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Abstract: In this paper, we consider a cross-diffusive model for pursuit-evasion processes which was
described as

up=Au—xV- i+ D7Yw) + u(y — " +av), xeQ,r>0,

Vi = Av + EV - (WV2) + v(dy — v = bu), xeQ,t>0,
w,=Aw—w+v, xeQ,t>0,
0=Az—z+u, xeQ,t>0

in a smooth bounded domain Q ¢ RY (N > 1) under homogeneous Neumann boundary conditions.
For nonnegative initial data with appropriate regularity, the unique globally bounded classical solution
is obtained provided that min{(r; — 1)(r, — 1), (r; — r)(r; — 1)} > %, where r, A;, ;, ¥, & > 0 and
r; > 1(i = 1,2). This generalizes the results of Li et al. [1], Zheng et al. [2], and Zheng and Zhang [3].
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1. Introduction

In this paper, we consider a predator-prey model with pursuit-evasion (parabolic-elliptic)

up = Au—xV- @+ D7Yw) + u(y — " +av), xeQ,r>0,

v, =Av+EV - (vW2) + v, —,ugv“_1 — bu), xeQ,t>0, (L.1)
w,=Aw—w+v, xeQ,t>0, '
0=Az-z+u, xeQ,t>0
supplemented with Neumann boundary conditions
0 0 0 0
W _E g xedQ, >0 (1.2)

dv v v v
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and the initial conditions
u(x,0) = up(x), v(x,0) = vo(x), w(x,0) = wo(x), x€Q, (1.3)

where Q ¢ R¥(N > 1) is a bounded domain with smooth boundary 9<, 5‘—1 denotes the outward normal
derivative on 0Q, r, A;, w;, &, y are positive constants and r; > 1(i = 1,2). The initial data (i, vy, wo)
satisfies

up € C°(Q) with up >0 in Q,

vo € C°(Q) with vy >0 in Q, (1.4)
wo € C°(Q) with wy >0 in Q.

This coupled nonlinear framework governs the spatiotemporal evolution of interacting predator and
prey population densities through advective-reaction mechanisms. Obviously, the predator-prey pop-
ulations interact with each other. Otherwise the individuals always move toward a chemical signal
that is produced by opposing species. In fact, the unknown functions u = u(x,f) and v = v(x,1)
denote densities of the predator and prey population, respectively, while w = w(x, ) and z = z(x, 1)
represent concentrations of respectively emitted chemicals produced by v(x, ¢) and u(x, ). The cross-
trophic coupling demonstrates an asymmetric energetic transfer structure: prey populations experi-
ence consumption-driven suppression through predator-induced mortality, while predator demographic
rates exhibit nonlinear amplification governed by prey resource availability. The model in [4] posits
predator-prey interactions mediated by species-specific chemical cues (e.g., pheromones/scent marks)
through chemosensory signaling dynamics.

In grounding our analytical approach, we survey existing literature pertinent to the coupled system
(1.1). The most well-known chemotaxis model is the Keller-Segel system, which was proposed by
Keller and Segel [5] in 1970s, which can be described as follows:

1.5
vw=Av+u-—v, (1.5)

{u, =Au— V- (uVv),
where u(x, t) and v(x, ) denote the concentrations of cells and the chemoattractant, respectively, and
X > O represents the chemoattractant sensitivity. This PDE framework captures autochemotactic phe-
nomena in biosystems, where microorganisms exhibit directed migration along self-generated chem-
ical gradients, coupled with nonlinear signal transduction mechanisms governed by Fickian diffusion
processes. Substantial analytical investigations have focused on this logistic-modified chemotaxis
system and its extensions, particularly addressing solution regularity, finite-time blow-up dynamics,
and asymptotic stabilization under parameter constraints. For example, Winkler [6] studied the fully
parabolic Keller-Segel system and obtained the global bounded solution and the large time behavior.
Moreover, Winkler [7] considered the Neumann initial boundary value problem for a fully parabolic
system and proved that for some initial data, the corresponding solution would blow up in finite time,
and the essentially explicit blow-up criterion was obtained. For related comprehensive exposition of the
model’s theoretical foundations, readers are referred to the seminal works in [8—12] and their extended
bibliographic networks.

