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Abstract: The main purpose of this paper is to study behaviors of solutions to the Cauchy problem for
coupled systems of semilinear damped wave equations with power nonlinearities on the Heisenberg
group, where the Fujita critical exponent is determined. By means of the Bihari inequality as well as the
Gagliardo-Nirenberg-type inequality and the contraction mapping principle, the local well-posedness of
the Cauchy problem is successfully proved. Combining energy estimates and decay estimates together
with a contradiction argument, the global existence of solutions is also demonstrated. At the same
time, the blow-up results and upper bound estimation of the solutions is derived by using the test
function technique. Our main new contribution is the derivation of a fundamental inequality utilized in
weighted energy estimates, as well as the selection of exponents in the scaling of two convex functions
for constructing test functions.
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1. Introduction

In this paper, we aim to study the following Cauchy problem for coupled system of wave equations
with weak damping terms:

utt − ∆Hu + ut = |v|p, t > 0, η ∈ Hn,

vtt − ∆Hv + vt = |u|q, t > 0, η ∈ Hn,

u(0, η) = u0(η), v(0, η) = v0(η), η ∈ Hn,

ut(0, η) = u1(η), vt(0, η) = v1(η), η ∈ Hn,

(1.1)

where the exponents p, q > 1, ∆H denotes the sub-Laplacian on Hn.
First, we recall several previous research results regarding the existence and nonexistence of global
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solutions to the Cauchy problem of nonlinear wave equation as follows (see [1–5]):{
utt − ∆u = f (u, ut), t > 0, x ∈ Rn,

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Rn.
(1.2)

Zhou and Han [6] Found that the solution to Problem (1.2) with f (u, ut) = |u|p has the Strauss critical
exponent. When n = 1, pS (1) = ∞. When n ≥ 2, pS (n) is the positive root of the quadratic equation
−(n− 1)p2 + (n+ 1)p+ 2 = 0. John [7] studied Problem (1.2) with the power nonlinearity f (u, ut) = |u|p.
When the spatial dimension is n = 3 and 1 < p < pS (3), it is seen that the problem has no global solution
(in time). In the case, the existence of a global solution to the initial value problem was obtained. For
Problem (1.2) with f (u, ut) = |u|p in the critical case p = pS (n)(n = 2, 3), it was shown that lifespan
of the solution to this problem exhibits an exponential-type estimation result (see [8]). In addition, an
upper bound estimate of the solution’s lifespan has been derived (see [9, 10]).

Many researchers have concentrated on investigating the semilinear damped wave equation with a
power-type nonlinearity on Rn, that is{

utt − ∆u + ut = |u|p, t > 0, x ∈ Rn,

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Rn,
(1.3)

where ∆ denotes the Laplacian operator on Rn (see the detailed illustrations in [11–15]). If the initial
data satisfy the conventional conditions and in are L1 space, depending on the critical exponent, the
existence of a global solution and the blow-up behavior of solution to Problem (1.3) are thoroughly
investigated in [16–19] and the references cited therein. The so-called critical exponent is actually a
threshold condition that the index p satisfies. It also critically determines the existence of global Sobolev
solutions and the blow-up behavior of the local (in time) weak solution with small initial data. The
critical exponent of the solution to Problem (1.3) is the Fujita exponent pFu j(n) = 1 + 2

n (see [16]). For
n = 1, 2, Matsumura [17] proves that the small data solution exists globally when p > pFu j(n). For
n ≥ 1, Todorova and Yordanov [18] found that the problem has a global solution when p > pFu j(n)
and the initial data have compact support. However, in the subcritical case 1 < p < pFu j(n), the local
solution will blow up in finite time. When p = pFu j(n), Zhang successfully obtained the blow-up result
of the solution in [19]. We refer the readers to the works in [20–24] for more details on the qualitative
theory of nonlinear wave equations on Rn.

Recently, Ikehata and Tanizawa [16] studied the supercritical case p > pFu j(n). The restriction that
the initial data need to have compact support is removed. The interested readers can refer to [25–29].
In addition, after imposing the additional assumption that the initial data belong to L1 space, the exact
lifespan of the solution of the Cauchy problem (1.3) can be estimated by following formula:

Tε =


∞, p > pFu j(n),
exp(Cε−(p−1)), p = pFu j(n),

Cε−
2−n(p−1)

2(p−1) , p < pFu j(n),

where C is a positive constant independent of ε. For specific research on the lifespan estimation of
the Cauchy problem (1.3). The global small data solution of the semilinear damped wave equation in
the Euclidean framework is studied in [30]. For the initial value problem of the wave equation with a
weak damping term on the Heisenberg group, Georgiev and Palmieri [31] dealt with the weak damping
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term by defining the function ψ(t, η) to derive the energy inequality, combining the Duhamel principle
with a fundamental solution of the linear Cauchy problem to represent the solution and conducting
an analysis in Sobolev spaces with exponential weights. It is shown that when the integrals of the
initial values satisfy certain sign assumptions, the solution blows up in the subcritical and critical cases
1 < p ≤ pFu j(Q), whereas the global solution exists in the supercritical case p > pFu j(Q).

In recent years, numerous researchers have paid substantial attention to semilinear heat equations on
the Heisenberg group (see [31]). Ruzhansky and Yessirkegenov [32] studied the Cauchy problem related
to the semilinear heat equation under a unimodular Lie group with polynomial volume growth. This
approach and main results heavily rely on the theory and property of the heat semigroup. Notably, the
Fujita-type critical exponent does not address aspects such as the lifespan estimate of the local solution.
In contrast, Georgiev and Palmieri [33] focused on the study of wave equations related to the Heisenberg
group. To prove the local and global existence results, different appropriate weighted L∞(Hn) spaces
and nonlinear integral operators and fixed point theorem are defined. In order to obtain the blow-up
results, specific test functions are constructed to derive key estimates and prove blow-up. The authors
not only proved criticality of the Fujita exponent 1 + 2

Q (here, Q = 2n + 2 is a homogeneous dimension
of the Heisenberg group) but also provided precise lower and upper bound estimates for the lifespan of
the local solution in the subcritical and critical cases.

The Cauchy problem of semilinear heat equation on the Heisenberg group{
ut − ∆Hu = |u|p, t > 0, η ∈ Hn,

u(0, η) = u0(η), η ∈ Hn (1.4)

attracts more attention (see the detailed illustrations in [33, 34]). In the Case 1 < p ≤ pFu j = 1 + 2
Q , the

existence of a global positive solution to Problem (1.4) is studied in [14, 35], where an appropriate test
function is constructed and the properties of the sub-Laplacian operator together with growth of the
function are utilized. In the supercritical case p > pFu j = 1 + 2

Q , Pascucci [35] used the fixed point
theorem to investigate the existence of positive global solution to problem (1.4) with sufficiently small
initial data. The situation on general locally compact group for the problem is studied in [32].

The Cauchy problem of semilinear subelliptic heat equation with a forcing term which depends only
on the group elements{

ut(t, x) − ∆Gu(t, x) = |u(t, x)|p + f (x), t > 0, x ∈ G,
u(0, x) = u0(x), x ∈ G

is investigated. Suragan and Talwar [36] applied the structure of the stratified Lie group, the test function
method, and the Banach fixed point theorem to prove that Q

Q−2 is the Fujita exponent for semilinear
heat equation on an arbitrary stratified Lie group with a homogeneous dimension Q in the case of the
Euclidean space. Suragan and Talwar [37] mainly focused on the semilinear heat equation

ut(t, x) − ∆Gu(t, x) −
λ|∇Gd(x)|2u

d(x)2 = u(t, x)p + f (x)

with Hardy potential on the stratified Lie group. It aims to find the conditions for the scalar λ and
exponent p to determine the existence and nonexistence of local and global weak solutions. When
p ≥ 1 + 2

α
, a local solution to the problem does not exist. When p ≤ Q−α

Q−2−α , the problem does not admit
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a global solution. Meanwhile, under the conditions 1 < p < 1 + 2
α

and |∇Gd| = 1 almost everywhere, the
existence of a local solution is proved. When Q−α

Q−2−α < p < 1 + 2
α
, the existence of a global solution is

presented. Moreover, the critical exponent for threshold of existence of local and global solutions are
predicted on the basis of these results.

We recall several results related to the Cauchy problem of the semilinear damped wave equation
utt(t) − Lu(t) + but(t) + mu(t) = |u|p for the sub-Laplacian operator on the Heisenberg group Hn. In the
case of small initial data, Ruzhansky and Tokmagambetov [38] showed that the problem is globally
well-posed. In addition, similar results for the wave equation related to Rockland operators on the
general graded Lie group are also obtained. In particular, the results cover the high-order operator on Rn

and the Heisenberg group (see [35, 38, 39]). Dasgupta et al. [39] conducted a thorough investigation into
the Cauchy problem of semilinear damped wave equations with the fractional sub-Laplacian operator
(−LH)α (α > 0) as well as a power-type nonlinearity on the Heisenberg group Hn.

Nishihara and Wakasugi [40] studied the Cauchy problem of a weakly coupled system of damped
wave equations 

utt − ∆u + ut = |v|p, t > 0, x ∈ Rn,

vtt − ∆v + vt = |u|q, t > 0, x ∈ Rn,

(u, ut, v, vt)(0, x) = ε(u0, u1, v0, v1)(x), x ∈ Rn.

