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Abstract: In this study, we explored a diffusive vegetation-sand model with Neumann boundary
conditions, investigating the role of Turing instability in vegetation pattern formation. A priori
estimates for steady-state solutions were established using the maximum principle and Poincaré
inequality. Bifurcation analysis was performed for simple and double eigenvalue cases. By employing
bifurcation theory, a local bifurcation was extended globally, and the direction of bifurcation was
characterized. Double eigenvalue cases were analyzed through spatial decomposition and the implicit
function theorem. Finally, numerical simulations validated and complemented the theoretical results.
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1. Introduction

Vegetation patterns induced by aeolian sand movement represent a typical form of spatial
organization in arid and semi-arid regions. These patterns often appear as striking landscapes near
desert margins [1]. In recent years, ecosystems have been increasingly disrupted by natural forces and
anthropogenic activities, intensifying the process of desertification. Understanding the interaction
between vegetation and sand is therefore of significant and ecological importance.

As early as 1962, it was suggested that wind might initiate the formation of banded vegetation in
Jordan [2, 3]. Subsequent studies emphasized the crucial role of wind-driven sand accumulation
around plants in vegetation growth cycles [4-6]. Fine aeolian sand particles deposited on leaf and
stem surfaces hinder vegetation photosynthesis, reduce soil moisture, and suppress plant growth.
Beyond the vegetation’s location, aeolian sand across the surrounding and broader study area impedes
foliage development. During transport, the sand abrades stems and leaves, damaging tissues and
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reducing vegetation productivity. This wind-driven sand burial process constitutes a negative
feedback mechanism: Increasing vegetation coverage enhances sand deposition, which in turn
suppresses vegetation growth.

Given the above ecological importance of sand-related effects, it is necessary to construct
mathematical models that explicitly describe vegetation-sand interactions. Although vegetation model
research has primarily emphasized vegetation-water interactions, vegetation-sand dynamics remain
underexplored. Rainfall variability is considered a driver of transitions among bare soil, vegetation
pattern, and homogeneous vegetation states [7-9]. Extensions of vegetation models have been
proposed to capture more realistic ecological processes, such as inertial effects, autotoxicity,
cross-diffusion, and nonlocal interactions.  These studies further demonstrate the value of
mathematical tools in exploring vegetation-water and vegetation-sand dynamics under complex
environmental feedbacks [10, 11].

A pioneering model of vegetation patterns was proposed by Klausmeier [12] in 1999, which
predicted the formation and uphill migration of vegetation patterns along slopes. In 2013, van der
Stelt et al. [13] extended the Klausmeier model by introducing water diffusion and obtained the
GKGS model. In addition, many researchers have addressed vegetation pattern formation through
ecohydrological mechanisms. In particular, previous studies developed models that reveal the
mechanisms underlying vegetation pattern emergence under varying rainfall conditions, including
positive feedbacks, scale-dependent dispersal, and localized disturbances [14—16]. More recently,
studies explored vegetation-water interactions with cross-diffusion and delay effects, uncovering
complex bifurcation structures and spatiotemporal dynamics [17].

Zhang et al. [18] proposed a model involving vegetation cover and aeolian sand accumulation
height, as follows,

S Vv oS o’s IS

— =Ko+ MV|l - —|-NS -A—=+Di/|—=+—=]|

oT Vo 1).¢ 0xX?>  9Y? (1.1)

ov Vv 14 ov ’v oV '

— =HV|l1-—]|-PS - A —=+D)| =+

aT ( Vm) c+v "Pox 2(5)(2 6Y2)
where % aT and denote the accumulation rate of sand and vegetatlon growth rate, respectively. Ky +
MV(1 - ) NS describes sand deposition by vegetation. A; % ox and A2 represent advectlon and
dispersal drlven by prevailing wind. HV(1 — L) models Vegetatlon growth and PS m accounts

8%

for sand-induced vegetation loss. The terms Dy (&2 axz +
diffusion and vegetation dispersal.

System (1.1) explores how wind-sand dynamics influence vegetation spatial distribution under
windy conditions. Prevailing wind alters vegetation cover and sand transport via advection, while
other wind effects are incorporated through diffusion. Excess aeolian sand may lead to vegetation
burial. In many regions, prevailing winds are not pronounced, leading to the following model

oS % 0’S  9%S
aT_KO+MV(1__O) NS+D1 (ﬁﬁ‘m,

éW—HVI v - PS 4 +D 62V+82V
aT v, c+v  T*loxz " oar2)

Zhang et al. [18] noted that the aggregation effect of vegetation on sand weakens as biomass
increases. In contrast, we focuses on the mechanism underlying the aggregation effect introduced by

52) and Dy (%X axZ + ayz) describe isotropic sand

(1.2)
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the linear action term. The system (1.2) is reformulated as follows,

oS
— =Ko+ MV — NS + D|AS,
oT
oV % (1.3)
— =HV|[l-—]|-PS + D,AV.
oT Vo cC+V
For ease of analysis, let
N M H MV, PK,
s=—8, v=—V, t=NT, h=—, v, = , p:—o,
Ko Ky N Ky CN?
Ky
cC=——, D] :dl, Dgzdz, X = \/NX, y= \/NY
CM
Hence, the resulting dimensionless system (1.3) is given below
Os(x,t
SE; )—dlAs(x,t):1+v—s, xeQ, t>0,
ov(x, 1) v v
— drAv(x,t) = hv|l — —| - Q>0
o LA V( ) Prye,  rERIEED (1.4)
t t
Ostx) _ wxn) _ x€dQ, t>0,
on on .
s(x,0) = s0(x) 20, £0, v(x,0) =vp(x) >0, £0, x€Q,

where s and v denote the sand accumulation height and vegetation coverage, respectively. /& denotes
vegetation’s intrinsic growth rate, and v,, its maximum potential. p represents the destructive effect
of sand burial, while ¢ denotes the half-saturation constant for sand capacity. d; and d, represent
the diffusivity ratio of vegetation to sand. A denotes the standard Laplace operator. Q is a bounded
domain in R” (n > 1) with smooth boundary d€, and n is the unit outward normal on JQ2. The non-
dimensionalization preserves Neumann boundary conditions. Nonnegative initial data ensure positivity
of the solution, and sy(x) and vy(x) do not influence subsequent analysis.

The vegetation-sand model has attracted considerable attention. For model (1.2), Zhang et al. [1]
incorporated the effects of sand movement into vegetation diffusion via a cross-diffusion term. An
improved model was subsequently proposed to investigate how cross-diffusion influences vegetation
pattern formation and transition, supported by Turing bifurcation and amplitude analyses.
Maimaiti et al. [19] developed a fractional-order vegetation-sand model to study the spatiotemporal
dynamics of vegetation patterns. Through stability analysis and numerical simulations, they explored
the effects of environmental conditions and the role of fractional derivatives in vegetation-sand
interactions, providing insights into ecological restoration and land management strategies.
Furthermore, Zhang et al. [20] investigated the self-organized formation of vegetation patterns using
the vegetation-sand model. They simulated the formation of vegetation patterns under different
bifurcation scenarios, calculating the Shannon entropy and contagion index to explore the role of
these statistical indicators in the pattern formation process.

