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Abstract: The purpose of this paper was to discuss the existence of a random exponential attractor
for non-autonomous coupled Klein-Gordon-Schrodinger (KGS) lattice equations with multiplicative
noise. We employed the method of estimation on the tails of solutions to prove the existence of
a random attractor for a continuous cocycle generated by the random KGS lattice equations on an
infinite-dimensional sequence space, and used this abstract result to prove the Lipschitz continuity
of the continuous cocycle. Then, we verified the existence of a random exponential attractor for the
investigated system according to a known criterion.
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1. Introduction

As is known to all, the random attractor is a core concept to describe the asymptotic behavior of
infinite-dimensional random dynamical systems (RDSs), see, e.g., [1-4] for the stochastic lattice
dynamical systems and [5—8] for stochastic partial differential equations. But despite its compactness,
a random attractor may be infinite dimensional. This means that the long-time behavior of
infinite-dimensional RDSs may not be described with a finite number of independent parameters. In
addition, the rate at which the random attractor attracts trajectories may be very slow, so that the
random attractor may be unstable under some small perturbations. To avoid these shortcomings,
Shirikyan and Zelik [9] introduced a random exponential attractor for the autonomous RDSs, and
presented its existence conditions. The random exponential attractor with a finite fractal dimension
includes the random attractor, and attracts any orbit at an exponential rate. When the fractal
dimension of a random attractor is less than 7, the dimension of topological structure of the random
attractor is at most n. This indicates that the asymptotic behavior of RDSs can be described at most by
n independent parameters. Compared with the reference [9], Caraballo and Sonner [10] weakened the
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existence conditions of the random exponential attractor. Moreover, Zhou [11] extended the random
exponential attractor to non-autonomous RDSs and established an effective existence theorem of a
random exponential attractor, which is applied to stochastic evolution equations, such as the
first-order and second-order non-autonomous stochastic lattice systems [11, 12], the stochastic long
wave-short wave equation [13], etc.

In this paper, we consider the existence of a random exponential attractor for the following non-
autonomous coupled KGS lattice equations with multiplicative noise:

duj + del/lj + ((AM)] —Yuj— V|Wj|2)dl = gj(t)dt +au;o dwy,
idwj+ (—(Aw); + iBw; + wju;)dt = hj(t)dt + a;w;j o dW,, jEZ, (L.1)
ui(t) = wjr, ij(t) =ty jr, wj(1) = Wjr, T €R,

where u; = u;(t) € R,w; = w;i(t) € C, a,B,y,v are positive constants, g;(t) and h;(t) are given,
ai,a, € R, iis the imaginary unit, the coupled linear operator A is defined by (Au); = 2u; —u 1 —uj_i,
and (W;, W,) are independent two-sided Brownian motion on a probability space. “o” represents the
stochastic term in the sense of Stratonovich.

The system (1.1) can be regarded as the continuous non-autonomous coupled KGS equations:

dit + adu + (Au + yu — viw|*)dt = g(t)dt + ayu o dWj,
idw + (—Aw + iBw + wu)dt = h(t)dt + a;w o dW,, (1.2)
u(T) = e, (T) = Uy, W(T) = Wy,

where u = (1)) jez, W = W))jez, 8(1) = (1) jez, A1) = (hj(1))jez, and [w]* = (Iw*) jez.

The KGS system (1.2) is a very important mathematical model. It is often used to describe the
interaction of a real meson field scalar # and a complex scalar nucleon field w. y% represents the mass
of the meson, and the time-dependent functions g(¢) and A(f) are both external force terms.

All kinds of attractors for deterministic KGS equations (a¢; = 0, i = 1,2 in (1.1)) have been widely
studied, e.g, the global attractor [14—16], and the regularity of the attractor [17]. For the stochastic
KGS case (a; # 0, i = 1,2 in (1.1)), some results concerning the random attractor have also been
obtained, see [18-20]. However, we are aware that there are currently no results regarding the random
exponential attractor for the KGS system (1.1). Motivated by the ideas and conclusions of [11,12,20],
in the article, we focus on using the tail-estimates method to verify that the continuous cocycle for the
system (1.1) satisfies the existence conditions of a random exponential attractor. This result shows
that the asymptotic behavior of the investigated system (1.1) can be described with a finite number of
independent parameters, which will bring convenience for numerical simulation and
practical application.

