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Abstract: This paper developed an observer design for a matrix-Lipchitz nonlinear system with
measurement delay that can achieve a desired L, performance in the presence of modeling
uncertainties, input disturbance, and measurement noise. The observer was shown to be stable in the
absence of disturbances and modeling uncertainties. The equations for the observer design were shown
to be both necessary and sufficient. Furthermore, the observer design was formulated as linear matrix
inequality (LMI) that can be solved offline using commercial solvers. Compared to previous literature,
the proposed observer does not require the underlying system to be stable. The observer design
procedure is demonstrated through two illustrative examples.
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Notation

n,n,, n,, N, are the number of states, inputs, input noise, and outputs, respectively.

y
q is the dimension of the nonlinearity (q < n).
u € R™ is the vector of known inputs.

il,, 1s the equivalent output of the nonlinearity function.

eq
v € R™ is a vector of unknown measurement noise.

w € R™ is a vector of unknown input disturbance.

Wexe = col(w(t), x(t), (¢, u, x),u(t)) are the extended errors.
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x € R" is the state vector.

X € R" is the state estimate vector.

X = x — X is the state estimation error vector of the system.

x4 1s the state of delayed measurement.

X, 1s the approximation of ¥ (when delay is approximated).

X, 1s the approximation of X (when delay is approximated).

y € R™ is the vector of measurement.

Veq 1s the equivalent input to the nonlinearity.

ys 1s the effect of error in modeling the delay.

Zqq 18 the state of the augmented equivalent system.

x, 4, u are the states, output, and input of system used in the proof of bounded real lemma.
A,AA € R™" are the nominal system matrix and its deviation, respectively, with Ag,s = A + AA.
Ar is a delay system matrix.

A4, By, and C; are the system matrices of delay.

A,C,LE,F,,, G are system matrices in extended state space.

E,AE € R™ are the nominal nonlinearity gain matrix and its deviation, respectively, with E,s =
E + AE.

F € R™™w is the gain matrix for input disturbance.

F,.: = [F AA AE AH] is the extended error-gain matrix.

G is the matrix gain used in matrix Lipschitz condition.

H,AH € R™ ™ are the nominal input-gain matrix and its deviation, respectively, with Hy,s = H + AH.
L is the observer gain.

K is the degree of rational approximation of delay.

P is a Lyapunov matrix in the extended state-space.

Q € R™W ™, R, € RMwextXwext and W € R™™ are weighting matrices.

T is the time period of the moving time-averaged Lyapunov function.

Vi:R™M - R and V,: R"2 - R, V:R X R" = R are arbitrary functions.

V(t,x) is an average energy function.

V;(t,x) is an energy function (being averaged).

A,B,C,D are arbitrary matrices.

G(s) is the transfer function from the output to the input of the nonlinearity.

G4(s) is the transfer function of delay.

G4 (s) is the approximate rational transfer function of delay.

U, V, W, Z are arbitrary matrices used in the matrix inverse lemma.

V is an arbitrary energy function used in the proof of bounded real lemma.

V, :==0V(t,x)/0t,V, := 0V(t,x)/20x are partial derivatives of V.

_ T
T is the inverse-projection matrix with 77 = [Oﬁnyx,l Inxn] .

y is H,, norm of the system used in the proof of bounded real lemma.
Yc 1s the effective bound on the error dynamics.

€ €g is an arbitrary constant.

Ocq 1s the approximation error transfer function.
dcq 1s an equivalent approximation error transfer function.
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Gk, Sk are Taylor coefficients.

¢ =¢(t,ux): RxR™x R" - RY is the vector nonlinearity.

¢ =p(t,u,x %) = p(t,u,x) — ¢p(t,u, x) is the error in the nonlinearity.

w 1s the frequency.

Wmax 18 the frequency where gain of Gy, is maximum.

wg 1s the frequency at which the gain of 654 is maximum.

I' is the time delay.

O (w) is the matrix frequency gain function of the observer error dynamics.

0(w) is the matrix frequency gain function of the observer error dynamics with equivalent delay.
=, Q are arbitrary matrices in extended state space.

1. Introduction

All physical systems exhibit varying levels of nonlinearities. While some nonlinearities may be
negligible, it is often necessary to implement a nonlinear controller to ensure stability and system
performance [1]. Many advanced control techniques, such as backstepping and sliding mode control,
use all system states [1]. Since not all system states are directly measured, it is often necessary to utilize
a nonlinear observer to estimate unmeasured states. Physical systems also experience at least a small
amount of delay between sensing and activation due to physical limits on processing and communication
speed. Non-trivial amounts of delay are known to destabilize systems [2] and observers [3—5]. Most
observer designs tend to neglect modeling uncertainties, unknown inputs, and measurement noises [6—10].
Hence, this paper focuses on developing observers for systems with measurement delays.

Lipschitz [11-15] and matrix Lipschitz [16,17] nonlinearities are the most common classes of
nonlinearities considered in the literature. Here, the observer design problem is formulated as a
solution to a linear matrix inequality (LMI). LMI-based formulation is particularly attractive owing to
the availability of fast commercial solvers. Such LMI-based designs have been extended to delay-free
Lipschitz and matrix Lipschitz nonlinear systems with input disturbances and measurement noise [6-8], as
well as to perform sensor fault detection [18], actuator fault detection [19], and unknown parameter
estimation [9,10]. Other literature has utilized high-gain sliding mode observers [20—22] to improve
the robustness of systems without measurement noises or measurement delays. More recent literature
has used a new time-averaged Lyapunov function to design sliding mode nonlinear observers for
systems with sensor noise [23,24]. High-gain observers have also been used for extended state
observers for uncertain nonlinear systems without sensor noise or measurement delay [25]. Fault
reconstruction algorithms have also been extended to noise-free one-sided Lipchitz nonlinear
descriptor systems [26]. However, these results require systems with special structures and cannot be
extended to general systems.

The most common method for analyzing the stability of a system with delay is through the use of
Lyapunov—Krasowskii (LK) or Lyapunov—Razumikhin (LR) functionals. LK and LR are constructed
by adding a quadratic integral term to the traditional quadratic Lyapunov function. While there is ample
literature on control [27-30] and parameter estimation [31-33] in systems with non-measurement
delay (i.e., delay only in the state dynamics with, e.g., no measurement delay), this review instead
focuses on the literature on measurement delay. Zhou et al. [34] proposed an observer for a stochastic
linear system to implement non-fragile observer-based H« control. Kazantzis and Wright [35] used a
linearizing transform (potentially through feedback linearization) on a noise-free nonlinear system.
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These works do not, however, provide an explicit method for calculating the observer gain. Cacace et
al. [36] presented a state observer for drift observable nonlinear systems where the output
measurements are affected by a known and bounded time-varying delay. Majeed et al. [3] developed
a nonlinear observer-based control of a noise-free Lipschitz nonlinear system whose stability is
demonstrated using an LK functional. He and Liu [4,5] designed a noise-free nonlinear observer for a
system in feedback linearization. However, these works do not provide an explicit design procedure. Vafaei
and Yazdanpanah [37] proposed a “chain observer” for a Lipschitz nonlinear system; again, the overall
stability was demonstrated using the LF functional. Chakrabarty et al. [38] presented an LMI-based
sufficient condition for the design of state and unknown input observers, which as in earlier results,
requires the underlying system dynamics to be stable. Huong [39] proposed an observer design for a
noise-free linear system with sensor delay without utilizing LK/LF functionals. However, the observer
design relies on the existence of an esoteric state transformation that would be difficult to extend to
nonlinear systems with noise.

