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Abstract: The time-fractional Cable (TFC) equation constitutes a significant advancement of the
classical Cable equation within the context of fractional calculus. In contrast to conventional numerical
techniques such as finite difference and finite element methods, the barycentric interpolation method
exhibits superior capability in handling the nonlocal properties inherent in fractional operators. This
study thoroughly examines the principles and attributes of the barycentric interpolation method,
integrating them with the unique aspects of the TFC equation to develop an appropriate matrix
formulation. This transformation facilitates the conversion of the TFC equation into a solvable
algebraic system. The proposed algorithm’s accuracy and convergence rate are meticulously evaluated.
Numerical experiments are performed to underscore the benefits of this approach in solving the TFC
equation, thereby confirming the efficacy of the error analysis and convergence assessment.

Keywords: numerical calculation; barycentric collocation method; time-fractional Cable equation;
nonlinear; error estimation

1. Introduction

The TFC equation, which extends the classical Cable equation through the lens of fractional
calculus, plays a crucial role in advancing the study of neural dynamics. While the traditional Cable
equation has limitations in accurately modeling nerve fiber activity, its fractional-order counterpart
excels in simulating neuronal behavior, particularly in capturing the anomalous electrical diffusion of
ions within spiny dendrites. This extension establishes a robust mathematical framework for
neuroscience, thereby facilitating a deeper understanding of neural mechanisms and promoting
advancements in related disciplines such as neuroscience and cognitive science.

The barycentric interpolation method demonstrates significant potential in solving TFC equations.
Traditional numerical methods often struggle with computational complexity and accuracy due to the
inherent intricacies of these equations. In contrast, the barycentric interpolation method offers high
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precision and efficiency, making it well-suited for handling fractional derivatives and complex
boundary conditions. This approach provides a novel and accurate solution to TFC equations, thereby
promising more reliable numerical simulations for neuroscience research and enhancing both
theoretical and experimental studies.

A considerable body of research has been conducted on solving TFC equations, with scholars [1]
proposing various numerical methods, each possessing unique advantages and limitations. ADI
difference, implicit difference scheme, and extrapolation methods have been developed to solve the
integro-partial differential equation [2], evolution equations [3], hyperbolic equations [4],
subdiffusion equations [5, 6], and supergeneralized viscous Burgers’ equations [7, 8]. Early
approaches included the finite difference method [9], where researchers developed schemes such as
explicit, implicit, and Crank—Nicolson methods [10] tailored to the characteristics of TFC equations.
The finite element method [11] discretizes the solution domain into finite elements, representing the
solution as a linear combination of interpolation functions defined on each element. The spectral
method [12] and Galerkin spectral method [13—15] use orthogonal polynomials as basis functions to
expand the solution into a series form, excelling in handling periodic boundary conditions [16, 17] but
encountering difficulties with non-periodic conditions and complex geometries. Other
methods [18, 19], including the finite volume method [20,21], boundary element method [22,23], and
meshless methods [24,25], have also been applied to solve TFC equations.

As an emerging numerical technique [26-28], the barycentric interpolation method [29-32] has
received widespread attention and has been increasingly applied across various fields in recent years,
including Volterra integro-differential equations [33] and Volterra differential equations [34—-37] in
recent years. In structural mechanics, it addresses problems [38—42] like beam bending and vibration
and the EFK equation [43] and ZK-MEW equation [44] by constructing differential matrices of
unknown functions and discretizing control equations into algebraic systems using point matching,
resulting in high-precision numerical solutions. In heat conduction problems, the method accurately
models temperature distributions and changes. Space fractional diffusion equations have been studied
using multilevel tau preconditioners [45], finite volume methods [46], algebraic preconditioners [47],
and spectral methods [48]. Although research on applying the barycentric interpolation method to
fractional differential equations, such as the Riesz fractional derivative [49], is still in its early stages,
preliminary results are promising. Scholars have successfully applied this method to fractional-order
diffusion and wave equations, validating its effectiveness and high accuracy through numerical
experiments. However, research on its application to time-fractional Cable (TFC) equations remains
limited, with incomplete theoretical analysis and numerical experiments. Improving computational
accuracy and stability for fractional derivatives and complex boundary conditions, as well as
optimizing algorithms for enhanced efficiency, are critical issues that require further investigation.

