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Abstract: Let G be a finite simple directed graph with n vertices, and let I" be a finite abelian group
of order n. A I'-distance magic labeling is a bijection ¢ : V(E)) — I" for which there exists ¢ € I" such

that ) en+ ) 9O) = 2yen- ¢(¥) = ¢ for any x € V(E)), where N*(x) and N™(x) denote the set of the
head and the tail of x, respectively. In this paper, we obtain a necessary and sufficient condition for that
there exists a I'-distance magic labeling for the Cartesian products of two directed cycles.
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1. Introduction

Let G = (V, E) be a finite undirected simple graph anda) = (V(a), E (8)) be a finite directed graph.
Ifx,ye V(E)) and there exists an arrow from x into y, then x is called a head of y and y is called a tail
of x. Let N*(x) and N~ (x) denote the set of the head and the tail of x, respectively. The neighborhood
N(x) of a vertex x € V(G) consists of the vertices adjacent to x.

Let G, G, be two graphs, and let (71) , (72) be two directed graphs. The Cartesian product G;0G; is
the graph with vertex set V(G;) X V(G»), and two vertices (g1, i) and (g, hy) are adjacent in G,0G,
if and only if gy = g, and h; is adjacent to h, in G,, or h; = hy and g; is adjacent to g, in G;.
Similarly, the Cartesian product 51) Elaz) is the directed graph with vertex set V((?l) ) X V((T;) and there
is a directed arrow from (g, h;) to (g2, ;) in 51)55; if and only if g; = g, and }Th; € E(gz)), or
hy = h, and gl_gz> € E(a ). Let C, and C—‘)n denote the cycle of length n and directed cycle of length
n > 3, respectively.

The concept of group distance magic labeling of undirected graphs was introduced by Froncek
in [1]. Let I" be an abelian group and let ¢ : V — I' be a mapping. We call w(v) := . oy ¢(x) the
weight of v with respect to ¢ for any v € V. Then, ¢ is called a I'-distance magic labeling if and only if
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@ is bijective and the weight is independent of the choice of v. The unique weight is called the magic
constant of the magic labeling. A graph G is called I'-distance magic if there exists a I'-distance magic
labeling of G.

Froncek [1] showed that C,,0C,, s Z,,,-distance magic if and only if 2 | mn for any integers m,n > 3,
and he asked for the full characterization full characterization of abelian groups I' such that C,,0C, is
I'-distance magic. Cichacz et al. [2] answered the above question for the case that m = n. Recently, we
generalized the idea and determined all abelian groups I" such that C,,0C, admits a I'-distance magic
labeling for any m,n > 3 in [3]. The result is stated as follows.

Theorem 1.1 ( [3]). Let m,n > 2 be integers and let I" be an abelian group of order mn. Then,
C,,0C,, admits a I'-distance magic labeling if and only if 2 | mn and z—fll | exp('), where | = lcm[m, n],
d = gcd(m, n) and

d, 24d
di=1{% 2|d4td .
¢ 4ld

This type of labeling was generalized to the directed graph G = (V(g), E(g)) in [4]. Suppose
@: V(_G>) — ["is amap. Forany v € V(E)), we call w(v) := Y enr) O) — 2yen-) () the weight of
v with respect to ¢. Then, ¢ is called a I'-distance magic labeling of G if and only if ¢ is bijective and
there exists ¢ € I" such that w(v) = ¢ for any v € V(g). The constant c is called the magic constant of

the labeling ¢. It was shown that E_)mma is Z,,-distance magic in [4] .

Many people study the group magic labeling of directed graph, which included the directed
antiprism, lexicographic product of graphs, Cartesian product of graphs, and complete multipartite
graphs, see [5-7]. In this paper, we focus on the group distance magic labeling on the Cartesian

. — = . . . — =
product of two directed cycles C,,0C,. We give a necessary and sufficient condition for that C,,0C,
admits a group distance magic labeling. This is another version of Theorem 1.1.

The present paper is organized as follows. In Section 2, we obtain some necessary conditions for

a group magic labeling of C_‘)mEIC_‘:, to be I'-distance magic. We present and prove the main result in
Section 3.