(1.5)

The critical exponent of the Cauchy problem in all spatial dimensions is determined. For the supercritical
nonlinear terms, the global existence of the solutions based on the weighted energy method is proved.
When the exponent is less than the so-called Fujita critical exponent, the multiplier in the proof is
appropriately modified. Moreover, for the subcritical nonlinear terms, an upper bound estimate of the
lifespan of the solutions is provided. For the weakly coupled system of semilinear wave equations with
two types of damping terms

utt − ∆u + ut − ∆ut = f1(v, vt), t > 0, x ∈ Ωc,

vtt − ∆v + vt − ∆vt = f1(u, ut), t > 0, x ∈ Ωc,

(u, ut, v, vt)(0, x) = (u0, u1, v0, v1)(x), x ∈ Ωc,

u|∂Ωc = 0, v|∂Ωc = 0, t > 0,

Fan et al. [41] focused their research on the formation of the singularity of solutions on the exterior
domain in n dimensions. This system involves two types of damping terms and combined nonlinearities
|vt|

p1 + |v|q1 and |ut|
p2 + |u|q2 . The local existence and uniqueness of mild solutions to this problem are

successfully determined. Meanwhile, in the case of the coupled system with power-type nonlinearities
|v|p and |u|q or in the case of a single equation with the power-type nonlinearity |u|p, there are no global
solutions to the problem.

Inspired by the previous works in [16–19], we study the Cauchy problem of a coupled system of
semilinear damped wave equations on the Heisenberg group Hn. For the initial value problem of the
single wave equation with a weak damping term on Hn, it has been proved that a global solution exists in
the supercritical case (p > pFu j(Q)) (see [31]). However, the solution will blow up in the subcritical and
critical cases (1 < p ≤ pFu j(Q)) when the integrals of the initial values satisfy certain sign assumptions.
It is noteworthy that in the existing literature, there are no studies about the existence of global solutions
and blow-up results for the Cauchy problem of coupled damped wave equations (1.1) on the Heisenberg
group Hn. To fill this gap, we establish the local well-posedness of Problem (1.1) by taking advantage

Electronic Research Archive Volume 34, Issue 4, 2483–2510.



2487

of the contraction mapping principle (see Theorem 1.1). We deduce that global solutions to Problem
(1.1) exist in the supercritical case (p > pFu j(Q)) by making use of decay estimates and the existence of
local solutions (see Theorem 1.2). In the subcritical and critical cases (1 < p ≤ pFu j(Q)), we then prove
the blow-up results of solutions to Problem (1.1) by applying the test function technique and deriving
contradictions in this paper (see Theorem 1.3). Thus we extend the existence of a local solution, the
blow-up results of local solution, and the existence of a global solution for the initial value problem
of a single wave equation with a weak damping term and power nonlinearity on the Heisenberg group
studied in [31] to the case of the corresponding coupled system (see Theorems 1.1–1.3). Moreover,
we also upgrade the Laplacian operator on the Euclidean space Rn in the problems studied in [17–19]
to the sub-Laplacian operator on the Heisenberg group Hn and conduct research in the context of the
corresponding coupled system (see Theorems 1.1 and 1.3). To our knowledge, the lifespan estimates of
the solutions to Problem (1.1) on the Heisenberg group Hn has not been derived. We obtain the upper
bound lifespan estimates of the solutions by using a test function method, which is different from the
test functions constructed in [12] (see Theorem 1.4). As far as we know, the results in Theorems 1.1–1.4
are new.

In this paper, we use the following notation: f ≲ g means that a positive constant C exists such that
f ≤ Cg. Similarly, the definition of f ≳ g follows the same pattern. In addition, f ≈ g means that f ≲ g
and f ≳ g.

Throughout this paper, we set

ψ(t, η) =
|x|2 + |y|2 + 4|τ|

8(1 + t)

for η = (x, y, τ) ∈ Hn. We define the Sobolev spaces L2 and H1 with an exponential weight eψ(t,·) as
follows:

L2
ψ(t,·)(H

n) = {v ∈ L2(Hn)
∣∣∣ ∥eψ(t,·)v∥L2(Hn) < ∞},

H1
ψ(t,·)(H

n) = {v ∈ H1(Hn)
∣∣∣ ∥eψ(t,·)v∥L2(Hn) + ∥eψ(t,·)∇Hv∥L2(Hn) < ∞},

with the norms

∥v∥L2
ψ(t,·)(H

n) = ∥e
ψ(t,·)v∥L2(Hn),

∥v∥H1
ψ(t,·)(H

n) = ∥e
ψ(t,·)v∥L2(Hn) + ∥eψ(t,·)∇Hv∥L2(Hn).

The space A(Hn) represents

A(Hn) = H1
ψ(0,)(H

n) × L2
ψ(0,)(H

n),

which the initial data will be required to belong to.
We now present the main results of this work.

Theorem 1.1. Let n ≥ 1, 1 < p and q ≤ pGN(Q) = Q
Q−2 . The initial values satisfy (u0, u1), (v0, v1) ∈

A(Hn). The Cauchy problem (1.1) then admits unique solutions

(u, v) ∈ (C([0,Tmax),H1(Hn)) ∩C1([0,Tmax), L2(Hn)))
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×(C([0,Tmax),H1(Hn)) ∩C1([0,Tmax), L2(Hn))),

where Tmax is a positive constant (0 < Tmax ≤ ∞). Furthermore, for all T ∈ (0,Tmax), it holds that

sup
t∈[0,T ]

(∥eψ(t,·)(u, v)(t, ·)∥L2(Hn) + ∥eψ(t,·)(∇Hu,∇Hv)(t, ·)∥L2(Hn) + ∥eψ(t,·)(ut, vt)(t, ·)∥L2(Hn)) < ∞.

If Tmax < ∞, then

lim sup
T→T−max

(∥eψ(t,·)(u, v)(t, ·)∥L2(Hn) + ∥eψ(t,·)(∇Hu,∇Hv)(t, ·)∥L2(Hn) + ∥eψ(t,·)(ut, vt)(t, ·)∥L2(Hn)) = ∞.

Theorem 1.2. Let n ≥ 1. Assume that 1 < p, q ≤ pGN(Q) such that p > pFu j(Q) and q > pFu j(Q).
Suppose that the initial data (u0, u1), (v0, v1) ∈ A(Hn) satisfy

∥(u0, u1)∥A(Hn) ≤ ε0, ∥(v0, v1)∥A(Hn) ≤ ε0, (1.6)

where ε0 > 0 is a positive constant. Then unique solutions (u, v) ∈ (C([0,∞),H1
ψ(t,·)(H

n)) ∩
C1([0,∞), L2

ψ(t,·)(H
n)))2 to the Cauchy problem (1.1) exist. Moreover, u satisfies the following esti-

mates:

∥u(t, ·)∥L2(Hn) ≲ (1 + t)−
Q
4 ∥(u0, u1)∥A(Hn),

∥∇Hu(t, ·)∥L2(Hn) ≲ (1 + t)−
Q
4 −

1
2 ∥(u0, u1)∥A(Hn),

∥ut(t, ·)∥L2(Hn) ≲ (1 + t)−
Q
4 −1∥(u0, u1)∥A(Hn),

∥eψ(t,·)∇Hu(t, ·)∥L2(Hn) ≲ ∥(u0, u1)∥A(Hn),

∥eψ(t,·)ut(t, ·)∥L2(Hn) ≲ ∥(u0, u1)∥A(Hn)

for t ≥ 0. In an analogous way, v has the same estimates.

Remark 1.1. We should note that the condition (u0, u1) ∈ A(Hn) in Theorem 1.2 is more stringent than
the supposition (u0, u1) ∈ (H1(Hn)∩ L2(Hn))× (L1(Hn)∩ L1(Hn)). Indeed, the embedding L2

σψ(t,·)(H
n) ↪→

L1(Hn) × L2(Hn) holds for σ > 0 and t ≥ 0. Using the Cauchy-Schwarz inequality and non-negativity of
ψ results in

∥w∥L2(Hn) ≲ ∥eσψ(t,·)w∥L2(Hn),

∥w∥L1(Hn) ≲ (1 + t)
Q
4 ∥eσψ(t,·)w∥L2(Hn). (1.7)

Theorem 1.3. Let n ≥ 1 and u0, u1, v0, v1 ∈ L1(Hn) such that

lim
R→∞

inf
∫

DR

((u0, v0)(η) + (u1, v1)(η))dη > 0, (1.8)

where DR = Bn(R)×Bn(R)× [−R2,R2], and R > 2 is a constant. Let us assume that (u, v) ∈ (Lq
loc([0,T )×

Rn) × Lp
loc([0,T ) × Rn)) are solutions to Problem (1.1) with the lifespan T > 0. If 1 < p, q ≤ pFu j(Q),

then T < ∞. That is, the solutions u and v will blow up in finite time.
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Remark 1.2. We extend the blow-up results of the solutions and the existence of global solutions to
the initial value problem of a single wave equation with a weak damping term and power nonlinearity
on the Heisenberg group studied in [31] to the case of the corresponding coupled system. Moreover,
we extend the results for the single wave equation on Rn in [17–19] to the case of the corresponding
coupled system on the Heisenberg group Hn. The replacement of the Euclidean dimension n with the
homogeneous dimension Q = 2n+2 is primarily intended to accommodate the non-Euclidean geometric
structure of the Heisenberg group, which is stratified and features quadratic coupling of the vertical
components. This substitution ensures that the critical exponent can accurately characterize balance
nonlinear growth, diffusion on the group, and damping effects. It also matches the scaling properties of
the Haar measure and the diffusion law of the sub-Laplacian operator on the Heisenberg group.

