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Abstract: In this paper, we analyze, from the numerical point of view, a new thermoelastic problem
involving the so-called Bresse system. The heat conduction is modeled by using the Maxwell-Cattaneo
law, which is of hyperbolic type. An existence and uniqueness result and an energy decay property
are recalled. Then, fully discrete approximations are introduced by using the finite element method
and the implicit Euler scheme. First, we prove that the discrete solution is stable, and secondly, we
provide an a priori error analysis. This allows us to conclude the linear convergence under suitable
additional regularity on the continuous solution. Finally, numerical results are presented to demonstrate
the convergence of the scheme and the behavior of the discrete energy.
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1. Introduction

The study of the so-called Bresse system (introduced by J. A. C. Bresse in 1856 (see [1])), and also
known as the circular arch problem, includes the mechanical deformation of beams with natural length
€. This problem can be considered as a generalization of the well-known Timoshenko problem, which is
obtained in the particular case where the longitudinal displacement is not modeled and supposing zero
initial curvature.

If we denote by ¢, ¥ and w the vertical displacement, the rotation angle of the cross-section and
the horizontal displacement, respectively, the corresponding system of equations is written as (see, for
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details, the derivation provided in [2])

P10y — k(o + ¥ + ), — Iko(w, — lp) = 0,
P2 — by + k(@ + ¥ + Iw),
oWy — koW, — lp), + Ik(px + & +Iw) =0,

where p; and p, are the mass density and the moment of mass inertia of the beam, « is the shear
modulus of elasticity, / is the initial curvature, k) = Eh, where E is the Young’s modulus and 4 is the
cross-sectional area, and b stands for the rigidity coefficient of the cross section.

There is a large number of papers dealing with different issues involving this Bresse system. In
this way, just as a few examples, we can recall the work of Ma and Nunes [3], where the limit case
corresponding to a zero arch curvature (i.e., the Timoshenko system) and the long-time dynamics are
shown, the work of Baibeche et al. [4], who introduced the microtemperatures effect with a delay term
on a boundary condition, the work of Li et al. [5], who studied the asymptotic behavior of this system
with mass diffusion, the work of Muifioz-Rivera and Nunes [6], where the pointwise stabilization on an
interior point is assumed to prove the exponential stability, the work of Copetti et al. [7], where a contact
problem with the viscoelastic Bresse system is mathematically studied, the work of Bazarra et al. [8],
where the so-called dual-phase-lag model is incorporated into the heat conduction, the works of Afilal
et al. [9, 10], where the second sound effect is also incorporated, and the work of Suzuki and Ueda [11],
where the dissipation of a thermoelastic Bresse system is studied with different damping effects. We
also recall the works of Alabau Boussouira et al. [12], where the lack of exponential stability is proved
if the velocities of wave propagation are not the same, and the work of Almeida Junior [13], where the
locking phenomenon on the shear force is considered for the Timoshenko equation. Moreover, we could
cite the recent numerical works of Wang et al. [14] and Yang et al. [15] for the study of some related
fourth-order problems.

In this paper, we want to continue the contributions [16, 17], studying a numerical approximation
of the thermoelastic Bresse system by using the heat conduction model proposed by Maxwell and
Cattaneo [18], where a relaxation parameter is introduced into the constitutive equations to be compatible
with the causality principle and to overcome the instantaneous propagation of thermal waves [19].

Let us denote by (0, ¢) the interval occupied by the curved thermoelastic beam of length ¢ > 0, and
let x € [0,¢] and ¢ € [0, T] be the spatial and time variables, respectively, where 7 > 0 denotes the final
time.

The linearized version of the Bresse-Maxwell system by using the hyperbolic heat conduction
proposed by Cattaneo is written as follows in (0, £) X (0, T) (see [16,17,20]):

P1$u — K(px + ¥ +Iw) — lko(w, = lp) + Iy = 0,

prtt - wax + K((px + '70 + lW) + 7ﬂx =0,

P1Wy — KoWy — 1), + Ik(py + ¥ + Iw) + vE, = 0,

p3ﬂt +Px+ W = 0, (11)
swop; + p+ @i, =0,

P3& + g +y(wy —lp) =0,

Twq; +q+ wé, =0,

where now 1 is the temperature deviation from a fixed reference temperature in the vertical direction, &
is the temperature deviation from a fixed reference temperature in a horizontal direction, p denotes the
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vertical heat flux, and g stands for the horizontal heat flux. The new coeficients vy, ¢, @, and p; account
for the physical properties of the beam, and 7 represents the delay parameter.
As it is pointed out in [16], these coefficients satisfy the constraints:

b
A N

Ko ,
P2 P1

This system (1.1) is complemented with the following boundary conditions:
oX, ) =YX, ) =w(X, ) =X, 1) =X, 1) =0 (1.2)

for X = 0, £, and the initial conditions:

e(x,0) = "(x),  @(x,0) = ¢"(x), Y(x,0) =y ), Pi(x,0)=7"(x), wx,0)=w’(x),
wi(x,0) = (x),  9(x,0) =9°(x), p(x,0)=p°x), &x,0)=EW), q(x,0)=q"x)

fora.e. x € (0, ).
The following existence and uniqueness result was proved in [17].