2. Necessity

In the remainder of this paper, we fix two integers m,n > 3 and let [ = lcm[m, n] and d = gcd(m, n).

- =
Let I' denote an abelian group of order mn. For convenience, we identity the vertices set of C,,0C, as
the set of the equivalent classes on Z X Z defined by

(x1,y)R(x2, ) © x; =y; (mod m), x, =y, (mod n).

There is a directed edge from (i, j)g to (i’, j/)x if and only if either i = i/ (mod m) and j — j = 1
(mod n), or j = j (mod m)and 7 —i = 1 (mod m). Let D* = {(i, )g € V(CLOC,) : j—i = s (mod d)}
for s = 0,1,...,d — 1. We have a partition of V(E‘:,Da) = U1D?, and we call D°, D', ..., D! the
diagonals of C_',:,DC_’),Z.

We need the following basic fact, see [8].
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Lemma 2.1. Let n;, a; be integers, i = 1,2. The following system of congruence equations

{ x=a, (mod n;)

x=a, (modny)’
is solvable if and only if gcd(ny, n,) | a1 — a,.
Lemma 2.2. Let k be the minimal positive integer such that the following congruence equation

!

—2k (mod m)
2k (mod n)

has a solution ty. Then,
d-ged2,D), 24d

gcd(ty, ) = d, 2|d,4+1d .
d
4 4)d
Proof. If 2 1 d, then k = d and
th = —-2d (mod m)
th= 2d (mod n).

Without loss of generality, we may assume that 2 { n. So, gcd(%’, ) = ged(-2,%) = ged(2,1) and
ged(, ) = ged(2, %) = 1. Hence,

1,
ged(ty, 1) = d ged(2, 2

7 ﬁ) =dged(2,1).

Ifd =2 (mod 4), then k = %. So, ged(ty, 1) = dgcd(’g", ’;%1) =d.

If 4 | d, then k = ¢ and ged(to, 1) = 4 ged(2, 22 = £. This finishes the proof. O
Suppose m = []._, p;" and n = [];_, pf" are the prime factorizations of m and n. Define f(m,n) :=
[1-, p}, where

max{s;, s;}, s # 1
u; = .
l 0, si=¢

The following lemma gives many information about the labeling of the diagonals and the magic

constant for a group magic labeling of C_‘,;DC_‘;. Recall that the order of an element x of a finite abelian
group, which is denoted by o(x), is equal to the minimal positive integer k such that kx = 0.

Lemma 2.3. Suppose that ¢ : V(E’Zma) — I is a I'-distance magic labeling with magic constant c.
Let x;; = o((i, j)r) and a;j = X;j — Xis1 j+1 for any integer i, j. Let

d-ged2,D), 24d
d = d, 2|d,4+d .
4 4|d
Then,
(1) d’ is a period of the sequence {a;x jsi )y

o0

(2) {Xiskar, jrkar Y 1o 1S an arithmetic sequence of common difference h;j, whose order is equal to L

d’ ;
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B) If (G, ))gr and (i', ' )x are in the same diagonal ofE'_)mDC—':,, then h;j = hy j;

(4) The set of the labeling on the diagonal which contained (i, j)g is a union of d’ cosets of the cyclic
group generated by h;;;

5)If2 11 then o(c) =1;

(6)If2 | land 4 t d, then f(1, L) | o(c) | 4.

2072

Proof. (1) By hypothesis, we have
w((i, J)R) = Xi—1,j — Xij+1 + Xijo1 — Xis1,j = Qj1,j + Qi j—1 = C,

for any i, j. Replacing i, j by i+1, j—1 respectively in the above equation, we obtain a;_» j.1 +a;-1j = ¢,
and thus a;_;; = a1 ;. It follows that a;; = a;_y j+ox for any integers i, j, k. By Lemma 2.2, there
exist integers k and ¢, such that
to = -2k (mod m)
{ to= 2k (modn) °

and ged(1,[) = d’. We obtain a;; = a;_ok jsok = Gitey,j+1,- Since both [ and £y are periods of {a; s, jii};e s
it follows that d” = ged(#y, 1) is also a period of {a  jii}ie-
(2) Now, for any i, j, k, we have

