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Abstract: In this paper, we first introduced the Riemann integral for an abstract-valued function from
a finite closed real interval to a sequentially complete random Saks space and gave the fundamental
theorem of calculus for an L0-Lipschitz function. Then we investigated some important properties
peculiar to bi-continuous semigroups on a sequentially complete random Saks space. Finally, based
on the above work, we established the Hille-Yosida generation theorem for such bi-continuous
semigroups, which extends and improves several known results.
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1. Introduction

It is well known that the classical theory of strongly continuous semigroups on Banach spaces
has been widely applied to partial differential equations, ergodic theory, Markov processes, and so
on [1,2]. However, in many situations, such as the case of the Ornstein-Uhlenbeck semigroup on Cb(H)
of bounded continuous functions on a separable Hilbert space H, the semigroup fails to be strongly
continuous. To overcome this continuity deficiency, in 2003, Kühnemund [3] introduced the concept
of bi-continuous semigroups and established the Hille-Yosida generation theorem for such semigroups.
The idea is to equip the underlying Banach space with an additional locally convex topology, which
is coarser than the norm topology. It is noteworthy that such spaces are exactly sequentially complete
Saks spaces. In fact, a Saks space is a triple (X, ∥ · ∥, τ) consisting of a normed space (X, ∥ · ∥) and
a coarser locally convex Hausdorff topology τ on X such that the norm ∥ · ∥ is the supremum taken
over some directed system of continuous seminorms that generates the topology τ, see [4, 5]. In 2004,
Albanese and Mangino studied the Trotter-Kato theorem for bi-continuous semigroups and further
applied it to Feller semigroups [6]. Besides, the Lumer-Phillips theorem and the perturbation theory
for such semigroups were also given in [7–9].

The notion of a random normed module (briefly, an RN module) is a random generalization of that
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of a normed space and plays an important role in the study of random functional analysis. Thanks to
Gigli [10] and Guo’s [11] independent pioneering contributions, the theory of RN modules has
obtained a systematic and deep development, and has been successfully applied to several important
fields such as random equations [12–14] and nonsmooth differential geometry on metric measure
spaces [10, 15]. With the development of RN modules, the theory of operator semigroups is no longer
limited to classical spaces. In recent years, some progress has been made in the study of strongly
continuous semigroups on complete RN modules [16–18]. In this paper, a complete RN
module (S , ∥ · ∥) is further endowed with another (ε, λ)-topology induced by a family of L0-seminorms
P, which is coarser than the (ε, λ)-topology induced by the L0-norm ∥ · ∥. Such a space, which is
called a random Saks space in this paper, is a random generalization of a classical Saks space. The
purpose of this paper is to study bi-continuous semigroups on a sequentially complete random Saks
space. Specifically, we will first introduce the Riemann integral for an abstract-valued function in the
random setting and further establish the Hille-Yosida generation theorem for such
bi-continuous semigroups.

This paper is arranged as follows: In Section 2, we will present some preliminaries; in Section 3, we
will establish the Riemann integral for abstract-valued functions from a finite closed real interval to a
sequentially complete random Saks space; in Section 4, we will investigate several important properties
peculiar to bi-continuous semigroups in the random setting, and then in Theorem 4.3, we will establish
the Hille-Yosida generation theorem for such bi-continuous semigroups.

2. Preliminaries

In this paper, we start with some notations. K denotes the real scalar field R or the complex scalar
field C, R+ the set of nonnegative real numbers, N the set of positive integers, and (Ω,F , P) a given
probability space. Besides, L0(F ,K) denotes the algebra of equivalence classes of K-valued
F -measurable random variables on Ω under the usual algebraic operations and L̄0(F ,R) the set of
equivalence classes of extended real-valued F -measurable random variables on Ω.

Proposition 2.1 ( [19]). L̄0(F ,R) is a complete lattice under the partial order ≤: f ≤ g if and only if
f 0(ω) ≤ g0(ω) for almost all ω in Ω, where f 0 and g0 are arbitrarily chosen representatives of f and g
in L̄0(F ,R), and the following statements hold.

1) For any G ⊂ L̄0(F ,R) and G , ∅, there are two sequences {ξn, n ∈ N} and {ηn, n ∈ N} in G such
that

∨
n≥1 ξn =

∨
G and

∧
n≥1 ηn =

∧
G, where

∨
G and

∧
G denote the supremum and the infimum of

G, respectively;
2) If G is directed upward (resp., downward), i.e., for any g1 and g2 in G, there exists some g3 ∈ G

such that g1
∨

g2 ≤ g3 (resp., g1 ∧ g2 ≥ g3 ), and then the present {ξn, n ∈ N} (resp., {ηn, n ∈ N} ) can
be chosen as nondecreasing (resp., nonincreasing).

In this paper, ID denotes the characteristic function of D for any D ∈ F and ĨD denotes the
equivalence class of ID. As usual, for any f , h ∈ L̄0(F ,R), the relation f > h is defined by f ≥ h and
f , h, and for any A ∈ F , f > h on A means f 0(ω) > h0(ω) for almost all ω ∈ A, where f 0 and h0 are
arbitrarily chosen representatives of f and h, respectively. Besides, let D =

{
ω ∈ Ω | f 0(ω) > h0(ω)

}
,

and then we always use [ f > h] for the equivalence class of D and often write I[ f>h] for ĨD. One can
also understand such notations as I[ f≤h], I[ f,h], and I[ f=h].
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Specifically, L0
+(F ) = {η ∈ L0(F ,R) | η ≥ 0} and L0

++(F ) = {η ∈ L0(F ,R) | η > 0 on Ω}.

Definition 2.1 ( [11]). An ordered pair (S , ∥ · ∥) is called a random normed module (briefly, an RN
module) over K with base (Ω,F , P) if S is a left module over the algebra L0(F ,K) and ∥ · ∥ is a
mapping from S to L0

+(F ) satisfying the following three axioms.
(RN-1) ∥ηx∥ = |η| · ∥x∥ for any η ∈ L0(F ,K) and x ∈ S ;
(RN-2) ∥x + y∥ ≤ ∥x∥ + ∥y∥ for any x and y ∈ S ;
(RN-3) ∥x∥ = 0⇒ x = θ (the null element of S ).

As usual, ∥ · ∥ is called the L0-norm on S and ∥x∥ is called the L0-norm of x in S . If ∥ · ∥ : S → L0
+(F )

only satisfies (RN-1) and (RN-2), then it is called an L0-seminorm on S .

Definition 2.2 ( [11]). An ordered pair (S ,P) is called a random locally convex module (briefly, an
RLC module) over K with base (Ω,F , P) if S is a left module over the algebra L0(F ,K) and P is a
family of mappings from S to L0

+(F ) such that the following three axioms hold.
(RLC-1)

∨
{p(x) | p ∈ P} = 0 if and only if x = θ (the null element of S );

(RLC-2) p(ξx) = |ξ|p(x) for any p ∈ P, ξ ∈ L0(F ,K), and x ∈ S ;
(RLC-3) p(x + y) ≤ p(x) + p(y) for any p ∈ P and x, y ∈ S .
Besides, if P consists of a single L0-norm ∥·∥, then the RLC module (S ,P) reduces to an RN module

(S , ∥ · ∥).