2. Preliminaries

We review some related definitions and present the existence theorem of a random exponential
attractor, which can be obtained from [8, 11], and make some assumptions about a;, a,, g;(t), hj(?).

Let (X, ||-|lx) be a separable Banach space, and B(X) be a Borel o-—algebra of X, and (Q2, F, P, {f,w :
t € R}) be an ergodic metric dynamical system on probability space (Q2, 7, P) (see [21]), where a family
of mappings {6,w : t € R} is defined on Q : 6,w(-) = w(: + 1) — w(1).
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Definition 2.1. A continuous cocycle defined on X over R and (Q,F,P,{f,w : t € R}) is a (B(R") X
F X B(X), B(X))-measurable mapping ¥ : R* X R X Q x X — X with the following properties:
forevery T € R,w € Q, and t,r € R*, (i) ¥(0, 7, w,-) is the identity / on X; (i) Y(t + r, T, w,-) =
Y, v+, 0w,¥Y(r, 1, w,:)); (i) Y, 1,w,-) : X = X is continuous.

D(X) 1s endowed with the collection of all tempered families of bounded subsets of X, i.e., D(X) =
{D ={D(t,w) € X : D(ryw) # 0,7 € R,w € Q}}, forany € > 0,7 € R,w € Q, and it holds that
tl_i)ngoe“IID(T +1,0,w)|x = 0.

Definition 2.2. A random set {{A(7, w) : T € R} of X is said to be a D(X)—random exponential attractor
for the continuous cocycle {¥(f,7,w) : t > 0,7 € R,w € Q} over R and (Q, F,P,{6,w : t € R}) if there
exists a full measure set Q € ¥, such that A(t, w) has the following properties: for each v € R and
weQ,

(i) A(t, w) is measurable in w, and compact in X;

(ii) there exists a random variable &, < oo, such that supdim;A(r,w) < &,, where dim;A(r,w) =
TER

InNe(ATw) g the fractal dimension of A(t, w), and N (A(T, w)) 1s the minimum number of balls

lim sup—=

e—0*

with radius € required to cover A(t, w) in X;
() Y, v —t,0_,w)A(T — t,0_,0w) C A(r, w) for each t > 0;
(iv) there exist a constant b > 0 (independent of w), tp(7,w) > 0, and K(7, w,||B|lx) > O such that
for any B € D(X), d,(¥(t, 7 — t,6_,w)B(t — t,6_w), A1, w)) < K(1,w,||Bllx)e™, t > tz(t, w), where
dy(Ey, E,) represents the Hausdorff semi-distance between E; and E;.

Set

P={u= (Uj)jez : uj € R,Zu? < 00},

JEZ

L= {u= )z u; € C, ) Jujl < oo},

JEZ

endowed with the norms and inner products on /* and L? as: for any u = (u;) ez, w = (W) jez, € I* or L?,

(wwy = D iy, = () = > JusP,

JEZ JEZ

(u, w), = (Bu, Bw) + y(u,w), |lull} = (u, u), = ||Bull® + yllul,

where B is defined by (Bu); = u;.1 — u;, and w;, w; are conjugate. It is evident that y|lul|* < |lul|} <
(4 + P)llul*. Thus, the norm || - ||, is equivalent to the norm || - ||. Let & = (2, ()|l - Ily) and
X, = I x I x L* be Hilbert spaces with the inner product (-,-)x, and the norm || - ||x,. For ¢® =
@®, v, w0y = @ V0, W) ez € X0 = 1,2,

@0 ™)x, = @, u®), + 6O, + 0w,

2 2 2 2
lelly, = (@, )x, = llully, + IVI™ + lIwll.

The random variable 7r;(6,w) = — f_ Ooo e’(Bw)(s)ds, i = 1,2, w € Q, is the stationary solution of the
Ito equation dn; + n;dt = dW;(t, w;), i = 1,2, respectively, where t € R, w = (w;, w,) € Q, Wi(t,w;) =

Electronic Research Archive Volume 33, Issue 7, 4382-4397.