d'-1

Xiskd' jkd — Xit(er Dd', j+ (et 1)d’ Z(xi+kd/+r, jrkd'+r = Xidkd' +r+1,j+kd +r+1)
r=0
d-1
= Z Qirkd +r, j+kd +r
r=0
d-1
= Z Aty j+r
r=0
= X~ Xivd' j+d -
1
7—1 . . . . i’ _ . .
Thus, {Xj:xar,jrkar 3, 1S an arithmetic sequence of common difference h;; = — Zfzol Qjsr,jsr- SINCE @ 18
a bijection, Xiixg jwkar = Xij + kh;j = x;; if and only if [ | kd’. It follows that éhi ;= 0 and rh;; # 0 for
any positive integer r < d—l,. So, o(h;j) = d—l,.
(3) Assume that i" = i+ ¢ (mod m) and j/ = j + t (mod n) for some integers t. By (1), the sum

of any consecutive d’ terms in the sequence {a;. j+« )i, are equal. Combining this with the discussion
in (2), we have

d-1 d—-1
hi’,j' == Z Aittrrjter = — Z Aivrj+r = h,‘j.
r=0 r=0
(4) By (1) and (2), we have
d' -1 /
{xi+t,j+t 0<t<1-1} = {xi+r+kd’,j+r+kd’ :0<k< E}

r=0
d' -1

[
= {x,-+r,j+r+khl-j:0£k< E}

<
Il
(=]
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d'-1
= U(Xi+r,j+r+ < hjj >).
r=0
This proves (4).
(5) Since 2 ¢ I, we have d’ = d. Recall that a;_ j.1 = a;_1_x j+1+2 fOr any i, j, k. Setting k = %,

one has
Ai-1,j+1 = Qi—d,j+d-

Let ¢ satisfy that

t= —d (mod m)
t= d (mod n).

Then, d divides ¢, and we obtain that a;_y j+1 = @i—gjsa = Qissjre = a;j by (1). It follows that 2a;; =

ai-1,j+1 + a;; = c. Therefore, we deduce that 2a;; = 2a;; = c for any i, j, 7', j. Since 2 + mn = |['], one

has a;; = ay ; = a. Thus, the sequence {x;., j+k}§(‘:10 is an arithmetic sequence of common difference —a

with pairwise distinct terms. So, the order of —a is exactly /, and o(c) = 0(2a) = % =o(a) = I.
(6) We have d’ =2 (mod 4) in this case. So,

Bictjl = im0 2 jriso. 82 = Qi d jyd
Let ¢ satisfy that

r= £ (mod n).

{ t= —% (mod m)
2

Since 2 | [ and % is odd, at least one of m,n is even and ¢ is odd. There exists r € Z such that
t= %(21’ +1). So, we have a;_y j+1 = Qjts jur = Aid ot by (1). Hence,

ij+ Qg o = Qi+ aiy g = w(i, j+ 1) = c.
Hence,
d-1
Xij = Xigd jrar = Z(xi+k, j+k = Xitks1,j+k+1)
%=0
d-1
= Zai+k,j+k
k=0
7_1
= Z(ai+k,j+k + ai+k+d7',j+k+%)
=0
d/
= —c.
2
Combining with (2), we obtain ¢ = £ - $¢ = ©(=h;;) = 0, and thus o(c) | . Suppose £ = []L, p!,
% = [1i, p/", and o(c) = []i, p;" are the prime factorizations of é, %, and o(c). Since o(%c) =
gcd((;((i-)) Ty = £ = I, pi™", we obtain u; — min{s;,u;} = t; — s;. It implies that u; = 1, if ; > ;.
)
Therefore, f(%,%) | o(c). O
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3. Main result

In this section, we present and prove the main result of this paper. We begin with two useful lemmas.

Lemma 3.1 ( [3]). Let B be a subgroup of an abelian group I such that Ilgll = 2k. Then, there exist
x,Viocel,i=0,1,...,k— 1 such that x; + y; = c and

k-1 k—1
= Joi+ By | Joi+ By,
i=0 i=0

We need the following lemma in the construction of magic labeling in our main result.