Let (S ,P) be an RLC module and P f the family of all nonempty finite subsets of P. For any given
Q ∈ P f , define a mapping ∥ · ∥Q: S → L0

+(F ) by ∥x∥Q =
∨
{p(x) | p ∈ Q} for any x ∈ S , and then

∥ · ∥Q is an L0-seminorm on S . For any countable partition {Dn, n ∈ N} of Ω to F and any sequence
{Qn, n ∈ N} in P f , define a mapping

∑∞
n=1 IDn∥ ·∥Qn: S → L0

+(F ) by
(∑∞

n=1 IDn∥ · ∥Qn

)
(x) =

∑∞
n=1 IDn∥x∥Qn

for any x ∈ S . Then
∑∞

n=1 IDn∥ · ∥Qn is an L0-seminorm on S . Moreover, if
∑∞

n=1 IDn∥ · ∥Qn ∈ P for any
countable partition {Dn, n ∈ N} of Ω to F and any sequence {Qn, n ∈ N} in P f , then P is said to have
the countable concatenation property.

Let (S ,P) be an RLC module over K with base (Ω,F , P). For any given ε > 0 and 0 < λ < 1, let

Vθ(Q, ε, λ) = {x ∈ S | P{ω ∈ Ω | ∥x∥Q(ω) < ε} > 1 − λ}

for any Q ∈ P f . Then the family {Vθ(Q, ε, λ) | Q ∈ P f , ε > 0, 0 < λ < 1} forms a local basis of some
Hausdorff linear topology on S , which is called the (ε, λ)-topology induced by P.

Remark 2.1. Throughout this paper, an RLC module (S ,P) is always endowed with the (ε, λ)-topology
induced byP. Besides, one should note that a net {zα, α ∈ Γ} in S converges to some z0 ∈ S in the (ε, λ)-
topology induced by P if and only if the net {p(zα − z0), α ∈ Γ} converges to 0 in probability P for any
p ∈ P. Further, if (S ,P) reduces to an RN module (S , ∥ · ∥), then a sequence {zn, n ∈ N} in S converges
to some z0 ∈ S in the (ε, λ)-topology induced by ∥ · ∥ if and only if the sequence {∥zn − z0∥ , n ∈ N}
converges to 0 in probability P.

Proposition 2.2 ( [17]). Let [s, t] be a finite closed real interval and (S , ∥ · ∥) a complete RN module. If

g: [s, t] → S is continuously differentiable and
∨{∥∥∥∥g(u1)−g(u2)

u1−u2

∥∥∥∥ | u1, u2 ∈ [s, t] and u1 , u2

}
∈ L0

+(F ),

then g′ is Riemann integrable on [s, t] and
∫ t

s
g′(u)du = g(t) − g(s).
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Given an RLC module (S ,P), let (S ,P)∗ = { f : S → L0(F ,K) | f is a continuous module
homomorphism from (S ,P) to (L0(F ,K), | · |) }. Then (S ,P)∗ is called the random conjugate space
of (S ,P).

Proposition 2.3 ( [11]). Suppose (S ,P) is an RLC module and P has the countable concatenation
property. Then f ∈ (S ,P)∗ if and only if there are η ∈ L0

+(F ) and Q ∈ P f such that | f (x)| ≤ η∥x∥Q for
any x ∈ S .

Proposition 2.4 ( [20]). Suppose that g is a continuous function from [s, t] to L0(F ,R) satisfying∨
u∈[s,t] |g(u)| ∈ L1(F ,R), where L1(F ,R) =

{
ξ ∈ L0(F ,R) |

∫
Ω
|ξ|dP < ∞

}
, and then∫

Ω

[∫ t

s
g(u)du

]
dP =

∫ t

s

[∫
Ω

g(u)dP
]

du.

Given an RLC module (S ,P), a continuous module homomorphism from (S ,P) to (L0(F ,K), | · |) is
called a canonical module homomorphism on (S ,P); (S ,P) is said to admit enough canonical module
homomorphisms if for each nonzero element z in (S ,P) there exists at least one canonical module
homomorphism f on (S ,P) such that f (z) is a nonzero element in (L0(F ,K), | · |).

Proposition 2.5 ( [21]). An RLC module (S ,P) admits enough canonical module homomorphisms.

3. The Riemann integral for an abstract-valued function from a finite closed real interval to a
sequentially complete random Saks space

Definition 3.1. Let (S , ∥ · ∥) be a complete RN module over K with base (Ω,F , P) and T a Hausdorff
linear topology on S such that T is coarser than the (ε, λ)-topology induced by ∥ · ∥. Then the triple
(S , ∥ · ∥,T ) is called a random Saks space over K with base (Ω,F , P) if there exists a directed system
P of L0-seminorms such that T coincides with the (ε, λ)-topology induced by P, and

∥x∥ =
∨
p∈P

p(x)

for any x ∈ S .
A sequence {zn, n ∈ N} ⊆ S is said to be ∥ · ∥-bounded if

∨
n∈N ∥zn∥ ∈ L0

+(F ). Further, if any ∥ · ∥-
bounded T−Cauchy sequence converges in (S ,T ), then the triple (S , ∥ · ∥,T ) is called a sequentially
complete random Saks space.

Remark 3.1. In the following, for any given random Saks space (S , ∥ · ∥,T ), we always denote by P
the family of L0-seminorms satisfying Definition 3.1.

Let (S , ∥ · ∥,T ) be a random Saks space and define a mapping ∥ · ∥1: S → [0,∞] by

∥x∥1 =
∫
Ω

∥x∥dP.

Let
L1(S ) = {x ∈ S | ∥x∥1 < ∞} ,
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and then
(
L1(S ), ∥ · ∥1

)
is a Banach space. Define a mapping ρp: L1(S )→ R+ by

ρp(x) =
∫
Ω

p(x)dP

for any p ∈ P, and then
{
ρp

}
p∈P

is a family of seminorms in L1(S ). Denote by τ the locally convex

topology induced by the family of seminorms
{
ρp

}
p∈P

. Clearly,
(
L1(S ), τ

)
is a locally convex space.

Let N = {u0, u1, . . . , un} be a finite partition of [s, t], i.e., s = u0 < u1 < · · · < un = t and
|N| = max1≤i≤n(∆ui), where ∆ui = ui − ui−1. Besides, let N̄([s, t]) denote the set of all partitions of
[s, t], [N] =

∏n
k=1 [uk−1, uk] ⊆ Rn, and D = {(N , ξ): N ∈ N̄([s, t]), ξ ∈ [N]}. As usual, for any

N ,M ∈ N̄([s, t]) and ξ ∈ [N], η ∈ [M], (N , ξ) ≥ (M, η) means |N| ≤ |M|, and then (D,≥) is a
directed set.

Suppose (S , ∥ · ∥,T ) is a random Saks space and g is a function from [s, t] to S . For any
N = {u0, u1, . . . , un} ∈ N̄([s, t]) and ξ = (ξ1, . . . , ξn) ∈ [N], let R(g,N , ξ) =

∑n
i=1 g (ξi)∆ui, and then

{R(g,N , ξ): (N , ξ) ∈ D} is a net in S .

Definition 3.2. Let (S , ∥ · ∥,T ) be a random Saks space and g a function from [s, t] to S . Then g is said
to be T−Riemann integrable on [s, t] if there is some I in S satisfying that for any ε > 0 and 0 < λ < 1,
there is δ(ε, λ) > 0 such that for any p ∈ P,

P {ω ∈ Ω | p (R(g,N , ξ) − I) (ω) < ε} > 1 − λ

for any N ∈ N̄([s, t]) and ξ ∈ [N] whenever |N| < δ(ε, λ). In addition, I is called the T−Riemann
integral of g over [s, t], denoted by

∫ t

s
g(u)du.