Significant scholarly interest has also been directed toward two-species predator-prey systems. In
fact, assuming that predators and preys exert species-characteristic substances such as phenomenons
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or scent marks, Tyutyunov et al. [4] proposed the pursuit-evasion model

uy = Au—xV-@Vw) + f(u,v), xe€Q,t>0,
vi=Av+EV-(W2) +g(u,v), xeQt>0,

(1.6)
™, = Aw—w+v, xeQ,t>0,

T, =Az—z+u, xeQ,t>0,

where 7 € {0, 1}, f(u,v) and g(u, v) represent the local kinetics. For the degenerated parabolic-elliptic
coupling (7 = 0), analysis establishes that the two-dimensional Cauchy problem with vanishing source
terms (f = g = 0) admits a unique nonnegative weak solution exhibiting uniform boundedness, as rig-
orously demonstrated in Goudon and Urrutia’s foundational work [13]. A functional-analytic frame-
work proposed by Amorim et al. [14] was a seminal contribution, where Lebesgue space uniform
estimates for the two-dimensional system with competitive Lotka-Volterra kinetics (f = u(d —u + av),
g = v(u —v — bu)) were established, thereby demonstrating global well-posedness and uniform bound-
edness of solutions. Recent analytical advances have rigorously established globally defined weak so-
lutions with uniform asymptotic stabilization within 1D bounded domains [15,16], critically advancing
the theoretical framework for cross-trophic interaction systems. For the parabolic-elliptic system (1.6)
with competitive Lotka-Volterra kinetics (f = u(d—u+ av), g = v(u—v — bu)), Li et al. [1] established
globally bounded classical solutions in spatial dimensions N < 3 under the interspecific competition
constraint » > 0. Furthermore, under critical parameter constraints governing taxis sensitivities (y, &)
and growth rates (u, 1), the system exhibits asymptotic convergence to either spatially homogeneous
coexistence equilibria or prey-depleted steady states in the long-time regime. The theoretical under-
standing of the fully parabolic coupling (7 = 1 in (1.6)) remains markedly underdeveloped compared
to its parabolic-elliptic counterpart (7 = 0 in (1.6)). In a seminal contribution, Qiu et al. [17] estab-
lished rigorous existence theorems for globally bounded classical solutions to two-chemical-mediated
predator-prey chemotaxis systems in spatial dimensions N < 3. Their pioneering analysis further
characterizes asymptotic stabilization properties through detailed energy estimates. Under the critical
parameter regime 7 = 1 with competitive Lotka-Volterra kinetics (f = u(d — u + av) with a < 2;
g = v(u —v — bu)), Qi and Ke [18] established the existence of globally bounded classical solutions
when the chemotactic sensitivity constraint

N2 -a)

— > max{y, &}
2(Cy,) T (N =2),

holds for C Ny > 0, significantly advancing the analysis of fully parabolic predator-prey taxis sys-
tems. Furthermore, subject to the critical parameter inequality bu < A and precise upper bounds on
chemotactic sensitivities y, &, the system asymptotically converges to a spatially homogeneous posi-
tive equilibrium in L*(€2) as t — oo. In the dynamical regime where bu > A, subject to quantitative
upper bounds on predator taxis sensitivity y (without a priori constraints on prey taxis &), all uniformly
bounded solutions undergo asymptotic collapse to the prey-extinction equilibrium (u, 0, 0, i) under the
L>(€) topology as t — oo. For the other related models, one can refer to [3, 19-21] and the references
therein.

Building upon these theoretical advancements, we focus on the indirect taxis-mediated pursuit-
evasion framework (1.1) under parabolic-elliptic coupling. Our objective centers on establishing the
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existence of globally bounded classical solutions to the initial-boundary value problem (1.1)—(1.4)
through rigorous analytical criteria governing taxis sensitivity parameters.

Main results. This work establishes that for arbitrary N > 1, provided the parameters satisfy r; > 1,
rp, > 1, and min{(r; — D)(rn = 1),(ry = r)(r, = 1)} > % holds for r > 0, then the solution quadru-
ple (4, v, w, z) associated with system (1.1)—(1.4) exhibits global temporal existence and boundedness.
The mathematical framework employs an innovative variable upper limit integration methodology to
achieve the following regularity results.

Theorem 1.1. Let Q ¢ RY (N >1) be a bounded domain with smooth boundary. Assume that the initial
data (ug, vy, wo) fulfills (1.4), and r, A;, w;, x, &, a, b are positive constants as well as ry,r, > 1. If

N-2),
min((r, ~ 1, = 1), (7 = A2 = D) > O

then the system (1.1)—(1.4) admits a unique globally defined classical solution satisfying

u e C%>Q x [0, o)) N C*(Q x (0, 0)),
v e CUQ % [0, 00)) N C*H(Q X (0, 0)),
w e CUQ x [0, ) N C*(Q x (0, )),
z€ CUQ X [0, )) N C*(Q x (0, 0)).