Lemma 3.2. Let H be an abelian group. Suppose |H| = [ is even and d is an odd divisor of . Suppose

c € Hand f(é,d) | o(c) | % Then we can arrange the elements in H as a sequence 2,21, ...,2-1
such that

Zi = Zis1 t Zivd — Zivd+1 = C
for all i, where the subscripts are calculated modulo L.

Proof. Let C =< ¢ > and B =< dc >=< d;c > be the cyclic group generated by ¢ and dc, where
dy = ged(o(c), d). We first compute |B| = o(dc). Letl = 2™ - ]—[f-‘:1 pi"andd = ]—[f-‘:1 P}’ be the prime

factorization of / and d, where p; > 3, m; > n; fori € {1,2,...,t},andm; = n;fori e {t+1,t+2,...,k}.
Then, f(4,d) = 2™~ [Ti_, p". Since f(1,d) | o(c) | i, we may assume that o(c) = 2™~ [, pi',
where s; = m; fori € {1,2,...,t} and s; < m; for i > ¢. It follows that
o(c)
dc) = ————
O = e, d
~ zmo—l Hf:l p;z
- Hl'c—l pmin{si,ni}

k

— 2m0—1 1—[ pji—min{shni}
i=1
t

— 2m0—1 np;ﬂi—ni — é
i=1

2d
We obtain llgll j" By Lemma 3.1, there exists xo, X1, . . S TRE b € H such that H = Udl0 (x;+C),

and x; + x;, 4= = b for each i calculated modulo Comblnlng thls with that C = U Lo ( jc+ B), we have

2d1

-1y
1 1—
H= U(x,+C) UU(x,+]c+B)
i=0 j=0
We first claim that there exist integers f#o,f; such that such that #, + #{ = < and

dy
ged(ty, dy) = ged(y,dy) = 1.

Electronic Research Archive Volume 33, Issue 6, 4014-4026.
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Letd, = [1;-, p{’ be the prime factorization of d;. Suppose % = y; (mod p;’) where 0 <y; < pi'—1.
Let
(Lyi=1, pityi—1
Ui, vi) =
(1) { @yi-2). pilyi- 1.

By the Chinese Remainder Theorem, there exist 7y, ¢ such that ) = u; (mod p;) and ¢ = v; (mod p;).
Since ty + g = y; = % (mod pf"), we have d; | % — tp — g, and there exists an integer k such that
kd, = % —to—q. Lett;, = g + kd,. Then, di. =ty + t; and ged(ty, p;) = ged(ty, pi) = 1.

Now we define a sequence z; for any integer i as follows. Write

d d
i=2qd+k—+5, 0<k<2d,0<s5<—. 3.1
dl dl

Then, by the division algorithm, we set

X;+(qgd + s+ kty)e, 2|k,0<k<d
) x+@d s+ k—ddwe, 21kd <k<2d, 32)
4= xi+(qd+kt)e, 21k0<k<d, '

xi+(qd + (k—d)ty)e, 24kd <k<2d

Recall that the subscript of x! is calculated modulo 2—611. We see that i — z; is well-defined and / is a
period of {z;},cz. For i given in the form (3.1), we have

. 2qd+(k+d1)%+s, 0<k<d
T 2g+ D+ h—dnL + s, dy <k <24,

Hence,
Xizqg + (C[d +kti)e, 2|1k 0<k<d
Xizg + (g + Dd + (k—d)t)e, 2|k, dy <k<2d
Xirg + (qd + s+ kty)e, 24k, 0<k<d
Xiza + (@ + Dd+ s+ (k—d)ty)e, 24k, d) <k <2d

(3.3)

Zi+d =

Combining (3.2) and (3.3), we obtain that

d
Zi+Zi+d:b+(2qd+kd—+s)czb+ic,
1

for any i. Therefore,

Zi = Zi+1 t Zi+d — Zi+d+1 = —C.

Replacing z; by —z;, we may assume that z; — z;y1 + Zivg — Ziva+1 = C-
It remains to show that H = {z; : 0 < i < [}.
We claim that:
(i) {ziv2ja 1 0 < j< 5} =z + Bisacoset of Bfori =0,1,...,2d - 1;

(ii)Xl-:{ij% :Osj<lzd—;}:xi+Cisacoset0foori:0,1,...,d—1—

Indeed, we have z;.2,s — z; = jdc by (3.2) for any j. It follows that {z;42j4 : 0 < j < z_ld} ={z; + jdc :
0 < j < 5} = z + B. This proves (i).