Definition 3.3. Let (S , ∥ · ∥,T ) be a random Saks space and g a function from [s, t] to S . For any
u ∈ (s, t), if T − lim

h→0

g(u+h)−g(u)
h exists, then we say g is T−differentiable at u, denoting this limit by g′(u)

or dg(u)
du . Analogously, one can define the right T−derivative of g at s and the left T−derivative of g at

t. Then, as usual, g′(u) is called the T−derivative of g at u ∈ [s, t]. If g is T−differentiable for any
u ∈ [s, t], then g is said to be T−differentiable on [s, t].

Theorem 3.1. Let (S , ∥ · ∥,T ) be a sequentially complete random Saks space and g: [s, t] → S a
continuous function with respect to T . If

∨
u∈[s,t] ∥g(u)∥ ∈ L0

+(F ), then g is T−Riemann integrable
on [s, t].

Proof. Let η =
∨

u∈[s,t] ∥g(u)∥, and then η ∈ L0
+(F ). Set

Ek = {k − 1 ≤ η < k}

for any k ∈ N, and then Ei
⋂
E j = ∅ for any i, j ∈ N with i , j and

⋃∞
k=1 Ek = Ω. Define a mapping gk:

[s, t]→ S by
gk(u) = IEkg(u)

for any k ∈ N, and then gk(u) ∈ (L1(S ), τ) for any u ∈ [s, t]. Since for any p ∈ P and k ∈ N,
p(gk(u) − gk(u0)) ≤ 2k for any u0, u ∈ [s, t] and p(gk(u) − gk(u0)) → 0 in probability P as u → u0, due
to Lebesgue’s dominated convergence theorem, we have

lim
u→u0
ρp(gk(u) − gk(u0)) = 0,
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i.e., gk: [s, t] → (L1(S ), τ) is continuous. It is easy to check that {R(gk,N , ξ): (N , ξ) ∈ D} is a
τ−Cauchy net in L1(S ) for any k ∈ N. Since for any N ,M ∈ N̄([s, t]) and ξ ∈ [N], η ∈ [M],

P {ω ∈ Ω | p(R(gk,N , ξ) − R(gk,M, η))(ω) ≥ ε}

≤
1
ε

∫
Ω

p(R(gk,N , ξ) − R(gk,M, η))dP

for any ε > 0, k ∈ N and p ∈ P, it follows that {R(gk,N , ξ): (N , ξ) ∈ D} is a T−Cauchy net in
S . Further, by

∑∞
k=1 P (Ek) = P

(⋃∞
k=1 Ek

)
= P(Ω) = 1, we have that {R(g,N , ξ): (N , ξ) ∈ D} is a

T−Cauchy net in S . Consequently, for any ε1 > 0 and 0 < λ1 < 1, there is an O(ε1, λ1) ∈ N̄([s, t])
such that for any p ∈ P

P {ω ∈ Ω | p(R(g,N , ξ) − R(g,M, η))(ω) < ε1} > 1 − λ1

for any ξ ∈ [N], η ∈ [M] whenever N ,M ∈ N̄([s, t]) satisfy N ,M ≥ O(ε1, λ1).
For any n ∈ N, let Nn =

{
s, s + (t−s)

n , s +
2(t−s)

n , . . . , t
}

and ξ[n] = (ξ1, . . . , ξn) ∈ [Nn], where ξi = s +
i(t−s)

n (i = 1 . . . , n), and then {R
(
g,Nn, ξ[n]

)
, n ∈ N} is a T−Cauchy sequence in S . Since

∨
u∈[s,t] ∥g(u)∥ ∈

L0
+(F ), it follows that

∨
n∈N ∥R

(
g,Nn, ξ[n]

)
∥ ∈ L0

+(F ). By the sequential completeness of S , there is
some I in S satisfying that

T − lim
n→∞

R
(
g,Nn, ξ[n]

)
= I,

i.e., for any ε2 > 0 and 0 < λ2 < 1, there is an M ∈ N satisfying that for any p ∈ P

P
{
ω ∈ Ω | p(R

(
g,Nn, ξ[n]

)
− I)(ω) < ε2

}
> 1 − λ2

for any n > M.
According to

p(R(g,N , ξ) − I) ≤ p(R(g,N , ξ) − R(g,Nn, ξn)) + p(R(g,Nn, ξn) − I)

for any p ∈ P and n ∈ N, it follows that for any ε3 > 0, 0 < λ3 < 1, there is an O(ε3, λ3) ∈ N̄([s, t])
such that

P {ω ∈ Ω | p(R(g,N , ξ) − I)(ω) < ε3} > 1 − λ3

for any ξ ∈ [N] whenever N ∈ N̄([s, t]) satisfies N ≥ O(ε3, λ3), i.e., there is δ(ε3, λ3) > 0 (i.e.,
δ(ε3, λ3) := |O(ε3, λ3)|) such that for any p ∈ P,

P {ω ∈ Ω | p (R(g,N , ξ) − I) (ω) < ε3} > 1 − λ3

for any N ∈ N̄([s, t]) and ξ ∈ [N] whenever |N| < δ(ε3, λ3). Thus we have that g is T−Riemann
integrable on [s, t]. □

Suppose that (S , ∥ · ∥,T ) is a random Saks space over K with base (Ω,F , P). A function g: [s, t]→
S is said to be L0-Lipschitz on [s, t] if there is an η ∈ L0

+(F ) satisfying ∥g (u1) − g (u2)∥ ≤ η |u1 − u2| for
any u1, u2 ∈ [s, t].

In the remainder of this paper, we always assume that P has the countable concatenation property.
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Theorem 3.2. Let (S , ∥ · ∥,T ) be a sequentially complete random Saks space and g: [s, t] → S a
continuously differentiable function with respect to T . If g is L0−Lipschitz on [s, t], then∫ t

s
g′(u)du = g(t) − g(s).

Proof. Let ζ =
∨{∥∥∥∥ g(u1)−g(u2)

u1−u2

∥∥∥∥ | u1, u2 ∈ [s, t] and u1 , u2

}
, and then ζ ∈ L0

+(F ) since g is

L0−Lipschitz on [s, t]. Since ∥g′(u)∥ ≤
∨{∥∥∥∥g(u1)−g(u2)

u1−u2

∥∥∥∥ | u1, u2 ∈ [s, t] and u1 , u2

}
for any u ∈ [s, t],

we have
∨

u∈[s,t] ∥g′(u)∥ ∈ L0
+(F ). By Theorem 3.1, one can obtain that g′ is T−Riemann integrable

on [s, t].
For any f ∈ (S ,P)∗, let G(u) = f [g(u)] for any u ∈ [s, t], and according to Proposition 2.3, there are

η1 ∈ L0
+(F ) and Q1 ∈ P f such that∣∣∣∣∣G(u1) −G(u2)

u1 − u2

∣∣∣∣∣ = ∣∣∣∣∣ f [g(u1)] − f [g(u2)]
u1 − u2

∣∣∣∣∣
≤ η1

∥∥∥∥∥g(u1) − g(u2)
u1 − u2

∥∥∥∥∥
Q1

≤ η1

∥∥∥∥∥g(u1) − g(u2)
u1 − u2

∥∥∥∥∥
for any u1, u2 ∈ [s, t] and u1 , u2. Thus we have that

∨{∣∣∣∣G(u1)−G(u2)
u1−u2

∣∣∣∣ | u1, u2 ∈ [s, t] and u1 , u2

}
∈

L0
+(F ) since g is L0−Lipschitz on [s, t]. For any u ∈ [s, t] and f ∈ (S ,P)∗, there are η2 ∈ L0

+(F ) and
Q2 ∈ P f such that ∣∣∣∣∣G(u1) −G(u2)

u1 − u2
− f [g′(u)]

∣∣∣∣∣ = ∣∣∣∣∣ f [g(u1)] − f [g(u2)]
u1 − u2

− f [g′(u)]
∣∣∣∣∣

≤ η2

∥∥∥∥∥g(u1) − g(u2)
u1 − u2

− g′(u)
∥∥∥∥∥

Q2

for any u1, u2 ∈ [s, t] and u1 , u2. Further, by the T−differentiability of g, we have that G is
differentiable and G′(u) = f [g′(u)] for any u ∈ [s, t]. Similarly, one can prove that G′: [s, t]→ L0(F ,K)
is continuous. Due to Proposition 2.2, one has

G(t) −G(s) =
∫ t

s
G′(u)du, (3.1)

i.e., ∫ t

s
f [g′(u)]du = f [g(t)] − f [g(s)].