4385

wi(t),i = 1,2. It follows from [5-7] that n,(w) 1s tempered, and 7;(6,w) is continuous in ¢, i = 1,2, and
forw € Q,

6w . hnGwds [ m@wlds 1
m—— = lim —— lim —m =

z1—1>¢oo t =500 t = i t - W’ i=12
Let
{ O @.1)
where ¢ = azﬁy > (, and then the system (1.2) is transformed into the following random KGS system:
{ @+ Q¢ = HO,w, ¢), . 2.2)
Pr(W) = (e, Uir + Ottr — @1U (B ), €O )T
where

ol -1 0
, O=| A+(y+06*=sa) (a-95)] 0 ,
0 0 iA+ Bl

e =

- [
ayumn; (6,w)
HOw, ) =| g+ VWP + 26u + u — au — viain (B,w) — uain; (6,w)
iwu — ihe%) — ywa,n,(6,w)

We make the following assumptions:

Slai| |, laQ@o+l-a)| | 47, 2lal . _ ay .
(hl) o > e Tag e where oy = min{o, S}, o = —a2+4y+a\/m’
(h2) Vt € R, g(t) € C,(R, %) : Ve > 0,3K(¢) € N, there is sup‘ | %( )g?(t) <&,
teR |jI>Kj (e
Vt € R, h(t) € Cy(R,L?) : Y& > 0,3K,(g) € N, there is sup Y, |hj(t)|2 <¢g;
teR |jI>K2(e)
(h3) the coeflicients a; and a, in system (1.1) satisfy
\Tyo VY o
jar| < min{ bkl L IINTo, ) < YET0,
965y +120+1—-al) 443 192

It follows from [20] and assumptions (h1) and (h2) that for each 7 € R,w € Q and ¢ (w) € X,,
system (2.2) exists a unique solution ¢(-, 7, w, ¢-(w)) € C([1, +00), X,), and ¢(-) is continuous in ¢(w)
and measurable in w, which generates a cocycle ¥ : R" X R x Q x X, — X, by

Y, 17,0,¢) =Y +7,7,00,0(0w)), 1 27,
on R and (Q, 7, P, (6,).er) With space X,,.
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3. Random attractor

Now, we prove that {¥(¢,7,w) : t > 0,7 € R,w € Q} has a random attractor. From now on, we

assume that (h1)—(h3) hold.
Hereafter, all letters k; > 0 (i € N) represent the constants independent of (7, 7, w).

Lemma 3.1. For each v € R,w € Q, and D € D(X,), there exist Tp.) > 0 and a tempered random
variable R(w) (independent of 1), such that the solution ¢(s) = ¢(s,T — t,0_w, ¢ (0_.w)) (s > T—1)

of system (2.2) with ¢._(6_.w) € D(T — t,0_.w) satisfies
||SO(T7 T ta G_T(U, ()DT—I(Q—T(U))”Xy < R((U), Vl > TD(T,a))7

where 0 )
2 h
R¥(w) = 2k, f T A W S
. @ ,84 B
26 + 1 — a’n’(w)
p(w) = (5 + ———)laim(w)| + === + 2laam(w)|.
Vy
Proof. Multiplying (2.2) by ¢(r) in X,, and taking its real part, we get
Re(@, )x, + Re(Op, p)x, = Re(H(0,_,w, ¢), 9)x, .
Obviously, we find
1d B
Re(@, p)x, + Re(Op, p)x, > ——||<P(”)||X + 0'0||<P(V)||x —IIVII + IIWII

2dt
Multiplying the third component equation of (2.2) by w in L?, and taking its real part, we have

%IW@II2 +BIWI? < éllhllz-

Using the Gronwall lemma to (3.6) on [t — ¢, r], we obtain
— — h||?
TP < 17, e s 4 P
B
Re(H(0,-rw, ¢), ¢), ©)x, = (a1m1(6,—w)u, u), + (g(r), v) + (/(1wl*, v)
+((26 + 1 = a1 (Or—rw)ut, v) = (@171 (- )V, v) — (a7] Or—rw)ut, v)
— Im(wu — he' ™= _ q4,1,(6,_.w)W, W),
where
(a]m(Hr_Ta))u, u)y < |alnl(0r—‘rw)lll‘10(r)”§(ya
(g(r),v) < f;’IZIVII2 + 1]Igl%,
v, v) < Zlwll* + v,
(26 + 1 = @)aim O,—w)u,v) < BF=aim@,-o)llle®l .
—(aim(G,—-w)v,v) < lain,(6, Tw)lllso(r)llzy,