(1.3)

Theorem 1. The operator that generates the solutions to problem (1.1)—(1.3) is the infinitesimal
generator of a C°-semigroup of contractions in a suitable Hilbert space. Therefore, problem (1.1)—(1.3)
has a unique solution with the regularity:

@, ¥, we C'([0,T1; Hy(0, ) N C([0, T1; H*(0, ),
P, q € C'(10,T1; L*(0, ) N C([0, T1; H' (0, £)),
9, & € C'([0, T1; LX(0, €)) N C([0, T1; HA(0, £)).

Moreover, even if the stability of the solutions to problem (1.1)—(1.3) has been discussed by some
authors, we recall the recent result obtained in [16].

Theorem 2. Let us define the stability numbers:
K
X¢ = (§P3 - &)(b - ﬂ) +7%6, Xe= (TP3 - &)(Ko - k) +7’T.
K 01 K

Therefore, the semigroup generated by the solutions to problem (1.1)—(1.3) is exponentially stable if and
only if x¢x+ = 0. On the contrary, it is (semiuniformly) polynomially stable with optimal decay rate V.

From [17], we observe that the energy norm given by

1
E@) = E(plllﬁat”iz + pallrell2 + prlwll7, + BT, + cligs + ¥ + W7, + Kollwx — Il
+o3(I9117 + 116117.) + sllpll7. + Tllqlliz)
is equivalent to the usual norm used in the analysis of these thermoelastic problems defined as
- 1
E@) = i(ll%lliz + llZs + 1willZ2 + Il + el + Wiz, + 19117, + 1617, + llpll7. + IICIIIiz)
whenever we assume the general condition /€ # nrx for all n € N.
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Now, we will derive the variational formulation of problem (1.1)—(1.3). Let us define the variational
spaces V = H(l)(O, ¢) and E = H'(0,¢), and denote by (-,-) the classical inner product in the space
Y = L*(0, ¢) with corresponding norm || - ||. Therefore, multiplying the equations of system (1.1) by
adequate test functions and taking into account the boundary conditions (1.2), we arrive at the following
weak formulation written in terms of the variables ¢ = ¢,, 7 = ¢, e = w;, 9, p, &, and q.

Find the vertical velocity ¢ : [0,7] — V, the rate of the rotation angle  : [0,T] — V, the
horizontal velocity e : [0, 7] — V, the vertical temperature ¢ : [0, T] — V, the horizontal temperature
¢ :10,T] — V, the vertical heat flux p : [0, T] — E, and the horizontal heat flux g : [0, T] — E such
that, for a.e. t € (0,7) and for all r,v,z,m,y €V, s, € E,

P1(@(1), 1) + k(p(1), 1) = K1), 1) = (K + KU (W (D), 1) + Pro(p(0), 1) + Ly(€(1), 1) = 0, (1.4)

P2(17:(0), V) + b1, vi) + k(px(2) + (D), v) + k(Y(2), v) + y(0.(1),v) = 0, (1.5)
p1(en), 2) + kWD), zx) + l(ko + K)(@x(1), 2) + Ik(W(D), 2) + Pr(w(t),2) + y(€x(1),2) = 0, (1.6)
p3(3:(1), m) + (p.(1),m) + y(n.(t), m) = 0, (1.7)
Sw(p,(t), s) + (p(1), ) + w(F,(2), 5) = 0, (1.8)
P3(&(D), x) + (q(D), x) + y(ex(®) — lp(1), x) = 0, (1.9)
Tw(q:(1), {) + (q(1), ) + w(&:(1), {) = 0, (1.10)

where the vertical displacement ¢ : [0, T] — V, the rotation angle ¢ : [0, T] — V, and the horizontal
displacement w : [0, T] — V are obtained from the relations

go(t):f¢(s)ds+goo, w(t):fn(s)ds+w0, w(t):fe(s)ds+w0. (1.11)
0 0 0

The rest of the paper is outlined as follows. In Section 2 we study numerically an approximation
of this problem (1.4)—(1.11) by using the classical finite element method to approximate the spatial
variable and the implicit Euler scheme to discretize the time derivatives. A discrete stability property and
some a priori error estimates are proved, from which the linear convergence is obtained under suitable
regularity conditions on the continuous solution. Finally, some numerical simulations are presented
in Section 3 to demonstrate the convergence of the approximation, the discrete energy decay, and the
behavior of the solution.

2. Numerical analysis of a fully discrete approximation

In this section, we will numerically study the variational problem (1.4)—(1.11). Therefore, we
will provide first a numerical scheme based on the classical finite element method and the implicit
Euler scheme.

2.1. Fully discrete approximation

In this subsection, we introduce a fully discrete approximation of the weak problem introduced
previously. We will do it in two steps. In order to provide the spatial approximation, let us define a
uniform partition of the spatial domain denoted by ay =0 < ... < ay = ¢, and let us construct the finite
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element spaces:

€ Pi([a;, ain]) for i =0,....M -1},
€ Pl([a,-,a,-+1]) for i = 0,....M- 1}

yh {Vh e C([0, NV, v[a a +1]
Wh={w"eCq0,()NE;w!