1.7)

Furthermore, the solution quadruple (u, v, w, z) remains uniformly bounded in QX (0, c0), and there
exists a positive constant C > 0 satisfying

(-, Do) + [IVE, Do) + W Dllwrs@) + [12C, Dllwre@y < C forall t > 0.

Remark 1.1. For any N > 1 with r = 1, Theorem 1.1’s condition can be reduced to (ry — 1)(r; — 1) >
%, which the well-posedness result in this case was obtained in [2,3]. Moreover, we also generalize
the previous results of [1] withry = r, =2 and N < 3.

We begin by introducing key notations employed throughout. The symbols C and C; (i = 1,2, 3, )
will denote generic positive constants, with values potentially varying across instances. Furthermore,
for notational brevity, spatial integrals fQ u(x)dx are abbreviated as fQ u , while temporal-spatial de-
pendencies u(x, t) are simplified to # where unambiguous.

The methodological architecture of this analysis proceeds as follows: Section 2 establishes the
local well-posedness of classical solutions and synthesizes prerequisite technical lemmas. Section 3
derives foundational a priori estimate through elementary energy functional techniques, concurrently
furnishing the complete demonstration of the central theorem within this unified framework.

2. Preliminaries

In this section, we first give the local existence and uniqueness of classical solutions to system (1.1).
As the proof is quite standard, readers can refer to [3,22] for detailed proof.

Lemma 2.1. Suppose that Q C R¥Y(N > 1) is a bounded domain with a smooth boundary. Assume
that the initial data (uy, vy, wg) satisfies (1.4). Then system (1.1) has a unique nonnegative classical
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solution _ _
uec CO(Q X [0’ Tmax)) N Cz’l(Q X (O’ Tmax)),

v e Co(Q X [0, Tpar)) N C*'(Q X (0, Ta)),
w € Co(Q X [0, Tpar)) N C*(Q X (0, Tar)),
7€ Co(Q X [0, Ta)) N C*(Q X (0, Ta))s

2.1

where T, denotes the maximal existence time. Moreover, if Ty, < +00, then

e, Dllze@) + IVC, Dllre) + IWE Dlle@) = 00 as ¢ 7 Ty
The Gagliardo-Nirenberg inequality is central to our proof of the main theorem.

Lemma 2.2. (Gagliardo-Nirenberg inequality [9]) Let Q be a bounded Lipschitz domain, p, q, 1, s= 1,
Jj, m € Ny and « € [£, 1] satisfying

1 (1 m) l-a
—==+|-=-=|a+ :
r N q

Then there are positive constants Cgy and Gy, such that for all functions w € L1(Q) with Vw € L' (L),
w e L(Q),

. -
ID'WllLr@) < ConllD" W7y o)Wl ey + Conlwllz)-

We need to describe the following lemma, which will be used in the proof of Theorem 1.1.

Lemma 2.3. (see [23]) Suppose that y € (1,00), g € LY((0,T); L"(Q)), and c is a solution of the
following initial problem:

c=Ac—c+g,

oc

= -0

ov

c(x,0) = co(x).

Then there exists a positive constant C,, such that if so € [0,T) and c(-, sy) € W2Y(Q) with W =0,
one has

T
YS Y
I " IACC, ), d5
S0

T
<C, ( f e llgC, )M ds + € (llcols 50y + Aol 50 |-

50
We will employ the semigroup theory to prove Theorem 1.1.

Lemma 2.4. (see [6]) Let (e™),59 be the Neumann heat semigroup in Q, and let A, > 0 denote the
first nonzero eigenvalue of —A in Q under Neumann boundary conditions. Then we have the following
properties with constants ky, k,, and k; depending only on Q.

(i) If p,q € [1,+0c0], then

le ey < ksl + 172720 M gl forallt>0 22)
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is valid for all ¢ € L1(Q) fulfilling fQ wdx = 0.
(i) If 1 < g < p < oo, then

Ve gl < ka(l + £ 7 2@ D)™ gl oy, forall t > 0 (2.3)

is true for each ¢ € L1(Q).
(iii) If 1 < g < p < oo, then

1€V - @l < ki(1+ 172725 e Wil forallt> 0 (2.4)

holds for all ¢ € (Cy(Q))". Accordingly, for all t > 0, the operator ¢"“V- admits a unique extension to
all of ¢ € (LP(Q))", with norm controlled according to (2.4).

We also need the following ODE theory in the proof of our main result.

Lemma 2.5. (see [22]) Let y(t) > 0 be a solution of the problem

Y +AY <B, t>0,
y(0) = yo

with A >0, p >0, and B > 0. Then for any t > 0, we have

() < max {yo, (g);} .

3. A priori estimate

In this section, we first give the L' estimate of # and v by using Young’s inequality.