(/)
~(@O—wv) < T,
Im(he' >0 + aznz(er_faaw, W) < "gg + SIWIP + lazna (6, w)llle(OI

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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By (3.4), (3.5), (3.7), and (3.8), we have

d
S, + (00 - p(9r_tw))llsoll?( + (070 + larm (G- )Dlle(r),

1Al 2y Al g
—|| II? +7 ?Ilhll +—(|IWT o e 7 ——)e U
<k + ka(wedl* + W lHe P70, r> 1 -1, (3.9)
where k, = max{=- 22 2y2”h”z}

af?
Using the Gronwall lemma to (3.9) on [T — ¢, r], we find

-
2 ~ [ (To—p(O1—rw))dl 2
le(r)ll, +(0'0+|al771(w)|)f ¢~ Lo O ()} ds
Tt
-
< ||901—t(9—rw)||§(ye_ [ (oo=—p(O1rw))dl + K f e—fx(cro—/)(ﬁz-rw))dlds
Tt

.
+ ko (Iwe—ll* + llwe—dl*) f e~ Ji (@ompllrdh ==t g
Tt
Taking r = 7, we find

eI, + (00 + larmi(w))) e~ ks G o(s)lly, ds

Tt

< pr-i(8—o)lfy, LM w1+ [l P
0
x f A oP) (3.10)
~t
By ¢._(6_;w) € D(t — t,0_,w), we obtain

0
0 0

. 2 - g)dl 4 2y - - Gw)dl

,Erf!o (lpr—(O—rw)lly € ot Lp@d 4 o (we_ilI* + lwe_]P)e ﬂ’f TPl el gy —

-t
Thus, we complete the proof.
We know from Lemma 3.1 that the continuous cocycle {¥Y(¢,7,w) : t > 0,7 € R,w € Q} has a
tempered random absorbing set Dy = {¢ € X, : [l¢llx, < R(w)} € D(X,), and there exists a Tpy) > 0
such that for each t > Tp), ¢(7, 7 = t,0_,w)Dy(6_,w) € Dy(w).

Next, we show the tail estimate of the solutions of system (2.2).
Taking an increasing function u € C'(R,, [0, 1]), defined by

u(x) =0, 0<x<l,
O<pu(x)<1, 1<x<2, || <o, o> 0.
u(x) =1, x>2,

Lemma 3.2. Foreacht € R, w € Q, t > 0, J € N, and € > 0, there exists T.(w) > 0 such that
the solution ¢(r) = @(r,7 — t,0_rw, p;_(6_;w)) = (u(r),v(r),w(r))! (r > T —t) of system (2.2) with
Yri(0_rw) € Dy(0_,w) satisfies

1
Z llpi(T, 7 —1,0_rw, pr- t)”X <e+ k3( + 7 + Fply(w), t > T.(w), J =2, 3.11)
11227
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where

Io(w) = f el o Fy=sup() g5r) + ) JiF +(Q Py, (3.12)

1=/ 1=/ 1j1=4

Proof Let ¢ = (5,52 = ($))jez = (X3 20z = @, pu(Byvy, u(4Hw ). Multiplying (2.2) by
=(x,y,2)" in X,, and taking its real part, we find

Re(@, @)x, + Re(Ogp, ¢)x, = Re(H (6w, ¢), P)x, - (3.13)

By some computation, it follows that

i 2 1
Re(@, $)x, > 2 - Zu( Dlipill, = =20+ 6+ 5 + lam (@Dl

z3 dtz,u(m)ll%llx (1 + larm (@)Dl (3.14)

|2 ﬁ

Wi ks
Re(Ogp, ¢)x, >Zu( )(«follso,IIX Iv,- +5lw,-|2)—7ll<p||§y. (3.15)

JEZ

Multiplying the third component equation of (2.2) by z in L2, taking the real part, and combining (3.7),
we get

. .
G + S T < 2 Sy + 200 e+ )

