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Abstract: Let U be the open unit disk, Q = {w € C: Re w > a,— < a < ag < +oo} with a,q; € R,
and K > 1 and K’ > 0 as two given constants. In this paper, we study some properties of the class
H(U, Q) of mappings consisting of those sense-preserving Euclidean harmonic mappings from U onto
Q with the real, normalized conditions of f(0) = ay, f;(0) > 0 and f;(0). We first show that a (K, K')-
quasiconformal mapping f € H (U, Q) need not be Euclidean Lipschitz continuous. Subsequently, we
give a sufficient and necessary condition for f € H(U, Q) to be (K, K’)-quasiconformal. Additionally,
coefficient estimates, distortion theorems, and area theorems are obtained.

Keywords: harmonic mapping; (K, K’)-quasiconformal mapping; distortion theorem; coefficient
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1. Introduction and main results

Let D and G be domains in C. A real-value function u : D — R is said to be absolutely continuous
on line in D if for every closed rectangle R C D, whose sides are parallel to the axes x and y, the
function u is absolutely continuous on almost every horizontal line and almost every vertical line in R.
It is well known that those functions have partial derivatives u, and u, for almost every z = x + iy € D.
We say a topological mapping f = u +iv : D — G is (K, K’)-quasiconformal [1] if f is absolutely
continuous on lines in D and there exist two constants K > 1 and K’ > 0 such that the inequality

(£@I+ @D < KIL@F - I£@F + K (1.1)

holds for almost every z € D, where f; = (f, —if;)/2 and f; = (f; + if,)/2. In particular, f is called a
K-quasiconformal mapping if K’ = 0.

Suppose that p(z)|dz|* is a conformal C! metric on D. Then, we say a mapping f € C*(D,G) is
p-harmonic if

fz+ogp)yo f- f.fz=0.
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If we take p to be a Euclidean (hyperbolic) metric, the p-harmonic mapping is said to be Euclidean
(hyperbolic) harmonic.

Suppose that the symbol U stands for the open unit disk in C, and Sy stands for the class of
Euclidean harmonic mappings f of U, which are sense-preserving and univalent. Then, it is well
known that every f € Sy has the representation of the form f = h + g with which 4 and g are
holomorphic in U; see [2]. By a result of Lewy [3], it can be seen that f is locally univalent and
sense-preserving on U if and only if J(z) > 0. We say a mapping f : U — Q is a Euclidean Lipschitz
mapping if for any x, y € U, there exists a constant L > 0 such that |f(x) — f(y)| < L|x - y|.

It is well known that the composition of a Euclidean harmonic and a conformal mapping is still
Euclidean harmonic. However, the composition of a conformal mapping and a Euclidean harmonic
mapping is usually not a Euclidean harmonic mapping. This motivates many authors to study the class
of those Euclidean harmonic functions, which are mapping U onto a specific simply connected domain
(see, e.g. [4-8]). In particular, the distortion theorems, coefficient estimates, and area for their images
of those Euclidean harmonic mappings from a unit disk onto certain simply connected domains are
considered in [4-7].

A special kind of Euclidean harmonic mapping which requires that it is also quasiconformal have
been studied by many researchers. It seems that Martio [9] was the first one to consider this kind
of mappings on the unit disk. Recently, there are some references concerning the conditions which
can guarantee a harmonic mapping to be K-quasiconformal (see, e.g. [10-13]). In particular, Fu and
Huang [11] obtained results following Theorem 1.1, where the symbol H (U, Q) stands for the class of
mappings which consist of those sense-preserving Euclidean harmonic mappings from U onto Q with
the normalized conditions of f(0) = ay, £.(0) > 0 and f;(0) being real, and where the symbol Hy (U, Q)
stands for the class consisting of function f € H(U, Q), which is also K-quasiconformal.

Theorem 1.1. [11, Theorem 1] Suppose that f € H(U,Q); then, there is an analytic function ¢
satisfying £(0) = 0 and {'(0) € R such that

) = ¢(2) ;r {(2) N ¢(2) ; 4 (Z),z

where ¢(z) = ((ag — 2a)z + ag)/(1 — 2). Furthermore, f € Hg(U, Q) if and only if { satisfies

e U,

(1 —z)zé’(z) B 1+ k2 < 2k

) 1.2
2(ayp —a) -k 71—k (1.2)

where K = (1 + k)/(1 — k) for some 0 < k < 1.