More recently, Targui et al. [40] designed an observer for a noise-free nonlinear system adding a
state-integral term. The state-integral term aims to project the sensor measurement to the current time.
However, the need for an additional integration term would make the observer design impractical, and
the conditions for the observer design are conservative. Furthermore, satisfying the provided condition
does not appear to guarantee observer stability (a more detailed explanation is provided in the
Appendix). Guarro et al. [41] proposed a hybrid observer for a linear system, which uses a similar
state-integral term to project sensor measurements to current time. There have been other variations of
LK/LF functionals for specific systems such as wind turbines [42] or using neural networks [43] for
noise-free systems that also require inherent system stability.

It should be noted that all LMI-based formulations require us to find an observer gain that would
make the LMI negative. The LK- and LR-based formulation used in previous literature typically result
in a positive definite term being added to the LMI. In the case of observers, this implies that previous
literature can only design stable observers when the underlying system is stable. Further, LK- and LR-
based formulation would require the delay to be smaller than the time scale of the error dynamics [44].
Additionally, most previous results have focused on linear or nonlinear systems without any noise.
Hence, this paper aims to develop an observer design that can be applied to any magnitude of delay.
The observer design would make the nominal observer stable or would guarantee a £, performance
in the presence of modeling uncertainties, sensor noise, and input disturbance. The key contributions
of this paper lie in developing a new observer design procedure that

e canbe implemented on a very wide class of nonlinear systems in the presence of measurement
noise and disturbances,
works for large measurement delays,

e does not require stability of the underlying system,

e is robust to modeling uncertainties,

e can guarantee stability in the absence of noise and £, performance in the presence of
modeling uncertainties, sensor noise, and input disturbance,

e provides both necessary and sufficient conditions for the existence of the observer.

Additionally, the implementation of the algorithm has been demonstrated using multiple illustrative
examples. The methodology for calculating the explicit solution can be extended to intermittent
measurements. A previous observer design by Targui et al. [40] was shown to produce an unstable
observer for certain systems.
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2. Materials and methods
2.1. System model

Consider a nonlinear system with measurement delay given by

x(t) = Agysx(t) + Egysp(t,u, x) + Hgysu(t) + Fw(t), (2.1)
y(t) =Cx(t—T)+ v(t), (2.2)
Asys = A+ AA,Eyys = E + AE, Hyyg = H + AH, (2.3)

v,w can be zero-mean white noises. The C-matrix is assumed to not deviate from its nominal value
as any error in the C-matrix can be incorporated in AA,AE, and AH. The nonlinearity ¢ =
¢(t,u,x): RX R™ X R® - RY is assumed to satisfy a matrix Lipschitz condition

lp(t,u,x) — p(t,u, 2)| < |G(x(t) — ()|, G € RT*™. (2.4)

The matrix Lipschitz condition is a fairly general condition as all nonlinear systems would
become matrix Lipschitz in a small neighborhood around their normal operating point. (Note: we
may assume 0, ,(G) = 1 or 0y,4,(E) = 1). We can construct an observer using the nominal system
as follows:

x(t) = A2(0) + E¢p(t,u, %) + L(y(t) — C2(t = I')) + Hu(t), (2.5)

The estimation error dynamics can be written as
X¥(t) = AX(t) + FoyeWey (t) — LCX(t — T) — Lv(t) + EP(t, u, %, %). (2.6)

We will now determine observer gains that can drive X to an invariant subspace when w # 0,v # 0
and [AA AE AH] # 0, or drive ¥ > 0 when w = 0,v =0 and [4A AE AH] = 0. To this end, we
will define preliminary lemmas in section 2.2 that will help us formulate LMIs. Next, we will create a
state-space approximation of the delay and define a bound on the approximation error in section 2.3.

2.2. Preliminary results

Lemma 1: S-Procedure Lemma [45]: If V;: R™ —= R and V,: R™ — R be such that V, < 0, then
V; <0 iff 3¢ > 0 such that

V1 - SVZ < 0 (27)

min(-V;)

Proof: If V; < 0, then we can choose ¢ < to obtain Eq (2.7). Now, if Eq (2.7) 1s valid, since

max(—V,)
e>0,and V, <0, —¢V, = 0. Hence, we find that 0 > V; — €V, > V.

Lemma 2: Time-averaged Lyapunov function [23,24] or, equivalently, the moving average function:
If there exists a moving average function

V(t,x) = %ftt_T V,(z,x)dr, (2.8)
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st, Vi(t,x) >0 vx=#0, %ftt_TV,(T, x)dt < 0, when %ftt_T xTWxdt > D then the system

achieves a L, performance % ftt_T xTWxdt < D.
Proof: Note that
V(t+de) = [0 vi@dt = [ V(T +dtx(c + dt))dr, (2.9)
hence
V() == Vi(@dr. (2.10)

Using LaSalle’s invariance principle [46], we can show that the system converges to a subspace where
- . 1ct _r

V = 0, which corresponds to — [ _, x"Wxdt < D.

Lemma 3: Matrix inverse lemma or Woodbury lemma [47]:

A B]—l _ [aq-l + A YB(D — CAIB) 1€A™ —A 1B — CA1B)! 2.1)

c D (D — CAB)1CA! (D — CA~1B)™!