Theorem 1.4. Let the initial data satisfy (u(0, x), ut(0, x), v(0, x), vt(0, x)) = ε(u0, u1, v0, v1) in Problem
(1.1) , where ε > 0 is a small parameter describing the size of the Cauchy data. Let 1 < p, q ≤ pFu j(Q)
and u0, u1, v0, v1 ∈ L1(Hn) satisfy ∫

Hn
((u0, v0)(η) + (u1, v1)(η))dη > 0.

The initial values have compact supports, which satisfy supp (u0, u1, v0, v1) ⊂ {(x, y, τ) ∈ Hn
∣∣∣ |x|2 + |y|2 +

|τ| < R0} for some R0 > 0. Then ε0 > 0, for ε ∈ (0, ε0] and constant C > 0 exists such that

T (ε) ≤



Cε
−

pq−1

(p−1)( 1
p−1 −

Q
2 )+(q−1)( 1

q−1 −
Q
2 ) , p, q ∈ (1, pFu j(Q)),

exp(Cε−(pq−1)), p = q = pFu j(Q),

Cε
−

pq−1

(q−1)( 1
q−1 −

Q
2 ) , p = pFu j(Q), q ∈ (1, pFu j(Q)),

Cε
−

pq−1

(p−1)( 1
p−1 −

Q
2 ) , q = pFu j(Q), p ∈ (1, pFu j(Q)).

Remark 1.3. For the special case p = q in Problem (1.1), the second lifespan estimate in Theorem 1.4 is
exactly the same as the upper bound lifespan estimate of the corresponding small initial value problem of
a single wave equation with weak damping (see [31]). We need to point out that the authors of [31] only
provide the lifespan estimate of the solution without specific proof. It is worth mentioning that we present
the detailed derivation of the upper bound lifespan estimates of the solutions to the case of a coupled
system with small initial values.

2. Proof of Theorem 1.1

2.1. Preliminary

The Heisenberg group viewed as a Lie group Hn = R2n+1 has the following multiplication rule

(x, y, τ) ◦ (x′, y′, τ′) = (x + x′, y + y′, τ + τ′ +
1
2

(x · y′ − x′ · y)),

where the symbol · represents the standard scalar product in Rn. A set of left-invariant vector fields that
generate the Lie algebra is

X j = ∂x j −
y j

2
∂τ, Y j = ∂y j +

x j

2
∂τ, ∂τ,
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where 1 ≤ j ≤ n. The sub-Laplacian on Hn is defined by

∆H =

n∑
j=1

(X2
j + Y2

j ) =
n∑

j=1

(∂2
x j
+ ∂2

y j
) +

1
4

n∑
j=1

(x2
j + y2

j)∂
2
τ +

n∑
j=1

(x j∂
2
y jτ
− y j∂

2
x jτ

).

For a function v : Hn → R, the horizontal gradient of v is

∇Hv = (X1v, · · · , Xnv,Y1v, · · · ,Ynv) =
n∑

j=1

((X jv)X j + (Y jv)Y j).

In particular, the sub-Laplacian can also be written as ∆Hv = div(∇Hv).
It is necessary for us to obtain decay estimates for the linear Cauchy problem

utt − ∆u + ut = 0, t > 0, η ∈ Hn,

vtt − ∆v + vt = 0, t > 0, η ∈ Hn,

u(0, η) = u0(η), v(0, η) = v0(η), η ∈ Hn,

ut(0, η) = u1(η), vt(0, η) = v1(η), η ∈ Hn.

(2.1)

Let E0(t, η), E1(t, η), Ē0(t, η), and Ē1(t, η) be the fundamental solutions to the Cauchy problem (2.1).
That is to say, these are the distributional solutions corresponding to the initial data (u0, u1) = (δ0, 0)
and (u0, u1) = (0, δ0), and (v0, v1) = (δ1, 0) and (v0, v1) = (0, δ1), respectively, where δ0, δ1 are the Dirac
distribution in the η variable. Moreover, if we take advantage of ∗(η) to represent the group convolution
with respect to the variable η, then the solutions of the Cauchy problem (2.1) can be expressed as
follows:

u(t, η) = u0(η) ∗η E0(t, η) + u1(η) ∗η E1(t, η),
v(t, η) = v0(η) ∗η Ē0(t, η) + v1(η) ∗η Ē1(t, η).

In accordance with the Duhamel principle tailored to the context of Lie groups, we find that

u(t, η) =
∫ t

0
F(s, η) ∗(η) E1(t − s, η)ds, (2.2)

v(t, η) =
∫ t

0
G(s, η) ∗(η) Ē1(t − s, η)ds (2.3)

are mild solutions to the inhomogeneous Cauchy problem
utt − ∆u + ut = F(t, η), t > 0, η ∈ Hn,

vtt − ∆v + vt = G(t, η), t > 0, η ∈ Hn,

u(0, η) = 0, v(0, η) = 0, η ∈ Hn,

ut(0, η) = 0, vt(0, η) = 0, η ∈ Hn.

Using the fact that the identity L(w ∗(η) E1) = w ∗(η) L(E1) holds for the left invariant differential
operator L on Hn. Consequently, as mild solutions to Problem (1.1) on (0,T ) × Hn, we consider any
fixed point of the nonlinear integral operator N defined as follows

u ∈ X(T )→ Nu(t, η) = u0(η) ∗(η) E0(t, η) + u1(η) ∗(η) E1(t, η)
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+

∫ t

0
|v(s, η)|p ∗(η) E1(t − s, η)ds, (2.4)

v ∈ X(T )→ Nv(t, η) = v0(η) ∗(η) Ē0(t, η) + v1(η) ∗(η) Ē1(t, η)

+

∫ t

0
|u(s, η)|q ∗(η) Ē1(t − s, η)ds

for a suitably chosen space X(T ).
In this paper, the global solutions we focus on are the solutions in X(T) of the integral equations, namely

u(t, η) = u0(η) ∗(η) E0(t, η) + u1(η) ∗(η) E1(t, η) +
∫ t

0
|v(s, η)|p ∗(η) E1(t − s, η)ds,

v(t, η) = v0(η) ∗(η) Ē0(t, η) + v1(η) ∗(η) Ē1(t, η) +
∫ t

0
|u(s, η)|q ∗(η) Ē1(t − s, η)ds,

which can be extended for all positive times.
We focus our deliberation on the weighted energy space

X(T ) = C([0,T ],H1
ψ(t,·)(H

n)) ∩C1([0,T ], L2
ψ(t,·)(H

n))

in the proof. We set the function

ψ(t, η) =
|x|2 + |y|2 + 4|τ|

8(1 + t)
,

where η = (x, y, τ) ∈ Hn. Straightforward computations lead to

ψt(t, η) = −
|x|2 + |y|2 + 4|τ|

8(1 + t)2 , X jψ(t, η) =
x j − sign(τ)y j

4(1 + t)
, Y jψ(t, η) =

y j + sign(τ)x j

4(1 + t)

for j = 1, · · · , n. Subsequently, we consider weak derivatives. Then the previous expressions for X jψ

and Y jψ are in the sense of distributions. Consequently, the following inequalities are satisfied:

|∇Hψ(t, η)|2 + ψt(t, η) = −
|τ|

2(1 + t)2 ≤ 0, (2.5)

∆Hψ(t, η) =
n

2(1 + t)
+
|x|2 + |y|2

4(1 + t)
δ0(τ) (2.6)

for t ≥ 0 and η ∈ Hn, where δ0(τ) represents the Dirac delta at 0 corresponding to the τ variable. Making
use of the fact that the sub-Laplacian can be expressed as divergence of the horizontal gradient and
identity

div(αX) = αdivX + X(α)

for α ∈ C1(Hn) and the horizontal vector field X on Hn, we get

e2ψut∆Hu = e2ψutdiv(∇Hu)
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= div(e2ψut∇Hu) − (∇Hu)(e2ψut)

= div(e2ψut∇Hu) −
n∑

j=1

X j(u)(e2ψX j(ut) + 2e2ψutX j(ψ))

−

n∑
j=1

Y j(u)(e2ψY j(ut) + 2e2ψutY j(ψ)), (2.7)

where |∇Hv|2 =
n∑

j=1
(|X jv|2 + |Y jv|2) is the Euclidean norm of ∇Hv provided the identification ∇Hv ≃

(X1u, · · · , Xnu,Y1u, · · · ,Ynu) : Hn → R2n. Equivalently, we consider on each fiber of the horizontal
sub-bundle HηH

n, where the norm is induced by the scalar product ⟨·, ·⟩η. Since

n∑
j=1

X j(u)X j(ut)e2ψ =

n∑
j=1

(
∂

∂t
(
e2ψ

2
|X j(u)|2) − ψte2ψ|X j(u)|2).