Let N = {u0, u1, . . . , un} ∈ N̄([s, t]) and ξ = (ξ1, . . . , ξn) ∈ [N] be fixed, since g′ is T−Riemann
integrable on [s, t] and f [g′] is Riemann integrable on [s, t], and it follows that for any ε > 0 and
p ∈ P,

lim
n→∞

P

ω ∈ Ω | p
 n∑

i=1

g′(ξi)∆ui −

∫ t

s
g′(u)du

 (ω) > ε

 = 0,
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and

lim
n→∞

P

ω ∈ Ω |
∣∣∣∣∣∣∣

n∑
i=1

f [g′(ξi)]∆ui −

∫ t

s
f [g′(u)]du

∣∣∣∣∣∣∣ (ω) > ε

 = 0.

Moreover, for any f ∈ (S ,P)∗, there are η3 ∈ L0
+(F ) and Q3 ∈ P f such that∣∣∣∣∣∣∣ f

 n∑
i=1

g′(ξi)∆ui

 − f
(∫ t

s
g′(u)du

)∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣ f

 n∑
i=1

g′(ξi)∆ui −

∫ t

s
g′(u)du


∣∣∣∣∣∣∣

≤ η3

∥∥∥∥∥∥∥
n∑

i=1

g′(ξi)∆ui −

∫ t

s
g′(u)du

∥∥∥∥∥∥∥
Q3

.

For any f ∈ (S ,P)∗, since

f

 n∑
i=1

g′(ξi)∆ui

 = n∑
i=1

f [g′(ξi)]∆ui,

it follows that ∣∣∣∣∣∣
∫ t

s
f [g′(u)]du − f

(∫ t

s
g′(u)du

)∣∣∣∣∣∣ ≤
∣∣∣∣∣∣∣
∫ t

s
f [g′(u)]du −

n∑
i=1

f [g′(ξi)]∆ui

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣ f
 n∑

i=1

g′(ξi)∆ui

 − n∑
i=1

f [g′(ξi)]∆ui

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣ f
 n∑

i=1

g′(ξi)∆ui

 − f
(∫ t

s
g′(u)du

)∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣
∫ t

s
f [g′(u)]du −

n∑
i=1

f [g′(ξi)]∆ui

∣∣∣∣∣∣∣
+ η3

∥∥∥∥∥∥∥
n∑

i=1

g′(ξi)∆ui −

∫ t

s
g′(u)du

∥∥∥∥∥∥∥
Q3

.

Letting n→ ∞ in the above inequality, one has∫ t

s
f [g′(u)]du = f

(∫ t

s
g′(u)du

)
for any f ∈ (S ,P)∗. Further, according to (3.1), we get

f
(∫ t

s
g′(u)du − g(t) + g(s)

)
= 0 (3.2)

for any f ∈ (S ,P)∗. By Proposition 2.5, if
(∫ t

s
g′(u)du − g(t) + g(s)

)
is a nonzero element in (S ,T ),

then there exists at least one canonical module homomorphism f0 on (S ,T ) such that
f0

(∫ t

s
g′(u)du − g(t) + g(s)

)
is a nonzero element in L0(F ,K), which contradicts (3.2). Thus we have

g(t) − g(s) =
∫ t

s
g′(u)du.

□
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Let (S , ∥ · ∥,T ) be a random Saks space overKwith base (Ω,F , P). A linear operator T from (S , ∥·∥)
to (S , ∥ · ∥) is said to be almost surely bounded if there is an η ∈ L0

+(F ) satisfying ∥Tz∥ ≤ η · ∥z∥ for any
z ∈ S . Denote by B(S ) the L0(F ,K)-module of almost surely bounded linear operators from (S , ∥ · ∥)
to (S , ∥ · ∥).

Lemma 3.1. Let (S , ∥ · ∥,T ) be a sequentially complete random Saks space and T ∈ B(S ). Then, for
any z ∈ S and t ≥ 0, the series

∑∞
k=0

(tT )k

k! z converges in (S ,T ).

Proof. Since T ∈ B(S ), it follows that there is an η ∈ L0
+(F ) satisfying ∥Tz∥ ≤ η∥z∥ for any z ∈ S . For

any z ∈ S and n ∈ N, let

etT
n z :=

n∑
k=0

(tT )k

k!
z

for any t ≥ 0, and then

∥etT
n z∥ = ∥

n∑
k=0

(tT )k

k!
z∥

≤

n∑
k=0

tk

k!
ηk∥z∥

≤

∞∑
k=0

tk

k!
ηk∥z∥

= etη∥z∥,

i.e.,
∨

n∈N ∥etT
n z∥ ∈ L0

+(F ).
Since

p
(
etT

n z − etT
m z

)
≤ p

 n∑
k=0

(tT )k

k!
z −

m∑
k=0

(tT )k

k!
z


= p

 m∑
k=n+1

(tT )k

k!
z


≤

∥∥∥∥∥∥∥
m∑

k=n+1

(tT )k

k!
z

∥∥∥∥∥∥∥
≤

m∑
k=n+1

tk

k!
ηk∥z∥

for any n,m ∈ N, z ∈ S with n < m, it follows that {etT
n z, n ∈ N} is a T− Cauchy sequence in S . By the

sequential completeness of S , we have

T − lim
n→∞

etT
n z =

∞∑
k=0

(tT )k

k!
z

for any z ∈ S . □
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4. Bi-continuous semigroups on sequentially complete random Saks spaces

In the remainder of this section, we always assume that (S , ∥ · ∥,T ) is a sequentially complete
random Saks space over K with base (Ω,F , P).

Definition 4.1. A family {V(t): t ≥ 0} ⊆ B(S ) is called a bi-continuous semigroup on S if
(i) V(0) = I.
(ii) V(t + s) = V(t)V(s) for any s, t ≥ 0.
(iii) The family {V(t): t ≥ 0} is exponentially bounded, i.e., ∥V(t)z∥ ≤ Meat∥z∥ for any t ≥ 0, z ∈ S ,

and some a ∈ L0(F ,R), M ∈ L0
++(F ) with M ≥ 1.

(iv) {V(t): t ≥ 0} is strongly T−continuous, i.e., for any z ∈ S , the mapping t 7−→ V(t)z from R+ into
S is continuous with respect to T .

(v) {V(t): t ≥ 0} is locally bi-equicontinuous, i.e., for any l ≥ 0 and ∥ · ∥-bounded sequence {zn,

n ∈ N} ⊆ S with T − lim
n→∞

zn = 0, we have

T − lim
n→∞

V(t)zn = 0

uniformly for any t ∈ [0, l].