JEZ JEZ [j1=J

Thus, for J € R, by the Gronwall lemma, we have

)
3
DUTHOP < el 3070 o ﬁZZ|h(>|2+ 2w f TS
Tt

11224 lj=J

2 -5B(r-t k:
gl < Kl dPe 0 by 3 P + (3.16)

lj1=J

Then, it follows that

Re(H(O,w, @), p)x, = (@m(Bw), )y + (g,y) + VW, y) + (26 + 1 — a)(am (Bw)u, y)
— (i (Gw)v, y) — (@i (Gw)u, y) + Im(he' ™™ + Waym(Gw),2),  (3.17)
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where

(@i (@w)u, x), < Iaﬂh(HIw)IEZu(%)Ilstlliy + Llarm @)l
gy <1 z 8+ zmM)v%,

vw, y) s zm"bv + kgnwf (e300 1 o Z Ihi(n) 22 4 A
26+ 1- a)alm(e,w)u, y) < Gl zm'fl'gu%nx :
~@m(@w).y) < lam @) Suc '}')IIQO,IIX :

(etw)
—(@n} (G, y) < 1’“ Zu ("')||<,o,||x,
]6

|J|—

Summing up (3.14), (3.15), and (3.17), we have

dtZu('J')nso,uX + (00— p(6) Tw»Zu(“')n%nX

JEZ

[ Y
< —(1 + la;m(6,- Tw))|||<P||X + kysllwy_ ||t 4 — 7 +kisFy.

Using the Gronwall lemma on [t — ¢, 7], for J > 2, we obtain that

0
0
> 1l B, < e = DI, e Ll e f el [l g
-t

JEZ

1 [ T
t7 f kin(1 + |am1<es_fw>|>||so<s)||§ ¢ Lloptcondig
T—t

0
ST0S+ NG kis cos+ [ pOrw)dl
+ k7 F; ds + — 7 e s ds.

(5]

By (3.10), we obtain

2~ [((oo—pO_rw))dl 2 2

kia(1+ lar Gs—)Dllp(s)I[F, = 0 < ko R (@) + Koo (O,
0

0 0

x e b PO g oy (el + el P f Bl 0 ),

-t

Putting (3.19) into (3.18), we get

1
Z,U( )iz, < M, w)+kzzlo(w)( 7t ED:
JE€Z

Im(he' ™ 4 azwm(etw),z) <b _zzu<%)|w,»|2 % 2 (P +lam6,w) Z#(|j|)|90j|x
JE

(3.18)

(3.19)

Electronic Research Archive Volume 33, Issue 7, 4382-4397.



4390

where

0
0
M (1, ) = kosRA(O_jw)e™ -0l 1 o R2(0_ p)e~ f 70t [ Ol g
-t
0

+ kys(RMO_,w) + R*(O_,w))e™ f 0B+ [ prerdl g o

-t

By (h1), we get lim M,(t, w) = 0, and therefore, for any £ > 0, J > 2, there exists
f—+00
T (w): To(w) =min{t : M(t,w) <&} >0, (3.20)

such that (3.11) holds. Lemma 3.2 is proved.
It follows from Lemma 3.1, Lemma 3.2 and Theorem 3.6 in [3] that we obtain:

Theorem 3.1. The cocycle {¥(t,7,w) : t > 0,7 € R,w € Q} of the system (2.2) has a random attractor
K ={K(r,w): TeR,we Q}in D(X,).

4. Random exponential attractor

Now, we verify that ¥ possesses a random exponential attractor.
For each 7 € R, w € Q, and the above T.(w) defined by (3.20), set

Stwy= | ) @@= s50.0,D0-w) S Dow) C X, (4.1)

sz2max{Tpw),Te(w)}

By (3.11) and (4.1), for any ¢ € S(t,w) and J > 2, we have

11
D e, < &+ kal(@)(5 + <5 + F)). (4.2)
11227

Foreacht e R, w € Q, t > 0, ¢;,(0_,w) € S(t—-10_0), i = 1,2. Let ;(r) = p(r,7 -
t, H—Tw’ Qoi,T—t(Q—Tw))a l = 1’ 25 (ﬂ(r) = ()DI(r) - 902(7') = (fa ga g)Ta rztT-— t, and then

l.ﬁ + (’-‘)W = H(QV—T(’U’ Qol) - H(QF—T(’U’ ()02) (43)

By Lemma 3.1 and (4.2), we have [l;(r)llx, < R(6,—,w), i = 1,2.