In this paper, we focus on the numerical solution of the nonlinear time-fractional Cable equation
given by

ou(x,t)
ot

subject to initial and boundary conditions:

= — Cou(x, 1) + oCPAu(x, 1) — F(u) + g(x,1), x€Q, 0<1<T, (1.1)

ux,1) =0, xeQ, (1.2)
u(x,0) = up(x), tel0,1], (1.3)
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where F(u) = u® — u, o, 8 € (0, 1) and 0Ciu(x, t) is the fractional part.

The nonlinear time-fractional Cable equation represents an interdisciplinary research topic at the
intersection of neurodynamics and fractional calculus. By incorporating both memory effects and
nonlinear properties, it offers a more precise characterization of the complex evolution of neuronal
electrical signals, thereby serving as a valuable mathematical tool for investigating neural functions and
pathological mechanisms. Theoretical analysis and numerical methods associated with this equation
constitute currently active research directions within the field of biomathematics.

This paper is structured as follows. Initially, we present a numerical algorithm for solving TFC
equations using the barycentric interpolation method: This section delves into the principles and
attributes of the barycentric interpolation technique, aligning them with the unique aspects of TFC
equations to construct a robust numerical solution framework. The algorithm is designed to accurately
manage fractional derivatives and intricate boundary conditions by converting TFC equations into
solvable algebraic equations through strategic node placement and differential matrix formulation.
Next, we perform an in-depth analysis of the algorithm’s accuracy, convergence, and stability. A
thorough theoretical evaluation assesses the algorithm’s performance under diverse conditions,
ensuring its reliability and robustness. This analysis provides a comprehensive understanding of the
algorithm’s strengths and limitations. Finally, we validate the algorithm’s effectiveness through a
series of numerical experiments. By applying the developed algorithm to a representative TFC
equation, we demonstrate its advantages in solving such equations. These experiments offer
compelling evidence that supports the practical utility of the barycentric interpolation method in both
engineering and scientific research. In summary, this paper systematically develops and evaluates a
novel numerical algorithm for TFC equations, showcasing its potential for real-world applications.

2. Differentiation matrices of the TFC equation

For the fractional part of the TFC equation, we express the Caputo fractional derivative as follows:
1 " 0u(x, s) ds
Diu(x, 1) = . , 2.1
B Y fo 95t (1= sy @D

which can be rewritten using integration by parts as:

Deu(x, 1) =T% [—afu(;;’ 0 £+ L t ag;;ﬁi’ ) 7 _dss)a_f] , (2.2)
where [¥, = m
Similarly, for another fractional order vy, we have:
s =1 | P [ -
where T, = e
2.1. Integral term approximation
The integral term in Eq (2.1) can be expressed as:
i RE.SCH)(T)dT
f(; U—1pt = Q1) = 0, (2.4)
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and similarly,

i Ri:fH)(T)dT § ,
Ny = Q1) = Q. (2.5)

These integrals are computed using Gaussian quadrature with weights p(1) = (t; — 1) and p(7) =
(ty — T)¥77, respectively:

8
Q5(t) = Y RE G, 2.6)
k=1
N 1), 6 0.
Q) = Y REVENHG, 2.7)
k=1

where Gz’“ and Gz’y are the Gauss weights, and TZ’“ and Ti’y are the Gauss points.
The TFC equation system can be written as:

Fu(x,0) . PO u(x, ) ds
e ﬁ[ e fo a5 (1— s)"‘f]
Y [6§u(x, O)tf_y N ft Flu(x,s)  ds ] (2.8)
0

Y ors osétl (1= s)r¢
- F(X’ t) = g(X’ t)’ (X’ t) € QX (O’ T)

2.2. Spatial and temporal discretization

Considering the domain (x,¢) € Q X (0,7T), where Q = [a, b] X [c,d] and [0, T] is discretized into
subdomains €;; = [x;, Xiz1] X [y, yj+1], with 0 = 1y < t; < --- < f; = T. The mesh points can be
uniformly or quasi-uniformly partitioned (e.g., using Chebyshev points).