Lemma 3.1. Invoking the hypotheses of Lemma 2.1, we rigorously establish the existence of a positive
constant C > 0 ensuring that solutions to system (1.1) satisfy

fu+fv§C forall t € (0,T,.). (3.1
Q Q

Proof. Integrating by parts in the first and second equations of (1.1) respectively, one has

d
—fu+fu:(/11+1)fu—u1fu”+afuv forall 7€ (0, T,..) (3.2)
dt Jg Q Q Q Q

d
— v+fv:(/12+l)fv—,u2fv’2—bfuv for all ¢ € (0, Tpux)- (3.3)
dr Jo Q Q Q Q

bx(3.2) + ax(3.3) and by Young’s inequality, for ; > 1 and r, > 1, we can find C; > 0 fulfilling

d d
bd—tLu+beu+aELv+aLv

b
Ko u" — td V2 + Cy; forall 1€ (0,T,.).
2 Ja 2 Ja

and

(3.4)
< —
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Thus a standard ODE comparison argument implies

fu + fv <C, forall t€(0,T,u) 3.5
Q Q

with a constant C, > 0. The proof of Lemma 3.1 is completed. O

By applying Lemma 3.1 to equations about z and w, we rigorously demonstrate that these compo-
nents exhibit enhanced regularity properties transcending basic L!-boundedness.

Lemma 3.2. Invoking the hypotheses posited in Lemma 2.1, the solution vector to system (1.1) fulfills

leo + fwlo <C forallte (0,T,.), (3.6)
o Q

where C > 0 and [ € [1, ﬁ)

Proof. Utilizing Lemma 3.1 in conjunction with the equations of z and w, we invoke the seminal work

of Brézis [23], along with the Minkowski inequality and Sobolev embedding theorem, to straightfor-
wardly demonstrate Lemma 3.2. For the detailed proof, readers are referred to [3]. O

Establishing the global existence and uniform boundedness of classical solutions to system (1.1)
necessitates deriving L”(Q)-norm estimates as a foundational analytical prerequisite.

Lemma 3.3. Ler Q ¢ RY (N > 1) be a bounded domain. Suppose that ry > 1, r, > 1, r > 0. If
min{(r; — D(ry,—=1),(r1 = r)(rn—-1)} > %, then one has a positive constant C > 0 such that

fu” + fvp <C forall te0,T.)- (3.7
Q Q

Proof. Let p > 1. Multiplying the second equation in (1.1) by v"~! and integrating by parts, we have

1d
——fvp:fAv-vp_l+§fv"_1V-(sz)+fv"(/lz—,uzvrz_l—bu), (3.8)
pdt Jg o) 0 Q

forall € (0, T,0y).

Then, in light of Az = z — u and % = S—i =0, forall r € (0, T,,..), we can infer that

f Av- vl =—(p-1) f s\ (3.9)
Q Q

and

ffv”_lv-(sz):—f(p_l)szVv”
Q

p Q
=§(p;1)fgv1’Vz (3.10)

-1 -1
zfp—fv”z—fp—fvpu.
P Ja P Ja

Electronic Research Archive Volume 33, Issue 7, 4222-4240.




4229

Combining (3.8)—(3.10), we have

1d
vp +(p—- l)fv”_2|Vv|2
Pdl Q

-1
zf—fvpz—.fp—fvpu+/12fv”—,uzfvp+rz_l—bfvpu.
p Q p Q Q Q Q

Using Young’s inequality, there exist constants Cy, C; > 0 such that

_1 p+ry—1
£ f vy <22 f w1 Cy f 77 (3.12)
P Ja 4 Ja Q

/bfvpslﬁfvlﬁrz—l_i_CZ (313)
Q 4 Jao
for all 7 € (0, Tar).

Combining (3.12), (3.13) with (3.11), we can obtain

(3.11)

and

1 d p+ry—1
v” < —&fvp”z_l + C, fz R Cy; forall t e (0,T,4,) (3.14)
pdt 2 Ja Q

with a positive constant C3 > 0.
Lets =220 = pyp—1; by using the Gagliardo-Nirenberg inequality and Lemma 3.2, there

rn-1 "7
exist positive constants C4 and Cs such that

Cillzllys iy < Cadlll; e ,,(Q)nzn;(,g;gi + Gl ) ais)
1_1 N
where 6 = 1\/"’01*7’ lo € [1, m)
By using the L? theory of elliptic equations, we have
I2ll21riy < Colllly g forall £ € (0, Tya) (3.16)
with Cg > 0.
Due to
n>Lrn>1L, K -Dm-1)> —(N;vz)* and (r, —nr)(rn—-1) > —(N;f)*,
we can conclude that |
+ —
PR i -1 (3.17)
ry — 1
and !
+ j—
P i1, (3.18)
ry—r
Furthermore, for any exponent p > 1, there exists a parameter [, € [1, ﬁ), chosen within any
prescribed proximity to 7755~ 2) such that
+r—-1
PTR= " cptr—1)-k. (3.19)
r, — 1
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Based on the above estimate (3.19), we can derive that s6 < r’. Using the Young’s inequality, there
exist positive constants C7, Cg, and Cy such that