Remark 4.1. When (Ω,F , P) is trivial, i.e., F = {Ω, ∅}, then the sequentially complete random Saks
space (S , ∥ · ∥,T ) reduces to an ordinary sequentially complete Saks space and Definition 4.1 reduces
to Definition 3 in [3]. Thus Definition 4.1 is a non-trivial generalization of Definition 3 in [3].

We denote by H(M, a) the set of all bi-continuous semigroups {V(t): t ≥ 0} on S such that ∥V(t)z∥ ≤
Meat∥z∥ for any t ≥ 0, z ∈ S , and some a ∈ L0(F ,R),M ∈ L0

++(F ) with M ≥ 1.

Definition 4.2. Suppose {V(t): t ≥ 0} is a bi-continuous semigroup on S . Define

D(A) =

z ∈ S : T − lim
t→0

V(t)z − z
t

exists and
∨

t∈(0,1]

∥V(t)z − z∥
t

∈ L0
+(F )


and

Az = T − lim
t→0

V(t)z − z
t

for any z ∈ D(A). Then the mapping A: D(A)→ S is called the infinitesimal generator of {V(t): t ≥ 0}.

Definition 4.3. A family {V(t): t ≥ 0} ⊆ B(S ) is said to be globally bi-equicontinuous if for any
∥ · ∥-bounded sequence {zn, n ∈ N} ⊆ S with T − lim

n→∞
zn = 0, we have

T − lim
n→∞

V(t)zn = 0

uniformly for any t ≥ 0.

Definition 4.4. A subset E ⊆ S is said to be bi-dense in S if for any z ∈ S there exists a ∥ · ∥-bounded
sequence {zn, n ∈ N} ⊆ E such that T − lim

n→∞
zn = z.

A function g from R+to S is said to be locally L0-Lipschitz if for any L > 0, there is a ξL ∈ L0
+(F )

such that ∥g (s1) − g (s2)∥ ≤ ξL |s1 − s2| for any s1, s2 ∈ [0, L].
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Theorem 4.1. Let {V(t): t ≥ 0} ∈ H(M, a) be a bi-continuous semigroup on S with the infinitesimal
generator A. Define a mapping g: R+ → S by g(t) = V(t)z for any z ∈ D(A), and then g is locally
L0−Lipschitz.

Proof. For any L ∈ (0, 1] and t ∈ (0, L], we have∨
t∈(0,L]

∥V(t)z − z∥
t

≤
∨

t∈(0,1]

∥V(t)z − z∥
t

∈ L0
+(F ) (4.1)

for any z ∈ D(A).
For any L > 1 and t ∈ (0, L], one has∨

t∈(0,L]

∥V(t)z − z∥
t

≤
∨

t∈(0,1]

∥V(t)z − z∥
t

+
∨

t∈(1,L]

∥V(t)z − z∥
t

≤
∨

t∈(0,1]

∥V(t)z − z∥
t

+ MeaL∥z∥ + ∥z∥

∈ L0
+(F )

(4.2)

for any z ∈ D(A).
For any L > 0 and t ∈ [0, L], let

ξL =
∨

t∈(0,1]

∥V(t)z − z∥
t

+ MeaL∥z∥ + ∥z∥

for any z ∈ D(A), and then ξL ∈ L0
+(F ). Combining (4.1) and (4.2), for any L > 0 and t ∈ [0, L], one

can obtain
∥V(t)z − z∥ ≤ ξLt

for any z ∈ D(A). Further, for any L > 0, we have

∥V (t) z − V (s) z∥ = ∥V (s) (V (t − s) z − z)∥
≤ MeaLξL (t − s)

for any z ∈ D(A), s, t ∈ [0, L] and t ≥ s.
Consequently, for any L > 0, we get

∥V (t) z − V (s) z∥ ≤ MeaLξL |t − s|

for any z ∈ D(A) and s, t ∈ [0, L], which shows that g is locally L0−Lipschitz. □

Lemma 4.1. Let {V(t): t ≥ 0} ∈ H(M, a) be a bi-continuous semigroup on S , and then {e−αtV(t): t ≥ 0}
is globally bi-equicontinuous for any α ∈ L0(F ,R) with α > a on Ω.

Proof. Let {zn, n ∈ N} ⊆ S be a ∥ · ∥-bounded sequence such that T − lim
n→∞

zn = 0. Since for any n ∈ N,

p
(
e−αtV(t)zn

)
≤ e−αt ∥V(t)zn∥

≤ e−(α−a)tM∥zn∥
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for any p ∈ P, α ∈ L0(F ,R) with α > a on Ω, it follows that for any ε, λ > 0, there is t0 ≥ 0 such that

P
{
ω ∈ Ω | e−(α−a)tM∥zn∥(ω) ≥

ε

2

}
≤
λ

2

for any t > t0. Further, by the local bi-equicontinuity of {V(t): t ≥ 0}, for any p ∈ P, there exists n0 ∈ N

such that

P

ω ∈ Ω | ∨
0≤t≤t0

p
(
e−αtV(t)zn

)
(ω) ≥

ε

2

 ≤ λ2
for any n ≥ n0. For any n ∈ N and p ∈ P, due to∨

t≥0

p
(
e−αtV(t)zn

)
≤

∨
0≤t≤t0

p
(
e−αtV(t)zn

)
+

∨
t>t0

p
(
e−αtV(t)zn

)
for any α ∈ L0(F ,R) with α > a on Ω, we have

P

ω ∈ Ω |∨
t≥0

p
(
e−αtV(t)zn

)
(ω) ≥ ε


≤ P

{
ω ∈ Ω | e−(α−a)tM∥zn∥(ω) ≥

ε

2

}
+ P

ω ∈ Ω | ∨
0≤t≤t0

p
(
e−αtV(t)zn

)
(ω) ≥

ε

2


≤ λ

for any n ≥ n0. □

Theorem 4.2. Let {V(t): t ≥ 0} be a bi-continuous semigroup on S with the infinitesimal generator A.
Then

(a) for any z ∈ D(A) and t ≥ 0, we have V(t)z ∈ D(A) and

d
dt

V(t)z = AV(t)z = V(t)Az;

(b) for any z ∈ D(A) and t ≥ 0,

V(t)z − z =
∫ t

0
V(s)Az ds =

∫ t

0
AV(s)z ds;

(c) A is bi-closed, i.e., for any sequences {zn, n ∈ N} ⊆ D(A) with
∨

n∈N ∥zn∥,
∨

n∈N ∥Azn∥ ∈ L0
+(F )

such that T − lim
n→∞

zn = z and T − lim
n→∞

Azn = y, z ∈ D(A) and Az = y;

(d) for any z ∈ S and t ≥ 0,
∫ t

0
V(s)z ds ∈ D(A) and

A
∫ t

0
V(s)z ds = V(t)z − z.
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Proof. (a) Let t ≥ 0 be fixed and we have

V(t)Az = V(t)
[
T − lim

h→0+

V(h)z − z
h

]
= T − lim

h→0+

V(h + t)z − V(t)z
h

(4.3)

for any z ∈ D(A). Besides, since

AV(t)z = T − lim
h→0+

V(h)V(t)z − V(t)z
h

= T − lim
h→0+

V(h + t)z − V(t)z
h

(4.4)

for any z ∈ D(A), it follows that V(·)z is right T−differentiable at t and AV(t)z = V(t)Az.
For any h ∈ (0, t), one can obtain that

p
(
V(t)z − V(t − h)z

h
− V(t)Az

)
≤ p

(
V(t − h)