Using barycentric interpolation, the function u(x, y, ) can be approximated as:

~

u(x, y, 1) = Z Z D D)D) POt (2.9)
i=0 j=0 k=0
where
Ui = u(xi, yj, &), (2.10)

and the basis functions are defined as:

Wi Jj+di 1
D(x) = e, W= ) (=1) ]—[ 2.11)
5= O X=Xs JjeJi k=j,k#i Xi xk

with J; = (j € {0,1,--- ,m—d\}:i—dy < j<i},d, € N.

Similarly,
4 i+dy
Y=Yj i 1
Q0 = ViE E(—l) | | — (2.12)
570 y—y, icl; k=ijj I Ok

withJ; ={i€{0,1,--- ,n—da}: j—dy <i< jldy €N.
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And,
Ak J+d3
Our) = o~ A=) D[] - t, (2.13)
ZA‘:OR ]EJ/{ i= jl:#k kb

with Jy = {j€{0,1,---,I—~ds} : k—ds < j <k}, ds € N.

2.3. Higher-order derivatives

The higher-order derivatives of u(x,y, ) can be expressed as:

O81+82+83)y, (m’n’l)( X, Y, )
O v DI Z Z Z OE (D (MDE (D (2.14)
oy ‘ i=1 j=1 k=1

where g1, g2, g3 > 0 are integers. When g, = g, = g3 = 0, this reduces to Eq (2.9).
Evaluating at specific points (x4, yg, t,), we get:

a(g1+gz+g3)u( l)(x Vg t’y) mono ! (
mn)\Aas VB> _ z : § § 81) (g2) (g3) .
0x810y820183 - i=1 j=1 k=1 ®; (x“)cDj Op) D (1)t (2.13)

This can be represented in matrix form as:

a(g1+g2+g3)u(m’n’l)(xa/, yﬁ’ t’)/)

pTy N - ((D(g100) ® 0020 & @(00g3))u, (2.16)
X310y

where ® denotes the Kronecker product. To represent each element in the differential matrices,
we define:

(D(gloo) (D(gl)(x) q)(OgZO) (D(gz)(y) (D(O()g%) (D(gi)(t) (2 17)
1 1 .
o) ) - o) o200 o) - 00
(g1) (g1) (g1) (g2) (g2) (g2)
oV (x2) OV () = 0V (x2) ®2(52) 202 - 0 )
P10 — @O0 — ’
O (o) @5 ) 0 ) o200 V) - 00

o) ) - @)

1) 0 w) - 0@

®083) — , (2.18)

o) o @) - 0w
and

_ T
W= (U1, UL UIDLs S UL 5 s Wl " s Umnl) (2.19)

here, @@ is the g;-order differential matrix with space variable x; ®©%29 is the g,-order differential
matrix with space variable y; ®%3) is the gs;-order differential matrix with time variable ¢, when
g1 =g =g3 =0, M& = [ MO0 — [ M%) = I where I,, I,, and I; are m, n and [-order

Electronic Research Archive Volume 33, Issue 9, 5518-5535.