Analogously, we acquire

n∑
j=1

Y j(u)Y j(ut)e2ψ =

n∑
j=1

(
∂

∂t
(
e2ψ

2
|Y j(u)|2) − ψte2ψ|Y j(u)|2).

It follows that
n∑

j=1

(X j(u)X j(ut)e2ψ + Y j(u)Y j(ut)e2ψ) =
∂

∂t
(
e2ψ

2
|∇Hu|2) − ψte2ψ|∇Hu|2. (2.8)

Applying the (0, 2) symmetric tensor ⟨·, ·⟩ onHn, whose restriction to each fiber HηH
n of the horizontal

sub-bundle is the scalar product ⟨·, ·⟩η with an orthonormal basis given by canonical generators of the
horizontal layer, we find that

⟨ut∇Hψ, ψt∇Hu⟩ =
n∑

j=1

(utψtX j(ψ)X j(u) + utψtY j(ψ)Y j(u)).

Therefore, we have

2
n∑

j=1

(e2ψutX j(ψ)X j(u) + e2ψutY j(ψ)Y j(u))

= 2
e2ψ

ψt
⟨ut∇Hψ, ψt∇Hu⟩

=
e2ψ

ψt
(u2

t |∇Hψ|
2 + ψ2

t |∇Hu|2 − |ut∇Hψ − ψt∇Hu|2). (2.9)

Combining (2.7)–(2.9), we obtain

eψut∆Hu = div(e2ψut∇Hu) −
∂

∂t
(
e2ψ

2
|∇Hu|2) +

e2ψ

ψt
(|ut∇Hψ − ψt∇Hu|2 − u2

t |∇Hψ|
2). (2.10)
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In addition, we arrive at

e2ψututt =
e2ψ

2
∂t|ut|

2 =
∂

∂t
(
e2ψ

2
|ut|

2) − ψte2ψu2
t . (2.11)

Applying (2.10) and (2.11), we find

e2ψut(utt − ∆Hu + ut)

=
∂

∂t
(
e2ψ

2
(|ut|

2 + |∇Hu|2)) − div(e2ψut∇Hu)

+
e2ψ

ψt
u2

t (|∇Hψ|2 + ψt) − ψte2ψu2
t −

e2ψ

ψt
|ut∇Hψ − ψt∇Hu|2. (2.12)

Similarly, we obtain

e2ψvt(vtt − ∆Hv + vt)

=
∂

∂t
(
e2ψ

2
(|vt|

2 + |∇Hv|2)) − div(e2ψvt∇Hv)

+
e2ψ

ψt
v2

t (|∇Hψ|2 + ψt) − ψte2ψv2
t −

e2ψ

ψt
|vt∇Hψ − ψt∇Hv|2. (2.13)

To prove Theorem 1.1, we need several indispensable lemmas.

Lemma 2.1. [31] Suppose that k is a non-negative and continuous function, M is a real constant, and
g is a continuous, nondecreasing and non-negative function such that

G(u) =
∫ u

0

ds
g(s)

. (2.14)

Let y(t) be a continuous function such that

y(t) ≤ M +
∫ t

0
k(s)g(y(s))ds (2.15)

for t ≥ 0. Then,

G(y(t)) ≤ G(M) +
∫ t

0
k(s)ds (2.16)

for t ≥ 0.

Lemma 2.2. [31] Let n ≥ 1 and 2 ≤ q ≤ 2+ 2
n =

2Q
Q−2 . Then the following weighted Gagliardo-Nirenberg

inequality holds:

∥v∥Lq(Hn) ≤ C∥∇Hv∥θ(q)
L2(Hn)∥v∥

1−θ(q)
L2(Hn)

for v ∈ H1(Hn), where C is a non-negative constant, and θ(q) ∈ [0, 1] satisfies

θ(q) = Q(
1
2
−

1
q

).

Lemma 2.3. [31] Let n ≥ 1, σ ∈ (0, 1], and t ≥ 0. Suppose 2 ≤ q ≤ 2 + 2
n =

2Q
Q−2 . Then the weighted

Gagliardo-Nirenberg inequality

∥eσψ(t,·)v∥Lq(Hn) ≤ C(1 + t)(1−θ(q))/2∥∇Hv∥1−σL2(Hn)∥e
ψ(t,·)∇Hv∥σL2(Hn) (2.17)

holds for v ∈ H1
ψ(t,·)(H

n), where C is a non-negative constant.
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2.2. Proof of Theorem 1.1

Let T and K be positive constants. We define

BT,K,ψ = {(z1, z2) ∈ (C([0,T ],H1(Hn)) ∩C1([0,T ], L2(Hn)))2
∣∣∣ ∥(z1, z2)∥T,ψ ≤ K},

where the norm ∥ · ∥T,ψ is given by

∥(z1, z2)∥T,ψ = sup
t∈[0,T ]

(∥eψ(t,·)(z1, z2)(t, ·)∥L2(Hn) + ∥eψ(t,·)∇H(z1, z2)(t, ·)∥L2(Hn)

+∥eψ(t,·)(∂tz1, ∂tz2)(t, ·)∥L2(Hn)).

We introduce the map

Φ : BT,K,ψ → (C([0,T ],H1(Hn)) ∩C1([0,T ], L2(Hn)))2,

(z1, z2) 7→ (v, u) = Φ(z1, z2),

where (u, v) solves the following Cauchy problem:
utt − ∆Hu + ut = |z2|

p, t > 0, η ∈ Hn,

vtt − ∆Hv + vt = |z1|
q, t > 0, η ∈ Hn,

u(0, η) = u0(η), v(0, η) = v0(η), η ∈ Hn,

ut(0, η) = u1(η), vt(0, η) = v1(η), η ∈ Hn.

(2.18)

Using (2.12), it results in

e2ψut|z2|
p ≥

∂

∂t
(
e2ψ

2
(u2

t + |∇Hu|2)) − div(e2ψut∇Hu).

Hence, we introduce the weighted energies of the functions u and v

ξψ[u](t) =
1
2

∫
Hn

e2ψ(t,η)(|ut(t, η)|2 + |∇Hu(t, η)|2)dη,

ξψ[v](t) =
1
2

∫
Hn

e2ψ(t,η)(|vt(t, η)|2 + |∇Hv(t, η)|2)dη.

Straightforward computations lead to

ξψ[u](t) ≤ ξψ[u](0) +
∫ t

0
(
∫
Hn

e2ψ(s,η)|z2(s, η)|2pdη)
1
2 (
∫
Hn

e2ψ(s,η)|ut(s, η)|2dη)
1
2 ds

≤ ξψ[u](0) +
√

2
∫ t

0
(
∫
Hn

e2ψ(s,η)|z2(s, η)|2pdη)
1
2 ξψ[u](s)

1
2 ds.

Applying Lemma 2.1 yields

ξψ[u](t)
1
2 ≤ ξψ[u](0)

1
2 +

1
√

2

∫ t

0
(
∫
Hn

e2ψ(s,η)|z2(s, η)|2pdη)
1
2 ds. (2.19)

Since z1, z2 ∈ BT,K,ψ, we have z1(t, ·), z2(t, ·) ∈ H1
ψ(t,·) for t ∈ [0,T ]. From Lemma 2.3, we conclude that∫

Hn
e2ψ(s,η)|z2(s, η)|2pdη ≲ (1 + s)p(1−θ(2p))K2p.
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Thus, applying (2.19) leads to

ξψ[u](t)
1
2 ≤ ξψ[u](0)

1
2 +CpT (1 + T )p(1−θ(2p))/2K p,

where Cp > 0 is a multiplicative constant independent of T and K. Consequently, we get

∥eψ(t,·)ut(t, ·)∥L2(Hn) + ∥eψ(t,·)∇Hu(t, ·)∥L2(Hn) ≤ Cpξψ[u](0)
1
2 +CpT (1 + T )p(1−θ(2p))/2K p. (2.20)

Since

eψ(t,η)u(t, η) = eψ(t,η)u0(η) +
∫ t

0
eψ(t,η)ut(s, η)ds

and ψ is decreasing with respect to t and (2.20), we have

∥eψ(t,·)u(t, ·)∥L2(Hn) ≤ ∥eψ(t,η)u0∥L2(Hn) +Cpξψ[u](0)
1
2 T +CpT 2(1 + T )p(1−θ(2p))/2K p.

Therefore, we obtain

∥eψ(t,·)u(t, ·)∥L2(Hn) + ∥eψ(t,·)ut(t, ·)∥L2(Hn) + ∥eψ(t,·)∇Hu(t, ·)∥L2(Hn)

≤ ∥eψ(t,·)u0∥L2(Hn) +Cp(1 + T )ξψ[u](0)
1
2 +CpT 2(1 + T )p(1−θ(2p))/2K p

≤ ∥eψ(t,·)u0∥L2(Hn) +Cp(1 + T )(∥eψ(t,·)∇Hu0∥L2(Hn) + ∥eψ(t,·)u1∥L2(Hn))
+CpT 2(1 + T )p(1−θ(2p))/2K p.