Lemma 4: Bounded real lemma extended to a system with delay: Consider a system with a transfer
function

G(s) = G[sI — (A+ ApGa(s))] 'E. (2.12)
and an equivalent state space representation
x(t) =Ax(t) + Arx(t — T) + Euw(t), 4(t) = Gx(t). (2.13)
Let 3V =V(t,x): R X R™ - R be an energy function satisfying
V(t,x) >0Vx #0,V(t,x) =0if x =0, (2.14)
V, = 0dV(t,x)/0t,V, = 03V(t,x)/20x. (2.15)

For this system, the following statements are equivalent:
i. The H, norm of the transfer function is bounded by y

Gl <. (2.16)

ii. 3V satisfying Eq (2.14) and €4 € R = 0 s.t, Vx,

V, + V,[Ax(t) + Arx(t — )] + [Ax () + Apx(t — D]TVT

+egy 2T ()G Gx(t) + €5 VLEETV] <O (2.17)

iii. 3V satisfying Eq (2.14) and €4 € R = 0 s.t. Vx,u
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V, + V,[Ax(t) + Arx(t — T) + Ew(®)] + [Ax(t) + Apx(t — ) + Ew(t)]TV]

t+epx (6T Gx(0) — egy?al (Du(t) <o 1Y
iv. The system is stable with an input |«| < y~1|Gx|.
Proof: Since (ETV,CT - e¢u(t))T €' (ETV,CT - e¢u(t)) >0
—€4 V,EETV] + u" (OE™V] + V,Eu(t) — egu” (t)u(t) < 0. (2.19)

Adding Eq (2.19) to Eq (2.17) yields Eq (2.18); hence, ii = iii. If iii is valid, substituting «(t) =
ETVI into Eq (2.18) yields Eq (2.17) («(t) = ETV[ corresponds to the value of 4 that optimizes Eq
(2.18)). Hence, ii & iii. Now, from Eq (2.13), Ax(t) + Apx(t — ') + Eu(t) = £(t); substituting
Ax(t) + Apx(t — I') + Eu(t) with £(t) into Eq (2.18) and integrating the result yields

V(t,x) + €4 [, (4T Oy () — y?u" (Out))dr < V(0,2(0)). (2.20)

Thus, when |u| < y|y|, we can choose V(t,x) + €4 fot(yT(t)g(t) —y2uT(t)u(t))dr > 0 as our
Lyapunov candidate to demonstrate stability. Hence, iii & iv.

When x(0) = 0, V(O,x(O)) = 0. Since V(t,x) = 0, we find that Eq (2.20) yields

fot(yT(t)y(t) —y2uT ()u(t))dt < 0, (2.21)

or ii-iv = i. To show i=iv, let us consider |u| < y~1|y|. This is equivalent to interconnecting G(s)
with another system [|G'[|e < ¥ 1. Since [|GllollG' |l < 1, it follows from the small gain theorem [46]
that the interconnected system is stable. Thus i = iv.

2.3. Modeling feedback delay
2.3.1. State-space representation of the delay

A time delay can be approximated in the Laplace domain using K”-degree numerator and
denominator polynomials as follows [48]

Gar(8) = (Xkzo sk (=) Y/ {Zk=0 615"} = (=X = (XKo" Y/ {Zk=0 515"}, (2.22)

where ¢, = QK — k)!/[TX~*k! (K — k)!], ¢, = 2¢) if k is even, else 0.
Notice that owing to symmetry, |G, (jw)| = 1. The state-space representation of the delay can
now be constructed such that

Gar = (DX + Cylsl — Ayl By, (2.23)

In the controller canonical form, Ay, B;, and C; are given by
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0 Ix—q

0 _ _
,B =[ ],C =|—Cp " —Cx-1l. 2.24
¢ §1"'§K—1] d 1]’ [—So Cx-1] ( )

|

If X¥ is known, then the approximation of the delayed measurement x; =~ CX(t — I') is written as

In order to construct the overall approximate dynamics, we also need to replace ¥ with X,. Hence,
the approximate observer dynamics can be written as
xq(t) = Agxa(t) + BaCX,4(8)

%,(t) = A%, (t) + Fw(t) — LI(=1XCx,(t) 4+ Cyxg ()] — Lv(t) + E(t, u, Ry, Xy)’ (2.26)

where X, is the approximation of X, and X, is the approximation of X. In the extended space,

2(t) = (A -LO)z(t) + Ep(t,u, %, %) + Fw(t) — Lv(t), (2.27)
where
Xal = [Ag B4Cl =
2= A= P|.C=lca-nxCl, (2.28)
L=TLE=TE,Foy =TFo,G=GTT, (2.29)
0
T = [ K”yx”l. (2.30)
I‘l’lXTl

This can be easily extended to multiple sensors by stacking the state-space representation of the delay
for the individual sensors.

2.3.2.  Approximation error
Let us define the approximation error as
8ga(s) = (gd(s) - Qd'(S))Q;rl(S) = gd(s)g;,l(s) -1 (2.31)
Figure 1 plots |8;4(jw)| vs. T'w for various values of K.
Lemma 5: For 6;,4(s) definedby Eq(2.31), T defined by Eq(2.30), 4, L,and C defined by Eqs (2.28)
and (2.29), and V(Q, E,
- -1
Qs — A+ LG4(s)CI 2 =TT [sI — (A—L(1+ 844(s))C)] TE. (2.32)
Proof: From Eqs (2.31) and (2.23), we can deduce that

Ga(s) = (1 + 664())G a7 () = (1 + 86a())[(—D¥ + C4(sl — Ag) By, (2.33)

Hence,
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SI— A+ LGa(s)C = (sI = A) + L(1 4 864(8))[(—1)X + C4(sI — Ag)"*B4]C

= [sI — A+ (—DXL(1 + 854(5))C] = [L(1 + 854(s))Ca](s] — Ag) T [-BaCl 2:34)

Using Lemma 3 we find that

{[sI — A+ (—DKL(1 + 84(s))C] = [L(1 + 8¢4(s))Ca](sI — Ag)"L[—B,4CT}

- sl — Ay —B,;C - - . (239
- L(l + SGd(s))Cd sl —A+ (—1)KL(1 + SGd(S))C

Substituting Eq (2.34) into Eq (2.35) and substituting for A, C, and L from Eq (2.28) yields Eq (2.32).

0
10

jol

|56d|s

_
o '

Figure 1. Plot of the magnitude of 6;,4(s = jw) for different values of K.
2.3.3. Estimating the bound on the approximation error

We will now determine a bound on the approximation error that can then be used in the observer
design. Since |G, (jw)| = 1G4(w)| = 1, Eq(2.31) yields |[§(s)|l. = 2. However, from Figure 1, it
is clear that if we are only interested in frequencies below a particular threshold, it may be possible to
define a lower effective bound for &;4(jw).