Many scholars have made substantial progress in the stability and bifurcation analysis of
vegetation models. Zhang et al. [21] revealed the impact of soil-water diffusion on vegetation pattern
through steady-state bifurcation. Wang et al. [22] analyzed a reaction-diffusion system for water-plant
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interaction based on the Klausmeier model, where non-constant steady-state and large-amplitude
spatial pattern were identified through bifurcation and shadow system techniques. Guo and Wang [23]
investigated a vegetation-water model with diffusion, analyzing stability, Turing instability, and
bifurcations at simple and double eigenvalues, supported by numerical simulations. Wang et al. [24]
examined vegetation pattern formation in a water-biomass model, identifying conditions for Turing
instability and the emergence of spatial patterns under different parameters. Grif6 et al. [25] addressed
the formation of rhombic and hexagonal Turing patterns in bidimensional hyperbolic
reaction-transport systems in the context of the Klausmeier vegetation model. In addition to
vegetation models, other models involving resource competition, diffusion, and bifurcation analysis
have been explored. Wu et al. [26,27] studied chemostat models of species competition for resources
and steady-state conditions for multistability. Ma and Yang [28] analyzed a modified Leslie-Gower
model with nonlocal competition, while Zhu and Yang [29] investigated bifurcation with nonlocal
competition and fear effects, showing that Hopf, Turing, and Hopf-Hopf bifurcations generate
spatiotemporal dynamics.

Inspired by the preceding studies, we analyze the steady-state solutions of system (1.4). The
corresponding model is given by

—diAs(x,t) = 1+v—s, xeQ, t>0,
y y

—drAv(x, 1) = hv(l - —) - ps , xeQ, >0, (1.5
" 1+cv

Oys =0,v=0, x€ o, t>0.

By taking d; as the bifurcation parameter, we analyze steady-state bifurcations arising from the
positive equilibrium. Compared with [1, 5, 27], the primary contribution of this work lies in the
bifurcation analysis at both simple and double eigenvalues, including the extension from local to
global bifurcations and the determination of bifurcation direction.

The structure of the paper is as follows. In Section 2, we examine the stability of the positive
equilibrium and the influence of diffusion on Turing instability. In Section 3, we provide a priori
estimates for positive steady-state solutions. In Section 4, we present the bifurcation analysis,
covering local and global bifurcations as well as bifurcation direction. In Section 5, we offer
numerical simulations to validate and complement the theoretical findings.

2. Turing instability analysis

To obtain the conditions to ensure the discovery of Turing instability for the reaction-diffusion
system (1.4), we investigate the stability of the positive equilibrium without diffusion for the
following system

d

d—j:1+v—s, t>0,

dv V % @D
—=h|l-—|- t>0.

dr v( vm) Prye 17
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Forv = 0 and s = 1, system (2.1) admits a unique bare sand equilibrium Qy = (1,0). In contrast, for
v # 0, we have

h h
—C—v2+(ch—p——)v+h—p:0. (2.2)
Vm m
Let " L
A:—C—<O, B=ch-p-—, C=h-p.
Vin Vm

Equilibria of system (2.1) are determined by parameter relations in the above constant equation, as
detailed in the following cases:
(i) When the parameters satisfy B> — 4AC > 0 and B > VB2 — 4AC, Eq (2.2) has two positive roots

—-B+ VB> -4AC —-B— VB> -4AC

2A o V2= 2A ‘

Vi1 =

Therefore, 511 = 1 + vy; and 51, = 1 + vy,, implying that system (2.1) admits two uniformly vegetated
equilibrium pOil’ltS: Q11 = (Sll,vll)’ le = (S12,V12).

(ii) When B>—4AC = 0 and B > 0, Eq (2.2) admits a unique positive root v, = —%, with 5, = 1+v,.
Hence, system (2.1) has an equilibrium point Q, = (s,, v,).

(iii) When B?> — 4AC < 0, Eq (2.2) has no real roots, implying that system (2.1) possesses
no equilibrium.

To analyze the stability of the equilibrium point, we evaluate the Jacobian matrix of the system at
the equilibrium point Q* = (s., v.), given by

J= 2h = .
DVs Vi DS
— h— - -N H
1 +cv, Vi (1 +cv,)?
2hv, DS PVs . . .
LetH =h- - and N = , then the corresponding characteristic equation is

Ve (1 +cv,)? 1+cv,

1> —TrJu + Det] =0,
where
TrJ=H-1, DetJ=N-H.

DS« Vi
(1 +cv)?] v, —2v,

Suppose that iy = (1 + and H < N. For system (2.1), the following results

are true.

(1) Suppose i < hy. Then the trace satisfies TrJ = H—1 < 0, and the determinant Det/ = N—H > 0,
indicating that the equilibrium (s., v.) is locally asymptotically stable.

(i1) Assume that & > hy. Then, TrJ > 0, DetJ > 0, and the equilibrium (s., v.) becomes unstable.

(iii) Assume that 4 = hy. Then, the Jacobian matrix J has a pair of purely imaginary eigenvalues and

1 | 2v,
h=hy 2 Vi
undergoes a Hopf bifurcation at the equilibrium (s., v.) when h = hy. The following discussions are

conducted under the conditions that H < 1 and H < N are satisfied.

# 0. Therefore, system (2.1)

d
the transversality condition is satisfied, since %Re(/l)

Electronic Research Archive Volume 33, Issue 9, 5426-5456.



5431

Let
O=Ag<A < <A<+

be the eigenvalues of the operator —A with Neumann boundary conditions on €2, each with multiplicity
m; (i = 0,1,2,...). Let {¢;j}i<j<m, denote the corresponding normalized eigenfunctions, and define
¢i = ¢i1. Then, {¢;;}i0, 1<j<m, forms a complete orthonormal basis of L*(Q).

2h,
By substituting (1 + §,8) into the expression of H, we obtain the inequality d,A; < h — p_
vm
1+
u. Let iy denote the largest positive integer, satisfying
(1 + ¢B)?
2h, 1+
ot <h- 2B _PUED o cich
Vi (1 +cB)?

The threshold c71 = min,.<;, d;,; ensures stability across all unstable spatial modes, where each d, ;
solves N; = 0 for the i-th mode. This minimum criterion guarantees suppression of the most sensitive

perturbation mode. Let _
d1 = mindl,,-, (23)

1<i<ip

where

2hB | pcB’ +2pB + p
Vin (1 +cp)?
2h, 1

5 p(d+p) — )
Vi (1 +cB)?
Thus, (s.,v.) 1s locally asymptotically stable for (1.4) as presented in the following theorem.

drA; + (=h + )

dl,i =

Ai(h —

Theorem 2.1. Assume H < 1 and H < N hold. Then, we have

2h, 1
(i) When d>A; > h — A - (I)l(++ﬁ'8))2, the equilibrium (s.,v.) is stable under any d; > 0 for (1.4).
Vi G
2n8” p(1+p)

(i1) Let dyAy < h— Ifd, < c71 the equilibrium (s., v.) is stable for (1.4); If d, > Jl

Vi (1 +cB)*
the equilibrium (s.,v.) becomes unstable for (1.4).