5523

identity matrix, respectively. In order to conveniently represent each element in the differential matrix,
we let (I)(g 100) (I)(g D(x,); CI)(OgZO) (I)(g2>(y,) (I)(OOg3) ®(g3)(t) the 1-order differential matrix as follows
(see Ref [38])

wilwi vilvi N il
—’ l¢j7 b l¢j’ b l¢j’
(100) KT 010) YiT Y ©01) il
(Dij = CDij = cDij = (2.20)
Zq)(loo) - Z(D(om) o Zq)(om) -
J# J#L J#i

and the recurrence formulas of higher-order differential matrices as follows (see Ref. [38])

((g1—1)00)
((g1-1)00) £,(100 ij . .
gl(q)iigl (I)Ej = ——) i#]
(6100) A 2,3 (2.21)
(O = 81 = 4,9, :
ij
- > o, i=]
J#i
(0(g2—-1)0)
0(g2—1)0) 4,(010 ij . .
gz(M;l- (g2=1) )(Df] ) - —)7 4 i .]7
cD(OgZO) _ yi - yj g2 = 2 3 st (2 22)
ij - - B ” B *
I i=]
J#i
(00(g3-1))
(00(g3~1 001 ij : :
gS(q)l‘[ (g3 ))(Df )_ T)’ 1+ ]a
i J
@008 g3 =2,3,--- (2.23)
ij ) B b *
I i=]
J#i

The matrices ®€1%0 ©©029 and @83 are the g;-, g»-, and gz-order differential matrices for the
spatial variables x and y, and the time variable ¢, respectively. When g; = g, = g3 = 0, these matrices
reduce to identity matrices of appropriate dimensions.

3. Linearized of TFC equation

In this section, we introduce three discretization methods for solving the nonlinear Cable equation.
Each method is described in detail below.
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3.1. Direct linearized iterative scheme (DLIS)

By taking (2.9) into (2.7), we get

/

Z i Zn: D;(x)D j(y) D (O)iun

i=1 j=1 k=1
I m n r ta‘f“@ (S) ds
(69) —a k
T ; ; - _q)i(x)q’j(y)q)k 0)FF + O(x0)D(y) fo FET = S)a_g] Uy
[ m nor ta§+1q) (S) dS
’” © o .
- T ; ; 2 _q),- (0)D,;()D () + (Di(x)CDj(Y)fo G o s)“—f] Uipn
! m nor ta§+l(b (S) dS
©) —a ’” k
- T 2 Jz:; 2 CI)i(x)(Dj(Y)q)k (0)FF~" + Oy (x) D’ (Y)f G o s)d—f] Uipn
I m n L om
_ Z Z q)z(-x)q)j(y)q)k(t)ulmn f(x vy, l) (Z Z (O] (x)q) (y)q)k(t)u[mn)
i=1 j=1 k=1 A&

Letx =x;,y=y;,t =t,i,j,k=1,2,---, m, we get

D;(x)D j(y Dy (1)t

Ly "G D(s)  d
©)/y -2 k(s) ds
#5333 i@, 0)@ 00 + @i(x) () f P e [
i=1 j=1 k=1L 0 ( )
ShaR| “ED(s)  d
’” &) é~a k S) s
—15 33 N |07 @)@ O)8 + Dilx) D7) f e e [
i=1 j=1 k=1L 0 (7 =)
LG “ O D(s)  ds
(€3] E—a 77 k
=TT @)@ )P0 + Dy ()P () f e e oE |t
i=1 j=1 k=1L 0 ( )
m n [

i=1 j=1 k=1
Then we get the matrix equation as
O (L@ L oM +1,81,8 Q") u-T5(M* 01, M +1,81,® 0")u
+ Uy ® L, @ M -1 (1,0 1, e M + 1, e M @ Q") u—u = f — 13,
then
[ (L@ Lo M +1,81,8 Q) - T4 (M* 8 1, s M™ + 1,81, ® Q)

+ (I ® 1, ® M™) =T (1, ® 1, ® M + 1, M ® Q") = Lylu = f - u;,

Electronic Research Archive

O,06)D (5Pt )t = F 35 1) = O > | i)D (5Pt )it

3.1

(3.2)

(3.3)