Cs(lzlle,, o, + D) <Cillzll7 s, ) + Cs
WE (@) wer @) (3.20)
<C6C78||u||2, @7t Co forall t € (0, T,
Taking € = 16C o> we have
Cillzllzsq) < IIMIIQ, @ T Co forall 1€ (0, Tha) (3.21)
Therefore, we obtain
1d /lzf _ M f _
P == | vy | w4y forall £ € (0, T 3.22
odi v_zgv 169” 1o fora o, ) (3.22)

with constant Cyy > 0.
Let H =2 Jr'lrl;l; we can add % fQ v on both sides of (3.22) such that

f fvp<_l“£fvp+l’2 1+&fup+rl_l+ﬂfvp+clo (323)
pdt 16 Jo P Jao

forall r € (0, T,,0x).
Employing the Young’s inequality, since r, > 1, then there is a positive constant C;; > 0 such that

H
= f w< 2 f vl ¢4y forall t € (0, Thay). (3.24)
P Ja 4 Jo

Combining (3.23) with (3.24), there exists C, > 0 such that

f W+ = f w2 f pn-l  HL f w1 4 Cy, forall £ € (0, Ty). (3.25)
pa’t 16 Jg

According to a standard ODE comparison argument, let s, be the same as Lemma 2.3; there exists
Cy3 > 0 such that

!
f pP Se_Ht{ f peHS(—% f vP+’2—1+’1‘—é f uP+’1—1+clz)+cl3} (3.26)
Q S0 Q Q

for all t € (so, Trax)-
Next, multiplying both sides of the first equation in (1.1) by u”~!, integrating by parts on Q, we see
that

fu”—fAu uf~ 1—)(fu” 'V (uu+ 1)~ 1Vw)+fu”(/ll — v av) (3.27)
pdt Q Q

forall r € (0, T,,0x).
In light of & = & = 0, for all € (0, T},qx), We can obtain

fAu-up_l :—(p—l)fup—2|Vu|2. (3.28)
Q Q
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Combining (3.27) and (3.28) with w, = Aw — w + v, we can deduce that

1d
pa’t

Z—)(fV-(u(l +u) " Vwu"! +fup(/11 — " + av)
Q Q

up +(p— l)fu” 2\Vul?

=x(p - 1)fup_](1 +M)r_1VW-Vu+fup(/l1 —pu" ™ + av)
@ Q

=X(P—1)fvf Sp_l(l+S)’_1ds-Vw+fup(/h—,ulurl—1+av)
o Jo o

- [ f s asnt + [ 1= e+ av

-1
X(f )1f(1+u)”+’ 1|Aw|+/11fu”—,u fu””‘ 1+af‘u”
prr—
S——,ulful”” +/llfu”+C14f|Aw| fMpV+C15
4 Q Q Q Q

p+ri—1
r—-r °

for all r € (0, T,,.,) and constants C4 > 0 and Cy5 > 0, where H =
Employing Young’s inequality, since r; > 1, we have

1 _
/l]fl/lpsﬂ—fupH’I 1+C16
Q 4 Q
/11 _ ptri—1
afupv <= [ wnt vy | v
Q 4 Q Q

for all ¢ € (0, T,,,) with constants C¢, Cy7 > 0, then we can obtain

1d perict
I/tp < —& f up+r1—l + C14f |AW|H +Cyy f Vp"ll + Cig
Pdl 4 Jo Q Q

forall r € (0,7,,,) with Cig > 0.
In light of Young’s inequality, we have

Efu”<lﬂfu"+”_l+C19
pJo 8 Ja

forall r € (0, T),,) With Cj9 > 0, so we have

and

1 d » » p+r1 1 p+r1 -1
;E u +— Lt <—— + Cy |AW| + Cyy T +Cio

for all t € (0, Tppur)-

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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Recalling Lemma 2.3, let sy be the same as Lemma 2.3; we know that

!
fpeHSC14f|AW|HdS
S0 Q

!
:pCM—f eHS”AW”fH(Q)dS
o (3.35)
<pCao [ | s + €y + 1B 0

50

!
SpCZI (f eHS”V”fH(Q)dS + l)