Proof. To linearize system (1.4) at (s., v.), we have

1

-1 +d1A
= =l __»p p -
K VI TTeg T T TV

Let (¢1, ¥,) be the eigenfunction of L corresponding to the eigenvalue . We have

-1+d,A 1 (1/11]_ ('//1]
B, 2B PR =u

1+cB v (1 + B> & V2
If we set
Yy = Z ajjbij, Y2 = Z bijdij,
O<i<oo, 1< j<co Oi<oo,1< j<00
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calculated as

-1 -diA;—pu 1 o
ij
D PB 218 p(+B) [ ]«ﬁzj = 0.
. . - h— - —dhA — b;;
0<i<00,1<j<00 1+ CB Vi (1 + CB)Q 2 H J
p is an eigenvalue of L if and only if
W -Mp+N=0 (i=0,12,-), (2.4)
where 1B (14 5)
p(1 +
M;=h- - —1-(d; + d)A,;,
o (Lt B (dy +d>)
2h 1+ 2h 2+ 2pB +
N; = d\dy,2? + |d, |-h + g, ri+p +dy | A+ |—h+ p PP+ 2B )
Vi (1 +¢B)? Vi (1+cp)?

Since H < 1 and H < N, we have M; < 0 for all i > 0. We see that Ny > 0. Thus, we focus on the sign
of M; (i > 1).

2h, 1+ 2h, 1+
it at, > h— 2B PUD e Ny = aafdt—ne ZELPLEBN gy
Vi (1 + ¢B)? Vi (1 +cB)?
2h, 2+2
—-h+ A + pc/a’(l-:_ Z’f; Pl 0 for i > 1, implying Re(u) < O for all eigenvalues p of L, and that
Vi G
(84, v,) is locally asymptotically stable for (1.4).
2h, 1 ~ 2h, 1 ~
ttdpdy < he 2B _PUAE) 000 <ay < dithendoty < h- 2B _PUAB) h40 < ay < s for
v (14 ¢B)? v (1 +cp)? ’
2h 1+ ~
1 <i < iy, leading to N; > 0 in this range. For i > iy, since d,4; > h— p - (pl(+ ,Bﬁ))z and 0 < d;, < d,
Vi q
we also obtain &; > 0. Therefore, (s., v.) remains locally asymptotically stable in system (1.4).

2h8 p(1+p)

Vi (1 +¢B)?
gives d > d, j, implying

IfdAy < h- and d; > d;, let the minimum in (2.3) be attained at j €[1,ip], which

2nB  p(1+p)
+
Vi (1 +cB)?

Hence, (s.,v.) is unstable for (1.4).

N,' = dl/l,' (dz/li —h+

2
)+d2/1,~+(—h+2h’8+pc’8 +2p’8+p)<0.

Vi (1 + ¢B)?

3. A priori estimates
In this section, we derive a priori estimates for non-constant positive solutions to (1.5). We begin

with the following lemma.

Lemma 3.1 ( [30]). Suppose g € C (ﬁ X R).
(i) Let s(x) € C*(Q) N CY(Q) satisfy
As(x) +q(x,s(x)) >0, xe€Q, 0,s<0, xedQ.
If s(xo) = maxg s(x), then g (xo, s(xp)) > 0.

(ii) Let s(x) € CX(Q) N CY(Q) satisfy
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As(x)+q(x,5(x)) <0, xe€Q, 0,s5>0, xedQ.
If s(x0) = ming s(x), then q (xy, s(xy)) < 0.
Next, we establish a priori estimates for nonnegative solutions of (1.5).

Theorem 3.1. Let (s,v) be any given positive solution of (1.5). We can get that there is a positive
constant Cy = Cy(dy, h, v, p, ¢, Q) that satisfies

mh_
1<s<1+v, ¥§v§vm.

Proof. From the first equation for s of (1.5), it follows that
diAs+1+v—s52>0.

Let s(x;) = max s(x). From Lemma 3.1, it follows that
Q
s(x;) < 1T +v(x) <1+ maxv(x),
Q

then
s(x1) < 1+v(x)) <1+ maxv(x). 3.1
Q

It can be deduced from the second equation of v in (1.5) that

d)Av + hv(l - L) I CLENS 0.

Vin 1+cv ™

Let v(x,;) = max v(x). From Lemma 3.1, we obtain
Q

h(l B V(xz)) _ps(x)

Vi 1 +cvixy)

Thus, we can get

__pst) | (o)
1+cvix) =~ v,

2

so we have v(x,) < v,, and combining with (3.1), we finally get s(x;) < 1 + v,,.
Let s(x3) = min s(x). Then, we get
Q

1+ v(x3) — s(x3) <0.

Thus, s(x3) > 1. Let v(x4) = min v(x). So we have
Q

h(l 3 v(x4)) _ ps(xy)

Vi I+cv(xg) ~

And we see that
ps(xs) _ hvixe)

— < h—
hi=psixa) < h 1+cvixg) =~ v,
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Thus, we get
[h — pmax s(xX)]v,, < (h— ps(xa))vi < hv(xg),
Q

which implies

(h = p( + Vi)V

v(xy) > %m (h -p m(_ezlx s(x)) > 7

The proof is complete.
4. The steady-state bifurcation

Assuming Q = (0, ), we investigate the existence of non-constant positive solutions to system (1.5).
Moreover, the results are applicable to higher-dimensional spatial domains.

Let d; be the bifurcation parameter. We aim to establish the existence of non-constant positive
solutions bifurcating from (s., v,) in the following elliptic system

—-dis" =1+v-—s, x € (0,7m),

~dyV" = hv(l — l) — ps L xe0n), (4.1)
Vin 1+cv

s =v =0, x € {0, x}.

To explore the structure and direction of the bifurcation branches, we shift the equilibrium (s., v.) to
the origin via the transformation
S=5—S8., V=V-—UV,.

For simplicity, we continue to denote s and v by s and v, respectively. Under this translation,
system (4.1) becomes

—dis" =1+@W+v,)—(s+5s,), x € (0,m),
—dyv” = h(v +v.) (1 !t +mv*) — pls + s*)%, x € (0,7), 4.2)
s =v =0, x € {0, x}.

4.1. Local steady-state bifurcation

In this subsection, we analyze the local steady-state bifurcation of system (4.2). Initially,
bifurcations arising from simple eigenvalues are derived via the Crandall-Rabinowitz bifurcation
theorem. Subsequently, utilizing space decomposition and the implicit function theorem, we address
the case involving double eigenvalues.

We adopt the standard Sobolev space W>2(0, rr), consisting of functions whose derivatives up to
second order are square integrable, endowed with the Sobolev norm. The Banach space B*(0, ) is
taken as the space of twice continuously differentiable functions on (0, ), equipped with the C?>-norm.
These function spaces form the basis for the bifurcation operator framework.