Lemma 4.1. For each v € R,w € Q,t > 0, and ¢;—(0_,w) € S(t —t,0_,w),i = 1,2, there exist
positive random variables Cy(w) and Ci(w), such that

llp(r, 7 = 1,010, 1 - (0--w)) — O(T, T — 1, 0w, P2 (0 0))llx,
< el 0|y (r — 1y, (4.4)
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and

Z (@i, T = 1,000, 170 )) = @1, T = 1,070, 03 (6 )y,
|jI>4J

<(e? D14l [ o6 wids | ef_OtCl(esw)dS)ZHw(T - t)”?(y’ VJeN, 4.5)

whereéj:%m,/%+ﬁ+F,.

Proof. Multiplying (4.3) by ¥(r) in X, and taking its real part, we find

Re(l,b, '7[’)Xy + Re(®¢” w)XV = Re(H(Hr—Tw’ ‘101) - H(er—‘rwa ‘702)’ lﬁ)xy- (46)

By computation, we get

Re(r, Y)x, + Re(®y, ¥)x, > ——IILl'(r)IIX + ool + —|§|2 +§|§|Z, 4.7

7 2dt

and

Re(H(gr—‘rw’ ()01) - H(Gr—‘rw’ 902)’ l;[’)Xy
= (1 (0,—w)E, €)y + V(Wi > = W), O) + (26 + 1 — @)aimi (B, w)E, &) — (a1 (Br—r W)L, )
— (@O, w)E, O) — Im((Wyuy — Waty), §) + Im(azn2(6,_,w)s, §),

where

(@i (0,—w)é, €)y < larm @)l ,

V(1P = W21, O) < 22RO, )l (), + $IP,

(26 + 1 = @aimO,-w)E, ) < B =2aim 6, o)lIP IR,
~(@m (O}, ) < laym (6, Tw>|||¢/<r>||x :

~ @O0 < L

Im(ar — i) ) < yﬁRZ(er_Twnw(r)niy + 5lP?,
Im(a2(6,--w)s, §) < laam (O, )l -

Thus, we obtain

d
IO, + 200l (I, < 2Co@,-)lw I, (4.8)
where ,
20+ 1~ 2 1
Co(w) = (2 + %)mlm(wn + ;"ff) (= + FR@Hlam@l 49)

By the Gronwall lemma, integrating (4.8) on [t — ¢, 7], we get that

2 2| Co(bsw)d 2
I}, < LGOSy R .

Thus, (4.4) holds.
Let M € Nand ¢ = (u(W ) ez = WODE pCD L n(s )z = €585, 6z = G4
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Multiplying (4.3) by ¥ in X,, and taking its real part, we get

Re(ir, ¥)x, + Re(Oy, ¥)x, = Re(H(0,—w, 1) — H(6, -, 92), P)x, - (4.10)

By computation, we obtain
Re(t'ﬁ ¥)x, + Re(Oy, )y,
N 1 i
>3 dtZu( IO, + 00 pCM IR, + 3 D pCF

JEZ JEZ
+ §Zu<m)|g,( ) - M(ks k(1 + |a1mwr_Tw)D)Zu(%nw,(rn|§y,
JEZ JEZ

and

Re(H(6,—-w, 1) = H(O,—w, 1), P)x,
= (@M (O—w)E, )y + (1> = [727), D) + (26 + 1 = @)aymi (6, w)E, O) — (@i (0,—-w)Z, )
— (@1 (6,w)E, ) — Im((Wy1, — Watty), S) + Im(az (6, w)s, D),

where

(a1 (6, w)é, &), < |a1m<9r_fw)|jgzu<%)H%(r)ﬂ% + larm (O, ,
(w2 = ). 0) < ﬁzmmwuﬁ + o Py (I, + $1(rP,

(26 + 1 = @)ay 1 (6, Tw>§ O < B=aim (6w LGy Il (I, »
~(arm1 (O )Z, ) < larm (6, w)| zm';})nw,(r)nx,

~(@R 0w, D) < L zm"')nw,(r)nx :