2d
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For j; € {0, 1,... ldy _ }, write j; = rd; + j, where 0 < r < 0 < j < d;. By (i) of the claim, we

2d’
ld, _ I
{Zl+]1 O<]1 <—} = {Zi+(rd1+j)% .031’<g,03]<d1}
di i
= JL:JO{Zi+j[21‘IJ+2dr 0<r< g}

di—1
=0

The proof of (ii) is divided into two cases.
If0<i< %, by (3.2), we obtain that

3 xi+ (i +2jtg)e, 0<j< d‘“
G T w4 Q) - die, A< j<d,
Hence, {HJ 0<j<d}={x;+({+ jto)c:0< j<d}and
di—1 di—1
Xi = | @z +B) = @i+ (i + jro)e + B. (3.4)
1
=0 =0

If £ <i< 2 theni+ j2l = (2j+ 1) + (i — ). By (3.2) again, we deduce that

_ X+ (2j+ Dhe, 0<j< 2t
i T\ w1 —dne, < j<d,

In this case, we have {ij(sz :0<j<d}={x;+ jtic:0< j<d}and
1

dl—l dl_1
X, = U(ZH]&T‘{ + B) = U(x,- + jtic + B). (3.5)
1
j=0 Jj=0

Note that both {i + jtp : 0 < j < d; — 1} and {j#; : 0 < j < d,} are complete systems of residues
modulo d; since gcd(ty,d;) = ged(ty,d;) = 1. Recall that C =< ¢ > and B =< d;c >. So,

di—1 di—1 di—-1
C=|Jie+B =i+ jwye+B = Jinc+B). (3.6)

J=0 J=0 J=0

Coming with (3.4), (3.5), and (3.6), we obtain that

di-1
X; = U(xi+jc+B):xi+C
Jj=0
fori —0,1,...,d——
2 2
Finally, {z; : 0 <i< [} = dz‘o X; = Ul.d:lO (x; + C) = H. The proof is finished. |
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Theorem 3.3. E‘ZDC—’; is I'-distance magic if and only if I, | exp(I'), where

4 4\d
- fdd), 211, 4+1d2]|L .
f,d), l=d=2 (mod4)
I, 241
Proof. Let
d-ged2,D), 2+td
d = d, d=2 (mod4) .
4 4|d

It is straightforward to verify that

f(i {):{ Lfa.d), 211, 41d,21%
2’2 fl,d), 1=d=2 (mod 4).

So, the necessity follows from (2), (5), and (6) of Lemma 2.3.

Let H be a subgroup of I' with order /, and let V = V(C_')mDC_)',,). We have the following claim.

Claim 1: Suppose there exists a labeling ¢ : V — H with the following properties.

(i) The restriction i/|ps is a bijection for s =0, 1,...,d — 1;

(if) There exists ¢ € H such that the weight of any vertex with respect to  is c.

Then, there exists a I'-distance magic labeling of (_?_)mlja with magic constant c.

Proof of the Claim 1: Since % = d, there exist by, by, ..., b, € I such that T’ = UL (b; + H). We
definep : V— I' by

@((Q, Nr) = ¢((, D) + by, (0, )r € D"

Then, ¢ is a bijection by (i), and

(i =1, pr) =@, j+ Dr) + @i, j = Dg) = @G + 1, j)r)
=y =1, Dr) —¥((, j+ Dr) + ¥(Gj— Dr) = (i + 1, )r) = c.

Claim 2: Wehave D* = {(i,i + s)g : 0 <i < [}. Letv = (i,i + s)g € D°. Then,

(H Ifl<s<d-2,then N"(v) ={(i—1,i+ $)g, (I,i + 5 — Dg};

(2) If s =0,then N*(v) = {(i — 1,D)g, (i + ko, i + ko +d — 1)g};

B) Ifs=d-1,then N*(v) ={(i—ko—1,i —ko — Dg, (i,i +d — 2)g};

where m | kg and ky = —d (mod n).