Define

X = {(s*, v,) € WH2(0,7) x W2X0,7): s’ =v =0, x = 0, n}, Y = BX0, ) x B0, n),
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and introduce the map F : R* X X — Y by

dis”" +1+@W+v,)—(s+s,)
F(dla U) = V+ v, s U = (S, V)T'

1+clv+v,)

V+ V.,

AV’ + h(v +v,) (1 — ) — p(s+s.)

m

The solutions to (2.4) correspond precisely to the zeros of F, and evidently F(d,,(0,0)) = 0.
Through direct computation, the Fréchet derivative of F with respect to U at the trivial solution is
given by

diA-1 1 2
Ld) = Fy(d,(0,0) =|  pB dA+h—2hﬁ— p(1+p) |- A:@,
1+ v (1+ )

whose characteristic equation corresponds to (2.4) in Section 2.
Throughout this subsection, we assume that

2h, 1+
Aoy < I — g _pd+p)
Vi (1 +cB)?
Under this condition, there exists the largest positive integer iy, such that
2h, 1+
Ao < h— g _prd+p
Ve (1 +¢B)?

When y = 0in (2.4) and Q = (0, 7), we have

2h 242
drd; +|—h + ’8+pcﬁ *2PB+p
Vin (1+cp)? 2 .
(H):dy =dy; = , =17, 1<i<ip.
2h3 p(+p)
Ai|h - - —dyA;
Vi (1 +cB)?
We aim to establish the existence of non-constant positive solutions of F(dy,(s,v)) = 0 in a

neighborhood of (d, ;,(0,0)) for 1 < i < iy. Note that d,; and d; ; may coincide or differ when i # j.
The proof is carried out separately for bifurcations associated with simple and double eigenvalues.

Theorem 4.1. Suppose that (H) is satisfied.

(1) For random integers i, j € [1,i], if i # j implies d\; # d,, then (d,;,(0,0)) is a bifurcation
point of F(d;,U) = 0. When |b| is sufficiently small, there is a curve of non-constant solutions
di1(D), (s(b),v(b))) of F(d,,U) = 0, which satisfies d,(0) = d,;, (s(0),v(0)) = (0,0), s(b) = bg; + o(b),
v(b) = beip; + o(b), where d(b), s(b), v(b) are continuously differentiable functions of b,

¢i = /2 cosix, and
Ve

e = Pb .
U+ ) (~dod+ h - 2 - 21D
(1) Assume there exists a positive integer i # j such thatd,; = d, ; = cfl. Let
pp

4.3)

e =

a +c,8)(—d2/1,~+h— 2hp _ pd +'8))

Vi (1 +cB)?

Electronic Research Archive Volume 33, Issue 9, 5426-5456.



5436

. 1
o Aidy — h + 2h’8+ P +p)
Vi (1 +cB)?
A1 = a +pcv)zei ’ ((1 ip;")?) )
A, = —ﬁ(@ +ej)+ 2((11% o
Az = U +pcv)2 e+ ((1 ipjv)3

x

h
JE— e?’
Vi

h

1

B

€

—) €l'€j,
h 2

— — ej’
Vm

X, ={(xy) eX: fﬂ(x +ey)¢p;dx = fﬂ(x +ejy)p;dx = O}
0 0

4.4)

4.5)

(4.6)

4.7)

(4.8)

When 1 + eje; #0, 1 + ejej. # 0, and j = 2i (resp. i = 2j) hold, the point (31, (0,0)) is a bifurcation
point of F(dy, U) = 0. In this case, a branch of non-constant solutions exists of the form

(di(w), s(w)(cos wD; + sinwd; + W(w))),

Jor |w — wy| sufficiently small, where the functions satisfy

di(wp) = di,  s(wy) =0,
and wy is any constant such that
o Al(l—e;)i2 ( o
an ————— (resp. tan
N7 a ey T

*

W(wp) =0,

Ayl - e

4.9)

where d|(w), s(w), and W(w) are continuously differentiable with respect to w.

Proof. For the case of simple eigenvalues, we apply the Crandall-Rabinowitz bifurcation theorem as
presented in [31]. It is straightforward to verify that the linear operators F,,, Fy, and F, ; exist and
are continuous. Thus, we should notice that the operator

L(dy;) = Fy(d,,(0,0)) =

diA -1 1
B

d2A+h—

208 p(L+p) |- A=

2

dx?

1+cB Vi

Assume arbitrary ®; = (¢;, e;¢;) € ker L(d, ;), and we have

where ¢; =

kerL(d,;) = span(®;), D; = (

B

(1 + cB)(—dod; + h —

Electronic Research Archive

2h3 p(1+pB)
Vi (1 +¢B)?

1

€

(1 + ¢B)?

b

. Thus, dimker L(d, ;) = 1.
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The adjoint operator of L(d, ;) is defined by

dih 1 e o
L'dy)=| |+ A
L= 23 p(1+pB) | T
1 oA+ h - -
Vi (1 +cB)?

Similarly, for arbitrary ®; € kerL(d, ;), we have

1
kerL*(d, ;) = span{®;}, @; = ( )¢i,

¢
. _ 1 ) * )
where e = B p(l+5) < 0. As we know, R(L(d,;)) = (kerL*(d;;))". Thus,
Aidy — h + +
Vm (1 + CIB)2
: 1
kerL*(dU) = Span{q);“}’ (D;k — ¢i.
¢
Since
A0 —Ai¢i
Fa,u(dy,,(0,0)®; = D, =
00 0
and ]
(Fa,u(dy, (0,0)D;, @) = —/lif ¢rdx = -2; # 0, (4.10)
0

Fqu(d,,(0,0)®; ¢ R(L(d, ;). Hence the proof of (i) is complete.
Rewrite the map F : R* X X — Y by

dis" +1+@+v,)—(s+s,)

F(dy, U) ran| * ][ PV
P = + v, + v, = + >
1 A" + h(v + v,) (1 _Y va ) —p(s+ s*)m Yo )T Fats v
where F(s,v) = 0 and
p pes hy , pc 2 CZPS 3 4 .13
Fo(s,v) = — + —— V- — Vo, .
28 V) = = o ((1 vy vm)v Trop” " Ureons’ TOMLIISD

Suppose there exist distinct positive integers i, j € [1,io], such thatd,; = d, ; = d,. Then, it follows that

ker L(d) = span{®;, ®;}, ker L'(d) = span{®;, CI);},

R(L(d) = {(s,v) € Y: fﬂ(s +e;v)p;dx = fn(s +ev)g;dx = 0}
0 0

Thus, dimker L(d,) = codim R(L(d;)) = 2. Hence, the Crandall-Rabinowitz bifurcation theorem is
not applicable. We proceed by applying space decomposition and the implicit function theorem to
complete the proof.
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Let X; = ker L(a7]), where X; = span{®;, ®;}. X, is defined in (4.8). Next, we define an operator P

on Y by
s 1 g .
P( y )— [Tee [fo (s +e/v)g;dx

We have R(P) = span{®;, ®;} = X; C Y with P? = P. Hence, P defines a projection from Y onto X;.
Decompose Y as Y = Y, @ Y, where Y, = R(P) = X, and Y, = ker P = R(L(d)). We seek solutions of
F(d;, U) = 0 in the following form

D, + ! [fﬂ(s + ej-v)qﬁj dx] D;. “4.11)
0

%
1+ejej

(s,v)! = a(cos wd; + sin wd;+ W), W= (w, wy)! e X, 4.12)

where @, w € R are parameters.