Definition 1: The effective bound on the error of K Padé approximation is defined as y, > 0, s.t.,

VQ,E and 4,C,and L as defined in Eq (2.28), 3864: ||86a(s)||_ < yc such that,

1
T=

2[sI — A + LG,(s)CIE ||, = ||!)TT |s1 = (A-L(1+84())C)]| (2.36)
Lemma 6: Suppose Gy, (s) := Q[sI — A+ LG,(s)C]1E, is strictly proper, then
Yc = mastw5 |5Gd(ja))|, (2-37)
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where
. lgnLllo
Jws Z Wpayx S-t., Yo = wgs, |Gy, ()| < m. (2.38)
Proof: Let w4, be the frequency at which the H, norm is reached or |Gy (GWmax)| = 1GnLllco-

Since Gy (s) is strictly proper, |Gy, (jw)| = 0 as w — 0. Hence, Iws T Wpmax St Yo = wg,
1GnL )l < IGnelleo/ (1 + 4[LI[C]). Now, consider

0(w) = [(wl — &) + L(1 + 84 (jw))C] ", (2.39)
O(w) = [51 - (A ~I (1 + Scd(s)) 6)]_1. (2.41)

Let ASgy = 854 (jw) — 8. Hence
8(w) =[Gl — &) + L(1 + 859(w) + 4640)C] (2.42)

Now
(Gl = A) + L(1 + 854(jw))C = (jwl — A) + L(1 + 844 (jw) + A854)C — LAS;,C. (2.43)
Substituting Eqgs (2.39) and (2.42) into Eq (2.43) and simplifying yields,

6(w) = [I = LA854C]  0(w) ~ [I + LA8;4C]0(w). (2.44)

Since ||6(s)||le = 2, for Yo = wg, |A89d(a))| < 4. From Eq (2.38), O(w) < ||GnLlleV®w = w;.

Hence, we are only interested in |(§Gd(]'a))| for w < w;. Since for w < wg, 8gq(jw) = §gq(jw), it

follows that y; = |54 (jws)]|.
To illustrate the utility of Lemma 6, suppose it is known that wgs = 0.1/T, then for K = 2, the
effective bound on |8;4(jw)| is 2 X 10710,

Note: We can choose ws ~ —Re(AJ™).

Note: In principle, ¥, can be made arbitrarily small by increasing K. However, notice that ¢, =
K)!/[F¥K'], and ¢x_; = (K + 1)K /T'; as we increase K, the variation between the smallest and
the largest values of ¢, will increase and A and C will become less well conditioned. While there is
no strict upper limit for K, a very large K may cause computation problems.
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2.4. Observer stability

Theorem 7: The noise-free, disturbance-free, and uncertainty-free nominal error dynamics,
Eq (2.6) with w = 0,v =0 and [44 AE AH] = 0, is stable V¢ satisfying Eq (2.4) if, for the K"

Padé approximation of the delay, 3P € R(m+Kny)x(ntkny) 5 o €p >0, and ¢ >0 sit,

N PE PL

ETP —€41 0 [<o, (2.45)
L' 0 —ecl
where
N =A"P+PA—PLC—C"L"P + €4G"G + €;yéC™C, (2.46)

and 0-s are zero matrices of appropriate dimensions, A4,C,L, E and G are defined in Eq (2.28), and
Yc > 0 is the effective bound on the error dynamics as defined in Definition 1.
Further, conditions Eq (2.45) become necessary and sufficient as y. — 0.

Proof: For £ =E and Q = G in Definition 1, 3||6Gd(s)|| <7vc

IG[SI — A + LGy4(s)C]E|l, = ”G (st~ (A~ L(1+640) (7)]_1 3

|Oo. (2.47)

— _ - — — 11 =
For such a 6.4, the state-space form of G [s] — (A —-L (1 + 6¢a (s)) C )] E can be written as

Zeq(t) = (/T - ZE)Zeq(t) - Zyg(t) + Eaeq(t), (2.48)
y5(8) = L7 86a()L (C2eg(®)] 18ea I, < ve, (2.49)
yeq () = Gzeq (®). (2.50)

Multiplying Eq (2.45) by [zJ, @il, y5] on the left and col(z,q fleq y5) on the right,

Zeq®O] [ N Zeq(t)
V= |fleq(t)| |ETP —e¢1 fleq (O] < 0. (2.51)
ys@® ] LLTP —6c1 y5(6)

Noting that Az,,(t) — LCz.q(t) — Lys(t) + Efieq(t) = Zq(t) (from Eq (2.48)), we find

20 (P2 (8) + 25, ()P (t) + €[ TE (D) Feq (t) — Ty (D) eq (8)]

> . 2.52
+ecvézl,(D)CTCzo (1) — y3 Dy ()] <0 (2.32)
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Integrating the above equation yields

28, ()P 2o (8) + €4 [, |72 (D)Feq (1) — 5y (D) Theq ()] dr

o ~ . (2.53)
+eo fof[ygzgq(t)cTcZeq () — yI (@)y5(0)]dr + 25,(0)Pz,4(0) < 0
Since ||SGd(s)||oo < Y,

173 @y5(@) — vE25,(O)CT Czeq(8)]dr < 0. (2.54)

Applying Lemma 1 to Eqgs (2.53) and (2.54), we find

2 (OPzeg(t) + €4 [ [704 (DFeq (1) — kg (DTl (D)]dT + 20, (0)Pz,4(0) < 0. (2.55)

Thus when z,,(0) = 0, fot Jaq (D) Feq(Ddt < fot ligq (T Tigq(v)dT or,

_ - - — \1-1
”G [sl - (A ~I ((—1)’< + 5Gd(s)) c)] E | <1 (2.56)
From Egs (2.47) and (2.57), we can deduce that
|G[s] — A+ LG4(s)C] 1 E|l < 1. (2.57)

Replacing « with ¢ and Ar with —LC, in Lemma 4, it is clear that Eq (2.57) & 3V =
V(t,%):Rx R"* > R satisfying V(t,%) > 0Vx # 0,V(t,0) = 0, and €p ER=0 s.t Vf,(ﬁ
L0t %) + €4 [ [FT(OCTGE(E) — 7 (t,u, 2 DP(t,u, % D)]dr} < 0. (2.58)
Since ¢(t,u,x,x) satisfies Eq (2.4),
LIETOGT6xW®) — ¢7(tw, %, D) (t,u, 2, 2)]dr > 0. (2.59)
Let us define a candidate Lyapunov function for the system Eq (2.6) as
Vi=V(t,%) + €y [, [FTOCTCE() — ¢7(t,u, 2, DP(t,u, %, %)]dr > 0. (2.60)
Since V > 0VX # 0,and V < 0, the system Eq (2.6) is stable.
On the limit y. — 0,
IG[sI — A+ LG4()C] ' Elle = IG[s] = (A = LO)]"E | - (2.61)

If on the limit y. — 0, AP satisfying Eq (2.45), then ||G[s] — A + LG4C]™*E||,, > 1. Subsequently,
¢, for instance ¢ = sin(Gx) that would make the observer unstable. Hence the condition becomes
necessary when y. — 0.

Note: It is clear from the above theorem that we need to make y. as small as possible. Without
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the concept of effective bound, however, we would need to use y, =2 (since § =68 and
18 (s)leo = 2).