[ai,air1]

In this definition, we have denoted by P,([a;, a;+1]) the space of polynomials with degree less than or
equal to one in the subinterval [a;, a;41] and, as usual, let & = a;;; — a; = {/M be the spatial parameter.
Now, we can define the discrete initial conditions as

()OOh — P}IL 0’ ¢0h Ph¢0 l//Oh Phw() 77 Ph O W()h — P}llwo’
— Pill 60, ﬁOh PhﬂO p Ph O’ é:Oh Ph é:O qOh — Pg O,

where P} and P’ are the finite element interpolation operators over V" and E", respectively [21].

In order to obtain the discretization of the time derivatives, we denote by 7 =0 < ... <ty =T a
uniform partition of the time interval with time step k = t; —fy = T/N and nodes t,, = nkforn =0,...,N.
As a usual notation, let w, = w(z,) be the value of a continuous function w(z) at time ¢ = t,, and for a
sequence {Wn},, _o» letow, = (w, —w,_1)/k be its divided differences.

By using the well-known implicit Euler scheme, we have the following fully discrete problem.

Find the discrete vertical Velomty {¢iF}N_ © V", the discrete rate of the rotation angle {7}*}"  c V",
the discrete horizontal velocity {e’*}" = c V", the discrete vertical temperature {#}¥  c V", the discrete
horizontal temperature {£*}V = c Vh the discrete vertical heat flux { pﬁk }n:O C E", and the discrete

n=0
horizontal heat flux {¢g/*}"',, c E" such that, forn = 1,...,nand for all /", v*, 2", m", x" € V", s" " € E",

P1@BP ) + K@) ) = k(W) 1) = (K + KW ) ) + Pro(, ™) + by (&), 1) = 0, (2.1)

P2 VY + BIW) V) + k(@) + W, v) + k@ V) + (075, = 0, (2.2)
p1(0el*, 2" + ko(W )1, 22) + UKo + K><<so’,;">x, )+ k@, ) + Prwi, 2 + y(E9,, 2 =0, (2.3)
P39, m"y + (P, ") + Y, M) = (2.4)
s@(@p, 5" + (p*, ") + (92, s™) = 0, (2.5)
P3OEX XM + (@) X) + ¥ = 1g1* 1) = 0, (2.6)
1@ (8¢, M + (¢, ") + (€., ) = 0, (2.7)

where the discrete vertical displacement {¢/*}" ' c V", the discrete rotation angle {y//*}V. ' c V", and the
discrete horizontal displacement {w"*}¥ c V" are obtained from the relations

=k S =k Y ™ w kZe + o (2.8)
=1 =1

Remark 3. We note that the above fully discrete problem can be written in terms of the unknowns ¢,

n'k, ek, 9k pik € and ¢ by using the definition of the divided differences (we recall the notatlon
ow, = (W, —w,_1)/k); see the description of the numerical resolution given in Section 3. Therefore,
it leads to a linear system written in terms of a product variable U, hie — (¢n ,nﬁk, ﬁk, ﬁhk, DI EN, G,
where the associated matrix is positive definite thanks to the required assumptions on the constitutive
coefficients. Therefore, applying Lax-Milgram lemma, it is straightforward to show that the fully discrete

problem (2.1)—(2.8) has a unique solution.
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2.2. Discrete stability and a priori error analysis

In the rest of the section, we will show the numerical analysis of the above problem, providing its
discrete stability and a main a priori error estimate result.
First, the discrete stability is summarized in the following.

Lemma 4. There exists a positive constant C, which is independent of the discretization parameters h
and k, such that, forn =1,...,N,

IRl + oIy + 11+ Mgl =+ Hef I+ [willy + 151+ P31+ 1T+ llghll < C,

where || - ||x stands for the usual norm in the Hilbert space X.

Proof.
First, we obtain the estimates for the discrete vertical velocity. Taking as a test function " = ¢ in
the discrete variational equation (2.1), we find that

P1OP B) + K(Dh)es (87)) = k(W) ) = (K + kU (W), 87) + Loy, 91 + Iy (€5, 41) = 0

hk

Taking into account that ¢"* = §¢/* and the estimates:

p1(64)) ¢h")22k[||¢"k|| — 165,17,

K9 @19 2 [ IIP = Il

[
(k+ Kl 1) > gt e P

using Cauchy-Schwarz inequality and Cauchy’s inequality

1
ab < ea® + 4—192 fora,b,e € R withe > 0, (2.9)
€

we have

1 hk2 hk 112 hk 2
Sl = g P + 5 [Il(w N [||<,o I = 1l 1P| < (il
+llgP + ||<w’1k>x||2 + IE141R),
where, here and in what follows, C > 0 is a positive constant that does not depend on the discretization
parameters 4 and k.