Then, the implicit function theorem is employed to establish the existence of non-constant pairs
(s,v). Fix wy € R temporarily, and define a nonlinear mapping K(d,a, W; @) : R X R X X; X (&g —
0,y + 0) > Y by

0
V((dl,a,W;&)):a_lF(dl,a(cosw(D,-+sinw(Dj+W)):L(d])( cosw(Di+sinwd)j+W)+a[ . ),
F

where

s P . .
Fr=- m(coswd)i + Sll’l(})¢j + wl)(eicosa)qﬁi te; Sll’l(})¢j + Wz)

cps h . 2
+ (m - E) (ei COS we; + e;sinwe; + Wz) +O0(a).

By some calculations, we have

Kidy.om(d1, 0,0; wo)(dy, , W) = L(d))W — d, A; cos wo( (éi ) — di4;sin wy ( %j )

0 . 0 ) 0
+aA cos? w, ( pe ) + @A, cos wy sin wo( b, ) + aAs; sin® wy ( # ),

where Ay, A,, and A; are given in (4.5)—(4.7).
We prove that K, ,Q,W)(c?] ,0,0;@0) : RXR X X, — Y is an isomorphism. We can rewrite

Ky o1, 0,0, wo)(dy, a0, W)y = % + %, % €Y, and % €Y,

(5 )z l0) (5)eee ()
0 Vi 0 Vo

and decompose

where
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Next, we consider the case j = 2i. In this case, we get

T 1 T T T
f‘f’%‘ﬁjdx:\/g’ f¢i¢3dx:0 and f¢?dx:f¢§dx:0,
0 0 0 0
qu?dx:fqﬁdx:l, f(]b,-(ﬁ,-dx:O.
0 0 0

0
Then, from (4.11), we can obtain [ 2 ] €Y.
J

We further need to decompose

PR I N P SR Y
:b3(l)j+ , =b4(Di+ ,
¢ V3 bi9; vy

where
¢ e 5 ~bsg;
b3 = *J f ¢12¢J d'x = Py *j # 0’ = ' € YZ’
eje;+1Jo 2reje + 1 Vs @2 — bsep;
¢ " /1 & 54 —bad;i
b4: : f (]5[»2¢jd)€: - : # 0, = €Y.
ee; +1 Jy 2reie; + 1 V4 ¢ipj — baeid;
Then, we get

0]1 = (—dlbl/l,' COS wy + ozb4A2 COS Wy sin a)())(Dl' + (—dlbz/lj sin wq + ab3A1 COS2 wo)(Dj ey,

~ S1 $2 S3
% =L(d, )W — d, A; cos wy —dA;sinwy + @A cos® wy
Vi Va2 V3

S4 0
+ @A, cos wy sin wy ( ) + @As sin® wy [ ) ) €Y.
V4 ¢j

Let

Ky owy(d1, 0, 0; wo)(dy, @, W) = 0. (4.13)

Then, (4.13) is equivalent to %] = 0 and
(—=d1b14; cos wy + absA; cos wy sin wy)D; + (—d; bg/ij sin wg + abzA; cos? (1)0)(1)]' =0,

L(c?l)W—dl/licoswo( 51 )—dl/ljsinwo( 52 )+0zAlcos2wo( 53 )
Vi %) V3

. S4 . 0
+aA, cos wy SIn wy ( ) + @Az sin’ wy ) =0.
V4

4

(4.14)

Moreover, d; = 0, s = 0 follows from %] = 0. Substituting into %, = 0 yields W = 0. Thus,

‘K(dl,a,w)(cfl, 0, 0; @) 1s injective. We now show that K, ,(,,W)(Jl, 0, 0; @) is surjective.
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. S .
Given a random vector (v) € Y, we determine (d;, @, W) € R X R X X,, such that

. _ s
K .ow)(d1,0,0; @0)(dy, a, W) = ( ) ) (4.15)

Based on the decomposition of Y, there exist 7,7y € R and (¢, vy) € Y>, such that

S _ [ So . .
(v)_( Yo )+n(Dl+y(D].

Substituting it into (4.14) gets
—d b A; cos wy + absA; cos wy Sin wy = 1,

—d byA; sin wy + absA; cos® wy =7,

1% V3

L(JI)W—dl/l[coswo( o1 )—dl/lj Sil’la)o( 52 )+Q’A1COSZ (UO( 53 ) (416)

V1

.. S4 . 0 S
+@A; cos wy sin @y +aAssin”fwo| o, |=( 7" ).
V4 ¢’j Vo

Because wy satisfies (4.9) and (4.16) holds, when j = 2i, we obtain
di = 7o ﬂb?,A] COS wg — ’yb4 sin ()
: a b2b4/le2 SiIl2 woy — b1b3/1iA1 cos? Wy ’

_ nby A sin &y — yciA; cos g
a=a:= ‘ .
c2b4d A, sin? @g cos @y — b1b3 ;A1 cos? @y

Substituting d; and @ into the third equation of (4.16), we get

S0

L@d)W = ( ; 52 )—C_YAICOSZCUO( o )—

51 ) + Jl/lj SiIla)()(
V2 V3
) €Y.

V1

) +d; A; cos wy (
0

<

0
@A, Ccos wy Sin wo( 54 )— @Aj sin’ wo( ) ) = (
V4 ¢j

)

satisfies (4.15). This confirms that K, ,Q,W)(Jl, 0, 0; @) is surjective.
Consequently, (]((dl,a,W)((z 1,0, 0; wy) is an isomorphism. We apply the implicit theorem for

Then,

<l

(dl’ a, W) = (d_h d’, L_l (

Kd,a,W;w) =0. 4.17)

There is a curve of non-constant solutions (d;(w), @(w), W(w)) of (4.16) (i.e., F = 0) in a small
neighborhood of @, where wy satisfies d(wg) = dy, a(wy) = 0, W(wy) = 0. dj(w), o(w), W(w) are
continuously differentiable functions with respect to w and W € X,.

Due to the invariance of the problem under the transformation (i, j, w)  (j,i, 5 — w), it suffices to
consider only the case j = 2i. The case i = 2 follows by symmetry and is omitted for brevity.
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Remark 4.1. It is a pity that we cannot show the existence of non-constant positive solutions to (4.1)
when i # 2j and j # 2i. In this case, we can get foﬂ ¢ ;dx = foﬂ ¢§¢,-dx = 0, which implies

¢ ) ( ~¢; ) ( ~¢i0; )
N and eY,.
( ¢? ¢’ ¢, ?
At this stage, (K(dl,a,w)(cfl, 0,0;wp) : R* XR X X, — Y is not an isomorphism. As a result, the implicit
function theorem is inapplicable to establish the existence when i # 2j and j + 2i.

4.2. The global structure of non-constant positive solutions

In this subsection, we extend the local bifurcation result to a global one associated with simple
eigenvalues. To explore the global structure, let J be the closure of the non-constant solution set
of (4.1) and define Y’; as the connected component of J U {(d} ;, (5., v.))}.