Proof of the Claim 2: (1) is obvious. If s = 0, then N*(v) = {(i — 1,i)g, (i,i — 1)g}. By the choice
of ky, we see that

i=i+ky (mod m)
{ i—-1l=i+ky+d-1=-d (modn)

So, (i,i — 1)g = (i + ko, i + ko + d — 1)g. The proof of (3) is similar.

We divide the proof into three cases.

Case 1: If 2 ¥ [, then [ | exp(I'). Let h € I" with order /, and let H be the cyclic subgroup of I
generated by h. We label the (i,7 + s)g = X, 4, := th for (i,i + s)g € D’. It is straightforward to check
that this labeling satisfies the conditions in Claim 1.
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. Let H be a subgroup of

Case 2: 4| d. Since % | exp(I), there exists an element 1 € I" with order

I" such that |[H| = [ and h € H. Suppose H = U2 0 (zj+ < h >). We first label Dz‘ by

(A, 14+ 28)p = Xji25 := (=1)'(z, + qh),

where 0 < 5 < %l,i+s:q§+r,0$r< g.
For (i, j)g € D***!, we label (i, j)z by x; i := X j-1, which is a translation of the labeling on D*

It is straightforward to verify that

(_I)S(Zr - Zr+1), 0 <r< [51 -1
-1

L,i+2s i+1,i+2s+1 { (_l)s(Z%_l - 20— h), r =

I\)IQ..

Now we compute the weight of v = (i,i + 2s + 1) € D***! with respect to the labeling. Suppose

i+s-q2+r0<r<—
If s <42 then (i—1,i+2s+ Dg,(i,i + 25+ 2)g € D> and (i,i + 28)g, (i + 1,i + 25 + 1)g € D*.

Then,

W(V) = Xi 112501 — Xiir2s+2 t Xiir2s — Xitlis2s+1
DG = 2) + (DG = 2e), 0r<d-1 _
(- 1)S+1(Zd1—Z0—h)+( D*(za_y =20 = h), r—‘—é—l -
If s = %, then N*(v) ={(i—ko— 1,i — ko — Dg, (i,i + d — 2)g} by (3) of Claim 2, where m | ky and
ko = —d (mod n). So, N~(v) = {(i — ko, i — kg)g, (i + 1,1 + d — 1)g}. In this case, we have

0<r< %l—l
1

r — Zr+ls
d
2

Firko=Lizko=t = dickod=ho = { Za—20—h 1=
€ __ 9
2

Hence,
W(V) = Xicko-l,iko-1 — xi—ko ik T Xiitd—2 = Xisvira—1 = 0
Case 3:2|land 4 1 d. Note that [; = f(z, =) | exp(I') and d is odd. Fix an element ¢ € I" such that
f( , ) | o(c) | L. There exists a subgroup H of I with order l containing c. By Lemma 3.2, we can

order the elements in H as a sequences zo, Z1, - - - » ;-1 such that
(3.7

Zi =%+ Zi+“’7' - Zi+%+1 =6

where the subscript is calculated modulo /.

It is easy to deduce that
i T Zinl F ke T Lvken L =€ (3.8)

from (3.7).
We divide the remains of the proof of Case 3 into two subcases. Without loss of generality we may

assume that 2 | m.
Subcase 3.1: 2 | d and d = d’. We label D* by

Zirs@+1), 218 0<i<[—1
Lir(sd)(d+1) 24 -

(i,i+s)7gl—>{
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It is clear that the labeling satisfies (i) of Claim 1. Note that the labeling on D* for odd s is a
translation of the labeling of D’ for even s. So, we only need to compute the weight of the vertices
on D2s+l .

Letv = (i,i + 25+ 1)g € D**1. If s < 3, then

w(v) = Livs(L 1) T Lins(Lanel T ZivgsayLas ™ Lin(se)Laser = €

by Eq (3.7) and the definition of the labeling.

If s = ‘12;3 andv = (i,i+d — l)g, then N*(v) = {(i — ko — 1,i — ko — D)g, (i,i + d — 2)g} by (3) of
Claim 2.

