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Abstract: In this paper, we first introduced the Riemann integral for an abstract-valued function from
a finite closed real interval to a sequentially complete random Saks space and gave the fundamental
theorem of calculus for an L°-Lipschitz function. Then we investigated some important properties
peculiar to bi-continuous semigroups on a sequentially complete random Saks space. Finally, based
on the above work, we established the Hille-Yosida generation theorem for such bi-continuous
semigroups, which extends and improves several known results.
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1. Introduction

It is well known that the classical theory of strongly continuous semigroups on Banach spaces
has been widely applied to partial differential equations, ergodic theory, Markov processes, and so
on [1,2]. However, in many situations, such as the case of the Ornstein-Uhlenbeck semigroup on C,(H)
of bounded continuous functions on a separable Hilbert space H, the semigroup fails to be strongly
continuous. To overcome this continuity deficiency, in 2003, Kiihnemund [3] introduced the concept
of bi-continuous semigroups and established the Hille-Yosida generation theorem for such semigroups.
The idea is to equip the underlying Banach space with an additional locally convex topology, which
is coarser than the norm topology. It is noteworthy that such spaces are exactly sequentially complete
Saks spaces. In fact, a Saks space is a triple (X, || - ||, 7) consisting of a normed space (X, || - ||) and
a coarser locally convex Hausdorff topology 7 on X such that the norm || - || is the supremum taken
over some directed system of continuous seminorms that generates the topology 7, see [4,5]. In 2004,
Albanese and Mangino studied the Trotter-Kato theorem for bi-continuous semigroups and further
applied it to Feller semigroups [6]. Besides, the Lumer-Phillips theorem and the perturbation theory
for such semigroups were also given in [7-9].

The notion of a random normed module (briefly, an RN module) is a random generalization of that
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of a normed space and plays an important role in the study of random functional analysis. Thanks to
Gigli [10] and Guo’s [11] independent pioneering contributions, the theory of RN modules has
obtained a systematic and deep development, and has been successfully applied to several important
fields such as random equations [12-14] and nonsmooth differential geometry on metric measure
spaces [10, 15]. With the development of RN modules, the theory of operator semigroups is no longer
limited to classical spaces. In recent years, some progress has been made in the study of strongly
continuous semigroups on complete RN modules [16-18]. In this paper, a complete RN
module (S, || - ||) is further endowed with another (&, 1)-topology induced by a family of L°-seminorms
#, which is coarser than the (&, 1)-topology induced by the L°-norm || - ||. Such a space, which is
called a random Saks space in this paper, is a random generalization of a classical Saks space. The
purpose of this paper is to study bi-continuous semigroups on a sequentially complete random Saks
space. Specifically, we will first introduce the Riemann integral for an abstract-valued function in the
random setting and further establish the Hille-Yosida generation theorem for such
bi-continuous semigroups.

This paper is arranged as follows: In Section 2, we will present some preliminaries; in Section 3, we
will establish the Riemann integral for abstract-valued functions from a finite closed real interval to a
sequentially complete random Saks space; in Section 4, we will investigate several important properties
peculiar to bi-continuous semigroups in the random setting, and then in Theorem 4.3, we will establish
the Hille-Yosida generation theorem for such bi-continuous semigroups.

2. Preliminaries

In this paper, we start with some notations. K denotes the real scalar field R or the complex scalar
field C, R* the set of nonnegative real numbers, N the set of positive integers, and (Q, ¥, P) a given
probability space. Besides, L°(F,K) denotes the algebra of equivalence classes of K-valued
¥ -measurable random variables on Q under the usual algebraic operations and L°(¥,R) the set of
equivalence classes of extended real-valued # -measurable random variables on Q.

Proposition 2.1 ([19]). L°(F,R) is a complete lattice under the partial order <: f < g if and only if
FoUw) < g%w) for almost all w in Q, where f° and g° are arbitrarily chosen representatives of f and g
in L°(F,R), and the following statements hold.

1) For any G c L°%(F,R) and G # 0, there are two sequences {£,,n € N} and {n,,n € N} in G such
that \/ ;51 &, =\ G and \,s1n, = \ G, where \/ G and )\ G denote the supremum and the infimum of
G, respectively;

2) If G is directed upward (resp., downward), i.e., for any g, and g, in G, there exists some g3 € G
such that g1 \/ g» < g3 (resp., g1 N\ g2 > g3 ), and then the present {£,, n € N} (resp., {n,,n € N} ) can
be chosen as nondecreasing (resp., nonincreasing).

In this paper, ), denotes the characteristic function of D for any D € ¥ and I, denotes the
equivalence class of Ip,. As usual, for any f,h € L°(F,R), the relation f > h is defined by f > h and
f # h,and forany A € ¥, f > h on A means f’(w) > h°(w) for almost all w € A, where f° and h° are
arbitrarily chosen representatives of f and h, respectively. Besides, let D = {w e Q| fw) > ho(w)},
and then we always use [f > h] for the equivalence class of D and often write /{5, for Ip. One can
also understand such notations as I r<py, I;f2n), and Ij—p;.
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Specifically, L°(F) = {n € L°(F,R) | n > 0} and LY (F) = {n € L°(F,R) | n > 0 on Q}.

Definition 2.1 ( [11]). An ordered pair (S,|| - ||) is called a random normed module (briefly, an RN
module) over K with base (Q,F,P) if S is a left module over the algebra L°(F,K) and || - || is a
mapping from S to L)(F) satisfying the following three axioms.

(RN-1) |lnx|l = Inl - llxl| for any n € L%(F,K) and x € S ;

(RN-2) ||x + yl| < x|l + ||yl| for any x and y € S;

(RN-3) ||x|]| = 0 = x = 6 (the null element of S ).

As usual, ||-|| is called the L°-norm on S and ||x|| is called the L°-norm of xin S. If ||-|| : § — L°(F)
only satisfies (RN-1) and (RN-2), then it is called an L°-seminorm on S .