On the other hand, some equivalent conditions for a Euclidean harmonic mapping to be (K, K')-
quasiconformal were obtained in [1, 14, 15]. In particular, in [1, 14, 15], the authors showed that a
Euclidean harmonic mapping f from the unit disk (or upper plane) onto itself is (K, K”)-quasiconformal
if and only if f is a Euclidean Lipschitz mapping. These results indicate that the following problem
may have a positive answer.

Problem 1. For a given K > 1 and K’ > 0, we suppose that the symbol H ¢ (U, Q) stands for the class
of mapping f € H(U, Q), which is also (K, K")-quasiconformal. Then, the questions remains whether
f € Hgx(U,Q) if and only if f is an Euclidean Lipschitz mapping.

The following result shows that this is not always the case.
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Theorem 1.2. For a given K > 1 and K’ > 0, we have
Hx(U, Q) € Hg x (U, Q).

Moreover, there exists a mapping f € Hy g (U, Q) such that it is not Euclidean Lipschitz continuous.

Theorem 1.2 tells us that it is not work to establish the equivalent condition for a mapping f €
H(U, Q) to be (K, K’)-quasiconformal via the Euclidean Lipschitz property. In this paper, inspired by
Theorem 1.1, we give equivalent conditions, which are similar to Inequality (1.2), for the mapping
f e H(U,Q) to be (K, K’)-quasiconformal. It is worth noting that, compared to the definition of K-
quasiconformality, the definition of (K, K”)-quasiconformality has an item of K’, which may cause the
main difficulty in obtaining Inequality (1.2) in the case for a (K, K”)-quasiconformal mapping. Here,
our main strategy is to replace k in Inequality (1.2) by a function. It is read as follows.

Theorem 1.3. Suppose that f € H(U, Q). Then, there is an analytic mapping { satisfying {(0) = 0 and
'(0) € R such that

(ap—2a)z+agp (ap—2a)z+ay
=Vt = -
f (Z) = 12 > { + 1= 5 g

Furthermore, if |f.(2)| > VK'/2, then f € Hy x(U, Q) if and only if { satisfies

(1-2@ 1+ (Q(Z))2 20(z)
2ap—a)  1-(Q@)71| " e 07"

,z€ U. (1.3)

e, (1.4)

where Q(z) = (\/K2 + K'(K + D|h()]> = 1)/(K + 1) is a function from U into [0, 1), and h = 1/ ..

Remark 1. In Theorem 1.3, we require |f.(z)| > VK’ /2 to deduce that the function Q(z) < 1, which
guarantees that the Inequalities (3.2) and (3.3), are equivalent. In addition, from the proof of
Theorem 1.2, we see that the class H (U, Q) satisfying |f.(z)| > VK’ /2 is not empty. At last, if
K’ = 0, then the condition of |f.(z)| > VK’ /2 = 0 is automatically satisfied due to a result of
Lewy [3]. Hence, Theorem 1.3 also gives a nontrivial generalization of Theorem 1.1.

As an application of Theorem 1.3, we obtain the coefficient estimates, distortion theorems, and area
theorems for those mappings f € Hx (U, Q). It is read as follows.

Theorem 1.4. For given K > 1 and K’ > 0, we suppose that f € Hg x (U, Q) and |f.(2)| > @/2,
(D) If f2) = ag + Ty a2 + Yoo, Du2", then

(K + VK + H VK’

+1b1| < 2K(ap —a) + ,
la| + 11| < 2K (ap — a) 1

and ||a,| — |b,|| £ 2(ag — a) forn =2,3,---

(2) If we denote 0 = arg z, then we have

2K (ap — a) |z| sin & (K+ VK +1) x/ﬁ
S.— arctan( )

<
/(@) = aol 1 —[zlcosd K+1

for every z € U.
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(3) If we denote U, = {z: |z| < r < 1}, then

AnK(ay — a)*r?
(1-1r2)?