Clearly, we can choose K to be large enough such that

∥eψ(t,·)u0∥L2(Hn) +Cp(∥eψ(t,·)∇Hu0∥L2(Hn) + ∥eψ(t,·)u1∥L2(Hn)) <
K
2
.

We choose T > 0 to be sufficiently small that

K
2

T +CpT 2(1 + T )p(1−θ(2p))/2K p <
K
2
.

As a consequence, ∥u∥T,ψ ≤ K. In a similar way, we obtain ∥v∥T,ψ ≤ K. That is, Φ maps BT,K,ψ to itself.
Finally, we need to show that Φ is a contraction map, provided that T is small enough. Let

z1, z1, z2, z2, ∈ BT,K,ψ. We write u = Φ(z2), u = Φ(z2), v = Φ(z1), v = Φ(z1). Then f = u − u and g = v − v
solve the Cauchy problem

ftt − ∆H f + ft = |z2|
p − |z2|

p, t > 0, η ∈ Hn,

gtt − ∆Hg + gt = |z1|
q − |z1|

q, t > 0, η ∈ Hn,

u(0, η) = ut(η) = 0, v(0, η) = vt(η) = 0, η ∈ Hn.

By means of (2.12) and (2.13) as well as the divergence theorem and integrating over the domain
[0, t] × Hn, we arrive at

ξψ[ f ](t) ≤
∫ t

0

∫
Hn

e2ψ(s,η)(|z2(s, η)|p − |z2(s, η)|p) ft(s, η)dηds,
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ξψ[g](t) ≤
∫ t

0

∫
Hn

e2ψ(s,η)(|z1(s, η)|q − |z1(s, η)|q)gt(s, η)dηds.

Applying ||z2|
p − |z2|

p| ≤ p|z2 − z2|(|z2| + |z2|)p−1 and the Cauchy-Schwarz inequality, we derive

ξψ[ f ](t) ≲
∫ t

0
ξψ[ f ](s)

1
2 (
∫
Hn

e2ψ(s,η)|z2(s, η) − z2(s, η)|2(|z2(s, η)| + |z2(s, η)|)2(p−1)dη)
1
2 ds.

Using Lemma 2.1, we obtain

ξψ[ f ](t)
1
2 ≲

∫ t

0
(
∫
Hn

e2ψ(s,η)|z2(s, η) − z2(s, η)|2(|z2(s, η)| + |z2(s, η)|)2(p−1)dη)
1
2 ds. (2.21)

Making use of the Hölder inequality, we obtain

∥eψ(s,·)|z2(s, ·) − z2(s, ·)|(|z2(s, ·)| + |z2(s, ·)|)p−1∥L2(Hn)

≤ ∥e(2−p)ψ(s,·)|z2(s, ·) − z2(s, ·)|∥L2p(Hn)∥e(p−1)ψ(s,·)(|z2(s, ·)| + |z2(s, ·)|)p−1∥
L

2p
p−1 (Hn)

.

Taking Lemma 2.3 into account and the fact ψ ≥ 0, we obtain

∥e(2−p)ψ(s,·)|z2(s, ·) − z2(s, ·)|∥L2p(Hn) ≲ (1 + s)(1−θ(2p))/2∥eψ(s,·)∇H(z2(s, ·) − z2(s, ·))∥L2(Hn) (2.22)

and

∥e(p−1)ψ(s,·)(|z2(s, ·)| + |z2(s, ·)|)p−1∥
L

2p
p−1 (Hn)

≲ (∥eψ(s,·)z2(s, ·)∥L2p(Hn) + ∥eψ(s,·)z2(s, ·)∥L2p(Hn))p−1

≲ (1 + s)(1−θ(2p))(p−1)/2(∥eψ(s,·)∇Hz2(s, ·)∥L2(Hn) + ∥eψ(s,·)∇Hz2(s, ·)∥L2(Hn))p−1. (2.23)

Taking advantage of (2.21)–(2.23), we have

∥eψ(t,·) ft(t, ·)∥L2(Hn) + ∥eψ(t,·)∇H f (t, ·)∥L2(Hn)

≤ Cp

∫ t

0
(1 + s)p(1−θ(2p))/2∥eψ(s,·)∇H(z2(s, ·) − z2(s, ·))∥L2(Hn)

×(∥eψ(s,·)∇Hz2(s, ·)∥L2(Hn) + ∥eψ(s,·)∇Hz2(s, ·)∥L2(Hn))p−1ds

≤ CpT (1 + T )p(1−θ(2p))/2K p−1||z2 − z2||T,ψ. (2.24)

Moreover, since

eψ(t,η) f (t, η) =
∫ t

0
eψ(t,η) ft(s, η)ds

and ψ is decreasing with respect to t and (2.24), it follows that

∥eψ(t,·) f (t, ·)∥L2(Hn) ≤

∫ t

0
∥eψ(s,η) ft(s, η)∥L2(Hn)ds

≤ CpT 2(1 + T )p(1−θ(2p))/2K p−1||z2 − z2||T,ψ. (2.25)
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By using (2.24) and (2.25), we get

∥Φ(z2) − Φ(z2)∥T,ψ = ∥ f ∥T,ψ ≤ CpT (1 + T )1+p(1−θ(2p))/2K p−1||z2 − z2||T,ψ.

Therefore, when T > 0 is small enough, we find that Φ is a contraction mapping. According to Banach’s
fixed point theorem, the problem (1.1) has unique solutions (u, v) ∈ (C([0,Tmax),H1(Hn))∩C1([0,Tmax),
and L2(Hn)))2. For t ∈ [0,Tmax), the energy Eψ[u](t) corresponding to the solution u is finite. Moreover,
Tmax < ∞ implies that the energy will blow up as T → T−max. Otherwise, in the left neighborhood of
Tmax, the energy of the solution u will still remain finite. When we take the time t = 0 as the initial
condition and apply the same reasoning process again, we will be able to extend this solution. However,
this contradicts with the maximality of Tmax. This completes the proof of Theorem 1.1.

3. Proof of Theorem 1.2

3.1. Preliminary

If u is a solution of the problem (1.1), since

e2ψut|v|p =
∂

∂t
(e2ψ|v|pu) − 2ψte2ψ|v|pu − e2ψp|v|p−1uvt,

from (2.5), (2.12), and ψt ≤ 0, we find

∂

∂t
(
e2ψ

2
(|ut|

2 + |∇Hu|2) − e2ψ|v|pu)

= div(e2ψut∇Hu) −
e2ψ

ψt
u2

t (|∇Hψ|2 + ψt) + ψte2ψu2
t

+
e2ψ

ψt
|ut∇Hψ − ψt∇Hu|2 − 2ψte2ψ|v|pu − e2ψp|v|p−1uvt

≤ div(e2ψut∇Hu) − 2ψte2ψ|v|pu. (3.1)

Lemma 3.1. Let n ≥ 1 and 1 < p, q ≤ Q
Q−2 . Assume that (u0, u1), (v0, v1) ∈ A(Hn). If (u, v) solve

utt − ∆Hu + ut = |v|p, t > 0, η ∈ Hn,

vtt − ∆Hv + vt = |u|q, t > 0, η ∈ Hn,

u(0, η) = u0(η), v(0, η) = v0(η), η ∈ Hn,

ut(0, η) = u1(η), vt(0, η) = v1(η), η ∈ Hn,

then, for t ∈ [0,T ) and an arbitrarily small δ > 0, the following energy estimates hold:

ξψ[u](t) ≲ I2
0 + I p+1

0 + ( sup
s∈[0,t]

(1 + s)δ∥e( 2
p+1+δ)ψ(s,·)u(s, ·)∥Lp+1(Hn))p+1

+Jp+1
0 + ( sup

s∈[0,t]
(1 + s)δ∥e( 2

p+1+δ)ψ(s,·)v(s, ·)∥Lp+1(Hn))p+1, (3.2)

ξψ[v](t) ≲ J2
0 + Jp+1

0 + ( sup
s∈[0,t]

(1 + s)δ∥e( 2
p+1+δ)ψ(s,·)v(s, ·)∥Lp+1(Hn))p+1
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+I p+1
0 + ( sup

s∈[0,t]
(1 + s)δ∥e( 2

p+1+δ)ψ(s,·)u(s, ·)∥Lp+1(Hn))p+1, (3.3)

where

I2
0 =

∫
Hn

e2ψ(0,η)(|u1(η)|2 + |∇Hu0(η)|2)dη,

J2
0 =

∫
Hn

e2ψ(0,η)(|v1(η)|2 + |∇Hv0(η)|2)dη.

Proof of Lemma 3.1. Integrating the relation (3.1) over [0, t] × Hn, we obtain

ζψ[u](t) ≤ ζψ[u](0) − 2
∫ t

0

∫
Hn
ψt(s, η)e2ψ(s,η)|v(s, η)|pu(s, η)dηds,

where

ζψ[u](t) = ξψ[u](t) −
∫
Hn

e2ψ(t,η)|v(t, η)|pu(t, η)dη.