In the same way, we can obtain the estimates for the discrete rate of the rotation angle and the discrete
horizontal velocity (we omit here the details for the sake of clarity in the presentation). So, we find that

1
[||n,,’<||2 I 1P| + [||<w’lk>x||2—||<wn1xn]+5{[||w2"||2—||wﬁ’il||2]+<(ﬂ,’;k)x, 4 < C(Il)dP
I | + ||wh’<||2)

1 1 1
Sl = lles 2] + 0w = IwE 0l + [ IWEIE = w51 ] + (s 1) < C(Ie Ol
+lef | + ||¢f;’<||2).
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Now, we derive the estimates for the discrete vertical temperature and the discrete vertical heat flux.
By using the test functions m" = ¢¥* and s" = p* in discrete variational equations (2.4) and (2.5),
respectively, we find that

0369 910y + ((p") ., I + y((71%),, 97%) = 0
sw(Opk, pi*y + (p*, p'*) + @ ((I),, p"*) = 0

Keeping in mind the estimates

@090 = o [||0’”<||2 W71,

@p P 2 S|P = PP

<pn ,pn">>o
((P),, 95 = —(p, (91),),
(%), 91F) = (™, (97%),),

using several times Cauchy-Schwarz inequality and Cauchy inequality (2.9), we have

1
oy Lz el A R [||ph’€||2 PP = @, @915 < 0.

Proceeding in an analogous way with the discrete horizontal temperature and the discrete horizontal
heat flux, it follows that

1
SelIENP =€ P ] + 5 [nq P = g2 1P| = (€l (€1 < CUAP + I8P,

Combining all these estimates, we find that

%c[||¢hk||2—||¢’l’i]||2] [||<¢ )l - ||<son1,c||]+—[||<,o’“€||2 ek 1P|
+3 e ||] [||<«// Dl =S Al + o [||w P = Iy, 1P
e IP = el 1P|+ o [ov P - ||(w’;’il>x||2] + ﬂ[nwzknz - ||wh’<1||2]
sy L el et [ e (A e A [Ilf’”‘ll =g P |+ 5 [||q’”‘|| —ligit, 1P|

< C(Il(t//',ﬁk)xll2 + [l 11> + ||(W’,§")x||2 + [EIP + Nl + IIWh"II2 + (1P + ||€h"||2 + Il )
Multiplying these estimates by k and summing up to n, we have

2 hky 112 REY2 {112 hky 112 B2 11 k2 hky 112 k2
185 117+ 112, el I+ Mgy 1 A+ Mg 117 4 115l + 1y 17+ Hley 17 4+ 110w Dell™ + 1wyl
k(2 Y2 o k2 k2
IS+ 1y 117+ 1€ 117+ g, |l
n

< Ch > (IR + I + IOV + AP + 1 + 41 + 11l + el
j=1

HIP) + CIIIP + ™ 1, + 117 + 115, + e 1P + w11 + 11911 + l1p*"11P
J

HIEMR + llg™1P)-
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Finally, applying a discrete version of Gronwall’s lemma (see [22] for details), we obtain the desired
stability estimates.
]

Now, we will obtain some a priori error estimates. First, subtracting the variational equation (1.4) at
time ¢ = ¢, and for a test function r = " € V" C V and discrete variational equation (2.1), it follows that

pl(d’m - 6¢hk h) + K((‘Pn k)xa rh) K((wn wzk)x’ rh) - (K + KO)Z((Wn - Wﬁk)xa rh)
+l KO((pn ‘Pn ] rh) + 17(§n fhk h) -

and so, we have, for all 7" € V",
P1(¢m - 6¢Zka ¢n - ¢Zk) + K((Son - CPZk)x, (¢n - ¢hk)x) - K(('vl’n lﬁﬁk)x, ¢n - ¢;h1k)
_(K + KO)Z((Wn - Wzk)x’ ¢n - ¢zk) + lzKO(‘;Dn ‘Pn ’ ¢n ¢hk) + l’}/(é:n - sz, ¢n - ¢zk)
= pl(¢tn - 6¢zk, ¢n - rh) + K((‘pn - Qozk)x’ (¢n - rh)x) - K((Wn Ql’hk)x, ¢n - ’,.h)
_(K + KO)I((Wn - WZk)x’ ¢n - rh) + ZZKO(QOn Son ) ¢n - rh) + IY(érn k’ ¢n - rh)-

Now, keeping in mind that

P1(5¢ — 5B, ¢ — 1) > 2k[uqb,, P = It — 01,11

K((0n = @1)0s (600 = 61)) = —[||<son AP = @1 — G DAl

(K + ko)l
——llen = @17 = llpu-1 — 1P,

(k + ko)l(pn — 1, 5, — 5l > 7

we obtain the estimates:

1 hk12 hk 12 1 hk 2 hk 2
el16n = 1P =16 = 1P| + [l = @l = lpumr = @l

1 hk 2 hk (12
+ozllien = @ IP = ligus = 1 1P

< C(I|¢m = 6@ull> + llpum = 8@ully, + g = P11, + 110n = GNP + llpn = @I + 1 = il
g = S + 10w, = WP + 116, = EMP + (G — 50K, 8 — 1)) V" € VP,
where C > 0 is again a positive constant that does not depend on the discretization parameters 4 and k,
but it depends now on the continuous solution.
Similarly, we derive the following estimates for the rate of the rotation angle and the horizontal

velocity. As we pointed out in the proof of the discrete stability, we omit the details for the sake of
clarity in the presentation. So, we obtain