(3.4)
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KN [ fin ]
where 1,,,; = I, ® I, ® I;, h is iterative number, and U = Z“" JF = ]}11" . Then the DLIS is
1 11
| ¢lmn ] | ﬁmn ]

constructed as follows

[ (Lo Lo M +1,81,8 Q") -T5 (M™ 01, M® + 1,01, ® Q")
+ (1@ L, @ M™) T (1,8 L, @ M{” + 1, 8 M ® Q") = LyJuy = f — ;. (3.5)
We let
L=[5(L,eL oM +1,81,00)-T5 (M el e M™ +1,81,8 Q")

+ (I ® 1, ® M™) =T (1, ® 1, M{” + 1, M & Q") = L], (3.6)

then DLIS can be written as follows:

Luy, = f—u,_|, (3.7)

where h > 1, h € N*, N* is a positive integer set.

3.2. Partial linearized iterative scheme (PLIS)

We separate u® into uu, udu is obtained by substituting u, into the nonlinear part u?, then we put

the ufu into Eq (1.1)

r (oL, oM™ +1,81,® Q") u-TE(M oL, e M +1,81,8Q")u
+ Iy ® L, @ M™ )y —T% (1,0 1, @ M + 1, 8 M © Q) u — u + diag(ug)u = f, (3.8)

where diag(u%) is a diagonal matrix whose diagonal elements are elements in u(z), then
[ (Lo L, oM +1,81,8 Q") -T5 (M* 81,0 M™ + 1,01, ® Q")
+ [ (I Lo M + 1,01, 0%) - T (I, 81, M{" + 1,8 M™ & Q")
~L + diag(ug)lu = f, (3.9)
the PLIS is constructed as
¢, (Im ®L,® Mig()) +1,91,® Qa) a f‘i (M(OOZ) ®1,® M<1§0) +15,®1,® Qy)

+ (1 ® 1, ® M™Y) =T (1, ® 1, M{” + 1,, ® M ® Q") = Ly + diag(u;_)luy = f.  (3.10)

Similarly, the can be expressed as

[L + diag(u;_)]uy, = f. (3.11)
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3.3. Newton iterative scheme (NIS)

The nonlinear term u> of (1.1) is expanded at 1, by use of the Taylor formula; we have
w ~ ud + 3u(u — uo) + o(u — ug) + - -+, (3.12)

we ignore o(u — uo) and keep the linear term u® = u + 3uj(u — up) = 3ufu — 2u, put it into (1.1); we

can get

r(M®? o1, M +1,81,8 Q" )u-T5 (M & 1,0 M{” + 1, M™ & M) u
+ (1, ® 1, M) —T5 (1,8 1, ® M + 1, M © Q") u — u + 3diagup)u = f + 2ug, (3.13)
similarly, we have
(M L, oM +1,81,8 Q) -T5 (M & I, M + I, M™ © M)

+ (Lo L,oM® + 1,01, 0%) T (1,01, M + 1, M*0 © Q"
a 1 Y 1
— Ly + 3diag(ud)lu = f + 2ug, (3.14)

then the NIS can be constructed

[1“‘?; ( M ® Mifo) + 1,81, ® QV) _ l"i ( MM g1 @ Mifo) +1,9 MO0 g M}_g(»)

+ (1 ® L, ® M™) - T (1,8 1, 8 M{” + 1,8 M™ © 07
— Ly + 3diag(uy_)u, = f +2u_,. (3.15)

The NIS can be written as
[L + 3diag(u;_)lu, = f +2u;_,. (3.16)

4. Error estimation of TFC equation with DLIS
For functions u(x), u(y), u(t) € C[-1, 1], we define the interpolation operators L, : C[-1,1] — J,,

Ly C[-1,1] —» J,, and L,, : C[-1,1] — J, for the variables x, y, and ¢ respectively. These
operators are given by:

i m n
L) = ) O, Lopy) = Y @0uj,  Ligtult) = Y Buldu @.1)
i=1 j=1 k=1

We also define the combined interpolation operator L, ;L ,, : C([-1,1] X [-1,1]) — J,, as:

I m
LoLyu(x,y) = ) > 000, 4.2)

i=1 j=1
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Similarly, we define the three-dimensional interpolation operator L, ;L L, : C([-1, 1]x[-1,1]x
[-1,1]) — J as:

m n

1
LorLymLiu(x,,0) = D" > B)D() POt (4.3)
i=1

j=1 k=1

It can be shown that uy,,, := L ;L L ,u and the operators L, ;, Ly, L, Ly Lym, and L Ly 0 L,
are all linear.
The Lebesgue constant A, is defined as:

!
An =1Ll = max " |@y(x)]. (4.4)
xel-1L1] =
Lemma 1. For Chebyshev nodes of the second kind, the Lebesgue constant satisfies:
2
A, < —logn+1)+1, 4.5)
Vi
as shown in [29].
Lemma 2. For equidistant nodes with basis functions ®;(x), the Lebesgue constant satisfies:
A, <212 + 1nn), (4.6)

as derived in [30].
We now present a theorem regarding the error bound for the interpolation operators:

Theorem 1. For the interpolation operators L), Ly, Lip, Loy Lym and Ly Ly Ly, defined above,
the following inequality holds:

(X, y, 1) = (X, y, D] < CCREH + NS + AR, 4.7)

169 (eyllse 16 (xyesdlloo ||¢§">(x,y,r§)||m}

where C = max{=-5=, =25 ~ !

Proof. To prove this theorem, we start by considering the infinity norm of the difference between
the original function and its interpolated version. By the triangle inequality, we have

lleeCx, ¥, ) = Wimn(X, Y, Dllo

= luCx, y, ) = Lo Ly mLiatt(x,y, Dl

= lu(x,y, ) = Leju(x,y, 1) + Lou(x,y, 1) = L Ly u(x, y, 1)
+ Lo Ly u(x,y, 1) = Lo g Ly Lintt(x, 9, 1)lloo

< lux, y, ) = Logu(x, y, Dlleo + 1 Lyu(x, y, 1) = Ly Ly (X, y, Dlleo
+ 1L Ly mtt(X, 3, 1) = Log Ly L ntt(x, Y, Do

We analyze each term separately:
Error in x-direction:

(4.8)
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[
_ et 1920 3, Dl
_ ot 10 X6 ) Dl

I+ 1) 4-9)

||I/l(.x, Y, t) - Lx,lu(-x’ Y, t)”OO

Error in y-direction:

”-Ex,lu(x’ Y, t) - -[:x,l-Ey,mu(x’ Y, t)”oo
< ||-£x,l[u(-xa Yy, t) - -Ey,mu(xa ) t)]”oo
< N LalleolluCx, y, 1) = Ly mua(x, y, Dllo (4.10)

A" (%, ves Dlleo
(m+1)!

< AR
Error in #-direction:

||‘£x,l-£y,mu(x, Y, t) - Lx,l-Ly,mLt,nu(x, Yy, t)| |oo
< ”-ExJ[-Ey,mu(xa Yy, t) - -Ey,m-[«t,nu(x’ ) t)]”oo
< NLudllooll Ly mlleollueCx, y, 1) = Ly pulx, v, Dlloo (4.11)

(1)
< AlAmhtd3+1||¢t (x’y» tf)lloo
(n+ 1!

Combining these results, we obtain the desired error bound, thus completing the proof of Theorem 1.
5. Numerical example

In this part, numerical examples are presented to illustrate our theorem.

Example 1. We now choose the nonlinear term F(u) = u® — u and the exact solution u(x,y,t) =

*sin(2rx)sin(2my), then the source function can be determined by

2—a 2

— +16x° sin(27rx) sin(2zry) + 10 sin®(27x) sin’ 2ny).  (5.1)
I'G-aw

2
glx,y,t) =2t —t" + nm

Table 1 presents the errors for three iterative schemes: DLIS, PLIS, and NIS, with parameters
a=0.6,8=0.3,d, =d, =5,d; =5 is the parameter in basis functions of Eq (2.9), and e = 1078, The
data show that under identical error conditions, the number of iterations required to reach this error
is 4 for DLIS, 5 for PLIS, and 6 for NIS. With the same error for three iterative schemes, the fewer the
number of iterations , the easier it is more easy to solve Eq (5.1).