Hence, we derive

ξψ[u](t) ≲ ζψ[u](0) + ∥e
2

p+1ψ(t,·)v(t, ·)
p

p+1 u(t, ·)
1

p+1 ∥
p+1
Lp+1(Hn)

+

∫ t

0

∫
Hn
|ψt(s, η)|e2ψ(s,η)|v(s, η)|pu(s, η)dηds.

Direct computation gives rise to

ζψ[u](0) = ξψ[u](0) −
∫
Hn

eψ(0,η)|v0(η)|pu0(η)dη

≲ I2
0 +

∫
Hn

eψ(0,η)|v0(η)|pu0(η)dη.

Because of p + 1 < Q
Q−2 + 1 < 2Q

Q−2 , we have the Sobolev embedding

H1(Hn) ↪→ Lp+1(Hn).

Using the fact (1 + (|x|2 + |y|2))e
2

p+1ψ(0,η) ≲ e2ψ(0,η), we achieve∫
Hn

eψ(0,η)|v0(η)|pu0(η)dη ≲ ∥e
1

p+1ψ(0,·)v
p

p+1

0 u
1

p+1

0 ∥
p+1
H1(Hn)

≲ (
∫
Hn

e
2

p+1ψ(0,η)(|v
p

p+1

0 (η)u
1

p+1

0 (η)|2 + |∇H(v
p

p+1

0 (η)u
1

p+1

0 (η))|2

+(|x|2 + |y|2)|v
p

p+1

0 (η)u
1

p+1

0 (η)|2)dη)
p+1

2

≲ Jp+1
0 + I p+1

0 .

Consequently, we deduce that

ξψ[u](t) ≲ I2
0 + I p+1

0 + Jp+1
0 + ∥e

2
p+1ψ(t,·)v(t, ·)

p
p+1 u(t, ·)

1
p+1 ∥

p+1
Lp+1(Hn)
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+

∫ t

0

∫
Hn
|ψt(s, η)|e2ψ(s,η)|v(s, η)|pu(s, η)dηds. (3.4)

Similarly, we obtain

ξψ[v](t) ≲ J2
0 + Jp+1

0 + I p+1
0 + ∥e

2
p+1ψ(t,·)v(t, ·)

p
p+1 u(t, ·)

1
p+1 ∥

p+1
Lp+1(Hn)

+

∫ t

0

∫
Hn
|ψt(s, η)|e2ψ(s,η)|u(s, η)|pv(s, η)dηds.

On the basis of the relation ψt(s, η) = −(1 + s)−1ψ(s, η), we acquire

|ψt(s, η)|e(2−r(p+1))ψ(s,η) =
1

1 + s
ψ(s, η)e−δ(p+1)ψ(s,η) ≲ (1 + s)−1,

where r = 2
p+1 + δ (δ > 0). Therefore∫ t

0

∫
Hn
|ψt(s, η)|e2ψ(s,η)|v(s, η)|pu(s, η)dηds

≲

∫ t

0
(1 + s)−1

∫
Hn

er(p+1)ψ(s,η)|v(s, η)|pu(s, η)dηds

≲ ( sup
s∈[0,t]

(1 + s)δ∥erψ(s,·)(v(s, ·))
p

p+1 (u(s, ·))
1

p+1 ∥Lp+1(Hn))p+1. (3.5)

Since r > 2
p+1 , we find

∥e
2

p+1ψ(t,·)(v(t, ·))
p

p+1 (u(t, ·))
1

p+1 ∥
p+1
Lp+1(Hn)

≤ ((1 + t)δ∥erψ(s,·)(v(t, ·))
p

p+1 (u(t, ·))
1

p+1 ∥Lp+1(Hn))p+1. (3.6)

Combining (3.4), (3.5), and (3.6), we derive (3.2). Similarly, we get (3.3).

3.2. Proof of Theorem 1.2

By contradiction, let us suppose that for ε0 > 0, some initial data satisfying (1.6) exist such that
(u, v) ∈ (C([0,Tmax),H1

ψ(t,)(H
n)) ∩ C1([0,Tmax), L2

ψ(t,)(H
n)))2 are the solutions of Problem (1.1), whose

local existence is guaranteed by Theorem 1.1. This implies that Tmax < ∞.
For T ∈ (0,Tmax), we can define the Banach space

X(T ) = C([0,T ],H1
ψ(t,)(H

n)) ∩C1([0,T ], L2
ψ(t,)(H

n)),

which is equipped with the norm

∥(u, v)∥X(T ) = sup
t∈[0,T ]

[∥eψ(t,·)∇H(u, v)(t, ·)∥L2(Hn) + (1 + t)
Q
4 +

1
2

×∥∇H(u, v)(t, ·)∥L2(Hn) + (1 + t)
Q
4 +1∥(ut, vt)(t, ·)∥L2(Hn)

+∥eψ(t,·)(ut, vt)(t, ·)∥L2(Hn) + (1 + t)
Q
4 ∥(u, v)(t, ·)∥L2(Hn)].
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Making use of Lemma 3.1, we acquire

∥eψ(t,·)ut(t, ·)∥L2(Hn) + ∥eψ(t,·)∇Hu(t, ·)∥L2(Hn)

≲ ε0 + ε
p+1

2
0 + ε

p+1
2

0 + ( sup
s∈[0,t]

(1 + s)δ∥e( 2
p+1+δ)ψ(s,·)u(s, ·)∥Lp+1(Hn))

p+1
2

+( sup
s∈[0,t]

(1 + s)δ∥e( 2
p+1+δ)ψ(s,·)v(s, ·)∥Lp+1(Hn))

p+1
2 . (3.7)

Due to p > 1 and p + 1 < 2p ⩽ 2Q
Q−2 , we conclude that θ(p + 1) ∈ (0, 1]. Moreover, we take δ > 0 to be

sufficiently small that δ + 2
p+1 < 1. Applying Lemma 2.3, for s ∈ [0, t], we get

∥e( 2
p+1+δ)ψ(s,·)u(s, ·)∥Lp+1(Hn)

≲ (1 + s)
1
2 (1−θ(p+1))∥∇Hu(s, ·)∥

1−(δ+ 2
p+1 )

L2(Hn) ∥eψ(s,·)∇Hu(s, ·)∥
δ+ 2

p+1

L2(Hn)

≲ (1 + s)
Q+1
p+1 −

Q
2 +δ(

Q
4 +

1
2 )
∥u∥X(t).

Analogously, we find

∥e( 2
p+1+δ)ψ(s,·)v(s, ·)∥Lp+1(Hn) ≲ (1 + s)

Q+1
p+1 −

Q
2 +δ(

Q
4 +

1
2 )
∥v∥X(t).

We assume that p > pFu j(Q) such that

Q + 1
p + 1

−
Q
2
+ δ(

Q
4
+

1
2
+ 1) < 0.

Consequently, taking (3.7) into account, we arrive at

∥eψ(t,·)ut(t, ·)∥L2(Hn) + ∥eψ(t,·)∇Hu(t, ·)∥L2(Hn)

≲ ε0 + ε
p+1

2
0 + ∥u∥

p+1
2

X(t) + ∥v∥
p+1

2
X(t). (3.8)

Similarly, we obtain

∥eψ(t,·)vt(t, ·)∥L2(Hn) + ∥eψ(t,·)∇Hv(t, ·)∥L2(Hn) ≲ ε0 + ε
p+1

2
0 + ∥v∥

p+1
2

X(t) + ∥u∥
p+1

2
X(t).

Let us estimate the L2(Hn) norm of the solutions (see [31]). Therefore, for k + l = 0, 1, we achieve

∥∂l
t∇

k
Hu(t, ·)∥L2(Hn)

≲ ε0(1 + t)−
Q
4 −

k
2−l +

∫ t

t/2
(1 + t − s)−

k
2−l∥u(s, ·)∥p

L2p(Hn)ds

+

∫ t/2

0
(1 + t − s)−

Q
4 −

k
2−l(∥u(s, ·)∥pLp(Hn) + ∥u(s, ·)∥p

L2p(Hn))ds. (3.9)

For σ = δp, using (1.7) and (2.17) together with the definition of the norm ∥ · ∥X(t), we find

∥u(s, ·)∥pLp(Hn) ≲ (1 + s)
Q
4 ∥eδψ(t,·)u(s, ·)∥p

L2p(Hn) = (1 + s)−
Qp
2 +

Q
2 +δp( Q

4 +
1
2 )∥u∥pX(t)
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and

∥u(s, ·)∥p
L2p(Hn) ≲ ∥e

δψ(t,·)u(s, ·)∥p
L2p(Hn) = (1 + s)−

Qp
2 +

Q
4 +δp( Q

4 +
1
2 )∥u∥pX(t).

Since p > pFu j(Q) is equivalent to −Qp
2 +

Q
2 < −1, we obtain δ > 0 such that

−
Qp
2
+

Q
2
+ δp(

Q
4
+

1
2

) < −1. (3.10)

Taking advantage of (3.10), for the integral over the interval [0, t
2 ], we get∫ t/2

0
(1 + t − s)−

Q
4 −

k
2−l(∥u(s, ·)∥pLp(Hn) + ∥u(s, ·)∥p

L2p(Hn))ds

≲ (1 + t)−
Q
4 −

k
2−l

∫ t/2

0
(1 + s)−

Qp
2 +

Q
2 +δp( Q

4 +
1
2 )ds∥u∥pX(t)

≲ (1 + t)−
Q
4 −

k
2−l∥u∥pX(t).