1 hk 12 hk (12 1 hky 112
sl = 10 = Wity = 0P+ [ = P = I Wes = 03540

1
oW = WP = W = WP |+ (@0 = 0 m = 1)
< C(llnm = 67l + W = Sl + 16w = VAP + U = 01 + llw = WK + L = V1R,
1w = QLR + 19, = IR + (S0 — S, — 1)) WVE € VP,

ey 2 hky 112
l ):l

= lleas = €41 | S 10ws = Wi = ll0wams = wi )P

hk hk 2 hk hk
ozl = WHIP = s = WS P + (& = €m0 = )
2 2 hk 2 hk2 h( 2
< C(llem = Seall” + lIwim — Wl + 1w = @LVAP + llew — 1P + lew = 21, + Il — w
I wn = WP + 11, = EXIP + gy — WP + (e, — Sel,e, —21)) V2 e V.

2k[llen —e,

hk||2
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Secondly, we obtain the estimates for the vertical temperature and the vertical heat flux. Thus, we
subtract the variational equations (1.7) and (1.8) at time ¢ = #, and for test functions m = m" € V" c V
and s = 5" € E" C E, respectively, and the discrete variational equations (2.4) and (2.5) to obtain

033y — 6K, m") + ((py — p™)s m") + y((1, — %), m") = 0,
S (pm — 6P, ") + (p, — pi*, s") + w((9, — 9%),,s") = 0,

and so, we conclude that, for all m" € V" and s" € E",

p3(0m - 5ﬂ2k’ ﬁn - 19]nlk) + ((pn - ka)x, 0n - ﬂzk) + )’((Un - UZk)x, ﬂn - ﬁﬁk)

= p3(1~9tn - 51921{, ﬂn - mh) + ((pn - PZk)xa ﬁn - mh) + Y((nn - nZk)x’ 0n - mh)’
SW(Pin = 6P, pu — PIO) + (pn — PIX, pu = DI + @(9, = 9O, o — PIY)

= ¢@(pm — 6P, pn — M) + (pu — PIX, pu = M) + @((I, — 90),, po — 7).

By using the following estimates:

1
(60 = 60,9, = 01 2 (19, = O = 19, = 914,17

1
©pn = 6P u = 1) 2 5| Ipw = PP = P = PSP,

(P — Pl o= PIH > 0,

(P = P B0 = 00 = —(pu = P, (0, — 919,
(1 = 15) s, O = 919) = =(m — 1, (0 — 925)),
(1 = 1), B — M) = =(m, = %, (9, — m"),),
((ﬁn - ﬁzk)x’ DPn — Sh) = _(ﬁn - ﬂzk’ (Pn - sh)x)a

applying several times Cauchy-Schwarz inequality and Cauchy’s inequality (2.9), it follows that, for all
m" e Vh and 5" € E",

! hky2 hk (12 1 hk|2 hk 112 hk hk
S8 = O = 18t = 05|+ [ = PP = pacs = PRI | = G = 0 8 = 9359,
< C(I19 = 5OlP + 1P = Spall? + 19 = m"1R, + lpn = s"12 + lpa = pIHIR + 118, — 921

+||77n - ﬂﬁk”z + (6pn - 5Phk, pn - sh) + (6ﬂn - 5ﬂﬁk’ ﬂn - mh))

n

Proceeding in an analogous way with the discrete horizontal temperature and the discrete horizontal
heat flux, we obtain, for all y" € V" and ¢ € E",

1 hk 2 hk (2 1 hk 2 hk 112 hk hk
Sl = E1F = Wwes = £8P ] + [l = @1 = llgumr = 45| = (en = €. 6 = £
< C(Il€m = OEP + 1lgun = 6Gull® + 11Ex = X" + llgn — "% + lign — g1 + 11, — £

i = 1P + (0G0 — 6g%, g — 1) + (08, — SEM, &, = ") + g — S1¥IP).
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Combining all the previous estimates, we have, for all r*,v", 2", m" y" € V*, s" " € E",

1 1
S0 = &I =Nt = 5P| + [ = P = s = @Dl

+i[||<pn—gozk||2—||¢n_l—soﬁ’zl||2]+i[||nn M~ s — %]

o160 = WP = W = 0 0] + i[nwn e
+%[||en—e’,zk||2—||en1—e ||]+i[||(wn—whk>x|| — 10w = Wi AP ]
o = Wi = I = wil ] + —k[npn = PIIP = lpacy — P IP)
g9 = O0IF = W0ms = O IP ] + [l = £ = llus = £
+ozlllan = 4 IP = llgu = 40P