Lemma 8: Given weighting matrices W € R™"™, R,,; € R"wext*"wext —and Q € R™ ™ the
observer Eq (2.5) can eventually guarantee the following performance

[ ZT@WR(@dr < [ (0T (©Q0(T) + Wit (DR Wexe ())dr, (2.62)

for all nonlinearities ¢ satisfying Eq (2.4), if for the K" Padé approximation of the delay 3P > 0,

€p > 0,6c >0, and €, >0 sit,

"N PE PF, PL PL
E'P —eyl 0 o 0
Fl,P 0 —eBR 0 0 |<0 (2.63)
' 0 0 —eQ 0
2 TR A 0 —ecl

where N = ey TWTWTT + ATP + PA—PLC — C"L'P + €4¥3G"G + ecyC"C, 0 is a zero

matrix, 4,C,L, E,and G are the systems matrices for the error dynamics defined in Eq (2.28), and
Yc > 0 is the effective bound on the approximation error as defined in Definition 1.
Further, Eq (2.63) becomes necessary and sufficient on the limit y. — 0.

Proof: Let E := [E Fext(EW/€¢) R)—1/2 L(EW/€¢ Q)—1/2] and G = col (G, (EW/E¢)1/2W). By

-1/2 -1/2
multiplying Eq (2.63) by diag <I, 1, (6—W> , (G—W Q) , I) on both sides, we find

6¢R

N PTE PL
o qroo
E'TTP —€4(0 I 0 0| |<o. (2.64)
i o0 1 o
L'P [0 0 0] —ecl
Following the proof of Theorem 7, we can show that
|G[sI — A+ LG4(s)C] 1E||o < 1. (2.65)

_ 1/2
Replacing « with col <¢, (Z—WQ> v, (GW/Ed) Ry 1/2Wext>, G with G and E with E in
¢

Lemma 4, we find 3V satisfying Eq (2.14), s.t.,
V+€e4[¥T6T6x — PTP| + e [KTWE — vT Qv — Wl RoxWexre] < 0. (2.66)

Hence, if we define
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V(%) =V(t5) >0,V = [V (dr. (2.67)
Notice that V < 0 when
[ A @WE(@)dt > [ [0TQV + Wi R et Wexe1dT. (2.68)
Hence, from Lemma 2, the system will converge to
[ A @WE(@)dr < [ (0TQU + Wl RextWex)dT. (2.69)

It also follows from the proof of Theorem 7 that the condition becomes necessary when y. = 0.

Note: While not strictly necessary, if w and v are zero-mean white Gaussian noises, then we
can choose (R)™! equal to the covariances of v and (Q)~! equal to the covariances of w.

Notice that Eq (2.63) ceases to be a linear matrix inequality if L is unknown. Hence, we will
require an iterative procedure for determining L. Such an iterative method would require a method of
evaluating the fitness of a chosen L.

Lemma 9: For the system

Zeq (t) = (/T - ZC_)Zeq (t) + Fextwext(t) - Z)’s(t) - Zv(t) + Eaeq(t)
V5(t) = L7864 ()L (CZeg®)], [8aa(Il,, < 7e . (2.70)
yeq () = G_Zeq(t)

If 3P:1 2P >0, € > 0,ec > 0and e > 0, s.t.,

N PE PL PL PFE,,,
ETP -1 0 0 0
I'p 0 —e.l 0 0 |<o, (2.71)
I'P 0 0 —e,Q1 0
FL.P 0 0 0 —eyR™1

where N = e, TWTT + ATP + PA— PLC — CTL"P + GTG + €cy2CTC + yI , then if y3>0,
system Eq (2.70) has the performance

ftt_T Zeq(OTWT T 2,4 (T)d7 < ftt_T(vT(T)RU(T) +wl(7)Qw(x))dr, (2.72)

with an exponential rate > ys.

Proof: Defining V by multiplying Eq (2.71) by [zl, T, vz vT w”| on the left and col(zyq, Peg

Y5 U, W) on the right, and following the proof of Theorem 7, we can show that

% [XT(OPE()] + ew |22, (OTWT Tz, (t) — (vT(®)Rv(E) + wT ()Qw(1))]

. (2.73)
< —ysxT ()X (t)
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Since I = P, itis evident that Eq (2.73) ensures that for V(t) = % tt_T %7 (7)Px(t)dt, when Eq (2.72)
is not satisfied
V< -V, (2.74)

Q.E.D.

For numerical stability, we may need to impose the constraint P > 107°] and iteratively solve
Eq (2.71) and move in the direction of increasing ys until yg > 0.
3. Results
3.1. Simple 2-D problem

3.1.1. Observer design

We will use a simple example to show that the proposed observer design works better than other
algorithms from the literature. Consider a second-order unstable system with a dead-zone nonlinearity.

w0 =[0 L]x@+[J]ee) +[3]u

y(@®) =[1 0]x(t—0.5)

3.1)

10(x1 + xdead) if X1 < —Xdead
¢(x1) = 0 if — Xdead = X1 = Xdead - (3-2)
10(x1 - xdead) if X1 > Xdead

Notice |p(x14) — P(x1p) — 5(x14 — X1p)| < 5|x14 — x4 |. Hence,

0 1

A:[4 -3

_ 10 _ _ 10 _ 10 _ _ _ _
|.B=[i].c=nn oE=[]]F=[]6=15 olr=osr=00=0. (33

The parameters of this system were chosen arbitrarily such that the eigenvalues of A are stable
while those of A + EG are unstable. Assuming that our observer eigenvalues would be of the same
order of magnitude as our open-loop system, I' X |Re(A,,4,)|~5. From Figure 1, let us choose K = 6
with ¥ = 107>, We can solve the equation to get L = [2.2 2.6]7, with

1 7.28  —1.24 3.34 6.03 2.06 316 —-1.60 0.10 j
-1.24 16.14 -—-17.54 4.01 -14.06 4.09 -3.77 -0.77
3.34 —17.54 4143 1.41 37.92 1.81 2.25 2.74
6.03 4.01 1.41 17.40 0.27 11.09 -3.57 -1.80
2.06 —-14.06 37.92 0.27 36.22 1.90 3.70 2.08
3.16 4.09 1.81 11.09 1.90 9.03 —-3.63 041
—-1.60 —3.77 225 =357 370 -3.63 15.04 -9.59
- 0.10 —-0.77 2.74 -1.80 2.08 041 -9.59 8.90 -

P — 10—2 X . (34)
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3.1.2. Comparison with previous literature

Since much of the literature on delay observers has focused on linear systems, let us consider an
equivalent linear system with X4eqq = 0, wWherein A.; = A+ EG. The eigenvalues of A, are
1.8541 and -4.8541, and the system is unstable without feedback. We know that for a given L, the
linear observer would be stable if all of the eigenvalues of the characteristic equations
det(s] — A+ Le™TSC) = 0 have negative real parts. Since L only has two elements, we have solved
for the roots of the characteristic equations for different values of L. Figure 2 plots the maximum of
the real part of the eigenvalues (either the least negative or the most positive eigenvalue), as well as
the stability boundary wherein this maximum of the real part of the eigenvalues is zero.