Definition 2.2 ( [11]). An ordered pair (S,P) is called a random locally convex module (briefly, an
RLC module) over K with base (Q, F,P) if S is a left module over the algebra L°(F,K) and P is a
family of mappings from S to LY (F) such that the following three axioms hold.

(RLC-1) \/{p(x) | p € P} =0 if and only if x = 6 (the null element of S );

(RLC-2) p(éx) = |€lp(x) for any p € P, & € L2(F,K), and x € S;

(RLC-3) p(x +y) < p(x) + p(y) for any p € P and x,y € S.

Besides, if P consists of a single L°-norm ||-|, then the RLC module (S, P) reduces to an RN module
(S, 111D

Let (S, %) be an RLC module and #, the family of all nonempty finite subsets of #. For any given
0 € Py, define a mapping || - lo: S — LI(F) by lIxllp = V{p(x) | p € Q) for any x € S, and then
Il - llo 1s an L°-seminorm on S. For any countable partition {D,,n € N} of Q to F and any sequence
{Q,.n € N} in Py, define a mapping 32, Ip, |I-llg,: S — LUF) by (22, In, I - llg,) () = T2, I, lIxdlg,
forany x € S. Then Yoo, Ip, || - llo, is an L°-seminorm on S. Moreover, if Yo, I, || - |lo, € P for any
countable partition {D,,n € N} of Q to ¥ and any sequence {Q,,n € N} in P, then P is said to have
the countable concatenation property.

Let (S, %) be an RLC module over K with base (Q, ¥, P). For any givene > 0and 0 < A < 1, let

Vo(Q,e,) ={x €S | Plwe Q||xllplw) <&} >1-4)

for any Q € Py. Then the family {Vy(Q,&,1) | Q € Pr,e > 0,0 < A < 1} forms a local basis of some
Hausdorff linear topology on S, which is called the (g, 1)-topology induced by .

Remark 2.1. Throughout this paper, an RLC module (S, P) is always endowed with the (&, 1)-topology
induced by P. Besides, one should note that a net{z,,a € I'} in S converges to some zo € S in the (g, 1)-
topology induced by P if and only if the net {p(z, — 20), @ € I'} converges to 0 in probability P for any
p € P. Further, if (S,P) reduces to an RN module (S, || - ||), then a sequence {z,,n € N} in S converges
to some zo € S in the (g, A)-topology induced by || - || if and only if the sequence {||z, — zol|,n € N}
converges to 0 in probability P.

Proposition 2.2 ([17]). Let [s, t] be a finite closed real interval and (S, || - ||) a complete RN module. If
§1)-8y) | uy, up €[s,t] and u; # uz} e LO9(F),

up—uz

g: [s,t] — S is continuously differentiable and \/ {'
then g’ is Riemann integrable on [s,t] and fs ' g (wydu = g(t) — g(s).
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Given an RLC module (S,P), let (S,P)" = {f: § — L°F,K) | f is a continuous module
homomorphism from (S, %) to (L°%(F,K),| - ) }. Then (S,P)* is called the random conjugate space
of (S,P).

Proposition 2.3 ( [11]). Suppose (S,P) is an RLC module and P has the countable concatenation
property. Then f € (S,P)" if and only if there are n € LY(F) and Q € P such that | f(x)| < nllxllg for
any x € §.

Proposition 2.4 ( [20]). Suppose that g is a continuous function from [s,t] to L°(F,R) satisfying
Vet [8@)] € LN(F,R), where L(F,R) = [ € LYF,R) | [, |EldP < co), and then

fg[fg(”)d“]d” - [ | [ | g(u)dP]du.

Given an RLC module (S, P), a continuous module homomorphism from (S, P) to (L°(F, K),|-|) is
called a canonical module homomorphism on (S, P); (S, P) is said to admit enough canonical module
homomorphisms if for each nonzero element z in (S, %) there exists at least one canonical module
homomorphism f on (S, P) such that f(z) is a nonzero element in (L°(F, K), | - |).

Proposition 2.5 ( [21]). An RLC module (S, P) admits enough canonical module homomorphisms.

3. The Riemann integral for an abstract-valued function from a finite closed real interval to a
sequentially complete random Saks space

Definition 3.1. Let (S, || - ||) be a complete RN module over K with base (Q, %, P) and T a Hausdorff
linear topology on S such that T is coarser than the (g, 1)-topology induced by || - ||. Then the triple
(S, 1 - |, 7)) is called a random Saks space over K with base (Q, F, P) if there exists a directed system
P of L°-seminorms such that T coincides with the (&, 1)-topology induced by P, and

Il = \/ p(x)

peP

forany x € §.

A sequence {z,, n € N} C S is said to be || - ||-bounded if \/ ey ||2all € L2(F). Further, if any || - ||-
bounded T —Cauchy sequence converges in (S,7T"), then the triple (S,|| - ||, T) is called a sequentially
complete random Saks space.

Remark 3.1. In the following, for any given random Saks space (S,|| - ||, 7), we always denote by P
the family of L°-seminorms satisfying Definition 3.1.

Let (S,]| - ||, 7") be a random Saks space and define a mapping || - ||;: § — [0, o] by

IIXI|1=IIIXIIdP-
Q

L'(S) = {x €S | llxlli < co},

Let
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and then (L1 SH, Il - ||1) is a Banach space. Define a mapping p,,: L'(S) — R* by

pp(x) = f p(x)dP
Q

for any p € P, and then {pp} is a family of seminorms in L'(S). Denote by 7 the locally convex

pEP
topology induced by the family of seminorms {pp}pep. Clearly, (LI(S ) T) is a locally convex space.
Let N = {up,uy,...,u,} be a finite partition of [s,], i.e, s = uy < u;y < --- < u, = t and

IN| = max;<<,(Au;), where Au; = u; — u;_,. Besides, let N([s,t]) denote the set of all partitions of
[s,t], IN] = [1icy [uk—1,ux] € R", and D = {(N,&): N € N((s,t]), € € [N]}. As usual, for any
N, M e N([s,t]) and & € [N],n € [M], (N,&) > (M,n) means [N| < |[M|, and then (D, >) is a
directed set.