~Im((W1u1 = Watr),§) < J;Zu(%x,;uul,ﬂz + W, Pl DI, + Sl ),

Im(@nz(6r-+)5.5) < a0y ) SRR -
Jje

By (4.2), for J > 2, Z (|v71,j|2 + W ) < 26+ 2k3(5 + 5 + FIo(6,w) and 3 (uy j* + [, 17) <

J=22J
28+2k3( +5 L+ F 1)10(9, +w). Let a positive constant £ = &) be small enough, such that (2 )8 < "7
Thus, we get that forJ >2, M >2J,
|/l
dtZu(—)nw,(r)nX + (00— (6, Tw»Zu( 2GS
JEZ j€z
M>(6,_.w) 1 1
< (T + k26(3 tat FJ)IO(@r—TCU)NW(”)H?(7
1 1 r

< kz7(7 Tt F)(My(0,--w) + 1o(0,--w))llY(T — t)lliyezfﬂ Colbs-relds, (4.11)

where )
My (w) = M(ks + ka(1 + |aini(0,—-w))) + 4polain: (6,—-w))). 4.12)
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Multiplying (4.11) with e70?-%)and integrating the inequality on [r — ¢, 7], we obtain

|l |/ " o onds 11
Z,u(ﬂ)llw,-(f)llﬁy < Zﬂ(ﬂ)”l/,j(f_ t)lliyeﬁ”( 0+p(scw)ds | (] + = +F))

JEZ JEZ

x (T = 0, f ks (Mo (0, c) + Io(0y ) s COrise | Covtntturnds gy
Tt

< LTy e 0+ (4 5+ Flle - 0l

> Xy J J2 J XV

0
Xefot(zco(exwﬂp(ﬁsw))dsf ko1 (Mo(6,w) + I5(6,w))e” dr. 4.13)

—t

Since for all p > 0, /p < e”, it follows that

0
f kar(Ma(6,0) + To(6,0))e " dr

t
0

0
< (| B(Ma(6,0) + LG w)idr)=( f 270" dr)?

—t

1

< 1 K (M6, +lo(0r)Pdr
20'()

By (4.13),forJ >2, M >2J,

SR, < S ui @R,

= ez M

< (el o Syl 20 iy R @.14)
where | |

C1) = Cof@) + 3p(@) + 3y (Mafw) + (@) (4.15)

Thus, (4.5) holds, and we have completed the proof.
Lemma 4.2. Let ay,a; in (1.1) be suitably small and satisfy (h3), then

1
0 < El5p(w)] < %, 0 < E[C)(w)], E[CXw)] < .

Proof. 1t follows from [5,7] that the Ornstein-Uhlenbeck process n;(6,w), i = 1, 2, satisfies

E[[n:(6,w)'] = TeR, t>0,i=1,2,

r(i) Yr>0 E[ec) m:wlds) < gt 0 < 2e < 1,
r T+
’ = E[eEL tl’]i(gxw)lds] < eEt, 0 < 62 < 17

where I'(+) is the Gamma function.
Thus, we have

E[}(w)] = =1,2, (4.16)

1 1
, Elff(w)] = 5 Elniw)] = = i
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and )
lay| 126 + 1 - af aj Iazl 0o

1
E[Ep(w)]=2\/7_r(5+ NG )+ 4\/_ \/_

By (4.9), (4.12), and (4.15), we have

(4.17)

Ci(w) < 4C5(w) + p*(w) + 4k My (w) + 4Ky, I (w)
< kost} (W) + koo () + kaons (W) + k31 I (W) + koI (w) + k33

By the Holder inequality, we obtain

[14(0))] _ E(f <r0s+f p(@,w)d‘rd )

< (f o-osds) f O'OSE 4f (6 a))d‘r]ds
1

0-(3) oo — 8|a1|(5 + M) oo — 16|a2| oo — 4%

)

< 00.

Thus,
0 < E[[}(w)] < %(1 + E[Ij(w)]) < o,

E[C}(w)] < ks El1}(w)] + koo E[177(w)] + kzoE[n5(w)] + k31 E[I5(w)] + kE[Ij(w)] + k3 < o0,
1
0 < E[C,(w)] < 5(1 +E[C}(w)]) < co.