1
Areaf(U,) < + 2m(ap — a) VK’ log (1 2) :
—r
Remark 2. 1t should be noted that the coefficient bound for n > 2 is simply ||a,| — |b,|| < 2(ay — a). This
is a very weak bound and follows directly from the representation, not from the (K, K’) condition. For
the part of (2) in Theorem 1.4, if sin 8 = 0, then we define the calculation as follows:

1 ( Izl sin 6 )im

—— arctan
1—-1zlcos@

|z| sin & |z
in 6 ( ) =

1
m —— arctan
1-1z|cos@

=l - = .
sin—0 sin @ 1F|g

The organization of the rest of this paper is as follows: The proofs of Theorems 1.2—1.4 are given
in Sections 2, 3, and 4 respectively.

2. Proof of Theorem 1.2

In this section, we finish the proof of Theorem 1.2 by considering the following example, which
states that a mapping f € Hy (U, Q) and |f;(z)| > VK’ /2 is generally not (K, 0)-quasicomformal. In
addition, it is not Euclidean Lipschitz continuous.

Example 1. Let

(Tap — 9a)z — (ay — a)z* + 2ay . 2ay — (ap — a)z

zeU.
) 4 €

f@) =

Then, the mapping f € H(U, Q) is a (K, K')-quasiconformal mapping with f(0) = ay, f.(0) = 9(ay —
a)/4 >0, fz(0) = —(ap — a)/4 € Rand |f,(2)| > \/E/Z, where K = 2, K’ = (ay — a)*/4. Moreover; f is
not (K, 0)-quasiconformal and not Euclidean Lipschitz continuous.

Proof. It is easy to verify that f is a Euclidean harmonic mapping from U onto the half-plane domain
Q={w: Rew > a,— < a < ay < +oo} with f(0) = ay, f,(0) = 9(ay —a)/4 > 0, fz(0) = —(ap — a)/4 €
R. Because f.(z) = 2(ap — a)/(1 — 2)* + (ay — a)/4, if we set (ap — a)/(1 — 2)> = pe” (and hence
o > (ap — a)/4), then

\/16p2+4(a0—a)cost9-p+@
2

= |z

£ =

>ao—a_\/E
4 2

This says that f is sense-preserving and univalent and satisfies |f.(z)] > VK’/2 for every z € U.
Because

I£@P = 3If:G)P + <?)2 = 1£Q@P +1£:G)P.

then

(Ifz(z)|2 “3If@P + (?)2) “2£@- 1)
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=(£.@)I = 1f))* 2 0.

We see that
ag—da

(£@1+ @D < 2(£@F = 1£@F) + ( 7 ),
which implies that f is a (2, (ay — a)?/4)-quasiconformal mapping. In addition,

f2(2)
f:(2)

_ LIO —da
O=r.p— -

(M)Z
= lim 2 — =1
p=rp—0 \ 16p2 + 4(ag — a)cos O - p + (*5*)?

Hence, f is not (K, 0)-quuasiconformal. At last, because

4(ap—a) ap—a
. . —2)? 2
lim |£(2)] = lim |-—=———| = o0,
—1- 7—1- 2
we see that f is not Euclidean Lipschitz continuous. This finishes the proof of Theorem 1.2. O

3. Proof of Theorem 1.3

In this section, we give the proof of Theorem 1.3.

Proof of Theorem 1.3. The existence of ¢ with £(0) = 0 and £’(0) € R, which satisfies Eq (1.3), is
provided by Theorem 1.1. Now, we will prove Inequality (1.4). As we assume that f is univalent and
sense-preserving, by a result of Lewy [3], we see that J(z) > 0. This implies that |f,(z)| > |f:(z)] > 0
for any z € D. If we let h = 1/ f;, then by the (K, K’)-quasiconformality of f, we get that

(@I + @D < KIL@F = 1£@F) + K'I£P - 7P,

which is equivalent to

- K+ K'(K + DIhQP - 1
?8 VK (K:1)| -1 oe)zeu. 3.1)

Because the constants K > 1 and K’ > 0 and |f;(z)| > VK’ /2, we see that
0<0() < 1.