Note that (i,i + d — 2)g Zipd2 (4, and (i — ko — 1,i — ko — 1)g = Z;_,—1. Recalling that 2 | m and

m | ky, we obtain
d-2d d’
T(§+1)+k0+15 > (mod m),

and thus £2(£ + 1) + ko + 1 is an odd multiple of £. By Eq (3.8), we have
W(V) = 2 d20d 1) = Zipd2(dypyer T+ Zicko-1  Zicky = C-
Subcase 3.2: 2 1 d and d' = 2d. We label D’ in the following way. Set

Zirs@+1), 218 0<i<[—1

(i,i+s)7gl—>{

Zir(s)(d+1)? 24

By the same discussion as in subcase 3.1, the weight of each vertex with respect to the labeling in D’
isalsoc, for j=1,2,...,d — 2. We only write the details for j = 0,d — 1.

Letvy = (i,i) € D and v, = (i,i+d—1) € D"'. By Claim 2, N*(v) = {(i— 1, i)g, (i+ko, i+ko+d—1)g}
and N*(v) = {(i—ko—1, i—ko—1)g, (i, i+d—2)g}, where m | ko and ky = —d (mod n). By the construction
of the labeling, we have

W(VO) = Zi_1+(d+21)2 - Zi+(‘”2”2 + Zl-+k0+(d—l)2(d+l) — Zl-+k0+1+(d—1)2(d+1) s

and
w(vy) = Zi—kg—1 — Zi-ky T Zi+(d-1)d+1) — Zi+1+(d-1)(d+1)-

By a simple computation, we see that

2 —
@+ @=DEHD e od .

and
nm=d-Dd+1)+ky+1 = d> (mod m).

Since 2 | m and 2 | d, both ny and n; are odd multiples of d = % We get
w(vg) = w(vy) = ¢
from (3.8).
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Forv = (i,i) € D°, we have (i — 1,i) — Zi 1445l (gs1) and (i,i—- 1) =(G-ky—1,i—kg+d-2) —
Zicky- 145 @41 Again, we observe that

d+1 d-1
(i—l+%(d+l))—(i—k0—l+T(d+1)):ko+d+1

is an odd multiple of d. Hence, the weight of v is also ¢ by Claim 2.

Finally, we construct the labeling satisfied Claim 1 in Cases 1-3. So, mea is I'-distance magic.
The proof is complete. O

4. Final remark

It is natural to study the same problem on the Cartesian product of several cycles. But, it seems
hard to obtain a full characterization for the existence of the group distance magic labeling product on
Cartesian product of several cycles. However, we can prove an analogous result to Theorem 2.1 in [2],
which describes a relation between the labeling of two graphs G, G, and the labeling of their Cartesian
product G;0G,. This is a sufficient condition.

We say the a directed graphg is locally regular if [N*(x)| = [N~ (x)| for any x € V(g).

Theorem 4.1. Let (_}'), be directed graphs and let I'; be abelian groups, i = 1,2. Suppose both (71) and
— - =
G, are locally regular and G; is I';-distance magic. Then, G,0G, is I'} @ I';-distance magic.

Proof. Let ¢; : V((_7>,-) — I; be the I';-distance magic labeling with magic constant ¢;, i = 1,2.
For convenience, we identity I'; as the subgroup {(x,0) : x € I';} and identity I'; as the subgroup
{(0,y) : y eI} of I'y & I',. Define the labeling ¢ : V(aDC_};) — I @175, as:

@((x, ) = @1(x) + 2(y).

It is clear that ¢ is bijective. For any v = (x,y) € V(C_;: m(?ﬁ), we have

W) = > e = > ew)

WEN+(v) weN~—(v)
= [ D @@+@0N+ ) @)+ @)
ZEN*(x) EN*(y)
- [, @@+eM+ D @)+ @)
ZEN~ (%) ZEN(y)
= [D, e@- D, a@l+[ D 1@~ > ¢
ZEN*(x) 2EN-(x) ZEN*(y) 2EN-(y)
+ (NI = IN" D1 (x) + (INT ()] = IN"(xX)Dep2(y)
= ]+
Hence, G,0G; admits a I'y @ I';-distance magic labeling. O
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