Suppose (S,||-|,7) is a random Saks space and g is a function from [s,¢] to S. For any
N = {ug,ur,...,u,} € N([s,t]) and &€ = (&1,...,&,) € [N], let R(g, N, &) = >, 8 (¢) Au;, and then
{R(g, N,&): (N, &) e D}isanetin§S.

Definition 3.2. Let (S, || - ||, 7") be a random Saks space and g a function from [s,t] to S. Then g is said
to be T —Riemann integrable on [s, t] if there is some I in S satisfying that for any e > 0and 0 < 1 < 1,
there is (g, 1) > 0 such that for any p € P,

PlweQ|pRE N, -Dw)<e>1-24
for any N € N([s,t]) and & € [N] whenever |IN| < d(g, A). In addition, I is called the T —Riemann
integral of g over [s,t], denoted by fs ' g(u)du.
Definition 3.3. Let (S,||-||,7) be a random Saks space and g a function from [s,t] to S. For any
u€(s,t),if7 — %ir% w exists, then we say g is T —differentiable at u, denoting this limit by g'(u)

or %. Analogously, one can define the right T —derivative of g at s and the left T —derivative of g at
t. Then, as usual, g'(u) is called the T —derivative of g at u € [s,t]. If g is T —differentiable for any
u € [s,t], then g is said to be T —differentiable on s, t].

Theorem 3.1. Let (S,||-||,7) be a sequentially complete random Saks space and g: [s,t] — S a
continuous function with respect to T. If \/ ,csn gl € LY(F), then g is T —Riemann integrable
on [s,t].

Proof. Letn = \/ ¢(5q 18w, and then i € L?r(?"). Set
E={k—1<n<k}

for any k € N, and then &; (" &; = 0 for any 7, j € N with i # j and ;. & = Q. Define a mapping gy:
[s,1] — S by

gk(u) = Ig, g(u)
for any k € N, and then g;(u) € (L'(S),7) for any u € [s,]. Since for any p € P and k € N,
p(gi(u) — gr(ug)) < 2k for any ug, u € [s,t] and p(gi(u) — gi(up)) — 0 in probability P as u — uy, due
to Lebesgue’s dominated convergence theorem, we have

L}l_)rilo Pp(gc(u) — gi(uo)) = 0,
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ie., g [s,1] = (LY(S),7) is continuous. It is easy to check that {R(g;, N,&): (N,&) € D} is a
7—Cauchy net in L'(S) for any k € N. Since for any N, M € N([s,t]) and & € [N],5 € [M],

Plw € Q| p(R(gi, N, &) = R(gi, M. m)(w) > &}

1
<1 fg P(R(ge N, &) — R(ge, M, m)dP

forany € > 0, k € N and p € P, it follows that {R(gi, N,&): (N,€) € D} is a 7 —Cauchy net in
S. Further, by >,2, P(&) = P(Ui. &) = P(Q) = 1, we have that {R(g, N,&): (N,¢) € D}isa
7 —Cauchy net in §. Consequently, for any &; > 0 and 0 < A; < 1, there is an O(g;, 4;) € N([s,1])
such that for any p €

Plw e Q| p(R(g, N,&) —Rg M, m)(w) <&} >1-4

for any £ € [N],n € [M] whenever N, M € N([s,1]) satisfy N, M > O(g, 4)).

Forany n € N, let NV, = {s,s+ (’;—s),s+ @,...,t} and &y = (&1, ...,&) € [N,], where & = 5 +
@ (i=1...,n),and then {R (g, N, &n), n € N}is a7 —Cauchy sequence in . Since \/ 4 18|l €
L2(F), it follows that \/ o IR (g, N, &) || € LY(F). By the sequential completeness of S, there is
some / in S satisfying that

9 —limR (g, Nn,g[n]) = I,
1e., forany &, > 0and 0 < A, < 1, there is an M € N satisfying that for any p € P
Plwe Q| pR(g Ny &) - Dw) <&} >1-2,

forany n > M.
According to

p(R(gaN’f) - I) < p(R(g’N’é:) _R(ngn,é:n)) +p(R(g’Nm§n) - I)

for any p € P and n € N, it follows that for any &3 > 0, 0 < A3 < 1, there is an O(e3, A3) € N([s,1])
such that
Plwe Q| p(R(g,N,&) — D(w) <&} >1-43

for any ¢ € [N] whenever N € N([s,1]) satisfies N > O(es, A3), i.e., there is d(e3, 43) > 0 (i.e.,
6(&3, A3) := |0(&3, 43)]) such that for any p € P,

PloeQ|pRE N, -D(w) <&t>1-4
for any N € N([s,]) and & € [N] whenever |N| < (g3, 43). Thus we have that g is 7 —Riemann

integrable on [s, t]. O

Suppose that (S, || - ||, 7") is a random Saks space over K with base (Q, ¥, P). A function g: [s,t] —
S is said to be L°-Lipschitz on [s, 7] if there is an € L (F) satisfying ||g (u;) — g (u2)|| < 17|uy — uy| for
any ui, u € [s,t].

In the remainder of this paper, we always assume that ¥ has the countable concatenation property.
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Theorem 3.2. Let (S,||:||,7) be a sequentially complete random Saks space and g: [s,t] — S a
continuously differentiable function with respect to T . If g is L°—Lipschitz on [s,t], then

f g (w)du = g(1) — g(s).

g(ur)—g(up)
uy—uy

Proof. Let { = \/ {‘
L°—Lipschitz on [s,]. Since ||g’'(u)]| < V {‘
we have \/ ¢, 118 W)l € L‘i(?’ ). By Theorem 3.1, one can obtain that g’ is 7 —Riemann integrable
on [s,1].