The performance of NIS with @ = 0.6, 8 = 0.3, d; = d, = 5, and d; = 5 was evaluated using
linear barycentric rational and Lagrange bases across barycentric rational uniform (RUN), barycentric
Lagrange uniform (LUN), barycentric rational nonuniform “Chebyshev nodes” (RNN), and barycentric
Lagrange nonuniform (LNN), as detailed in Table 2. This table reveals that Lagrange interpolation
yields smaller errors and exhibits faster convergence compared to rational interpolation.

Table 3 provides the errors for DLIS when 8 = 04, m =n =1 = 12,and d|, = d, = d;3 = 6, for
varying values of a from 0.01 to 0.99. The results indicate that the error remains consistent across
different « values.
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Next, we examine the convergence conditions of DLIS under varying spatial and temporal variables.

Tables 4 and 5, along with Tables 6 and 7, display the errors for DLIS under different configurations.
Specifically, for a fixed spatial variable (d; = d, = 5), the convergence rates of the temporal variable
(d3) are shown in Tables 4 and 6 for « = 8 = 0.5 using uniform (Lagrange nodes) and nonuniform
(Chebyshev nodes). Conversely, for a fixed temporal variable (d; = 5), the convergence rates of the
spatial variables (d; = d,) are presented in Tables 5 and 7 under the same node types.

Finally, Table 2 also includes additional error data for DLIS, further supporting the analysis of its
convergence properties.

Table 1. Errors of the = 0.6;8=0.3,d, =d, = 5;d3 = 5.

NIS PLIS DLIS

8 6.3230e-02 4 6.3230e-02 5 6.3230e-02 6

10 6.6465¢e-03 4 6.6465¢e-03 5 6.6465¢e-03 6

12 6.6822¢e-04 4 6.6822e-04 5 6.6822¢-04 6

14 3.3039¢-05 4 3.3040e-05 5 3.3009e-05 6

Table 2. Errors of the NIS with @ = 0.6;8=0.3,d; =d, = 5;d3 = 5.
RUN RNN LUN LNN
8 6.3230e-02 1.9901e-02 6.3230e-02 1.9901e-02
10  6.6465e-03 7.8305 5.8995e-04 12.231 5.9584e-03 8.2104 4.0966e-04 13.498
12 6.6822e-04 10.295 1.5017e-05 16.451 1.5017e-05 13.465 6.6391e-06 18.474
14 3.3039e-05 16.492 1.8534e-05 - 1.8534e-05 18.024 1.3223e-07 21.479
Table 3. Errors of the DLIS withf =04;m=n=1=14;d, =d, = d; = 6.

a RUN LUN RNN LNN

0.01 4.1531e-04 1.1062e-05 2.2889¢-05 1.3272e-07

0.1 4.1507e-04 1.1057e-05 2.2879¢-05 1.3269¢-07

0.2 4.1479¢e-04 1.1049¢-05 2.2867¢e-05 1.3265e-07

0.3 4.1448e-04 1.1040e-05 2.2855e-05 1.3261e-07

04 4.1417e-04 1.1031e-05 2.2841e-05 1.3256e-07

0.5 4.1384e-04 1.1022e-05 2.2827e-05 1.3252e-07

0.6 4.1349¢-04 1.1013e-05 2.2813e-05 1.3247e-07

0.7 4.1314e-04 1.1003e-05 2.2798e-05 1.3242e-07

0.8 4.1277e-04 1.0993e-05 2.2783e-05 1.3237e-07

0.9 4.1241e-04 1.0983e-05 2.2767¢e-05 1.3232e-07

0.99 4.1208e-04 1.0975e-05 2.2753e-05 1.3228e-07
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Table 4. Errors of the DLIS with d; = 5.