Theorem 4.2. Assume the conditions of Theorem 4.1 (i) hold. Then, the projection of \'; onto the d,-
axis contains the interval (d, ;, +o0). In particular, for any integer j > 1 and d; > d, with d, # d j,
where d, is defined in (2.3), system (4.1) admits at least one non-constant positive solution.

Proof. Rewrite (4.2) as

-dis" =v—-s, xe€(,n),

—dyV' = ~7 f—lgcﬁs + (h - 2‘}}:? - (pl(l:f))z)v + fr(s,v), x€(0,n). ($.18)
First, define the following two mappings
Joy:p— 06, 6-d,0" =p,
Jo, :p— 6, (h— zv},lf - (pl(-ll--lc_‘,g)z )0 — d,0" = p.
After this mapping, (4.18) can be transformed into the following equation
U=Kd)U+MU), (4.19)
where ,
KU = (10,0~ 72221000+ 20 10,0)) . MO) = O I4 (0
with H = h — 2\)};’8 - g(i;'g)z Both K(d;) and M are compact on X, and M(U) = o(|U|) near 0

uniformly in d;.
By the Rabinowitz’s global bifurcation theorem (Theorem 1.3 in [32]) and Theorem 4.1 (i), we
know that ker(K(d, ;) — I) = span{®;} and dim ker(K(d;;) — I) = 1. We aim to show that

ker(K(d,;) = 1) "N R(K(d,;) = 1) = 0. (4.20)

Thus, (4.20) is satisfied.
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Let ker(K*(d;;)) be the adjoint operator of K(d, ;). For any (y, {) € ker(K*(d, ;) — I), then we have

PB
1 Cﬁfdz(é) =y, Ja(¥)+2HJ4,(0) =<
This implies
17 pﬁ 17
—dyy" = -Hy - T+ 8 cﬁg’ —d, (" = Ay - B¢,

where A and B are constants depending on the parameters.
Expanding y = },a;¢; and { = }, b;¢;, we get

« Q)
DB (b{) ¢, =0, (4.21)
- J
j=0
with
-H - dyA; -N B
B = - , N= .
/ —ZWH(l'Fdld—;H) —qu:;:ﬁp'gdz—dl,i/lj 1+C18
Thus, ker(K*(d, ;) — I) = span{®’}, where
T
(Dl, = (——pﬁ ,H + dz/lj) (]5,'.
1+c¢B
Since

" H+dya,
f o7 dx = LB (214 22O (o,
0 1+ B H-d2,

we conclude that ®; ¢ R(K(d, ;) — I), hence (4.20) holds.
When d, is close to d, ;, the operator I — K(d) is bijective, and 0 is an isolated solution of (4.19).
Define
i(I — K(dy) = J,(dy,0)) = deg(I — K(dy), B,0) = (1),

where ¢ is the total algebraic multiplicity of eigenvalues of K(d;) greater than 1.
To see that the index changes across d, ;, suppose y is an eigenvalue of K(d;), then

—pdy” = -y +4,  —udy{" = ~7 P y+Q2-wH{.
+cB
As in (4.21), this yields a characteristic equation
B

(4.22)

H + dyAj)u* — 2Hu + =0
(H+ oy = 20+ o A+ o)
For d| = d, ;, one root of (4.22) is u = 1 iff j = i. For d, near d, ;, the number and multiplicity of u > 1
eigenvalues of K(d;) remain unchanged except at j = i, where the eigenvalue crosses 1 as d; varies.
Thus,

il -K(d;+&)—J,(di; +¢0) # il -K(d; — &) — J,(d1; — &0)).

Therefore, by Theorem 1.3 in [32], Y; either meets another bifurcation point (dy, (s.,v.)) with k # i, or
is unbounded in R X X.
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To exclude the first case, assume Y; is bounded and intersects only finitely many bifurcation points.
Choose j > z such that ; meets (d, (s.,v.)) but not (d;, (s, v.)). Consider (4.1) on (0,7/z), then
we have

—-dis" =1+v—s, x € (0,7/z2),

—dyV' = hv(l - 1) - ps Y , x€(0,7/2), (4.23)
Vin 1+cv

s =v =0, x € (0,7/z).

Let N be a solution of (4.23). Using periodic-reflective extension as in [33, 34], we construct N
on (0, ). Let

~ 2 242
Ao +|—h + hﬁ+pcﬁ 2B+ p
J _ Vin (1 +Cﬂ)2

) A(H ~ d>1) ’

where "i,- = (iz)*> = A,; hence, c?l,,- = d, 4. In particular, c?l,l = d, . is a bifurcation point of (4.23). Let y,
be the bifurcation branch from (471,1, (84, V4)).

By the same reasoning, either y, meets infinity or intersects (d 4., (5., v+)) for some & > 1. The latter
implies that I’; also meets this point, contradicting our assumption on j > z. Thus, y, is unbounded,
and so is Y;. The proof is complete.

Remark 4.2. Theorem 4.2 rules only out the possibility that Y; finally meets some bifurcation points
without reaching infinity. ; maybe meets some bifurcation points and then reaches infinity.

4.3. Direction of the bifurcation

In this part, for the simple eigenvalues obtained in Theorem 4.1 (i), we mainly give the judgment
condition of the direction of the steady-state bifurcations.
Define the map F' : R* X X — Y by

( dis” + f(s,v) )
F(dl’ U) = 5
dyv'" + g(s,v)

where .
fs,v)=1+W+v,)—(s+ 5.,

2(s,v) = h(v +v,) (1 Y +mv*) - p(s+ S*)%~
Through simple calculations, we have
f0.0=-1, f0.0=1 70.0=-722 50.0=h- £ (”1(125))2,
E0.0=0, 700 =L 7,0.0= —% v %{;ﬁ),
20,00 =0, 2,(0.0)= 0,  2,,(0,0) = (Ii%, 2n(0,0) = —ﬁ"f—lc;)f).
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Based on Theorem 4.1 (i), we know that
dimker Fy(d, ;, (0,0)) = codimR(Fy(d,;, (0,0))) =1,
and kerFy(d, ;,(0,0)) = span{®;}. Hence, X and Y admit the following decomposition
X =kerFy(d;,(0,0)®Q and Y =R(Fy(d;(0,0)®Q"),

where Q is the supplement of kerFy(d;;, (0,0)) in X, and Q' is the supplement of R(Fy(d,;,(0,0)) in
Y. By the formula (4.7) in [35], we have

(Fyy(d, (0,0)®7, @)

1

O = o o 0,000, @)

By (4.10), we get
(Fau(dy,(0,00)D;, @) = -4, = —i* £ 0.

Then, by calculations, we get

(Fyy(d,, (0, 0))(131-2, CD?) = (m; + i’ief)f ¢? dx,
0

where m; = 0 and

ri = 855(0,0) + 28,,(0, 0)e; + 2,,(0,0)e; = —

P,y (2CP(1 B _ %) 2 (4.24)

A+ep2 " \Ta+epp )¢

T

Since f ¢?dx = 0, we have (Fyy(d,;, (0, O))d)l.z, @) = 0. Then, d’l(O) =0.
0
In such case, based on the formula (4.8) in [35], we need to see

(Fyyy(dy,;,0,0)®],®;) + 3(Fyy(dy;, (0,0))0:6, ;)

d// O — ,
1 () 3(Fyu(dy, (0,0));, OF)

where 0 satisfies
Fyy(dy;, (0,00)®7 + Fy(ds;, (0,0))0 = 0.