< C(||¢m = 6Pull* + llgm — 0@l + 11 — 11 + 1l(pn — ¢fik)x||2 + llen — @I + 11 — )1
+llpy — G2 + [(w, = WP + 1€, — EFIP + (60 — 6B, — 1) + I — M1
o — Sally + e — 7512 + lwy — W22 + Nl — VIR + (1, — O, — V")
Hlew — 0eall” + Wi — ow,lls, + lle, — €117 + lle, — zhllv + (Se, — 0, e, — 7")
G — 694> + | pm — Spall* + 119, — mhll%/ +lpn = "% + Ipn — ,,kll2 + |1, — 917
+(6pn — 6P, pu — s") + (69, — 6915, 9, — m") + ||Ey — SEP + g — 6qull* + 1€ — X113,
+llgn — CME + llgn — 41 + (g, — 5% L qn — (M) + (6, — 5EM% &, —Xh))-

Multiplying the above estimates by k and summing up to n, we find that, for all
P Y Y A Y, € VYA,

hkp2 hky 112 hky2 hk)2 hky 112 hk |2 hk |2
¢ = & 17+ 11Cen — @, )l + llpn = @ 117+ M7 = 12, 117+ MW = @ )ll” + 1 = 45,7117 + llew — €,
W, = WP + lwy = WP+ llpn = PP + 118, = 98P + 110 = EFIP + llgn — g IP
n

< kY (I = 6612 + ke = S + 119 = P + 1105 — @0l + ey = 1P + 1 = w.IP
=1
0~ G 1100, =W+ 1 €81 + 60, = 6016, =) + I — e
s = G0, + g = 17MIE + lhw; — wiAIR + iy, — VI + (o, - Sy =)
Hley — S|P+ Iy — w1 + lle; — e’{kn2 tlle, — 2B + (5e; — 66k, e, — 2
4y = S0, + l1pys — 5P + 19, — nI +l1p, — I +llp, — I + 19, — 9%
+(6p; — 6P, py — 1) + (80, — 60,9, — m!) + 116, — SEP + gy — 5,1 + & — I
+llg; = 12+ llg; = NP + (6q; — 6%, q; — 1) + (665 — 682, & — ) + C (160 - 4™
+llg® = VIR, + 7 = 7P + 190 — YR, +11e® — eI + [ — WO+ (150 — 902
Hp® = pUIP + 110 = €1 + llg® — g™"IP)-

Now, we observe that
k> (6= 681,61 = ¢y — 81 b = 1) + (" = 6%, 1 = 1)
=1
n—1
+ Z(fﬁj AR TR R (YRR}
=1
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where similar relations can be found for the remaining variables.
Finally, applying a discrete version of Gronwall’s lemma (see again [22]), we conclude the following
a priori error estimates result.

Theorem S. Under the assumptions imposed on the constitutive coefficients, let (¢, p,n, ¥, e,w,?, p,&,q)
and (¢, Q" 'k Yk, ek whk gk phk gk ghky be the solutions to problems (1.4)—(1.11) and (2.1)-
(2.8), respectively. Therefore, it follows that, for all {”,’11}2/:0’ {vﬁ}nNzo, {zﬁ}nNzo, {mfj}fyzo, {XZ}nN=() C
VI s o A, € E,

nln=0°

g2 k2 k(2 g2 k(2 kg2 2
Ofg%(v{H‘Pn = O 17+ llen = @ v + Ml = 7,117 + llon = 37 lly + Mlen = €717 + llwn = wi'lly + llpn = Pl

HId = BHP + 1€, = EXP + llgn = qﬁkllz}

N
2 2 hy 2 2 2 hy 2
< Ck Y (I = 68,1 + iy — SR + 11y — iR+l = 1P + e = s AR + Mgy = VIR
j=1
2 2 h12 2 2 h12 hp12
Hller; = Ge P + lIwyy — owjliy + lle; = 22B + 194 — 69,1 + lIpy; = 6p,IF + 19 — m I + lp; — 'I2
N-1

i = 661 + llg — 6,1 + 1) = W+ llg; = CE) + €k > [llgy = 7 = (@jer = 7 P
=1
+n; — V? = (M1 — V?H)Hz + lle; — Z? —(ejs1 — Z?H)Hz + [ - mi’ = (@1 — mifﬂ)llz

Hips = 8 = o = St DIP + 16 = X2 = Eer =X DIP + g = & = (@ = 2 DIP)

+C Org%{ll% — 0P + lln = VI + llew — 2pll? + 1189, — mil> + llpn = spl” + 1€ = X3P + llgn — §,’fll2}
+C(|l¢0 = V1P + 11" = @I, + 117 = %I + 1y — O + lle® — eI + [Iw® — wOl,
10 = 9 + [1p° = pOIP + 10 — £ + 1Ig° — g1,
where C is a positive constant that depends on the continuous solution but it is independent of the
discretization parameters.