ndy=d, 1 2 3 4
6 3.8583e-02 1.0186e-01 2.4241e-02 6.3906e-02
8 1.8612e-02 2.5340 3.6325e-02 3.5841 1.4750e-04 17.735 1.7484e-02 4.5054
10 9.7067e-03 29175 1.5612e-02 3.7844 1.3611e-03 - 5.0815e-03 5.5375
12 6.0672e-03 2.5774 8.4169e-03 3.3885 9.8761le-04 1.7594 1.8865e-03 5.4347
Table 5. Errors of the DLIS with d; = d, = 5.
nds 1 2 3 4
6 1.9953e-01 6.4108e-02 6.4017e-02 6.3906e-02
8 3.2383e-02 6.3206 6.6809e-03 7.8604 6.6788e-03 7.8566 6.6771e-03 7.8514
10 1.7529e-01 - 6.7089e-04 10.300 6.7105e-04 10.298 6.7099¢-04 10.297
12 5.9232e-01 - 3.3135e-05 16.498 3.3186e-05 16.491 3.3189e-05 16.490
Table 6. Errors of the direct of d; = d, = 5.
nds 1 2 3 4
6 4.1777e-02 2.0234e-02 2.0231e-02 2.0227e-02
8 3.6512e-02 0.4683 5.9476e-04 12.260 5.9473e-04 12.260 5.9472e-04 12.259
10 2.3414e-02 1.9912 1.5193e-05 16.435 1.5193e-05 16.435 1.5193e-05 16.435
12 1.2552e-02 3.4193 1.8688e-05 - 1.8687e-05 - 1.8687e-05 -
Table 7. Errors of the direct of d; = 5.
n dl = d2 1 2 3 4
6 2.3371e-03 4.7455e-02 6.1448e-03 2.0227e-02
8 1.1093e-02 - 2.5560e-02 2.1508 9.0325e-04 6.6649 2.7929¢-03 6.8825
10 1.4693e-02 - 9.7582e-03 4.3153 9.7301e-04 - 9.2683e-04 4.9432
12 8.5018e-03 3.0006 4.8465e-03 3.8385 5.3405e-04 3.2904 3.5514e-04 5.2615

6. Concluding remarks

This study presents an efficient and accurate solution algorithm for the TFC equation based on the
barycentric interpolation collocation method (BICM). Through rigorous theoretical analysis, the
accuracy, convergence, and stability of the algorithm are systematically investigated, thereby
establishing a solid theoretical foundation for its practical implementation. Numerical experiments
are conducted using representative cases of the TFC equation, with results compared against those
obtained from established numerical methods to validate the effectiveness and advantages of the
proposed approach.

Despite these advancements, certain limitations persist. While the current formulation effectively
handles simple Dirichlet and Neumann boundary conditions, it encounters challenges when applied to
more complex conditions, such as Robin or nonlinear boundary conditions. These difficulties arise
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due to the increased complexity of the resulting algebraic system, which becomes harder to solve
accurately. In real-world applications, boundary conditions may involve nonlinear dependencies on
time or spatial variables, which existing numerical formulations struggle to represent precisely in
algebraic form, thereby affecting both the accuracy and stability of the solutions.

Future research will focus on refining the algorithm through improved node selection strategies
and the exploration of more suitable node distributions to enhance interpolation accuracy and
computational efficiency. Hybridizing the BICM with other numerical methods, such as the finite
element method or spectral methods, may offer complementary advantages for solving more complex
problems. Expanding the application scope of this method to more sophisticated TFC equation
models, particularly those involving multi-physics coupling, can address a broader range of
engineering and scientific challenges.

In conclusion, this study has successfully developed and validated an effective algorithm for solving
the TFC equation using the BICM. Future work will aim to overcome current limitations and extend
the method’s applicability to more complex and realistic scenarios.
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