[
V(h)z − z

h
− Az

])
+ p (V(t − h)[Az − V(h)Az])

for any p ∈ P and z ∈ D(A), and we get

T − lim
h→0+

V(t)z − V(t − h)z
h

= V(t)Az = AV(t)z. (4.5)

Combining (4.3)–(4.5), one has
dV(t)z

dt
= AV(t)z = V(t)Az

for any z ∈ D(A) and t ≥ 0.
(b) Due to (a), one has dV(t)z

dt = AV(t)z = V(t)Az for any z ∈ D(A) and t ≥ 0. Further, according
to Theorem 4.1, the mapping t 7→ V(t)z is locally L0-Lipschitz for any z ∈ D(A). Thus, due to
Theorem 3.2, we have

V(t)z − z =
∫ t

0
V(s)Az ds =

∫ t

0
AV(s)z ds

for any z ∈ D(A) and t ≥ 0.
(c) Suppose that there is a sequence {zn, n ∈ N} ⊆ D(A) with

∨
n∈N ∥zn∥,

∨
n∈N ∥Azn∥ ∈ L0

+(F ) such
that T − lim

n→∞
zn = z and T − lim

n→∞
Azn = y, and we have that p(Azn − y) converges to 0 in probability P

as n→ ∞ for any p ∈ P. Set
ηt =

∨
s∈[0,t]
n∈N

∥V(s)Azn − V(s)y∥

for any t ≥ 0, and we have ηt ∈ L0
+(F ) since {V(s): s ≥ 0} is exponentially bounded. Let

Ek,t = {k − 1 ≤ ηt < k}

for any k ∈ N and t ≥ 0, and then Ei,t ∩ E j,t = ∅ for any i, j ∈ N with i , j, and further
⋃∞

k=1 Ek,t = Ω.
Clearly, for any k ∈ N and t ≥ 0, p

(
IEk,tV(s)Azn − IEk,tV(s)y

)
converges to 0 in probability P as n→ ∞
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for any s ∈ [0, t]. For any s ∈ [0, t] and k ∈ N, we have p
(
IEk,tV(s)Azn − IEk,tV(s)y

)
≤ k for any p ∈ P

and n ∈ N. Due to Lebesgue’s dominated convergence theorem, one can obtain

lim
n→∞

∫
Ω

p
(
IEk,tV(s)Azn − IEk,tV(s)y

)
dP = 0.

For any k ∈ N and t ≥ 0, by Proposition 2.4, we have∫
Ω

p
(∫ t

0
IEk,tV(s)Azn − IEk,tV(s)y ds

)
dP

≤

∫
Ω

∫ t

0
p
(
IEk,tV(s)Azn − IEk,tV(s)y

)
ds dP

=

∫ t

0

∫
Ω

p
(
IEk,tV(s)Azn − IEk,tV(s)y

)
dP ds

for any p ∈ P and n ∈ N, which implies that

p
(∫ t

0
IEk,tV(s)Azn − IEk,tV(s)y ds

)
converges to 0 in probability P as n → ∞. According to

∑∞
k=1 P

(
Ek,t

)
= P

(⋃∞
k=1 Ek,t

)
= P(Ω) = 1, one

can obtain

T − lim
n→∞

∫ t

0
V(s)Azn ds =

∫ t

0
V(s)y ds

for any t ≥ 0. Further, due to (b), we have

V(s)z − z = T − lim
n→∞

(V(s)zn − zn) = T − lim
n→∞

∫ t

0
V(s)Azn ds =

∫ t

0
V(s)y ds

for any t ≥ 0, and thus z ∈ D(A) and Az = y.
(d) This is obvious from (b) and (c). □

Remark 4.2. IfF = {Ω, ∅}, then Theorem 4.2 reduces to Proposition 11 in [3]. Moreover, in the context
of non-trivial random Saks spaces, the (ε, λ)-topology induced by P is too weak, and the method used
in Proposition 11 from [3] cannot be directly generalized. Therefore, we employ the technique of
measurable partitions on S to prove Theorem 4.2.

Suppose A: D(A) → S is a module homomorphism and ρ(A) = {η ∈ L0(F ,K):
ηI − A is bijective and (ηI − A)−1 ∈ B(S )}, then ρ(A) is called the resolvent set of A. Further, if
η ∈ ρ(A), then R(η, A) = (ηI − A)−1 is called the resolvent of A.

Lemma 4.2. Let {V(t): t ≥ 0} ∈ H(M, a) be a bi-continuous semigroup on S with the infinitesimal
generator A. If η ∈ L0(F ,R) with η > a on Ω, then

(a)

R(η, A)z =
∫ ∞

0
e−ηtV(t)zdt

for any z ∈ S ;
(b)

T − lim
η→∞
ηR(η, A)z = z

for any z ∈ S .
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Proof. (a) Step 1. For any η ∈ L0(F ,R) with η > a on Ω, define a mapping R(η) : S → S by

R(η)z =
∫ ∞

0
e−ηtV(t)zdt

for any z ∈ S , and then

p(R(η)z) = p
(∫ ∞

0
e−ηtV(t)zdt

)
≤

∫ ∞

0
e−ηt p(V(t)z)dt

≤

∫ ∞

0
e−ηt∥V(t)z∥dt

≤
M
η − a

∥z∥.

Thus the module homomorphism R(η) is well-defined for any η ∈ L0(F ,R) with η > a on Ω.
Step 2. For any z ∈ S , let

ξ =
∨
s≥0

∥∥∥e−ηsV(s)z − z
∥∥∥

for any η ∈ L0(F ,R) with η > a on Ω. Since∥∥∥e−ηsV(s)z − z
∥∥∥ ≤ ∥∥∥e−ηsV(s)z

∥∥∥ + ∥z∥
≤ Me−(η−a)s∥z∥ + ∥z∥

for any s ≥ 0, we have ξ ∈ L0
+(F ). Set

Ek = {k − 1 ≤ ξ < k}

for any k ∈ N, and then Ei ∩ E j = ∅ for any i, j ∈ N with i , j, and further
⋃∞

k=1 Ek = Ω. Since
for any z ∈ S , k ∈ N, and p ∈ P, p

(
IEke

−ηsV(s)z − IEkz
)

converges to 0 in probability P as s →
0 and p

(
IEke

−ηsV(s)z − IEkz
)
≤ k, it follows from Lebesgue’s dominated convergence theorem that∫

Ω
p
(
IEke

−ηsV(s)z − IEkz
)

dP converges to 0 as s→ 0. Thus, by Proposition 2.4, one has

1
h

∫
Ω

p
(∫ h

0
IEke

−ηsV(s)z − IEkzds
)

dP

≤
1
h

∫
Ω

∫ h

0
p
(
IEke

−ηsV(s)z − IEkz
)

dsdP

=
1
h

∫ h

0

∫
Ω

p
(
IEke

−ηsV(s)z − IEkz
)

dPds

≤ max
s∈[0,h]

∫
Ω

p
(
IEke

−ηsV(s)z − IEkz
)

dP

→ 0 as h→ 0
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for any z ∈ S , k ∈ N, and p ∈ P, which implies that 1
h p

(∫ h

0
IEke

−ηsV(s)z − IEkzds
)

converges to 0 in

probability P as h→ 0. Since
∑∞

k=1 P (Ek) = P
(⋃∞

k=1 Ek
)
= P(Ω) = 1, it follows that

T − lim
h→0

1
h

∫ h

0
e−ηsV(s)zds = z

for any z ∈ S , η ∈ L0(F ,R) with η > a on Ω.
Step 3. For any z ∈ S and h > 0, we have