S0

for all 7 € (sg, T)nqx) With constants Cpg > 0 and C,; > 0.
Based on the standard ODE comparison argument, there exist constants Cy; > 0, Cp3 > 0, and

C»4 > 0 such that
t n
fup Se—Ht{f peHs(_gfulﬂrl—l_i_szva
Q K Q Q

1 (3.36)
pri—
+Cy7 f v 4 C23) + C24} for all 7 € (5o, Tnax)-
Q
According to (3.17) and (3.18), employing Young’s inequality, we have
Co f < B2 [ty o (3.37)
Q 8 Q

and

Ciy f yor < B2 f pPrl 4 Cog (3.38)

o 16 Jo

for all 1 € (0, T,,,) With constants C»s, Co6 > 0. Thus, the estimate (3.36) can be rewritten as

f 3
f P <e M { f peHs(—% f w1 +1L62 f vp+r2—1+c27)ds+czg}. (3.39)
Q k) Q Q

Combing (3.39) with (3.26), there are some constants C; > 0 (i = 29, 30, 31) such that

t
fup+fvpse‘m{f pem(—&fu’””“—&fvp”z_]+C29)dS+C3o}
Q Q So 16 Q 16 Q

t
<e M {ngpf eSds + C30} (3.40)

S0

< Cz forall € (59, Thax)
Then the proof of Lemma 3.3 is finished. O

Next, we will complete the proof of global existence and boundedness of solutions to (1.1) by using
a Moser-type iteration.
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Lemma 3.4. Let (u,v,w,z) be a classical nonnegative solution of (1.1) in Q X (0, T),..), there exists a
constant C > 0 satisfying

sup  (|lu(:, Dllz=@) + VG, Dllz=@) + IWC, Dllwre@) + 12¢, Dllwre@)) < C. (3.41)
ZE(O’TWI{L\’)

Proof. In light of w, = Aw —w + v in Q X (0, T,,.,), by means of an associated variation-of-constants
formula, we can represent w(-, f) for each t € (0, T},,,) according to
!
w(, 1) = e® Dy + f AV 5)ds.
0
We use Lemma 2.4 to derive that
!
VW, Dllze@ <IVe™ wollp=) + f Ve D, )l s
0
!
1 _N/_1 1
<C, f [1+ =572 230 e, 9)llpvds + C, (3.42)
0

with C; > 0, C, > 0, and for all 7 € (0, T,,,4x).

Since —1 — ¥(55 — L) > —1, we can draw that

IVW(-, Dllz=) < C3  forall t € (0, Tqx) (3.43)

with C3 > 0.
Noting that Az — z + u = 0 and using Lemma 3.3 and the L? theory of elliptic equation, for p > N,
there exist constants C4 > 0 and Cs > 0 such that

Izllw2r@) < Callullr) < Cs  forall ¢ € (0, Tpay). (3.44)
Applying the Sobolev embedding theorem, there exist constants Cs > 0 and C; > 0 such that
llzllwre < Collzllw2r < €7 forall £ € (0, Tyax). (3.45)
Then we can get

sup ([, Dllwro@) + lIzC, Dllwre) < Cg - forall 1 € (0, Tnax) (3.46)

[E(O’Tmax)

with a constant Cg > 0.

Set p = P, = 2%, V, = max{l, sup fg vPx} for all k € N; by the proof of Lemma 3.3, there exists
Ie(oaTmax)
a positive constant Cy > 0 such that

1d
== f V4 (P - 1) f V2 VP + f Vi
Pidr Jo o Q

=— &Py — 1)fvp"_1Vsz + fvp"(/lz +1 -y = bu)

e e (3.47)

S(Pk - I)Cg f VPk_1|VV| + (/12 + 1) f VPk
Q Q

—(P, — 1)Cy f VE VT + (1 + 1) f Wi forall 1€ (0, Tyy).
Q Q
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By using Young’s inequality, there are constants Cjyp > 0 and C;; > 0 such that

ii L Df P2 |VV| +f Py
Pkdf

P
S(C]()( k_ +/12+1)f P

SCI]Pk f VPk forall e (0, Tmax)a
Q

d P.(P, — 1
—fvp"+—k( L )fvP"_lev|2+Pkfka
dt Jg 2 Q Q
SCHP]%fVPk
Q

—CquIIv ||

which can be written as

for all € (0, T,uy).