For any f € (S,P)*, let G(u) = f[g(u)] for any u € [s,t], and according to Proposition 2.3, there are
m € L%(F) and Q; € P; such that

|y, up € [s,t] and u; # uz}, and then ¢ € L) since g is

g(uy)—g(ur)
Uy —uy

| uy, ur € [s,t] and u; # uz} for any u € [s,1],

'G(ul) — G(uy)

_ 'f[gwl)] - flg(w)]

uy —up u — Uy
g(uy) — g(ur)
< |
up—uy g,
Hg(ul) g(u2)
u — uy
for any uy, u, € [s,t] and u; # u,. Thus we have that \/ {‘W | uy, uy € [s,t] and u; # Mg} €

L%(F) since g is L°—Lipschitz on [s,¢]. For any u € [s,t] and f € (S,P)", there are n, € L%(F) and
0> € P such that

Gu)-G -
(MZZ = uz(MZ) (u )]| ' g(ul)] ZJ:[g(Mz)] —f[g’(u)]‘
g(ul) g(u2) ’
H Uy —up —g) 0>

for any uy, u, € [s,t] and u; # u,. Further, by the 7 —differentiability of g, we have that G is
differentiable and G’ (u) = f[g’(u)] for any u € [s, t]. Similarly, one can prove that G’: [s,t] — LY%(F,K)
is continuous. Due to Proposition 2.2, one has

G@®) - G(s) = f G’ (u)du, 3.1

1.e.,

f f1g' wldu = flg(®] - fI8(s)].

Let N = {up,ui,...,u,} € N([s,1]) and & = (&1,...,&,) € [N] be fixed, since g’ is 7 —Riemann
integrable on [s,] and f[g’] is Riemann integrable on [s,¢], and it follows that for any € > 0 and

peP,
lim P {w eQlp [Z g (E)Au; — f gf(u)du) (w) > 5} =0,
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and

limP{w€Q|

> flg@)au; - f f1g'w)ldu (w)>s}:0.
i=1 s

Moreover, for any f € (S,P)", there are 1735 € L°(F) and Qs € P such that

f(Zg’(&)Aui}—f( f g’(u)du) f(Zg’(fl-)Aui— f g’(u)du)
i=1 § i=1 s
¢ @u- [ g
i=1 s

<m

03
For any f € (S, P)*, since

f (Z g'(&-)Aui] = ) flgENAu;,
i=1 i=1

f flg'(w)ldu - f( f g’(u)du)

it follows that

<

f g @ldu =" flg'E)Au
s i=1

+|f [Z g'(f,-)Au,-] - > g @Ay,
i=1 i=1
+ f[z g/(fi)AuiJ —f(f g'(u)du)
i=1 s
f g @ldu - )" flg'E)1Au;
§ i=1

¢ @n- [ g
i=1 S

<

+13

03
Letting n — oo in the above inequality, one has

I [ flg'wldu = f ( f t g’(u)du)
for any f € (S, P)*. Further, accordir;g to (3.1), we get

f(fst 8 (wydu — g(1) + g(S)) =0 (3.2)
for any f € (S,%#)". By Proposition 2.5, if ( L ' g (u)du — g(t) + g(s)) is a nonzero element in (S, 7)),

then there exists at least one canonical module homomorphism fy on (S,7) such that
fo ( fs ' g (wydu — g(t) + g(s)) is a nonzero element in L°(F, K), which contradicts (3.2). Thus we have

g(t)—g(S)=fg'(u)du-

O

Electronic Research Archive Volume 33, Issue 9, 5616-5637.



5624

Let (S, | - ||, 7) be arandom Saks space over K with base (€2, ¥, P). A linear operator T from (S, ||||)
to (S, || - I|) is said to be almost surely bounded if there is an n € L2(F) satisfying ||Tz|| < 5 - ||z]| for any
z € S. Denote by B(S) the L°(F, K)-module of almost surely bounded linear operators from (S, || - ||)
to (S, - ID-

Lemma 3.1. Let (S,||-||,7) be a sequentially complete random Saks space and T € B(S). Then, for
any z € S and t > O, the series Y, b T) ==z converges in (S,7).

Proof. Since T € B(S), it follows that there is an 1 € Lﬁ(?’ ) satistying ||T'z|| < nl|z|| for any z € S'. For
any z€ S andn € N, let

i o (1T .
" k:O k!
for any ¢ > 0, and then
o (T
les2ll =1l ) =l
k=0 '
< D Ikl
k=0 " °
< ) 'k
=0
= e"||zll,
ie., Ve lle zll € LY(F).
Since
o - (tT)* = (tT)F
p(enz—emz)Sp( A zZ- ZTZ
k=0 k=0
_ [ ey
- p(k;I k| -
i T
< Z
k=n+1 k'
< ), gk
k=n+1

forany n,m € N, z € § with n < m, it follows that {effz, n € N} is a 7 — Cauchy sequence in S. By the
sequential completeness of §, we have

T - lim ef Z «ar,

foranyz € S. O
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4. Bi-continuous semigroups on sequentially complete random Saks spaces

In the remainder of this section, we always assume that (S, |- ||,7) is a sequentially complete
random Saks space over K with base (Q, 7, P).

Definition 4.1. A family {V(t): t > 0} C B(S) is called a bi-continuous semigroup on S if

(i) V(0) = L.

(ii) V(t + s) = V(©)V(s) for any s,t > 0.

(iii) The family {V(t): t > 0} is exponentially bounded, i.e., ||V(t)z|| < Me®||z|| for anyt > 0, z € S,
and some a € L°(F,R), M € L% (F) with M > 1.

(iv) {V(t): t > 0} is strongly T —continuous, i.e., for any z € S, the mapping t — V(t)z from R* into
S is continuous with respect to T .

(v) {V(t): t = 0} is locally bi-equicontinuous, i.e., for any | > 0 and || - ||-bounded sequence {z,,
neN}CS withT — lim z, = 0, we have

T —1lim V()z, =0

uniformly for any t € [0, ].