The a priori error estimates shown above can be used to derive the convergence order. As an example,
if we assume that the continuous solution has the regularity

@, ¥, we H*0,T;Y)NC*[0,T]; V) N C([0, T]; HX0, 0)),
p, g€ H*0,T;Y)Nn C([0,T]; H*0,¢) N E),
&9 € HY0,T;Y)NC(0,T]; H*0,0) N'V),

then we approximations provided by the fully discrete problem (2.1)—(2.8) converge linearly; that is,
there exists a positive constant C > 0, independent of the discretization parameters 4 and k, such that

Org%v{ll% = Bl + Nl = @i llv + M1 = 11+ s = Wi lly + llen = €1l + 1w = wiklly +11pa = Pyl
HI, = DN+ 11Ex = EFN + g — qﬁ"ll} < C(h+ k).
3. Numerical results
In this final section, we describe the numerical scheme implemented in MATLAB for solving the
fully discrete problem (2.1)—(2.8), and we show some numerical examples to demonstrate the accuracy

of the approximations and the decay of the discrete energy.

Electronic Research Archive Volume 33, Issue 6, 3883-3900.



3894

3.1. Numerical scheme

As a first step, glven the solutlon @k gk Wik 9k pik Ek and g™ | at time 1, vari-

ables ¢n ,nn ek ghk phk &hk and g™ are obtained by solving the discrete linear system, for all
o ml e Vi st ot e EM,

hk
p1<¢7”,rh> + kK@) s 1) = k(") 1y ) = (K + KOVKL((€!) 1, ) + Prok(PL*, ¥) + Iy(€1*, 7
hk
= p1(¢"_ — k(@™ )y ) + k(W™ )y ) + (K + kDLW ) 7Y = Pro(@l% 7Y + (Fu 1),
hk
m(— V) + DR() 0, V) + kK@), + Tk(el), V") + kb, V") + y (925, v
hk

= P Tat Iy — B V) = (@ ) + 1O ) ) = K@ V) + (Fa V),
hk
o1 (i, z”) + kok((€), 21 + UKo + K@), 2") + k(' 2") + Prck(el¥, ") + y((€19),, 2 =
hk
pi( e l,z) k(W™ ), 2 = Uko + ) (@), 2 = @™, 2 = PrW™ |, 2 + (F3, 2",

hk hk

ﬂn
103(7, m"y + (p%) o m") + y((1"), m") = p3 m"),
phk phk
gw(T", s+ (P, 5" + @ ((915),, s") = S‘W(nT_l, s") + (Fs,, "),

é‘:hk fhkl
pa(i,)(h) + (@) X") + 7€) = 180 X" = pa("—_,)(h) + (Fons X"
h hk

k
( M+ (g™ 4)+w<(§”">x,§)—m< ot 20y 4 (Fpn O,

where F;, fori = 1,...,7, represents artificial supply terms that are introduced in order to make the
system more general.

The numerical scheme was implemented on a 2.9 GHz PC using MATLAB, and a typical run (using
parameters & = k = 0.01) took about 0.12 sec of CPU time.

3.2. First example: numerical convergence

As an academic example, in order to show the accuracy of the approximations, we have solved an
example with the following data:

1, ¢=1, plzl, p2:1, p3:1, k=1, 1:1, ’)/:l,
g‘:l, w:l, T:1’ b:2, K():2.

By using the initial conditions, for all x € (0, 1),

() =) =x(x- 1), Y@ =1"()=x(x-1), €'x)=nx)=xx-1),
9°(x) = p(x) = £2(x) = ¢°(x) = x(x — 1),
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considering homogeneous Dirichlet boundary conditions for the variables ¢, ¥, w, i, ¢ and the (artificial)
supply terms, for all (x, 1) € [0, 1] x [0, 1],

Fi(x,1) = e'(4x* — 12x + 2),
Fr(x,t) = e/ (3x* + x — 6),
F3(x,1) = ¢/ (3x* + 5x - 8),
Fu(x,0) = ' (x* +3x = 2),
Fs(x,1) = F7(x,1) = ¢'2x> = 1),
Fe(x,1) = €'(4x - 2),

the exact solution to the above problem can be easily calculated, and it has the form, for (x,7) €
[0,1] x [0, 1]:

o(x, 1) = Y(x, 1) = w(x, 1) = p(x, 1) = g(x, 1) = Hx, 1) = Ex, 1) = ' x(x - 1).

Here, if we approximate the numerical errors by

hk hk hk hk hk hk hk
(glag/{ﬂ% = @y 1+ llen = @ v + 110 — 1 T+ W = @ Ny + llen — e, I+ llw = wyllv + 1lpn — iyl
SNns

HId = B+ 1€, = E11 + gn = q’,ikll},

they are depicted in Table 1 using different values of /4 and k. Furthermore, in Figure 1 we show the
evolution of the above numerical errors depending on the parameter /4 + k. It is clear that the convergence
is found, and the linear convergence (that is, first order), stated in the above section, is achieved.