L2(Q)

Applying the Gagliardo-Nirenberg inequality, we have

CIIP ”V ||L2(Q)

P P
2 > || N+ + £02
<CoPAVV I, VIR, + VI )

for all ¢ € (0, T,,,,) with a constant Cy, > O.
Using Young’s inequality again, there exists a positive constant Cy3 > 0 such that

CoPIVv? SRR IIVV

N+2
L2(Q) LI(Q) ) + C13P " ”V ”

2
||L2(Q) LY(Q)

for all t € (0, T},,4). Combining (3.51) with (3.50), we have

1 Py
2 P, N+2 211+, 112
Cllpkf g <2||VV ||L2(Q) + C]3P " ”V ”L'(Q) + C]2Pk”v 2 ”L'(Q)
Q

P
+ CuPY 22 |17

7”L‘(Q)

1 Py 2
<_ k
—2||VV 2 ||L2(Q)

1
EIIVV

1

WP
SE” v ||L2(Q)

||22(Q) + C14PkN+2V13—1
+CY Vv, forall 1€ (0, T,

where Cy4 > 0 and C;5 = max{1, C4)}2V*.
Then, substituting (3.52) into (3.49), we can obtain

Py f Vi< i Ve, forallt € (0, Thay)-
Q

Applying Lemma 2.5, we have

f P <max{f vk, Cls Vi 1} for all € (0, Tyax)-
Q

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)
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If fQ VP < fg vg" , for any k € N, we can take k — oo (see [20]), then there exists Cj¢ > 0 such that
IV(, Dll=@) < Ci6 forall 7 € (0, Tpax). (3.55)
If fQ vPe < CY V2| forall 1 € (0, T)uay), We have

P o ok 12
f" < CisVie
Q

ke 2(k=1) 1 /22

k+2(k—1)+22(k=2) y 23
O (3.56)

k .
ket 3, (j-1)2k7+1

<C "~ V2 forall 1 € (0, Tpay).
Since
k
k+ 3 (- 1) 2k
B0 _2 Dok 2 ks (3.57)
Py - 2k T2k - '

we have

VG, Dll ey < (CisVo)? forall k= 1, 1€ (0, Tan). (3.58)

Combining (3.58) with (3.55) and making k — oo in (3.58), there exists a constant Cy; =
max{Cjs, (Ci5Vy)?} such that

IV(, Dllzwy < Ci7 forallt € (0, T4y (3.59)

By the proof of Lemma 3.3, there exist C;g > 0 and A3 > 0 such that

1d
—— | Ww+(p- 1)‘[14"’_2|Vu|2 +fu1’
pdt Jo o o
=x(p - 1)fu”_1(1 +u)~ ' VwVu + f WA+ 1 =™ + av)
Q Q
<x(p- 1)fup_1(1 + 1) VW Vul + (A5 + l)fu” — f ubtn-l
Q o o
<Cix(p-1) f W+ w) 7 \Vul+ A5+ 1D f uP (3.60)
Q Q

:Clg)((p—l)thPZZIVqug(1+u)’_l+(/l3+l)fu”
Q Q

1
<L fup_2|Vu|2+C19pfup(l+u2’_2)+(/13+1)fup
2 Q Q Q

-1
<L f uP~2\Vul* + Cyop f w2 4 Coop f u? for all t € (0, Tpuy),
2 Q Q Q
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which implies that

(3.61)

1 -1

—ifuu(p )f P2|Vu|2+fuﬂ

pdt Jo Q Q
I}

<Ciop | u’* 2+ Cyp f u” forallt € (0, T,ur).
Q

Below, we focus solely on the scenario where u > 1, as the case for 0 < u < 1 is analogous and less
complex. When r < 1, there exists a constant C»; > Oindependent of p such that

1d -1
—— up+(p—) f uP 2 |Vul* + f u’ < Cyp f u? forall t € (0, Tpax). (3.62)
pdt Jo 2 Q Q Q

Similarly, there exists a positive constant Cy; > 0 such that
llu(-, Dllzo) < Crp forall t € (0, Tyay). (3.63)

Otherwise, if r > 1, there is a constant C,3 > 0 such that

1d -1
— f u!’+M f w2\ Vul + f u? < Cyp f w72 for all t € (0, T pax)- (3.64)
pdl Q 2 Q Q Q
Let p = P; =2, U; = max{l, sup fQ } and
te(OTma\')

i > max{[log, 2Nr] + 1, [log, 4N(r — 1)] + 1},

1d Pi-1(,
f ul + —— f u" |Vl + f u" < CysP; f T (3.65)

for all r € (0, Tpax)- By using the Gagliardo-Nirenberg inequality, we have

Cos Piz f P22
Q

we have

2APj+2r-2)
2t 3.66
:C23Pi||u2 | 2AP+2r-2) (3.66)
L P Q)
) i WDy AP o ﬂ 2APj+2r-2)
<CouPA IV Il Mt )