Remark 4.1. When (Q, F, P) is trivial, i.e., ¥ = {Q, 0}, then the sequentially complete random Saks
space (S, || - ||, T) reduces to an ordinary sequentially complete Saks space and Definition 4.1 reduces
to Definition 3 in [3]. Thus Definition 4.1 is a non-trivial generalization of Definition 3 in [3].

We denote by H(M, a) the set of all bi-continuous semigroups {V(¢): t > 0} on S such that ||V (#)z|| <
Me®||z|| for any t > 0,z € S, and some a € L°(F,R), M € L (F) with M > 1.

Definition 4.2. Suppose {V(t): t > 0} is a bi-continuous semigroup on S. Define

V(Hz — V(t)z -
D(A) = {z €S:7 —lim Ytz exists and Ve ==l € Li’(f)}
=0 4 1€(0,1]
and v
l‘ —
Az = T —tim L0272
t—0 1

for any z € D(A). Then the mapping A: D(A) — S is called the infinitesimal generator of {V(t): t > 0}.

Definition 4.3. A family {V(t): t > 0} C B(S) is said to be globally bi-equicontinuous if for any
|| - [|-bounded sequence {z,, n € N} C S with T — lim z, = 0, we have

n—oo

7 —1limV(H)z, =0

uniformly for any t > O.

Definition 4.4. A subset E C S is said to be bi-dense in S if for any z € S there exists a || - ||-bounded
sequence {7,,n € N} C E such that 7 — lim z,, = z.

n—oo

A function g from R*to S is said to be locally L°-Lipschitz if for any L > 0, there is a & € LY (F)
such that ||g (s1) — g (s2)|l < &L sy — 7| for any sq, 55 € [0, L].
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Theorem 4.1. Let {V(¢): t > 0} € H(M, a) be a bi-continuous semigroup on S with the infinitesimal
generator A. Define a mapping g: R* — S by g(t) = V(t)z for any z € D(A), and then g is locally
L°—Lipschitz.

Proof. For any L € (0,1] and ¢ € (0, L], we have
IV(t)z -zl WVtz—zl o
\/ - 7 < \/ - ;7 € L.(F) 4.1)
te(0,L] e(0,1]

for any z € D(A).
Forany L > 1 and ¢ € (0, L], one has

\/ IV(5)z - zl| < \/ IV(0)z -zl N v IIV(t)tz—zll

te(0,L] ! te(0,1] ! te(1,L]
IV -zl 42
< \/ T Mt + “2
te(0,1]
e L3(F)

for any z € D(A).
Forany L > O andt € [0, L], let

IV(@®)z -zl
="\ =+ M + Ik
te(0,1]

for any z € D(A), and then &, € Lg(?-'). Combining (4.1) and (4.2), for any L > 0 and ¢ € [0, L], one
can obtain
IV(D)z —zll < &1t

for any z € D(A). Further, for any L > 0, we have
WV@Oz=VSzdl =IIV(s)(V(E—-s5)z-2
< Me™éL (1 - s)

for any z € D(A), s,t € [0, L] and t > s.
Consequently, for any L > 0, we get

IV (6)z—V(s)zll < Me“ ¢, |t - s

for any z € D(A) and s, t € [0, L], which shows that g is locally L°—Lipschitz. m|

Lemma 4.1. Let {V(¢): t > 0} € H(M, a) be a bi-continuous semigroup on S, and then {e"*'V(t): t > 0}
is globally bi-equicontinuous for any a € L°(F,R) with a > a on Q.

Proof. Let {z,,n e N} C S be a|| - ||-bounded sequence such that 7 — lim z, = 0. Since for any n € N,

n—oo

p(e"V()z,) < e [IVD)zill
< e Mg, |
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forany p € P, a € L°%(F,R) with @ > a on Q, it follows that for any &, 1 > 0, there is #; > 0 such that

A
P{w € Qe Ml () > g} <5

for any ¢ > t,. Further, by the local bi-equicontinuity of {V(¢): t > 0}, for any p € P, there exists ny € N
such that

P{w €Q| \/ p(eV()z,) (W) = g} < %

0<<ty

for any n > ny. For any n € N and p € P, due to

\/ P Vz) < \/ peVz) +\/ peVinz,)

>0 0<t<ty 1>t

for any @ € L°(F,R) with @ > a on Q, we have

P {w €Q| \/ p(eV()z,) (w) = 8}

>0

<P {w € Qe Mz, lI(w) > g}

+ P{w € Q| Os\téop (e™™V(D)z,) (w) = ;}
<A

for any n > ny. O

Theorem 4.2. Let {V(¢): t > 0} be a bi-continuous semigroup on S with the infinitesimal generator A.
Then
(a) for any z € D(A) and t > 0, we have V(t)z € D(A) and

iV(t)z =AV(t)z = V(1)Az;
dt
(b) for any z € D(A) and t > 0,
Viz—z = f V(s)Azds = f AV(s)zds;
0 0

(¢) A is bi-closed, i.e., for any sequences {z,, n € N} € D(A) with \/ e 1Zall, Vet 1Azl € L2(F)
suchthat7 — limz, =zand T — lim Az, =y, z€ D(A) and Az = y;

n—oo

(d) forany z€ S and t > 0, fot V(s)zds € D(A) and

Af V(s)zds = V(H)z — z.
0
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Proof. (a) Lett > 0 be fixed and we have

_ . Vihz-z| . V(h+tz-V(t)z
Vi Az =V |T — hli%l — | T - hli%l . 4.3)
for any z € D(A). Besides, since
h - V(h -
AV()z = T — lim VimV(nz - Vz _ T _ im (h+1)z-V(t)z 4.4)
h—0* h h—0* h
for any z € D(A), it follows that V(-)z is right 7 —differentiable at t and AV (¢)z = V(¢#)Az.
For any & € (0, t), one can obtain that
Vi)z=V(Et—-h
p( )z h( )Z—V(I)Az)
V(h)z —
<p (V(r ~ 1) [% Az ) + p(V(t = WAz = V(A2
for any p €  and z € D(A), and we get
Viz—-V(t-h
T - lim 0z h( 2 _ VinAz = AV()-. 4.5)
Combining (4.3)—(4.5), one has
dV(t)z

pa AV(DHz = V(DAz

for any z € D(A) and ¢ > 0.