If d7(0) < (>)0, the direction of the steady-state bifurcation is supercritical (resp. subcritical). A
direct calculation gives us

4 " 3
(Fyyu(d,i (0, 0))(Df, Q;) = —(n; + kie?)f cos(ix) dx = 2—(”li + kie;),
T 0 T

where n; = 0 and
ki = 455(0,0) + 38,5,(0, 0)e; + 384,,(0, 0)e? + 8,,,(0,0)e?

_ 6pc B 6c’p(1+p) , (4.25)
TA+prT T Arpt
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Let 6 = (64, 6,), then 6 satisfies

d, 8 + fi(0,0)6) + £,(0,0)6, = —mi¢? = 0, x € (0,7),
dr0 + 2,(0,0)0; + £,(0,0)6, = —ri¢57, x € (0,1), (4.26)
6:(0)=6;(m) =0, i=12.

Integrating (4.26) on [0, ], we have

r:.£,(0,0) — m;g,(0,0) ri

f@ldx:~ L 1800 . 5 4.27)
0 £5(0,0)8,(0,0) - £,(0,0)8,(0,0)  DetJ
f hydx = MBOO =R 428)
0 £5(0,0)8,(0,0) — £,(0,0)8,(0,0) DetJ
From direct calculations, we have
(Fyy(d,;,(0,0)9,0, D7) = C, f 6,47 dx + C, f 0207 dx,
0 0
where
Ci = £55(0,0) + £,(0,0)e; + (2,(0,0) + &,5(0,0)ey)e;,
C = £3(0,0) + £,,(0,0)e; + (2,(0,0) + £,,(0, 0)e;)e;.
By the definitions of ¢;, e}, we have
2
- ; PB
Cl = gsv(o, 0)6,‘6- = ,
’ 2h3 p(l +p)
1+ B (—drdi + h — - 2
(1+ By (~ds S
C2 = (gw(o’ O) + gvv(o’ O)ei)e:'F
ﬁ(chu +B) @)
2 1 1 +¢B)?
- h+ hB N (p1(++,3ﬁ))2)_1 ( Cﬁ)zhﬁ % S +pﬁ)2 .
Y C C
(1 + ) —dadi +h= S5 = )
Based on the above calculation process, we need to know the following integral result
f 0,147 dx and f 0,97 dx.
0 0
Multiplying (4.26) by ¢7 and noting that
T T 4
f ¢t dx = f — cos*(ix) dx = i,
0 0 T 271'
then we have i i i
dr, f 092 dx + £.(0,0) f 610 dx + £,(0,0) f 0,2 dx = 0, (4.29)
0 0 0
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and i ] ] 3
dy f 05 ¢? dx + g,(0,0) f 0,¢7 dx + ,(0,0) f 0,47 dx = ——r,.
0 0 0 2
Using integration by parts, we calculate that

T 4'2 T
fe;’¢§dx:—’f 0,1 - ngD)dx, j=1,2.
0 T Jo

Substituting (4.27), (4.28), and (4.31) into (4.29) and (4.30) and arranging terms yields

- T - T 4-2 :
(f:0.0) - 4d ;) f 0167 dx + 1,(0,0) f 6o} dx = ———dy,
0 0 nDetJ
and
- g 2 - 2 g 2 3 4i27'i
§:;(0,0) | 61¢;dx+(8.,(0,0) —4i"dy) | 6247 dx = —-=r;i — .
0 0 2r nDetJ
Solve the above binary linear equation system and then we get
ﬁ . fﬂ 0 ¢2 d —8i2rl~d1,,-gv(0, O) + 32i4r,~d1,,~d2 + 3r;DetJ + 8i2r,~d2
= . X = = s
Ty 27DetJ(DetJ — 4i2d, f.(0, 0) — 4i2d,,2,(0,0) + 16i*d, ;d>)

B = f 0207 dx = _
0 2nDet)(Det) — 42da f(0,0) — 422, 2,0, 0) + 16id: 1da)

By calculating the expression of d; ;, we find
DetJ — 4i°d, £,(0,0) — 4i°dy,2,(0,0) + 16i*d, ;d,

_ DB
C1+cB

2h, 1
+ 4i2d2 + 16i4d1’id2 - (1 + 4i2d1,i) (h — ﬁ — p( +ﬁ) ) .

V(1 +¢B)?

Thus, we have

6pc(l + cPeie; — 6c2p(1 +,8)efej.‘ +27(1 + ¢B)*(C181 + Cof32)

di(0) = 27,(1 + cB)*

Note that the sign of d|”(0) determines the direction of the bifurcation.

3DetJr; + 8i27'id2 + 12Det]l.21",‘d1,,‘ + 32l.4r,‘d1,,‘d2 + 8i2rl~d1,,‘g‘.(0, O)

(4.30)

(4.31)

(4.32)

Theorem 4.3. Assume that H < 1 and H < N. If d|"(0) > 0, the bifurcation from (d, ;, (0, 0)) obtained

in Theorem 4.1 (i) is supercritical. If d|'(0) < 0, it is subcritical.

5. Numerical simulations

In this section, we present a series of numerical simulations designed to validate and illustrate the
analytical results obtained in the previous sections. These simulations aim to provide visual
confirmation of bifurcation phenomena, support theoretical predictions, and offer biological

interpretations of the vegetation model’s dynamics.
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5.1. Hopf bifurcation

The parameters are chosen as h = 24.65, p =17, v,, = 10, ¢ = 0.2. When H < 1 and H < N, the
equilibrium (s.,v.) = (1.52,0.52) of system (2.1) exhibits local asymptotic stability, as illustrated in
Figure 1. For h = 26, with the same values of p, v,,, and ¢, the equilibrium (s,, v.) becomes unstable in
system (2.1) (see Figure 2).

—s(t)
—v(t)

'

2 25

50 100 150 200 1 .
t s(t)
(a) Time evolution. (b) Phase diagram.

Figure 1. For h = 24.56, p = 17, v,, = 10, ¢ = 0.2, the equilibrium (s,, v.) of system (2.1)
exhibits local asymptotic stability.

3 3r
—s(t)

25 m—

3 1s] A

1

0.5

0

0 50 100 150 200 K
t s(t)

(a) Time evolution. (b) Phase diagram.

Figure 2. System (2.1) produces the stable periodic orbits under the parameter setting 7 =
26, p=17, v,, =10, ¢ =0.2.

5.2. Steady-state bifurcation

Rewriting Q = (0, ), by Theorem 4.1, we obtain the neutral curves

2hB pcﬁ2 +2pB+p
+ )
Vin (1 +¢B)?
2n3 p(1+p) oo
T e PP

d2i2 + (—h +

dl,i: 1<i<ip.

(h
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The neutral curves d;; on i € [0.8,2.3] are shown in Figure 3. It is observed from Figure 3(a) that
dy) # d,, and from Figure 3(b) that d,; = d,,. By letting d, = 0.11, we have d;; = 6.556 and
di, =1.967.