Applying (3.10), for the integral over [ t
2 , t], we obtain∫ t

t/2
(1 + t − s)−

k
2−l∥u(s, ·)∥p

L2p(Hn)ds ≲ (1 + t)−
Q
4 −

k
2−l∥u∥pX(t).

Using (3.9) gives rise to

(1 + t)
Q
4 +

k
2+l∥∂l

t∇
k
Hu(t, ·)∥L2(Hn) ≲ ε0 + ∥u∥

p
X(t). (3.11)

For T ∈ (0,Tmax), combining (3.8) and (3.11), we obtain

∥u∥X(T ) ≲ ε0 + ε
p+1

2
0 + ∥u∥

p+1
2

X(T ) + ∥v∥
p+1

2
X(T ) + ∥u∥

p
X(T ) ≲ ε0, (3.12)

where ε0 > 0 is small enough. Similarly, we find that ∥(u, v)∥X(T ) is uniformly bounded.
Using the fact eψ(t,η)u(t, η) = eψ(t,η)u0(η) +

∫ t

0
eψ(t,η)ut(s, η)ds, the monotonicity of ψ with respect to t

and applying (3.12), we find

∥eψ(t,·)u(t, ·)∥L2(Hn) ≲ ε0 +

∫ t

0
∥eψ(s,·)ut(s, ·)∥L2(Hn)ds ≲ ε0(1 + T ).

If Tmax < ∞, it follows that

lim
T→T−max

sup(∥eψ(t,·)u(t, ·)∥L2(Hn) + ∥eψ(t,·)∇Hu(t, ·)∥L2(Hn)∥eψ(t,·)ut(t, ·)∥L2(Hn)) ≲ ε0(1 + T ) < ∞.

However, according to the proof of Theorem 1.1, this is impossible. Therefore Tmax = ∞, which means
that u is a global solution. The decay estimates for u and its first-order derivatives can be derived from
the relation (3.12), which holds uniformly with respect to T . This finishes the proof of Theorem 1.2.
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4. Proof of Theorem 1.3

Let us start with the definition of weak solutions of Problem (1.1).
Definition 4.1. Let (u, v) ∈ Lp

loc((0,T )×Hn)×Lp
loc((0,T )×Hn) be weak solutions of the Cauchy problem

(1.1) on [0,T ) × Hn which satisfy∫ T

0

∫
Hn
|v(t, η)|pφ(t, η)dηdt +

∫
Hn

(u0(η) + u1(η))φ(0, η)dη −
∫
Hn

u0(η)∂tφ(0, η)dη

=

∫ T

0

∫
Hn

u(t, η)(∂2
t φ(t, η) − ∆Hφ(t, η) − ∂tφ(t, η))dηdt, (4.1)

∫ T

0

∫
Hn
|u(t, η)|qφ(t, η)dηdt +

∫
Hn

(v0(η) + v1(η))φ(0, η)dη −
∫
Hn

v0(η)∂tφ(0, η)dη

=

∫ T

0

∫
Hn

v(t, η)(∂2
t φ(t, η) − ∆Hφ(t, η) − ∂tφ(t, η))dηdt (4.2)

for φ ∈ C∞0 ([0,T )×Hn), φ is a test function that vanishes near t = T. If T = ∞, we call (u, v) are global
weak solutions to Problem (1.1); otherwise, we say that (u, v) are local weak solutions.
Proof of Theorem 1.3

The proof is provided by contradiction. Suppose that there are global weak solutions for Problem
(1.1). Let α ∈ C∞0 (Rn) and β ∈ C∞0 (R) be two bump functions. In addition, we stipulate that α and β are
radial symmetric and decreasing with respect to the radial variable. We have α = 1 on Bn(1

2 ) and β = 1
on [−1

4 ,
1
4 ], suppα ⊂ Bn(1), and supp β ⊂ (−1, 1). For a parameter R > 2 and (t, x, y, τ) ∈ [0,∞) × R2n+1,

we define the test function φR ∈ C∞0 ([0,∞) × R2n+1) with separate variables as follows:

φR(t, x, y, τ) = β(
t

R2 )α(
x
R

)α(
y
R

)β(
τ

R2 ). (4.3)

The core reason for selecting (4.3) as the test function is that its structure is highly consistent with the
topological and algebraic properties of the Heisenberg group, the nonlinear term, and the damping
coupling characteristics of equation. The variables’ separable form fits the component structure of the
Heisenberg group. The scaling of the horizontal component is R−1 and the vertical component R−2

match the homogeneous dimension Q = 2n + 2 of the group. The test function has compact support,
smoothness, and radial decreasing properties. We have

|∂ jα| ≲ α
max{ 1

p ,
1
q } (1 ≤ j ≤ n),

|∂ j∂kα| ≲ α
max{ 1

p ,
1
q } (1 ≤ j, k ≤ n),

|β′| ≲ βmax{ 1
p ,

1
q }, |β′′| ≲ βmax{ 1

p ,
1
q }.

In addition, 0 ≤ α, β ≤ 1 implies α ≤ αmax{ 1
p ,

1
q } and β ≤ βmax{ 1

p ,
1
q }. Hence, from the relations

∂tφR(t, x, y, τ) = R−2β′(
t

R2 )α(
x
R

)α(
y
R

)β(
τ

R2 ),

∂2
t φR(t, x, y, τ) = R−4β′′(

t
R2 )α(

x
R

)α(
y
R

)β(
τ

R2 ),
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∆HφR(t, x, y, τ) = R−2β(
t

R2 )∆α(
x
R

)α(
y
R

)β(
τ

R2 ) + R−2β(
t

R2 )α(
x
R

)∆α(
y
R

)β(
τ

R2 )

+R−3
n∑

j=1

x jβ(
t

R2 )α(
x
R

)∂ jα(
y
R

)β′(
τ

R2 )

−R−3
n∑

j=1

y jβ(
t

R2 )∂ jα(
x
R

)α(
y
R

)β′(
τ

R2 )

+
1
4

R−4(|x|2 + |y|2)β(
t

R2 )α(
x
R

)α(
y
R

)β′′(
τ

R2 ),

where ∆ denotes the Laplace operator on Rn, we find

|∂tφR| ≲ R−2(φR)max{ 1
p ,

1
q },

|∂2
t φR| ≲ R−4(φR)max{ 1

p ,
1
q } ≲ R−2(φR)max{ 1

p ,
1
q }, (4.4)

|∆HφR| ≲ R−2(φR)max{ 1
p ,

1
q }.

We have utilized the condition suppφR ⊂ [0,R2] × Bn(R) × Bn(R) × [−R2,R2] in order to estimate the
polynomial terms in the estimation of |∆HφR|.

Combining (4.1) and (4.4), we derive∫ ∞

0

∫
Hn
|v(t, η)|pφR(t, η)dηdt +

∫
Hn

(u0(η) + u1(η))φR(0, η)dη

≤

∫ ∞

0

∫
Hn
|u(t, η)|(|∂2

t φR(t, η)| + |∆HφR(t, η)| + |∂tφR(t, η)|)dηdt

≲ R−2
∫ ∞

0

∫
Hn
|u(t, η)|(φR(t, η))max{ 1

p ,
1
q }dηdt (4.5)

≤ R−2
(∫ ∞

0

∫
Hn
|u(t, η)|qφR(t, η)dηdt

) 1
q
∫ R2

0

∫
DR

dηdt


1
q′

.

Let

IR =

∫ ∞

0

∫
Hn
|v(t, η)|pφR(t, η)dηdt, JR =

∫
Hn

(u0(η) + u1(η))φR(0, η)dη. (4.6)

In fact, since suppφR(0, ·) ⊂ DR and φR(0, ·) = 1 on DR/2, we obtain

JR =

∫
DR

(u0(η) + u1(η))φR(0, η)dη ≥
∫

DR/2

(u0(η) + u1(η))dη.

Analogously, we have

MR + NR =

∫ ∞

0

∫
Hn
|u(t, η)|qφR(t, η)dηdt +

∫
Hn

(v0(η) + v1(η))φR(0, η)dη

≲ R−2
(∫ ∞

0

∫
Hn
|v(t, η)|pφR(t, η)dηdt

) 1
p
∫ R2

0

∫
DR

dηdt


1
p′
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and

NR =

∫
DR

(v0(η) + v1(η))φR(0, η)dη ≥
∫

DR/2

(v0(η) + v1(η))dη.

Because of the assumptions on initial data in (1.8), we derive lim
R→∞

inf JR > 0 and lim
R→∞

inf NR > 0.
Consequently, it follows that JR > 0 and NR > 0 for R ≥ R0, where R0 is a proper positive real valued
number. Using the fact that R ≥ R0 and meas(DR) ≈ RQ, we get

IR ≤ IR + JR ≲ R−2+ 2n+4
q′ M

1
q

R = RQ− Q+2
q M

1
q

R . (4.7)

Similarly, we find

MR ≤ MR + NR ≲ RQ− Q+2
p I

1
p

R .