(b) Due to (a), one has % = AV(t)z = V(t)Az for any z € D(A) and t > 0. Further, according
to Theorem 4.1, the mapping ¢t +— V(t)z is locally L°-Lipschitz for any z € D(A). Thus, due to
Theorem 3.2, we have

V(t)z—z:f V(s)Azds:fAV(s)zds
0 0

for any z € D(A) and ¢ > 0.
(c) Suppose that there is a sequence {z,, n € N} € D(A) with \/,ci l1zall, V pew 1Az4l| € L2(F) such
that 7 — lim z, = zand 7 — lim Az, = y, and we have that p(Az, — y) converges to 0 in probability P

n—oo

as n — oo for any p € P. Set

n="\/ IV(9)Az, = V(s)ll

s€[0,¢]
neN
for any ¢ > 0, and we have 1, € Lg(?) since {V(s): s > 0} is exponentially bounded. Let
Sk,t:{k_lsrlt<k}

for any k € Nand ¢ > 0, and then &, N E;, = 0 for any i, j € N with i # j, and further | J;2, &, = Q.
Clearly, forany k e Nand ¢ > 0, p (ng‘l V(s)Az, — Ig,, V(s)y) converges to 0 in probability P as n — oo
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for any s € [0, ¢]. For any s € [0,¢] and k € N, we have p (ngl,V(s)Azn - ngJV(S)y) < k forany p € P
and n € N. Due to Lebesgue’s dominated convergence theorem, one can obtain

lim f P (Ie, V($)Az, — Ig,, V(s)y) dP = 0.
n—oo Q

For any k € N and ¢ > 0, by Proposition 2.4, we have

!
fp (f Ig, V(5)Az, — Ig,,V(5)y ds) dP
Q 0

!
< f f p(Ie, V(9)Az, - Ig,, V(s)y) ds dP
QJo

!
= f f p(Ie, V($)Az, — Ie,,V(s)y) dP ds
0 Q

for any p € P and n € N, which implies that

!
p ( f Ig, V($)Az, — Ig,,V(s)y ds)
0

converges to 0 in probability P as n — oo. According to Y1~ P(&Ex,) = P (Ujw; Eks) = P(Q) = 1, one
can obtain

! !
7 — lim V(s)Az, ds = f V(s)yds
0 0

n—oo

for any ¢ > 0. Further, due to (b), we have
!

f
Vis)z—z=7 —lim (V(s)z, —z,) =7 — lim V(s)Az, ds = f V(s)yds
n—0oo n—oo O

0
for any ¢t > 0, and thus z € D(A) and Az = y.
(d) This is obvious from (b) and (c). O

Remark 4.2. If ¥ = {Q, 0}, then Theorem 4.2 reduces to Proposition 11 in [3]. Moreover, in the context
of non-trivial random Saks spaces, the (&, A)-topology induced by P is too weak, and the method used
in Proposition 11 from [3] cannot be directly generalized. Therefore, we employ the technique of
measurable partitions on S to prove Theorem 4.2.

Suppose A: D(A) — S is a module homomorphism and p(A) = {n € L%F,K):
nl — A is bijective and (] — A)™' € B(S)}, then p(A) is called the resolvent set of A. Further, if
n € p(A), then R(n, A) = (nI — A)~! is called the resolvent of A.

Lemma 4.2. Let {V(t): t > 0} € H(M, a) be a bi-continuous semigroup on S with the infinitesimal
generator A. If n € L°(F,R) withn > a on Q, then

(a) .
R(n,A)z = f e "V (t)zdt
0

foranyz € S;
()
7 — limnR(n,A)z =z
7]—)00

forany z €S.
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Proof. (a) Step 1. For any 1 € L°(F,R) with 1 > a on Q, define a mapping R(i) : S — S by

R(n)z = f ) e "V(t)zdt
0

for any z € §, and then

p(R(1)2) = p( f e"”V(t)zdt)
0
= f i e " p(V(0)z)dt
0

< f e MIV(0)2lldr
0

M

< lIzl.
n-a

Thus the module homomorphism R() is well-defined for any € L°(F,R) with 7 > a on Q.
Step 2. Forany z € §, let

£=\/ e V(s)z—7|

s=0

for any 17 € L°(F,R) with 1 > a on Q. Since

le™V(s)z = 2| < [le™Visye]| + Il
< Me™"||Z|| + ||

for any s > 0, we have & € LY(F). Set

E=tk—-1<&<k}
for any k € N, and then & N &; = 0 for any i, j € N with i # j, and further | J;2, & = Q. Since
forany z € S, k € N, and p € P, p(lg,e™V(s)z — Ig,z) converges to 0 in probability P as s —

0 and p (Ig,e™™V(s)z — Ig,z) < k, it follows from Lebesgue’s dominated convergence theorem that
fQ p (I, eV (s)z — Ig,z) dP converges to 0 as s — 0. Thus, by Proposition 2.4, one has

1 h
—fp f Ig, e V(s)z — Ig zds | dP
hJa™ \Jo

1 h
= - ff p g, e ™V(s)z — Ig,z) dsdP
h Ja Jo

1 ,
= Ef(; Lp(lgke_”‘V(s)z—ngz)des

< max fp (Ig,e"V(s)z — Ig,2) dP
SG[O,h] Q

—-0ash—0
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forany z € S, k € N, and p € P, which implies that % p ( foh Ig,e™™V(s)z - ngzds) converges to 0 in
probability P as h — 0. Since Y ;7 P (&) = P (U &) = P(Q) = 1, it follows that