Table 1. Example 1: Numerical errors for some values of / and k.

hlk— 0.0l 0.005 0.002 0.001 0.0005 0.0002 0.0001

1/23 0.568372 0.567958 0.567767 0.567713 0.567688 0.567674 0.567669
1/24 0.284072 0.283581 0.283402 0.283363 0.283347 0.283339 0.283336
1/25 0.142712 0.141915 0.141666 0.141622 0.141608 0.141603 0.141601
1/2° 0.072787 0.071325 0.070886 0.070818 0.070800 0.070794 0.070792
1/27 0.039020 0.036392 0.035564 0.035439 0.035406 0.035397 0.035395
1/28 0.023655 0.019530 0.018021 0.017780 0.017718 0.017701 0.017698
1/2° 0.017225 0.011865 0.009460 0.009010 0.008890 0.008855 0.008850
1/2%0 0.014732 0.008661 0.005478 0.004730 0.004505 0.004437 0.004428
1/21 0.013842 0.007420 0.003769 0.002740 0.002365 0.002238 0.002219
1/212 0.013553 0.006976 0.003091 0.001886 0.001370 0.001156 0.001119
1/21 0.013469 0.006832 0.002842 0.001548 0.000944 0.000643 0.000578
1/21 0.013447 0.006790 0.002759 0.001424 0.000775 0.000417 0.000322

3.3. Second example: Energy decay

In this last example, we are going to study the energy decay of the discrete problem. Therefore, we
assume that there are no supply terms, and we use the following data:

T=30, ¢=1, py=1, p=1, p3=1, k=1, [=1, y=3,
¢=01, @w=05 71=01, b=2, k=2,

Electronic Research Archive Volume 33, Issue 6, 3883-3900.



3896

0.6

05

0.4 r

03[

Numerical error

0.2

0.1 F

0 I I I I I I
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

h+k

Figure 1. Example 1: Asymptotic constant error.

and the initial conditions, for all x € [0, 1],
@(x) = ¢°(x) = p°(%) = ¢°(x) = °(¥) = w'(x) = 0, Y (x) = °(x) = P°(x) = £°(x) = x(x - 1).

With this data, we note that the stability numbers defined in Theorem 2 are both equal to zero. Thus,
the semigroup generated by the solutions of the problem is exponentially stable because the condition
Xxcx- = 0is satisfied. Taking the discretization parameters £ = 0.001 and k = 0.0001, the evolution in
time of the discrete energy of the problem, defined as

1
E = (ol + pallm I + pillesf I + DIGHE + ke + -+ I + koll vy = eIy

Y YK1
UG + 1615 + (P + 7llg,f 1)

is plotted in Figure 2 (in both natural and semi-log scales).
As can be seen, it converges to zero, and the exponential decay seems to be achieved.

0.4 T T T T T 0

0.35

0.3

0.25 [

= g2 H

0.15

0.1

0.05 [

0 . I I I I 14 I I I I I
0 5 10 15 20 25 30 0 5 10 15 20 25 30

t t

Figure 2. Example 2: Evolution in time of the discrete energy (natural and semi-log scales).
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Taking the data

T=30, ¢=1, pp=1, pp=1, p3=1, k=1, [=1, y=3,
¢=11, @w=05 7v=11, b=2, k=2,

and the same initial conditions as before, for all x € [0, 1]. With the above data, the stability numbers
defined in Theorem 2 are both non equal to zero (y¢ = xr = 10), and so the semigroup generated by
the solutions to this problem is not exponentially stable. In fact, the energy decay is (semiuniformly)
polynomially stable with optimal decay rate Vz. Taking the discretization parameters 4 = 10~ and
k = 1073, the evolution in time of the discrete energy of the problem is plotted in Figure 3 (in both
natural and semi-log scales).

. . . . . . . . . I
5 10 15 20 25 30 0 5 10 15 20 25 30
t t

Figure 3. Example 2: Evolution in time of the discrete energy (natural and semi-log scales).

Finally, in order to verify if the theoretical polynomial energy decay is achieved, we compare the
above discrete energy with the function —C(log ¢)/2, where C is a positive constant to be fixed. After an
adjustment procedure, we have found the value C = 4, and so in Figure 4 the evolution of the discrete
energy (in semi-log scale) is plotted against the evolution of the function —2log#. As can be seen, a
similar behavior of both graphs is obtained.

4. Conclusions

In this work, we have studied, from the numerical point of view, a new thermoelastic Bresse system
where the heat conduction has been modeled by using the Cattaneo-Maxwell law. This leads to a
hyperbolic law, and it was considered, from the analytical point of view, by Dell’Oro [16] and Lima
and Fernandez-Sare [17]. Here, we have focused on a fully discrete approximation based on the finite
element method to approximate the spatial variable and the implicit Euler scheme to discretize the time
derivatives. The stability of the discrete solution has been proved, and an a priori error analysis has been
provided. As a particular case, the linear convergence of the approximations has been deduced assuming
some regularity conditions on the continuous solution. Finally, we have shown some numerical results,
including an example to demonstrate the numerical convergence (Example 1) and another one to analyze
the discrete energy decay (Example 2). In the latter one, we have seen how it depends on the condition
proved in [17] for the so-called stability numbers y¢ and x-.
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log E(t)
-2log(t)

Figure 4. Example 2: Evolution in time of the discrete energy (semi-log scale) in comparison
with the function -2 log¢.
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