20 T T T T T T T 20
15 15
o
x
s 10
-

6.556)

(@962
0 ; ; ; ; ; ; ; 0 ; ; ; ; ; ; ;
08 1 12 14 16 18 2 22 08 1 12 14 16 18 2 22
i-axis i-axis
(a) Simple bifurcation case with d, = (b) Double bifurcation case with d, =
0.11. 0.04.

Figure 3. Neutral curves d,(i) of system (1.4) for h =3.33,v,, = 10, p = 2.12, c = 1.11.

According to Theorem 4.1(i), there are two simple bifurcation points (d; 1, (5., v.)) and (d; 2, (5., V+))
in Figure 3(a), and steady-state bifurcations occur at d; = d,;,i = 1,2. By Theorem 4.3, the direction
of bifurcation from (d, ;, (s., v.)) is subcritical, while the direction of bifurcation from (d, », (5., v.)) 18
supercritical. These results are shown in Figures 4 and 5. Assuming & = 3.33, v,, = 10, p = 2.12,
and ¢ = 1.11, the initial condition in Figure 4 is given by (sg,vo) = (5.15 + 1.35cos(1.7x),4.15 +
1.35cos(1.7x)), showing spatial oscillations of the subcritical solution bifurcating from the simple
eigenvalue d;; = 6.56. In Figure 5, the initial condition is (sg,vo) = (5.15 + 2.64 cos(1.7x),4.15 +
2.64 cos(1.7x)), showing the supercritical branch bifurcating from another simple eigenvalue d,, =
1.98, with the resulting spatial modes exhibiting higher amplitudes.
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(@) A 3D view of the concentration of (b) A 3D view of the concentration of
biomass s. biomass v.

Figure 4. Steady-state bifurcation solution at the simple eigenvalue for d; = 6.56,d, =
0.1,h=3.33,v,, =10, p = 2.12, and ¢ = 1.11. The bifurcation direction is subcritical.
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Figure 5. Steady-state bifurcation solution at the simple eigenvalue for d; = 1.98,d, =
0.1,h=3.33,v,, = 10,p = 2.12, and ¢ = 1.11. The bifurcation direction is subcritical.

By letting d, = 0.02, we obtaind; | = d,, = d; = 7.98, and (50, vo) = (5.15 + 0.1 cos(1.7x), 4.15 +
0.1cos(1.7x)). By Theorem 4.1(ii), a double bifurcation point (dy, (s.,v,)) is shown in Figure 3(b),
and a steady-state bifurcation occurs at d; = d, = 7.98, as illustrated in Figure 6, where the spatial
modulation pattern is visibly smoother and nearly sinusoidal, with a smaller amplitude compared to
Figures 4 and 5.
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Figure 6. Steady-state bifurcation solution at the double eigenvalue for d; = 7.98,d, =
0.02,h =3.33,v,, =10,p=2.12,and c = 1.11.

If dy,d>, h,v,, p, and ¢ are chosen suitably, system (1.4) can generate periodic solutions. By
choosing dy = 001,dp = 042,h = 333,v, = 10,p = 282,¢c = 1.11, and

(50,v0) = (3.14 + 1.34cosl.7x,2.14 + 1.34cos1.7x), spatially homogeneous periodic solutions of
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system (1.4) can occur as shown in Figure 7. Figure 7(a),(b) present the 3D evolution of biomass s
and v, and Figure 7(c),(d) illustrate their time evolution at representative spatial locations.
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(a) A 3D view of the concentration of (b) A 3D view of the concentration of
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t

(c¢) Time evolution. (d) Time evolution.

Figure 7. Numerical simulation of spatially homogeneous and stable periodic solutions to
system (1.4) for d; = 0.01,d, =0.04, h =3.33,v,, =10, p =2.82,and ¢ = 1.11.

5.3. Pattern formation

For the parameter set d; = 1, d, = 0.01, ¢ = 3, p = 3.8, and v,, = 4, Figures 8 and 9 illustrate the
evolution of vegetation patterns for 4 = 2.78 and h = 2.6, respectively. In Figure 8, as ¢ increases, the
patterns stabilize with strips gradually disappearing while spots persist. In contrast, Figure 9 shows
that with further increase in ¢, both strip and spot patterns coexist throughout the domain. Here, the
blue region indicates bare soil, whereas the red region denotes areas of high vegetation concentration.

For the parameter set d; = 1, d, = 0.01, v,, = 4, and ¢ = 3, the evolution of vegetation patterns
under varying intrinsic growth rate 4 and sand burial rate p in a two-dimensional domain is illustrated
in Figure 10 for p = 3.8 and Figure 11 for & = 2.78. As the patterns stabilize, a gradual reduction in
h combined with an increase in p leads to the progressive disappearance of strips, eventually forming
rings and markedly lowering vegetation density.
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Figure 8. Plant pattern formation governed by (1.4) withd; = 1,d, = 0.01,v,, =4, p = 3.8,
c=3,and h = 2.78.
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Figure 9. Pattern formation in plant distribution governed by (1.4), where d; = 1, d, = 0.01,
vp=4,p=3.8,c=3,and h = 2.6.
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Figure 10. Patterned plant distribution in (1.4) withd; = 1,d, = 0.01,v,, = 4,p = 3.8, and
c=3.
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Figure 11. Patterned plant distribution in (1.4) withd, = 1,d, = 0.01,v,, = 4,h = 2.78, and
c=3.
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6. Conclusions

To investigate the ecological mechanisms underlying aeolian sand vegetation pattern formation,
enhance the representation of vegetation competition across ecosystems, and improve insights into
desertification and restoration, we examine the spatial-temporal complexity of vegetation dynamics in
arid and semi-arid regions, with an emphasis on vegetation system modeling and theoretical analysis.
A diffusive vegetation-sand model subject to Neumann boundary conditions is investigated. Linear
stability analysis identifies the parameter regime where Turing instability may arise. Using the
maximum principle, a priori estimates for positive steady-state solutions are derived. Steady-state
bifurcations associated with both simple and double eigenvalues are then examined separately. The
global bifurcation structure originating from simple eigenvalues is constructed, and sufficient
conditions for determining the bifurcation direction are obtained. In the case of double eigenvalues,
techniques such as space decomposition and the implicit function theorem are employed. Finally,
numerical simulations are conducted to verify and enhance the theoretical findings.

The types of vegetation-sand patterns are diverse, and the formation mechanisms are complex. The
characteristics of these patterns and their variations with environmental parameters and human
activities demonstrate the complexity of vegetation patterns. We consider a type of vegetation-sand
model with diffusion and conduct a preliminary exploration of the formation, characteristics, and
stability of wind-vegetation patterns. However, there are many questions that need further research to
be resolved, such as, adding the advection term by the prevailing wind in the model to explore more
complex vegetation-sand models. Alternatively, by discretizing the continuous vegetation-sand model,
one may employ discrete event systems to characterize the dynamics of sand particles and vegetation,
including sand transport and its impact frequency. Discrete modeling is particularly suitable for
capturing sand deposition and vegetation discontinuities.
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