1 h
— Tlim = -ns —
T }11_1:1(1) Y [) e V(s)zds =z

forany z € S, n € L%(F,R) withn > a on Q.
Step 3. For any z € S and & > 0, we have

V() [ e V(t)zdt — [ eV (D)zdt
h

| 1

= — f e "V(t + h)zdt — - f e "V(t)zdt
h Jo h Jo
1 * —n(t—h) 1 ~ —nt

= - e " VV()zdt — - e "V (t)zdt
h h h 0

1 o 1 g
=—(e" -1 f e "V(f)zdt — —e™ f e "V (t)zdt
RGN <"

for any 17 € L°(F,R) with 7 > a on Q. Letting 7 — 0 in the above equality, we get

A f e "V(t)zdt = n f e "V (t)zdt - z,
0 0

ie., (n—A) fooo e "V(t)zdt = z. Further, according to Theorem 4.2, one can obtain A fom e "V(t)zdt =
fooo e MV (t)Azdt for any z € D(A), n € L°(F,R) withnp > aon Q, i.e., fooo e "V(t)(n — A)zdt = z. Thus
we have .
R(n,A)z = f e "V (t)zdt
0

forany z € S, n € L°%(F,R) withn > a on Q.

(b) Since {V(¢): t > 0} is strongly 7 — continuous, it follows that for any &, 4 > 0, there is 5 > 0
such that

Ploe Q| p(V(Nz-2)(w) 2} <A
foranyz € S,p € P,and t € [0, 1,]. For any € L°(F,R) with n > a on Q, since

pMR(n,A)z—2)=p ( f ne "V (t)zdt — f ne"”zdt)
0 0

<p ( f 0 ne "(V(t)z - z)dt) +p ( f ne " (V(t)z - z)dt)
0

fo

< f 0 ne " p(V(t)z — z)dt + f ne " p(V(t)z — z)dt
0

0]

< \/ p(V(t)z—Z)f ne‘”’dt+f ne "||V(H)z — zl|dt
0

1€[0,10] 1o

< \/ p(Vz -2+l

t€[0,10]

M n e—(n—a)lo +e—fllo]
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for any z € § and p € P, it follows that p(nR(n, A)z — z) converges to 0 in probability P as n — oo,
which completes the proof. O

Lemma 4.3. Let {V(1): t > 0} € H(M, a) be a bi-continuous semigroup on S with the infinitesimal
generator A. Then D(A) is bi-dense in S, i.e., for any z € S, there exists a || - ||-bounded sequence {z,,
n € N} C D(A) such that T — lim z,, = z.

Proof. For any n € N, let n, € L°(F,R) with 17, > a on Q such that 5, — oo as n — oo. Since

MRy, A)z = 1, f eV (1)zdt
0

for any z € § and n € N, it follows that

17, R0, Azl = 1

f e M V(t)zdtH
0

< 7 fo i || IV ()zl|dt

< M,
M —a

llzll,

i.e., Ven 17.R(M,, A)Z]| € L2(F). For any given z € S, define

MR, Az,  ifn, >aon Q,
M
0, else,

and then {z,,,, n € N} C D(A) and \/ qy ||z,,,,|| € LY(F). According to Lemma 4.2, we get 7 — lim Ly =
O

n—oo
Z.

Theorem 4.3 (The Hille-Yosida-type result). Suppose A: D(A) — S is a module homomorphism and
a € L%F,R), M € L° (F) with M > 1. Then the following statements are equivalent.
(a) A is the infinitesimal generator of a bi-continuous semigroup {V(t):t > 0} € H(M,a) on S.
(b) (by). D(A) is bi-dense in S.
(by). (n — a)"||IR(n, AYX|| < M for any n € L°(F,R) withn > a on Q and k € N,
(b3). For any n,a € L°(F,R), the family {(n — @)*R(n,A): k € N,n > «a on Q} is globally
bi-equicontinuous for any a > a on .

Proof. (a) = (b). According to Lemma 4.3, we have that (b;) holds.
For (b,), without loss of generality, we can assume thatk = 1. For any z € S, by Lemma 4.2, we get

f e V(t)zdt”
0

< f e IV(0)zlldt
0

IR(m7, A)zll = ’

M
< —lkll
n-—a
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for any 7 € L°(F,R) withp > a on Q, i.e., (i — a)||R(n, A)|| < M.
For (b3), suppose that there is a sequence {z,, n € N} C S such that \/,qy |zl € L2(¥F) and
7 - lim z, = 0. Then, for any p € P and a € L°(F,R) with @ > a on Q, we have

n—oo

p (= @)'R(, A)Y'z,) = ((n )" f f R (G I )

=p (()7 — a)k f .. f 6_(’7_&)(”+"'+tk)€_a(t1+"'+tk)V(t1 + ...+ )z dt ... dtk)
0 0

<\/ PV,

>0

forany k € N, n € L%(F,R) with n > @ on Q. Due to Lemma 4.1, one has the family {(17 — @)*R(1y, A)*:
k € N,nn > a on Q} is globally bi-equicontinuous.
(b) = (a). Step 1. Let T € B(S), and define a mapping ¢’’: § — S by

[

Z Z‘T)k

k=0

for any z € S and 1 > 0. According to Lemma 3.1, the module homomorphism &' is well-defined.
For any n € N, let , € L°%¥,R) with i, > a on Q such that 5, — o0 as n — oo. Set o, =
17,(n, — A)~! for any n € N, and then (D@, —I) = n,AR(17,, A). Let

Va(t)z = e ®n=liz

foranyn € N, ¢ >0, and z € §, and it is easy to check that V,(0)z = z, 7 — lim V,(£)z = V,,(#)z for any
11—t

to > 0,and V,(s + )z = V,(s)V,()z forany t,s > 0. Forany t > 0,z € S, and a € L°(F,R) witha > a
on Q, we have
P (Vu(0)2) = ep (€7 m'z)
) gk

}] p (- 4)*2)

k=0
LA _
=e ™ ] (WP ((Un - ) (17, - A) kZ)
k=0 U

for any 1, > 2« on €, which shows that {V,(7): ¢ > 0} is locally bi-equicontinuous. Moreover, for any
t>0,
||Vn(f)Z|| = ¢t ||€"”q)”"tzl

s tkrIZk
—Tnt _In _ —k
<o 3P
k=0
oot M
<em Y
k=0 ( Y )
Annt
= Mem=||z]|
< Me*|IZ]
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for any 17, > 2a on Q, z € S, and n € N, which shows that {V,(¢): t > 0} is exponentially bounded.
Consequently, for any n € N, {V,(#): ¢ > 0} is a bi-continuous semigroup on S .