10

751 Unstable

257

— 0f Stable
2.5+

Re(\)

-1.5 ¢
-10

(a) (b)
Figure 2. (a) 3D plot of Re(4). (b) Observer stability boundary.

Figure 3 plots the stability boundary obtained by applying the observer design proposed in this
paper. This boundary matches the theoretical stability boundary in Figure 2.

10
Unstable
5 L
—0r Stable
5t
-10 ;
0 2 4 6 8 10

Figure 3. Observer gain stability boundary of the proposed algorithm.
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We are unable to make a direct comparison to literature results as there are no equivalent explicit
procedures for observer design for systems with measurement delay. Hence, we select possible
observer gains over a dense grid (L = [I; [,]7, —100 < [; < 100, and —100 < [, < 100). For each
L, we examined the feasibility of the LMI that was proposed in Fridman and Shaked [44,49], by
attempting to find P; > 0, P,, P3, Py, s.t.,

r(Aeq — LC)TPZ + PZ(Aeq — LC) P, — PZT + (Aeq _ LC)TP3 FPZTLC]
M = ! (P1 - PI'+ (Aeq - LC)Tpg)T _p, — Pl +TP, FP3TLC! <0. (39
(rP7LO)" (TPILC)T —rp, |

As we were unable to find any L, we aimed to get a better understanding of feasibility by making
M < a under the constraint P; > 107>/ (without this constraint, it is possible to make P,
P,, P;, P, arbitrarily small, which will lead to numerical problems). Figure 4 plots the minimum «
for L =[l4 1], =100 < ; <100, and —100 < I, < 100 (the plot was generated by minimizing
a using LMI solver for every combination of [; and [, in the given range). It is seen that a > 0,
indicating that an observer design is not possible.

107
100 ole
196
50
194
N
9.2
250
9
100
21000 =50 0 50 100

Figure 4. Observer design based on Fridman and Shaked [44,49].

We similarly attempted to solve the following LMI that was proposed by Park et al. [50]
(presented in Fridman [44]), P, > 0, P, > 0,P; > 0, s.t.,

quP1+P1Aeq+P3_P2 —PlLC+P2 I—'qupz
—(LO)TP, + P, -P,—P, —I(LC)TP,|<0. (3.6)
I—'Perq _FP2LC _PZ

The LMI was similarly found to be infeasible. This is expected since the condition based on earlier
literature requires the eigenvalues of 'LC to lie within a unit circle [44], while Figure 2 indicates a
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different stability boundary. We were similarly unable to design a nonlinear observer for the system
based on the methodology proposed in Targui et al. [40], as for every L, we were unable to find P > 0
such that

(Aeq — LC)TP + P(Apq — LC) + €'l  TPLCA,, <0

T 3.7
(FPLCA,y) —€,I1
3.2. Robotic link with an elastic joint
In this example, we consider an unstable nonlinear system with
0 1 0 0 0 0
_|—48.6 —1.25 486 0 _121.6 1 0 _
A4=15 0 0 1 I'B= o ['E5| o |'FTB (3.9)
20 0 -19.5 -1.25 0 0.333

C=[1 0 0 0]¢(xu)=sin(xs)

This system is an unstable variation of the elastic joint robotic arm studied in the literature [6,24].
Notice that the eigenvalues of A are 0.2385,—0.6250 £ 8.2501j, —1.4885. The real system is
assumed to have a mass that is 1% lower than the nominal system. This would result in

0 0 0 0 0 0
_|-0.486 -0.0125 0.486 0 _o.0216 | o
24= """ 0 ) L |aB=T A= (3.9)
0.2 0 ~0.195 —0.0125 0 0.00333

We will further assume that the input disturbance is given by w~(0,1072), the noise in the sensor
is given by v~(0,1072), and the sensor measurements are delayed by I' = 0.1 s. If we solve for L by
ignoring the delay, we can obtain

Lignore delay = [15.59  121.56 10.50 —22.06]". (3.10)

Notice that ||E (sI — A+ Lignore detayC )G”Oo < 1, and the observer is stable in the absence of

delay. However, Figure 5 shows that the observer is unstable (when by u = sin(t)).
We will use K =3 and y, = 107>, and set W = I. Applying the proposed algorithm for a
delay time of 0.1 s on outputs, we obtain:

L=1[7.6708 9.8257 0.2664 1.4747]". (3.11)
Figure 6 shows the observer states, and Figure 7 shows that the performance ratio

ftt_T JET(T)Wf(r)dr/ftt_T(vT(T)Qv(r) + WL (T)RoxtWex: (T))dT is less than 1.
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1500 ‘ 8000
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1000}F Estimated i 6000
4000t
g 500 ¢ 3
) = 2000}
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0
-500 -2000 |
-1000 -4000
0 0.5 1 1.5 2 0 0.5 1 1.5 2
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600 ‘ ‘ ‘ 1000
400 t 500
0
o 200 [ <t
& £ 500
S 8
j -1000
-200¢ Y1 1500
-400 : : : -2000 : : :
0 0.5 1 1.5 2 0 0.5 1 1.5 2
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Figure 5. Observer design ignoring delay.
20
Actual
—————————— Estimated
o

0 1 2 3 4 5 0 1 2 3 4 5
time (sec)

0 1 2 3 4 5 0 1 2 3 4 5
time (sec) time (sec)

Figure 6. Proposed observer design: States.
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2.5

Performance ratio
—

o 1 2 3 4 3
time (sec)
Figure 7. Proposed observer design: Performance ratio.
4. Discussion
This section discusses potential stability issues with the nonlinear delay observer that was

proposed in Targui et al. [40]. Targui et al. [40] considered a noise-free system and an observer of
the form

x(t) = Ax(t) + ¢(t,u, x) + Hu(t), 4.1)
y(t) =Cx(t—-T), (4.2)
2(t) = A%() + L [y(t) +C [ (AZ(0) + ¢(z,u, %) + Hu(r))dr — Ca?] 43
+¢(t,u,8) + Hu(t) ' '
The error dynamics of ¥ = x — X is given by Eqs (4.1)—(4.3)
) =(A-LOX() +1L [Cx(t —I) = Cx+C [ (AR + p(z,u,x) + Hu(r))dr] 4
+o(t,u,x) — p(t,u, %) o
Using
Clx—x(t-I)]=cC ftt_r(Ax(T) + ¢(t,u,x) + Hu(z))dr. (4.5)
They obtain
¥(t) = (A= LOX + ¢p(t,u, x) — p(t,u, &) 16
+LC [ (A%(D) + ¢(t,u, %) — ¢(7,1,%))d7 (*4.6)
Using the following LK functional
V=xTPx+ [ [ (t + P)lex] + €367 GIZ(t + P)dOdy. (4.7)
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The authors show that the observer design would be stable if

