λ r̄λ − µ f̄ r̄

)
.

Utilizing the weak continuity of the operator A(µ f̄ r̄, ·), we infer that µλ f̄λ r̄λ → µ f̄ r̄ in S as λ → ∞.
We next demonstrate that the control sequences converge strongly, that is, f̄λ → f̄ in H and r̄λ →
r̄ in Q as λ→ ∞. The convergence µλ f̄λ r̄λ → µ f̄ r̄ in H implies that

lim
1
2

∥∥∥µλ f̄λ r̄λ − vd

∥∥∥2

H
=

1
2

∥∥∥µ f̄ r̄ − vd

∥∥∥2

H
. (5.21)
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Because the sequences { f̄λ} and {r̄λ} converge weakly to f̄ in H and to r̄ in Q, respectively, the weak
lower semicontinuity of the norms yields

∥ f̄ ∥2H ≤ lim inf ∥ f̄λ∥2H, ∥r̄∥2Q ≤ lim inf ∥r̄λ∥2Q. (5.22)

Combining these inequalities with Relations (5.21) and (5.22), we derive
1
2
∥µ f̄ r̄ − vd∥

2
H +

Ma

2
∥ f̄ ∥2H +

Mb

2
∥r̄∥2Q

≤ lim inf
(1
2
∥µλ f̄λ r̄λ − vd∥

2
H +

Ma

2
∥ f̄λ∥2H +

Mb

2
∥r̄λ∥2Q

)
,

which can be equivalently written as L( f̄ , r̄) ≤ lim inf Lλ( f̄λ, r̄λ). By the definition of the optimal pair
( f̄λ, r̄λ), we have Lλ( f̄λ, r̄λ) ≤ Lλ( f̄ , r̄). Together with the strong convergence µλ f̄λ r̄λ → µ f̄ r̄ in H, this
implies lim sup Lλ( f̄λ, r̄λ) ≤ lim sup Lλ( f̄ , r̄) = L( f̄ , r̄). Consequently, we conclude that lim Lλ( f̄λ, r̄λ) =
L( f̄ , r̄), or, equivalently,

lim
(1
2

∥∥∥µλ f̄λ r̄λ − vd

∥∥∥2

H
+

Ma

2
∥ f̄λ∥2H +

Mb

2
∥r̄λ∥2Q

)
=

1
2

∥∥∥µ f̄ r̄ − vd

∥∥∥2

H
+

Ma

2
∥ f̄ ∥2H +

Mb

2
∥r̄∥2Q.

(5.23)

Combining Relations (5.21) and (5.23), we infer that ∥ f̄λ∥2H → ∥ f̄ ∥
2
H and ∥r̄λ∥2Q → ∥r̄∥

2
Q as λ →

∞. Together with the weak convergences f̄λ ⇀ f̄ in H and r̄λ ⇀ r̄ in Q, this implies that f̄λ →
f̄ in H and r̄λ → r̄ in Q as λ→ ∞. This completes the proof. □

6. Conclusions

This paper investigates a class of elliptic HVIs with nonmonotone and multivalued boundary conditions.
Using nonsmooth analysis, Clarke’s generalized gradient, and pseudomonotone operator theory, the
existence of solutions is established, and uniqueness is obtained under a relaxed monotonicity condition
together with a smallness condition. Moreover, we investigate the limiting behavior of the solutions and
show strong convergence to the corresponding Dirichlet problem as λ → ∞. On this basis, an optimal
control problem governed by the HVIs is further studied, and the existence and asymptotic convergence of
optimal solutions are demonstrated. Future research may focus on several directions: Considering more
general nonlinear principal operators or time-dependent problems; investigating numerical discretization
of the corresponding problem and the convergence of the associated algorithms; and extending the present
theory to HVIs and optimal control problems under random perturbations or uncertainty frameworks,
thereby enhancing the applicability of the model to complex real-world systems.
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3. Z. Liu, S. Migórski, A. Ochal, Homogenization of boundary hemivariational
inequalities in linear elasticity, J. Math. Anal. Appl., 340 (2008), 1347–1361.
https://doi.org/10.1016/j.jmaa.2007.09.050

4. Z. Liu, M. Sofonea, Y. Xiao, Tykhonov well-posedness of a frictionless unilateral contact problem,
Math. Mech. Solids, 25 (2020), 1294–1311. https://doi.org/10.1177/1081286519884347

5. W. Han, Z. Huang, C. Wang, W. Xu, Numerical analysis of elliptic hemivariational inequalities for
semipermeable media, J. Comput. Math., 37 (2019), 506–523. https://doi.org/10.4208/jcm.1807-
m2018-0035

6. W. Han, M. Sofonea, Numerical analysis of hemivariational inequalities in contact mechanics,
Acta Numer., 28 (2019), 175–286. https://doi.org/10.1017/S0962492919000023
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