Now, by the representation of

(ap—2a)z+agy + éV(Z) (@p—2a)z+ap {(Z)
+

_ 1-z 1-z
f@) = > > ,

we get

% +{'(2) _ % _ )
fz(Z) = # and fZ(Z) = f
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Hence, the Inequality (3.1) becomes

(1-2%'@)

2 _ 1- 2ag—a)

L@l | 4 22 = 0@ <1, (3.2)
2(ap—a)

which is equivalent to

(1-2)0@)  1+Q@P|_ 200 33)
2@ -a) 1-(Q@)|" 1-(Q@)
This completes the proof of Theorem 1.3. O

4. Proof of Theorem 1.4

In this section, we give the proof of Theorem 1.4.

Proof of Theorem 1.4. We first prove the coefficient estimates of part (1). Let Ly := |f.(z)| + | fz(z)| and
Iy .= |f.(2)| = | fz(2)l; then, by the (K, K’)-quasiconformality of f, we see that

L} < KLgly+ K,

which is equivalent to

Kl + \JK*(ly)* + 4K’
Ly<—L ¢ .

f= 2

This gives us

(K - DI + VK
122l < Xt 1 -

We set N(z) = 2(ag — a)/(1 — z), then from Inequality (4.1), we have

I’ (@) = IN(2)| < @I+ INGL \/F’
2 2 K+1
where k = (K — 1)/(K + 1). Namely,

4.1)

I’ (2)| < KIN(2)| + VK. (4.2)

Hence,
VE'
>

’ N K+1
M@NngﬂgLﬁﬂs¢@r:—§—w&n+

Now, by combing Inequalities (3.2) and (4.3), we have

@] + |22l
<If@1+ 0(2) - |12
Ke¢@ + VK22 (2) + K'(K + 1)

K+1 “4.4)
2K¢(@) + VK'(K + 1)
- K+1
<2K(a0—a)+(K+ VK + ) VK’
=1 -z K+1 ‘

4.3)
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Then, by letting z = 0 in (4.4), we get
(K + VK + H VK’

+ |by| £ 2K(ay — a) +
lai| + |b1] < 2K(ag — a) a1

In addition, by letting £(z) = >~ ¢,z", we obtain

= Cn % Cn
f(z):a0+;(a0—a+5)z +;(a0—a—5)z”;

thus, |la,| = bl = ll(ap —a+c,/2)| = [(ap — a —c,/2)I| £ 2(ap — a). This finishes part (1) of Theorem 1.4.
Next, we give the proof of the length distortion theorem in part (2) of Theorem 1.4. This is because
by Inequality (4.4), we get that

|/ (2) = aol
Izl

| (L@ + @D
4 (2K(ag—a)  (K+ VK+ 1) VK’
< f |dz]
0

+
|1 —z)? K+1
2K(ay — a) |z| sin @ (K + VK + )\/K’
= arctan( )
sin @ 1 —|zlcos@ K+1

At last, we give the proof of area theorem in part (3) of Theorem 1.4. By virtue of Theorem 1.3,
there exists an analytic mapping £ with £(0) = 0, ’(0) € R, such that

-2 -2
IR 4 (7))

f@) = > + 3 ,z€U
Hence,
1 ) 2ag —a)|* |, 2(ay —a)|
Areaf(U,) = - ff ( —( — — '{ (z) — —(1 —2? )dxdy

2a0 - '@
ff BT e

From Inequality (4.2), we have

2ap —a){"(2)| _|2(a0 — a){'(2)
(1 -2 (1 -2

where N(z) = 2(ag — a)/(1 — z)>. This leads to

< KIN@)I> + VK'IN(),

e

Areaf(U,)

<K f IN)Pdxdy + VK’ IN(2)|dxdy
Ur

U,

4nK(ay — a)’r? 1
= (1fr2)2 + 21 VK (ag — @) log | ——

So finishes the proof. O

Electronic Research Archive Volume 34, Issue 4, 2539-2547.



2546

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.
Acknowledgments

The first author was supported by the Guangdong Basic and Applied Basic Research Foundation
(No.2023A1515011809) and the Supporting Foundation of Shenzhen Polytechnic University (No.
6024310047K).

Conflict of interest

The authors declare there are no conflicts of interest.