V(h)
∫ ∞

0
e−ηtV(t)zdt −

∫ ∞
0

e−ηtV(t)zdt

h

=
1
h

∫ ∞

0
e−ηtV(t + h)zdt −

1
h

∫ ∞

0
e−ηtV(t)zdt

=
1
h

∫ ∞

h
e−η(t−h)V(t)zdt −

1
h

∫ ∞

0
e−ηtV(t)zdt

=
1
h

(
eηh − 1

) ∫ ∞

0
e−ηtV(t)zdt −

1
h

eηh
∫ h

0
e−ηtV(t)zdt

for any η ∈ L0(F ,R) with η > a on Ω. Letting h→ 0 in the above equality, we get

A
∫ ∞

0
e−ηtV(t)zdt = η

∫ ∞

0
e−ηtV(t)zdt − z,

i.e., (η − A)
∫ ∞

0
e−ηtV(t)zdt = z. Further, according to Theorem 4.2, one can obtain A

∫ ∞
0

e−ηtV(t)zdt =∫ ∞
0

e−ηtV(t)Azdt for any z ∈ D(A), η ∈ L0(F ,R) with η > a on Ω, i.e.,
∫ ∞

0
e−ηtV(t)(η − A)zdt = z. Thus

we have
R(η, A)z =

∫ ∞

0
e−ηtV(t)zdt

for any z ∈ S , η ∈ L0(F ,R) with η > a on Ω.
(b) Since {V(t): t ≥ 0} is strongly T− continuous, it follows that for any ε, λ > 0, there is t0 > 0

such that
P {ω ∈ Ω | p(V(t)z − z)(ω) ≥ ε} ≤ λ

for any z ∈ S , p ∈ P, and t ∈ [0, t0]. For any η ∈ L0(F ,R) with η > a on Ω, since

p(ηR(η, A)z − z) = p
(∫ ∞

0
ηe−ηtV(t)zdt −

∫ ∞

0
ηe−ηtzdt

)
≤ p

(∫ t0

0
ηe−ηt(V(t)z − z)dt

)
+ p

(∫ ∞

t0
ηe−ηt(V(t)z − z)dt

)
≤

∫ t0

0
ηe−ηt p(V(t)z − z)dt +

∫ ∞

t0
ηe−ηt p(V(t)z − z)dt

≤
∨

t∈[0,t0]

p(V(t)z − z)
∫ ∞

0
ηe−ηtdt +

∫ ∞

t0
ηe−ηt∥V(t)z − z∥dt

≤
∨

t∈[0,t0]

p(V(t)z − z) + ∥z∥
[
M
η

η − a
e−(η−a)t0 + e−ηt0

]
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for any z ∈ S and p ∈ P, it follows that p(ηR(η, A)z − z) converges to 0 in probability P as η → ∞,
which completes the proof. □

Lemma 4.3. Let {V(t): t ≥ 0} ∈ H(M, a) be a bi-continuous semigroup on S with the infinitesimal
generator A. Then D(A) is bi-dense in S , i.e., for any z ∈ S , there exists a ∥ · ∥-bounded sequence {zn,

n ∈ N} ⊆ D(A) such that T − lim
n→∞

zn = z.

Proof. For any n ∈ N, let ηn ∈ L0(F ,R) with ηn > a on Ω such that ηn → ∞ as n→ ∞. Since

ηnR(ηn, A)z = ηn

∫ ∞

0
e−ηntV(t)zdt

for any z ∈ S and n ∈ N, it follows that

∥ηnR(ηn, A)z∥ = ηn

∥∥∥∥∥∫ ∞

0
e−ηntV(t)zdt

∥∥∥∥∥
≤ ηn

∫ ∞

0

∣∣∣e−ηnt
∣∣∣ ∥V(t)z∥dt

≤
Mηn

ηn − a
∥z∥,

i.e.,
∨

n∈N ∥ηnR(ηn, A)z∥ ∈ L0
+(F ). For any given z ∈ S , define

zηn :=

ηnR(ηn, A)z, if ηn > a on Ω,

0, else,

and then {zηn , n ∈ N} ⊆ D(A) and
∨

n∈N

∥∥∥zηn

∥∥∥ ∈ L0
+(F ). According to Lemma 4.2, we get T − lim

n→∞
zηn =

z. □

Theorem 4.3 (The Hille-Yosida-type result). Suppose A: D(A) → S is a module homomorphism and
a ∈ L0(F ,R), M ∈ L0

++(F ) with M ≥ 1. Then the following statements are equivalent.
(a) A is the infinitesimal generator of a bi-continuous semigroup {V(t): t ≥ 0} ∈ H(M, a) on S .
(b) (b1). D(A) is bi-dense in S .

(b2). (η − a)k∥R(η, A)k∥ ≤ M for any η ∈ L0(F ,R) with η > a on Ω and k ∈ N.
(b3). For any η, α ∈ L0(F ,R), the family {(η − α)kR(η, A)k: k ∈ N, η > α on Ω} is globally

bi-equicontinuous for any α > a on Ω.

Proof. (a)⇒ (b). According to Lemma 4.3, we have that (b1) holds.
For (b2), without loss of generality, we can assume that k = 1. For any z ∈ S , by Lemma 4.2, we get

∥R(η, A)z∥ =
∥∥∥∥∥∫ ∞

0
e−ηtV(t)zdt

∥∥∥∥∥
≤

∫ ∞

0
e−ηt∥V(t)z∥dt

≤
M
η − a

∥z∥
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for any η ∈ L0(F ,R) with η > a on Ω, i.e., (η − a)∥R(η, A)∥ ≤ M.
For (b3), suppose that there is a sequence {zn, n ∈ N} ⊆ S such that

∨
n∈N ∥zn∥ ∈ L0

+(F ) and
T − lim

n→∞
zn = 0. Then, for any p ∈ P and α ∈ L0(F ,R) with α > a on Ω, we have

p
(
(η − α)kR(η, A)kzn

)
= p

(
(η − α)k

∫ ∞

0
. . .

∫ ∞

0
e−η(t1+...+tk)V(t1 + . . . + tk)zndt1 . . . dtk

)
= p

(
(η − α)k

∫ ∞

0
. . .

∫ ∞

0
e−(η−α)(t1+...+tk)e−α(t1+...+tk)V(t1 + . . . + tk)zndt1 . . . dtk

)
≤

∨
t≥0

p
(
e−αtV(t)zn

)
for any k ∈ N, η ∈ L0(F ,R) with η > α on Ω. Due to Lemma 4.1, one has the family {(η − α)kR(η, A)k:
k ∈ N, η > α on Ω} is globally bi-equicontinuous.