Lemma 4.2 is proved.

Lemma 4.3. Foreacht e R, w € Q,
lim sup ¥(r, 7, w)¢ - ¢llx, =

—0* weS(t,w)

lim sup [[¥(0,7 17,00 —¢llx, =0.
1=0* PeS(T-1,0_10)

Proof. For ¢ € S(t,w) and ¢ > 0,

IH6,—w, @I, = larm O,—)PUIBull® + yllull) + lliwu — ihe' ™™ — iwarn,(0,--w)|I”

+ g + VW + 26u + u — au — v)a;n (6,_w) — uan6,_w)|P
< k3a (1 (Br—c)* + 1By )* + 117206, e ) )R* (6, w) + k3sR*(6,_w) + kg,

18p(r)llx, < 1l = VII} + | Au + (y + 6 = 6a)u + (@ = SWVIP + [liIAW + Bwl|*
< k37R2(9r—7’w)9

and therefore,
T+t
¥, 7, w)gp — <;>||§(y <t f |1H (O, —-w, p) — ®90(r)||§ydr
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t
<2t f [aa(Im (8,)> + 1 (6, 0)[* + 12(6, )P )R (8,) + kagldr
0

!
+2f f (k3sR*(6,w) + k37R*(6,w))dr — 0 as t — 0.
0

Thus, lim sup [¥(z, 7, w)¢ — ¢llx, = 0.
t_)0+g0€.3(‘r,w)
Similarly, lim sup [[¥(0,7 —1,6_w)p — ¢llx, = 0.
t_’0+¢p€S(T—t,9_,w)

We have completed the proof.

According to Theorems 2.1-2.4 in [11] and Theorem 2.1 in [12], noting that the phase space
contains complex components, we obtain the following result.

Theorem 4.1. The cocycle {(¥Y(t,7,w) : t > 0,7 € R,w € Q} has a random exponential attractor
{A(t,w) : T €R,w € Q} with the following properties: for eacht € R, w € Q,
() K(r,w) € A(r, w) C S(t, w) is a compact set of X, and measurable in w;
@Y, v, AT, w) C At + 1,w), Yt > 0;
(iti) there exists Jy € N such that
6(8J, + 1)1n(2—V6(§j°+” +1)

dim K (1, w) < dim;A(r, w) < ! < o0
n —_
3

(iv) for any D = D(X,), there exist tpi.) > 0 and a tempered random variable bp ., > 0, such that
for any t > tp(., they satisfy

o ln%

dy(P(1, 7, 0)D(1, ), AT + 1, 6,w)) < bprye” @'
(v) for every t € R, w € Q, lin(}dh(ﬂ(r + 1, 6,w), A(t,w)) = 0.
11—
Proof. Taking t = % in (4.5), by Lemma 4.2,

- (R EICH @)+ FEIC1)])
O<e ™2 < oo,

By (h2) and lim (7 + 77) = 0, there exists a finite integer Jo € N satisfying
—+00

2 1 1 1 -2 (182 2 (E[C2(w)]+ LE[C1 (w)])
0<6;,=——,|—+—=+F; <min{—, e "2 7 ).
0 V200 \ Yo Jg 0 16

According to Theorem 2.1 in [12], and then combining Lemmas 4.1-4.3 and Theorem 3.1, we prove
Theorem 4.1.

Remark 4.1. We notice that there are some restrictive conditions for the random term coefficients a;
and a, in order to prove the boundedness of the expectation of the random variables p(w), Ci(w), and
Cf(w). However, using the same method, we can also prove that the existence of a random exponential
attractor for the coupled KGS lattice equations with additive noise:

dit; + adu; + ((Au); — yu; — vlelz)dt = gj(Hdt + a;dWy,
ldW/ + (—(AW)J + lﬁWJ + wjuj)dt = ]’lj(l)dt + bdeg, ] €Z, (4.18)
ui(t) = wjr, () = Uy jr, wi(7) = Wjr, T ER,
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where a = (a;) ez € P,b= (bj)jez € P, and g, hj satisfy (h2). For the system (4.18), we do not need to
make the restrictive conditions on the a; and b; because the additive noise term is independent of the
state variables u; and w; but the multiplicative noise term depends on u; and w;.
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