References

1. D. Kalaj, M. Mateljevi¢, (K, K’)-quasiconformal harmonic mappings, Potential Anal., 36 (2012),
117-135. https://doi.org/10.1007/s11118-011-9222-4

2. P. Duren, Harmonic Mappings in the Plane, Cambridge University Press, 2009.
https://doi.org/10.1017/CB0O9780511546600

3. H. Lewy, On the non-vanishing of the Jacobian in certain one-to-one mappings, Bull. Am. Math.
Soc., 42 (1936), 689-692. https://doi.org/10.1090/S0002-9904-1936-06397-4

A. Livingston, Univalent harmonic mappings, Ann. Polonici Math., 57 (1992), 57-70.
A. Livingston, Univalent harmonic mapping 11, Ann. Polonici Math., 67 (1997), 131-145.
M. Oztiirk, Univalent harmonic mappings onto half planes, Turk. J. Math., 23 (1999), 301-313.

W. Hengartner, G. Schober, Univalent harmonic functions, Trans. Am. Math. Soc., 299 (1987),
1-31. https://doi.org/10.2307/2000478

8. Y. Abu-Muhanna, G. Schober, Harmonic mappings onto convex domains, Can. J. Math., 39
(1987), 1489-1530. https://doi.org/10.4153/CIM-1987-071-4

9. 0. Martio, On harmonic quasiconformal mappings, Ann. Fenn. Math., 425 (1969), 421-450.
https://doi.org/10.5186/aasfm.1969.425

10. D. Kalaj, M. Pavlovic, Boundary correspondence under harmonic quasiconformal
diffeomorphisms of a half-plane, Ann. Fenn. Math., 30 (2005), 159-165.

11. D. Fu, X. Huang, Harmonic K-quasiconformal mappings from unit disk onto half planes, Bull.
Malays. Math. Sci. Soc., 39 (2016), 339-347. https://doi.org/ 10.1007/s40840-015-0174-5

12. M. Pavlovic, Boundary correspondence under harmonic quasiconformal homeomorphisms of the
unit disk, Ann. Fenn. Math., 27 (2002), 365-372.

13. Z. G. Wang, L. Shi, Y. P. Jiang, On harmonic K-quasiconformal mappings associated with
asymmetric vertical strips, Acta. Math. Sin. Engl. Ser., 31 (2015), 1970-1976. https://doi.org/
10.1007/s10114-015-4773-8

N o s

Electronic Research Archive Volume 34, Issue 4, 2539-2547.


https://dx.doi.org/https://doi.org/10.1007/s11118-011-9222-4
https://dx.doi.org/https://doi.org/10.1017/CBO9780511546600
https://dx.doi.org/https://doi.org/10.1090/S0002-9904-1936-06397-4
https://dx.doi.org/https://doi.org/10.2307/2000478
https://dx.doi.org/https://doi.org/10.4153/CJM-1987-071-4
https://dx.doi.org/https://doi.org/10.5186/aasfm.1969.425
https://dx.doi.org/https://doi.org/ 10.1007/s40840-015-0174-5
https://dx.doi.org/https://doi.org/ 10.1007/s10114-015-4773-8
https://dx.doi.org/https://doi.org/ 10.1007/s10114-015-4773-8

2547

14. M. Chen, X. Chen, (K, K’)-quasiconformal harmonic mappings of the upper half plane onto itself,
Ann. Fenn. Math., 37 (2012), 265-276. https://doi.org/10.5186/aasfm.2012.3716

15. P. Li, J. Chen, X. Wang, Quasiconformal solutions of Poisson equations, Bull. Aust. Math. Soc.,
92 (2015), 420-428. https://doi.org/10.1017/S0004972715000891

@ AIMS Press

Electronic Research Archive

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Volume 34, Issue 4, 2539-2547.


https://dx.doi.org/https://doi.org/10.5186/aasfm.2012.3716
https://dx.doi.org/https://doi.org/10.1017/S0004972715000891
https://creativecommons.org/licenses/by/4.0

	Introduction and main results
	Proof of Theorem 1.2
	Proof of Theorem 1.3
	Proof of Theorem 1.4