» P TIPLCA TPLC
P —eq1 0 0

(rPLCA)T 0 —Teyg o |<0 _ 4.8)

(FPLC)T 0 0  —Tlesll

N=PA-LC)+(A—LC)TP +€,GTG + I'e,] + I'e3GTG

We will now provide an example where the error dynamics could be unstable despite satisfying
Eq (4.8). Consider the unstable linear system

xX=x+u

y = x(t — 0.75) (4.9)
Here, A=1, C =1, G =0 and ' = 0.75. We can construct an observer of the form Eq (4.3)
A N t ~ A
2(0) = 2(0) + L|y@® + [_ (42D + u(®))dr - 2| (4.10)

Since G = 0, we can set €1,e3 = . Notice Eq (4.14) is satisfied for [ =5, and P =1,¢, =5,
€1, €3 — 00, since

—4.25 3.75

3.75 —3.75] <0 (@.11)

Hence, the observer should be stable. Figure 8 shows the error dynamics for the above system for u =
sin(100¢t). It is evident from the figure that the observer is unstable, and the observer design proposed
by Targui et al. [40] may not be viable.

x10%

AN

\S) [OM) £ (V)
T T T T

0 20 40 60 80 100
time ()

Figure 8. Observer design based on Targui et al. [40].

We will provide further analysis to get to the root of the problem. Let us begin by considering a
more general form of the above systemusing A =a, L=1, G =0.
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X=ax+u
. (4.12)
y = x(t — 0.75)
S ~ t ~ ~
() = 2(0) + 1[y(©) + [£ (42() + u(n))dz - 2] (4.13)
As before, since G = 0, we can set €4, €3 = . Hence, Eq (4.8) can be written as
2Pa — 2Pl + e,I' TPla
[ I'Pla —e,T <0. (4.14)
Taking Schur’s complement, we find that we need
M = 2Pa — 2Pl + €,I" + I'e; 1 (Pla)? < 0. (4.15)
Setting d M'/de, = 0 yields
I —Te;?(Pla)? = 0 or €, = Pllal. (4.16)

Notice that €, = P|la| is a minimum as d? M /de? > 0. Hence, substituting in Eq (4.15) we find
Mopin—e2 = 2Pa — 2Pl + 2P|la|l" < 0. (4.17)
Since P > 0, we need
a—1+ (Jla))r <O0. (4.18)
Since | would usually be positive, we need

a

[ > .
1-|all

(4.19)

There does not seem to be an upper bound for stability (which contradicts our understanding of
system delay). It should be noted that even if the observer would work under most normal
circumstances, it would be extremely difficult to implement.

5. Conclusions

This paper has developed an observer design procedure for a nonlinear system in the presence of
unknown input disturbance, sensor delay, and sensor noise. Necessary and sufficient conditions have
been presented for the observer stability in the form of linear matrix inequalities. The observer design
procedure was demonstrated for a simple 2D system and an elastic joint robotic arm with delay.
Additionally, the paper provided a means of calculating the H,, gain of the state-space representation
of a delay system, which can be extended to a robust control of the system with delay.

The proposed design procedure is less conservative than results that use Lyapunov—Krasowskii
(LK) or Lyapunov—Razumikhin (LR) functionals. In the future, the proposed observer design may be
extended to systems with variable delay and to hybrid systems by treating the discrete-time digital
signal as a delayed measurement. Additionally, controller and observer designs are often dual problems,
and it will be possible to adapt these results to several controller designs.

Electronic Research Archive Volume 33, Issue 6, 3857-3882.



3879

Use of Al tools declaration

The author declares that they have not used any Artificial Intelligence (Al) tools in the creation
of this article.

Acknowledgments

The author would like to thank Alireza Beigi, Divya Rao Ashok Kumar, and Amirmasoud
Ghasemi Toudeshki at SFU, for their assistance with a few of the simulations used in the paper. The
authors would like to acknowledge funding support from NSERC through the Discovery grant
(RGPIN/02971-2021).

Conflict of interest
The author declares that there is no conflict of interest.
References

1. Y. Song, K. Zhao, H. Ye, Control of Nonlinear Systems: Stability and Performance, CRC Press,
2024. https://doi.org/10.1201/9781003474364

2. J. Xu, Nonlinear Dynamics of Time Delay Systems: Methods and Applications, Springer, 2024.
https://doi.org/10.1007/978-981-99-9907-1

3. R. Majeed, S. Ahmad, M. Rehan, Delay-range-dependent observer-based control of nonlinear
systems under input and output time-delays, Appl. Math. Comput., 262 (2015), 145-159.
https://doi.org/10.1016/j.amc.2015.04.052

4. Q. He, J. Liu, Sliding mode observer for a class of globally Lipschitz non-linear systems with
time-varying delay and noise in its output, /ET Control Theory Appl., 8 (2014), 1328—-1336.
https://doi.org/10.1049/iet-cta.2013.1004

5. Q. He, J. Liu, Observer-based stabilisation of a class of nonlinear systems in the presence of
measurement delay, Int. J. Control, 89 (2015), 1180-1190.
https://doi.org/10.1080/00207179.2015.1125021

6. K. Vijayaraghavan, A. Valibeygi, Adaptive nonlinear observer for state and unknown parameter
estimation in noisy systems,  Int. J. Control, 89 (2015), 35-84.
https://doi.org/10.1080/00207179.2015.1057231

7. Y. Dong, H. Wang, Y. Wang, Design of observers for nonlinear systems with H« performance
analysis, Math. Methods Appl. Sci., 37 (2014), 718-725. https://doi.org/10.1002/mma.2830

8. S. S. Delshad, T. Gustafsson, H. R. Karimi, A. Zemouche, Observer-based control design for a
class of nonlinear systems subject to unknown inputs: LMI approach, in 2015 15th International
Conference on Control, Automation and Systems (ICCAS), 1EEE, (2015), 984-989.
https://doi.org/10.1109/ICCAS.2015.7364768

9. K. Vijayaraghavan, Nonlinear observer for simultaneous states and unknown parameter
estimation, /nt. J. Control, 86 (2013), 2263-2273. https://doi.org/10.1080/00207179.2013.811291

Electronic Research Archive Volume 33, Issue 6, 3857-3882.