(b)⇒ (a). Step 1. Let T ∈ B(S ), and define a mapping etT : S → S by

etT z =
∞∑

k=0

(tT )k

k!
z

for any z ∈ S and t ≥ 0. According to Lemma 3.1, the module homomorphism etT is well-defined.
For any n ∈ N, let ηn ∈ L0(F ,R) with ηn > a on Ω such that ηn → ∞ as n → ∞. Set Φηn =

ηn(ηn − A)−1 for any n ∈ N, and then ηn(Φηn − I) = ηnAR(ηn, A). Let

Vn(t)z = eηn(Φηn−I)tz

for any n ∈ N, t ≥ 0, and z ∈ S , and it is easy to check that Vn(0)z = z, T − lim
t→t0

Vn(t)z = Vn(t0)z for any

t0 ≥ 0, and Vn(s + t)z = Vn(s)Vn(t)z for any t, s ≥ 0. For any t ≥ 0, z ∈ S , and α ∈ L0(F ,R) with α > a
on Ω, we have

p (Vn(t)z) = e−ηnt p
(
eηnΦηn tz

)
≤ e−ηnt

∞∑
k=0

tkη2k
n

k!
p
(
(ηn − A)−k z

)
= e−ηnt

∞∑
k=0

tkη2k
n

k!
1

(ηn − α)k p
(
(ηn − α)k (ηn − A)−kz

)
for any ηn > 2α on Ω, which shows that {Vn(t): t ≥ 0} is locally bi-equicontinuous. Moreover, for any
t ≥ 0,

∥Vn(t)z∥ = e−ηnt
∥∥∥eηnΦηn tz

∥∥∥
≤ e−ηnt

∞∑
k=0

tkη2k
n

k!

∥∥∥(ηn − A)−k z
∥∥∥

≤ e−ηnt
∞∑

k=0

tkη2k
n

k!
M

(ηn − a)k ∥z∥

= Me
aηnt
ηn−a ∥z∥

≤ Me2at∥z∥
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for any ηn > 2a on Ω, z ∈ S , and n ∈ N, which shows that {Vn(t): t ≥ 0} is exponentially bounded.
Consequently, for any n ∈ N, {Vn(t): t ≥ 0} is a bi-continuous semigroup on S .

Step 2. Since R(η, A) − R(µ, A) = (µ − η)R(µ, A)R(η, A) for any η, µ ∈ L0(F ,R) with η, µ > a on Ω,
it follows that the family {Φηn , n ∈ N} is a commutative set. Thus for any t, s ≥ 0, Vm(t)Φηn = ΦηnVm(t)
and Vm(t)Vn(s) = Vn(s)Vm(t) for any m, n ∈ N. For any t ≥ 0, let y(s) = Vn(t − s)Vm(s)z for any
z ∈ D(A) and s ∈ [0, t], and we have y′(s) = Vn(t − s)Vm(s)(Φηm Az − Φηn Az). By Theorem 4.1, y is
locally L0-Lipschitz. According to Theorem 3.2, one can obtain

Vm(t)z − Vn(t)z =
∫ t

0
y′(s)ds

=

∫ t

0
Vn(t − s)Vm(s)

(
Φηm Az − Φηn Az

)
ds

for any z ∈ D(A), t ≥ 0, and m, n ∈ N. Thus for any p ∈ P, we have

p (Vm(t)z − Vn(t)z) ≤ t
∨

s∈[0,t]

p(Vn(t − s)Vm(s)(Φηm Az − Φηn Az) (4.6)

for any z ∈ D(A), t ≥ 0, and m, n ∈ N. Due to Lemma 4.2 and the locally bi-equicontinuity of {Vn(t):
t ≥ 0} for any n ∈ N, we have {Vn(t)z, n ∈ N} is a T−Cauchy sequence in S for any z ∈ D(A).
Since D(A) is bi-dense in S , it follows that for any z ∈ S , there exists a ∥ · ∥-bounded sequence {yk,

k ∈ N} ⊆ D(A) such that
T − lim

k→∞
yk = z.

By the locally bi-equicontinuity of {Vn(t): t ≥ 0} for any n ∈ N, for any l ≥ 0, one has

T − lim
k→∞

Vn(t)yk = Vn(t)z

uniformly for any t ∈ [0, l]. Since for any z ∈ S and t ≥ 0,

p(Vm(t)z − Vn(t)z) ≤ p(Vm(t)z − Vm(t)yk) + p(Vn(t)z − Vn(t)yk)
+ p(Vm(t)yk − Vn(t)yk)

for any p ∈ P and m, n ∈ N, it follows that {Vn(t)z, n ∈ N} is a T−Cauchy sequence in S . By the
sequential completeness of S , one has that T − lim

n→∞
Vn(t)z exists for any z ∈ S and t ≥ 0, and we put

T − lim
n→∞

Vn(t)z = V(t)z.

Step 3. We show that {V(t): t ≥ 0} is a bi-continuous semigroup on S . Clearly, {V(t): t ≥ 0} is
exponentially bounded and V(0)z = T − lim

n→∞
Vn(0)z = z for any z ∈ S . For any z ∈ S and t, s ≥ 0, we

have
T − lim

n→∞
Vn(t + s)z = V(t + s)z

and
T − lim

n→∞
Vn(t)Vn(s)z = V(t)V(s)z.
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Thus
V(t + s) = V(t)V(s)

for any t, s ≥ 0. Next, we prove that

T − lim
t→t0

V (t) z = V (t0) z

for any z ∈ S and t0 ≥ 0. For any p ∈ P,

p (V(t)z − V (t0) z) ≤ p(V(t)z − Vn(t)z) + p(Vn(t)z − Vn (t0) z)
+ p (Vn (t0) z − V (t0) z)

for any z ∈ S and t, t0 ≥ 0, which implies that

T − lim
t→t0

V(t)z = V (t0) z.

Finally, it remains to show that {V(t): t ≥ 0} is locally bi-equicontinuous. Let {zk, k ∈ N} ⊆ S with∨
k∈N ∥zk∥ ∈ L0

+(F ) and T − lim
k→∞

zk = 0, and we have

p(V(t)zk) ≤ p (V(t)zk − Vn(t)zk) + p (Vn(t)zk)

for any p ∈ P. Consequently, for any l1 ≥ 0, we get

T − lim
k→∞

V(t)zk = 0

uniformly for any t ∈ [0, l1].
Step 4. Next, we show that A is the infinitesimal generator of {V(t): t ≥ 0}. Suppose that Ã is the

infinitesimal generator of {V(t): t ≥ 0}. For any z ∈ D(A) and p ∈ P, we have

p
(
V(t)z − z

t
− Az

)
≤ p

(
V(t)z − z

t
−

Vm(t)z − z
t

)
+ p

(
Vm(t)z − z

t
− Φηm Az

)
+ p

(
Φηm Az − Az

)
for any m ∈ N and t > 0. By Lemma 4.2 and (4.6), one can obtain

T − lim
t→0

V(t)z − z
t

= Az

for any z ∈ D(A), which shows that D(A) ⊂ D(Ã) and Az = Ãz for any z ∈ D(A). Conversely, let
E = ηz − Ãz for any z ∈ D(Ã) and η, a ∈ L0(F ,R) with η > a on Ω, and we have

E = (η − A)(η − A)−1E

= η(η − A)−1E − Ã(η − A)−1E

= (η − Ã)(η − A)−1E.

Thus z = (η − Ã)−1E = (η − A)−1E ∈ D(A). □
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Remark 4.3. If P consists of a single L0-norm ∥ · ∥, then the sequentially complete random Saks
space (S , ∥ · ∥,T ) reduces to a complete RN module (S , ∥ · ∥) and the bi-continuous semigroup {V(t):
t ≥ 0} reduces to an exponentially bounded C0-semigroup on (S , ∥ · ∥). Besides, if F = {Ω, ∅}, then the
sequentially complete random Saks space (S , ∥·∥,T ) reduces to an ordinary sequentially complete Saks
space and the bi-continuous semigroup {V(t): t ≥ 0} reduces to an ordinary bi-continuous semigroup,
which shows that Theorem 4.3 is an extension of Theorem 11, Corollary 1 in [16] and Theorem 16
in [3].
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