Thus, we arrive at

IR ≲ RQ− Q+2
q R

Q
q −

Q+2
pq I

1
pq

R = RQ− 2
q−

Q+2
pq I

1
pq

R ≤ RQ− Q+2
p I

1
p

R .

For p, q < pFu j(Q), we derive

0 ≤ I
1− 1

p

R ≲ RQ− Q+2
p → 0 as R→ ∞.

Analogously, we obtain

0 ≤ M
1− 1

q

R ≲ RQ− Q+2
q → 0 as R→ ∞.

Therefore, lim
R→∞

IR = 0 and lim
R→∞

MR = 0. We acquire a contradiction.

For p, q = pFu j(Q), we utilize the fact that the support of ∂tφR is in P̂R = [R4

2 ,R
2] × DR and the

support of ∆HφR is in P̃R = [0,R2] × (D1,R ∪ D2,R ∪ D3,R), where

D1,R = (Bn(R) \ Bn(R/2)) × Bn(R) × [−R2,R2],
D2,R = Bn(R) × (Bn(R) \ Bn(R/2)) × [−R2,R2],
D3,R = Bn(R) × (Bn(R)) × ([−R2,R2] \ [−R2/4,R2/4]).

Thus, for R ≥ R0, we arrive at

IR ≤ IR + JR ≲ M̂
1
q

R + M̃
1
q

R , MR ≤ MR + NR ≲ Î
1
p

R + Ĩ
1
p

R , (4.8)

where

ÎR =
∫

P̂R
|v(t, η)|pφR(t, η)dηdt, M̂R =

∫
P̂R
|u(t, η)|qφR(t, η)dηdt,

ĨR =
∫

P̃R
|v(t, η)|pφR(t, η)dηdt, M̃R =

∫
P̃R
|u(t, η)|qφR(t, η)dηdt.

Electronic Research Archive Volume 34, Issue 4, 2483–2510.



2505

It follows from (4.8) that MR is uniformly bounded as R → ∞. By using the Lebesgue monotone
convergence theorem, we then get

lim
R→∞

MR = lim
R→∞

∫ ∞
0

∫
Hn |u(t, η)|qφR(t, η)dηdt =

∫ ∞
0

∫
Hn |u(t, η)|qdηdt ≲ 1.

This means that u ∈ Lq([0,∞) × Hn). Now, applying the Lebesgue dominated convergence theorem, the
characteristic functions of the sets P̂R and P̃R tend to the zero function as R→ ∞. We find

lim
R→∞

ÎR = lim
R→∞

∫
P̂R

|v(t, η)|pφR(t, η)dηdt = 0,

lim
R→∞

ĨR = lim
R→∞

∫
P̃R

|v(t, η)|pφR(t, η)dηdt = 0.

Letting R → ∞, using (4.8) leads to lim
R→∞

MR = 0. Similarly, we get lim
R→∞

IR = 0. This yields a
contradiction. The proof of Theorem 1.3 is finished.

5. Proof of Theorem 1.4

Here, we present a lemma which plays an important role in the proof.

Lemma 5.1. [33] If g = g(s) is a measurable function satisfying the property that g is supported in
[ 1

2 , 1], and g(s) is a decreasing function for s > 1
2 , then for R > 2, A > 0, we have∫ R

0
g(

A
r2 )

dr
r
≤

log 2
2

g(
A
R2 ). (5.1)

Proof of Theorem 1.4
If T (ε) ≤ 2R0, for an arbitrarily sufficiently small positive constant ε, the estimate (1.9) holds.

Let 2R0 ≤ T (ε) and ϕ ∈ C∞0 ([0,∞)) be a decreasing bump function such that ϕ = 1 on [0, 1
2] and

supp ϕ ⊂ [0, 1). Moreover, we write

ϕ∗(r) =
{

0, r ∈ [0, 1
2 ),

ϕ(r), r ∈ [ 1
2 ,∞),

which is not smooth. We set the two test functions ψR(t, η) and ψ∗R(t, η) which are used to derive the
lifespan estimates of the solutions to Problem (1.1). Namely,

ψR(t, η) = [ϕ(sR(t, η))]2p′0 , ψ∗R(t, η) = [ϕ∗(sR(t, η))]2p′0 , (5.2)

where the constant R > 2, 1
p0
= max{ 1p ,

1
q } and

sR(t, η) =
t2 + |x|4 + |y|4 + |τ|2

R2 , t ≥ 0, η = (x, y, τ) ∈ Hn.

We see

suppψR ⊂ QR = [0,R] × Bn(R
1
2 ) × Bn(R

1
2 ) × [−R,R].
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Furthermore, we obtain the estimates

|∂tψR(t, η)| ≲ R−1[ψ∗R(t, η)]
1

p0 ,

|∂2
t ψR(t, η)| ≲ R−1[ψ∗R(t, η)]

1
p0 , (5.3)

|∆HψR(t, η)| ≲ R−1[ψ∗R(t, η)]
1

p0 .

Hence, combined with (5.3), we find∫ T

0

∫
Hn
|v(t, η)|pψR(t, η)dηdt + ε

∫
Hn

(u0(η) + u1(η))dη

≲ R−1
∫ T

0

∫
Hn
|u(t, η)|[ψ∗R(t, η)]

1
p0 dηdt

= R−
q−1

q ( 1
q−1−

Q
2 )(

∫ T

0

∫
Hn
|u(t, η)|qψ∗R(t, η)dηdt)

1
q .

Setting

X(r) =
∫ T

0

∫
Hn |u(t, η)|qψr(t, η)dηdt, Y(r) =

∫ T

0

∫
Hn |u(t, η)|qψ∗r(t, η)dηdt,

M(r) =
∫ T

0

∫
Hn |v(t, η)|pψr(t, η)dηdt, N(r) =

∫ T

0

∫
Hn |v(t, η)|pψ∗r(t, η)dηdt

and using ψ∗R ≤ ψR, we get

X(R) + εI[v] ≲ R−
p−1

p ( 1
p−1−

Q
2 )M(R)

1
p ,

M(R) + εI[u] ≲ R−
q−1

q ( 1
q−1−

Q
2 )X(R)

1
q ,

where I[v] =
∫
Hn(v0(η) + v1(η))dη and I[u] =

∫
Hn(u0(η) + u1(η))dη. This implies

X(R) + εI[v] ≲ R−
p−1
pq ( 1

p−1−
Q
2 )− q−1

pq ( 1
q−1−

Q
2 )X(R)

1
pq . (5.4)

Applying Lemma 5.1 with g = [ϕ]2p′ and A = s1(t, η), we obtain

2
log 2

∫ R

0
X(r)

dr
r
≤ X(R). (5.5)

Let

W(R) =
∫ R

0
X(r)

dr
r
.

Using the fact RW ′(R) = X(R) and combining (5.4) and (5.5), we get

2W(R)
log2

+ εI[v] ≲ R−
p−1
pq ( 1

p−1−
Q
2 )− q−1

pq ( 1
q−1−

Q
2 )+ 1

pq (W ′(R))
1
pq . (5.6)

Straightforward computations lead to

CR(p−1)( 1
p−1−

Q
2 )+(q−1)( 1

q−1−
Q
2 )−1
≤ W ′(R)(εI[v] +

2W(R)
log2

)−pq, (5.7)
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where C is a positive constant which may change from line to line in the next estimate.
Integrating (5.7) over the interval [2R0,T (ε)], we find∫ T

2R0

W ′(R)(εI[v] +
2W(R)
log2

)−pqdR ≤
log2

2(pq − 1)
(εI[v] +

2W(2R0)
log2

)1−pq ≲ ε1−pq (5.8)

and ∫ T

2R0

R(p−1)( 1
p−1−

Q
2 )+(q−1)( 1

q−1−
Q
2 )−1dR

=



T (p−1)( 1
p−1−

Q
2 )+(q−1)( 1

q−1−
Q
2 )
− (2R0)(p−1)( 1

p−1−
Q
2 )+(q−1)( 1

q−1−
Q
2 ),

p, q ∈ (1, pFu j(Q)),
log( T

2R0
), p = q = pFu j(Q),

T (q−1)( 1
q−1−

Q
2 )
− (2R0)(q−1)( 1

q−1−
Q
2 ),

p = pFu j(Q), q ∈ (1, pFu j(Q)),
T (p−1)( 1

p−1−
Q
2 )
− (2R0)(p−1)( 1

p−1−
Q
2 ),

q = pFu j(Q), p ∈ (1, pFu j(Q)).

It follows from some calculations that

T (ε) ≤



Cε
−

pq−1

(p−1)( 1
p−1 −

Q
2 )+(q−1)( 1

q−1 −
Q
2 ) , p, q ∈ (1, pFu j(Q)),

exp(Cε−(pq−1)), p = q = pFu j(Q),

Cε
−

pq−1

(q−1)( 1
q−1 −

Q
2 ) , p = pFu j(Q), q ∈ (1, pFu j(Q)),

Cε
−

pq−1

(p−1)( 1
p−1 −

Q
2 ) , q = pFu j(Q), p ∈ (1, pFu j(Q)).

The proof of Theorem 1.4 is finished.
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