NP; NP;
N-s5= — 5P Ay
for all ¢ € (0, T,pay), Where 6 = 21(1’2,2 D and 222 Ny Ny 2, Co4 > 0. Moreover,
2

Pi 1+5 Pi(2+N)
we have
p, APit2r-D) P_ 2Pi+2r-2) (1-6)
C24P ||V1/l ||L2(Q) || ”LI(Q) (3 67)
P;i(2+N) _ 2(Pj+2r=2)+2N(1-r) .
Pj 2N<1—r) S P;+2N(1-1)
< ||V1/t ||L2(Q) + CZSP,‘ ' ||I/t : ||L'(Q)+ forall 1 € (O’ Tmax)

with a constant C,5 > 0.
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Combining (3.66) and (3.67) with (3.65), we get

d P(P;—1 _ ,
—fu”f+—( )fup’ 2|Vu|2+P,-fuP’
dt Jo 2 Q Q

P P;(2+N) . 2(P;+2r-2)+2N(1-r) P 2(Pj+2r-2)
i P+2N(I-1) || = P;+2ZN(1-1) 20 S P;
SWVu g + CosP el g 7+ CaaPillu I g

Pi(2+N) 2AP+2r=2)+2N(1=r) _ 2APi+2r-2)
for all ¢t € (0, T),.), where PN < 2(2 + N) and PN > Tt
Define

_2(Pi+2r=2)—-2N(r—-1)
o P;—2N(r-1) '
We can easily obtain

2(P;+2r=2)+2N(1-r)

d , , B 2PN
_ I/tP’ + Pi I/tP’ < C26P.2(2+N)||u2 ” 1 P;+2N(1-7)
dt Jo o i L'(Q)

< C127(f u%)M’ = C;7(Ul~_1)Mi forall r € (0’ Tmax),
Q

where Cys > 0 and C»; = max{1, C»}2***M are independent of P;.
Employing Lemma 2.5, we have

fup" < max {f uy’, Cé7(Ui—l)Mi} for all ¢ € (0, Tax)-
o o

If fQ uli < fQ ug", for any i € N, we take i — oo, there is a constant C»g > 0 such that

lluC:, DllLo) < Cos forall 7 € (0, Ta).

Otherwise, if fQ u"' < Ci,(Ui)™:, using the similar method as in (3.56), we have

i+ X G- My I M
P; j=q+2 k=j ot
jg;u < C27/ q j (Uq)k g+1

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

for all i > max{[log, 2Nr] + 1, [log, 4N(r — 1)] + 1, q + 2}, where g = [log,(1 + 2N(r — 1))] + 1, and

M, = 2(1 + &) satisfies
_(N+2)(r-1) < Cy

P +2N(1—r) T 2k
for all £ > [log,(1 + 2N(r — 1))] + 1 with constant Cy9 > 0.
Due to In(1 + x) < x(x > 0), there is a constant C3, > 0 such that

Ex

1_[ M, :2i+1‘fexp{z In(1 + &)}
k=j k=j

SZ”I_jexp{Z g}

k=)
SZ”l_jexp{C30}

(3.73)
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for all i > max {[log, 2Nr] + 1,[log, 4N(r — )] + 1,qg+ 2} and j € {g+ 2, - -, i}.
We obtain

i+ 3 G-1) HMk i+ Y (- 12 exp(Cs)

Jj=q+2 . < J=q+2 :
2i 2
J
<_ + 2exp{Co) Z 5 (3.74)
=q+
<1 +2exp{Cso} - (2 ! )
—_ X . —_—_ - —
=5 P1C30 ) 722
_4exp{Cs} + 1
h 2
as well as .
M
k=l;£1 ¢ exp{Cso}
2i 2
Then we have
4CXPicspirt EXPrcsy!
. Dliriey < €y 7 (W) = forall 1€ (0. ). G-73)
Taking i — oo, we have
lluC, Ollzoi < C31 for all £ € (0, Truan), (3.76)
4CXPicyi+ €XPicsp!
where C3; = max {sz, Cx,Cyy 2 (Uq)z}'
This completes the proof of Lemma 3.4. 0

Remark 3.1. To establish the L™ estimates for u and v, one may also reference the relevant general
results from the works of Tao and Winkler [20] and Tang et al. [24].

The proof of Theorem 1.1. By applying the extensibility criterion in Lemma 2.1 and combining it with
the estimates from Lemmas 3.1-3.4, it can be concluded that 7,,,, = co. Consequently, the classical
solution (u, v, w, ) to the model defined by (1.1)—(1.4) exists globally in time and remains bounded. O
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