Step 2. Since R(17,A) — R(u, A) = (u — n)R(u, A)R(n, A) for any n, u € L°(F,R) withn,u > a on Q,
it follows that the family {®,, , n € N} is a commutative set. Thus for any 7, s > 0, V,,(1)®@,,, = @, V,.(?)
and V,,())V,(s) = V,(s)V,(¢) for any m,n € N. For any t > 0, let y(s) = V,(t — 5)V,,(s)z for any
z € D(A) and s € [0,¢], and we have y'(s) = V,(t — 5)V,,(s)(®, Az — O, Az). By Theorem 4.1, y is
locally L°-Lipschitz. According to Theorem 3.2, one can obtain

t
Vu(®z = Viu(0)z = f Y (s)ds
0
f
- f Valt = )Viu(s) (@, Az — ®,, Az) ds
0
for any z € D(A), t > 0, and m,n € N. Thus for any p € P, we have

PVt = Vo2 <1 \/ PVt = )Va(5)(®,, Az — ,, A2) (4.6)
s€[0,¢]

for any z € D(A), t > 0, and m,n € N. Due to Lemma 4.2 and the locally bi-equicontinuity of {V,,(¢):
t > 0} for any n € N, we have {V,(f)z, n € N} is a 7 —Cauchy sequence in S for any z € D(A).
Since D(A) is bi-dense in S, it follows that for any z € §, there exists a || - ||-bounded sequence {yy,
k € N} € D(A) such that

T fimy =

By the locally bi-equicontinuity of {V,(#): ¢ > 0} for any n € N, for any / > 0, one has
T = lim V,(0y = Va(0)2

uniformly for any ¢ € [0, /]. Since forany z € S and ¢ > 0,

P(Vu()z = Vi(D)z) < p(Vu(D)z = Viu(Dyi) + p(V,(D)z = V() k)
+ p(Vm(t)yk - Vn(t)yk)

for any p € £ and m,n € N, it follows that {V,(¢#)z, n € N} is a 7 —Cauchy sequence in S. By the
sequential completeness of S, one has that 7 — lim V,,(7)z exists for any z € S and ¢ > 0, and we put

n—oo

T — lim V,(t)z = V(1)z.

Step 3. We show that {V(¢): ¢+ > 0} is a bi-continuous semigroup on S. Clearly, {V(¢): t > 0} is
exponentially bounded and V(0)z =7 — lim V,(0)z = zforany z € S. Forany z € S and ¢, s > 0, we
have n—m

T —1lim V,(t+ s)z = V(t + 5)z

n—oo

and
T —lim V,()V,.(s)z = V(©O)V(s)z.
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Thus
V(it+s)=V(@V(s)

for any ¢, s > 0. Next, we prove that
T —1lmV(t)z=V(ty)z
11—t

for any z € § and ¢y, > 0. For any p € P,

p(V(D)z = V(1) 2) < p(V(D)z = Vi(1)2) + p(Va()z = V,, (£0) 2)
+p(Vy(t0) 2=V (1) 2)

for any z € § and ¢, ¢y > 0, which implies that

T - }n? V(t)z =V () z.
—Iy

Finally, it remains to show that {V(¢): ¢+ > 0} is locally bi-equicontinuous. Let {7, k € N} C S with
V ew llzell € L2(F) and T~ — ]}im z = 0, and we have

p(V)z) < p(V()ze = Va®)zi) + p (V(0)z)
for any p € P. Consequently, for any /; > 0, we get
T - ]}im Vit)ze =0

uniformly for any 7 € [0, [;]. _
Step 4. Next, we show that A is the infinitesimal generator of {V(¢): t > 0}. Suppose that A is the
infinitesimal generator of {V(¢): t > 0}. For any z € D(A) and p € P, we have

P(V(t)f -z AZ)

- (V(t)z -z Vulz- Z)
=P t t

" p(Vm(t:‘Z —Z

_ d),lmAz) +p (<D,,mAz - Az)

for any m € N and r > 0. By Lemma 4.2 and (4.6), one can obtain

7 —tim Y272
t—0 t

Az

for any z € D(A), which sEows that D(A) C D(}f) and Az = Az for any z € D(A). Conversely, let
E = nz— Az forany z € D(A) and ,a € L°(F,R) with n > a on Q, and we have
E=(n-An-A"E
=nn-A)"'E-A(n-A)'E
=(—-A)@n-A"'E.

Thus z = (n— A)"'E = (n — A)"'E € D(A). O
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Remark 4.3. If P consists of a single L°-norm || - ||, then the sequentially complete random Saks
space (S, || - ||, T) reduces to a complete RN module (S, || - ||) and the bi-continuous semigroup {V(t):
t > 0} reduces to an exponentially bounded Cy-semigroup on (S, || - ||). Besides, if ¥ = {Q, 0}, then the
sequentially complete random Saks space (S, ||-||, T") reduces to an ordinary sequentially complete Saks
space and the bi-continuous semigroup {V(t): t > 0} reduces to an ordinary bi-continuous semigroup,
which shows that Theorem 4.3 is an extension of Theorem 11, Corollary I in [16] and Theorem 16
in [3].
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