3880

10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

A. Zemouche, R. Rajamani, H. Kheloufi, F. Bedouhene, Robust observer-based stabilization of
Lipschitz nonlinear uncertain systems via LMIs - discussions and new design procedure, Int. J.
Robust Nonlinear Control, 27 (2017), 1915-1939. https://doi.org/10.1002/rnc.3644

R. Rajamani, Observers for Lipschitz nonlinear systems, IEEE Trans. Autom. Control, 43 (1998),
397—-401. https://doi.org/10.1109/9.661604

R. Rajamani, Y. M. Cho, Existence and design of observers for nonlinear systems: Relation to
distance to unobservability, Int. J. Control, 69 (1998), 717-731.
https://doi.org/10.1080/002071798222640

F. Zhu, Z. Han, A note on observers for Lipschitz nonlinear systems, /EEE Trans. Autom. Control,
47 (2002), 1751-1754. https://doi.org/10.1109/TAC.2002.803552

A. Zemouche, M. Boutayeb, G. I. Bara, Observers for a class of Lipschitz systems with extension
to Hw  performance analysis, Syst.  Control Lett., 57 (2008), 18-27.
https://doi.org/10.1016/j.sysconle.2007.06.012

J. Huang, Z. Han, X. Cai, L. Liu, Adaptive full-order and reduced-order observers for the Lur’e
differential inclusion system, Commun. Nonlinear Sci. Numer. Simul., 16 (2011), 2869-2879.
https://doi.org/10.1016/j.cnsns.2010.09.036

G. Phanomchoeng, R. Rajamani, Observer design for Lipschitz nonlinear systems using Riccati
equations, in Proceedings of the American Control Conference ACC 2010, 1IEEE, (2010), 6060—
6065. https://doi.org/10.1109/ACC.2010.5531294

G. Phanomchoeng, R. Rajamani, D. Piyabongkarn, Nonlinear observer for bounded Jacobian
systems, with applications to automotive slip angle estimation, /[EEE Trans. Autom. Control, 56
(2011), 1163—1170. https://doi.org/10.1109/TAC.2011.2108552

R. Rajamani, A. Ganguli, Sensor fault diagnostics for a class of non-linear systems using linear
matrix inequalities, Int. J. Control, 77 (2004), 920-930.
https://doi.org/10.1080/00207170412331270523

K. Vijayaraghavan, R. Rajamani, J. Bokor, Quantitative fault estimation for a class of non-linear
systems, Int. J. Control, 80 (2007), 64—74. https://doi.org/10.1080/00207170600921029

J. Lei, H. K. Khalil, High-gain observers in the presence of sensor nonlinearities, in 2017
American Control Conference (ACC), IEEE, (2017), 3282-3287.
https://doi.org/10.23919/ACC.2017.7963453

H. K. Khalil, High-Gain Observers in Nonlinear Feedback Control, SIAM, 2017.
https://doi.org/10.1137/1.9781611974867

H. K. Khalil, L. Praly, High-gain observers in nonlinear feedback control, /nt. J. Robust Nonlinear
Control, 24 (2014), 993—-1015. https://doi.org/10.1002/rnc.3051

S. Mehta, K. Vijayaraghavan, Analysis of sliding mode observers using a novel time-averaged
Lyapunov function, in Proceedings of the ASME 2017 International Design Engineering
Technical Conferences and Computers and Information in Engineering Conference, American
Society of Mechanical Engineers, (2017), 1-9. https://doi.org/10.1115/DETC2017-68131

S. Mehta, K. Vijayaraghavan, Design of sliding observers for Lipschitz nonlinear system using a
new time-averaged Lyapunov function, [Int. J. Control, 92 (2019), 2420-2429.
https://doi.org/10.1080/00207179.2018.1441551

M. Ran, J. Li, L. Xie, A new extended state observer for uncertain nonlinear systems, Automatica,
131 (2021), 109772. https://doi.org/10.1016/j.automatica.2021.109772

Electronic Research Archive Volume 33, Issue 6, 3857-3882.



3881

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

J. C. L. Chan, T. H. Lee, C. P. Tan, H. Trinh, J. H. Park, A nonlinear observer for robust fault
reconstruction in one-sided Lipschitz and quadratically inner-bounded nonlinear descriptor
systems, IEEE Access, 9 (2021), 22455-22469. https://doi.org/10.1109/ACCESS.2021.3056136

Y. Batmani, H. Khaloozadeh, On the design of observer for nonlinear time-delay systems, Asian
J. Control, 16 (2014), 1191-1201. https://doi.org/10.1002/asjc.795

H. Trinh, M. Aldeen, S. Nahavandi, An observer design procedure for a class of nonlinear time-
delay systems, Comput. Electr. Eng., 30 (2004), 61-71. https://doi.org/10.1016/S0045-
7906(03)00037-5

W. Chen, D. Li, X. Lu, Impulsive observers with variable update intervals for Lipschitz nonlinear
time-delay systems, Int. J. Syst. Sci., 44 (2013), 1934-1947.
https://doi.org/10.1080/00207721.2012.670305

I. Karafyllis, M. Malisoff, F. Mazenc, P. Pepe, Recent Results on Nonlinear Delay Control Systems,
Springer, 2016. https://doi.org/10.1007/978-3-319-18072-4

S. Lin, J. Yuan, Z. Liu, T. Zhou, A. Li, C. Gu, et al., Distributionally robust parameter estimation
for nonlinear fed-batch switched time-delay system with moment constraints of uncertain
measured  output  data,  Electron. Res.  Arch., 32 (2024), 5889-5913.
https://doi.org/10.3934/era.2024272

J. Li, J. Yan, H. Zhang, K. Xiao, Identification of feedback nonlinear systems with time delay
based on chaotic decreasing weight sparrow search algorithm, Soft Comput., 28 (2024), 4009—
4024. https://doi.org/10.1007/s00500-023-09373-5

B. Liu, W. Chen, Time delay and model parameter estimation for nonlinear system with
simultaneous approach, J. Process Control, 139 (2024), 103234.
https://doi.org/10.1016/j.jprocont.2024.103234

J. Zhou, J. H. Park, Q. Ma, Non-fragile observer-based H« control for stochastic time-delay
systems, Appl. Math. Comput., 291 (2016), 69—83. https://doi.org/10.1016/j.amc.2016.06.024

N. Kazantzis, R. A. Wright, Nonlinear observer design in the presence of delayed output
measurements, Syst. Control Lett., 54 (2005), 877-886.
https://doi.org/10.1016/j.sysconle.2004.12.005

F. Cacace, A. Germani, C. Manes, An observer for a class of nonlinear systems with time varying
observation delay, Syst. Control Lett., 59 (2010), 305-312.
https://doi.org/10.1016/j.sysconle.2010.03.005

A. Vafaei, M. J. Yazdanpanah, A chain observer for nonlinear long constant delay systems: A
matrix inequality approach, Automatica, 65 (2016), 164-169.
https://doi.org/10.1016/j.automatica.2015.11.012

A. Chakrabarty, E. Fridman, S. H. Zak, G. T. Buzzard, State and unknown input observers for
nonlinear systems with delayed measurements, Automatica, 95 (2018), 246-253.
https://doi.org/10.1016/j.automatica.2018.05.036

D. C. Huong, A fresh approach to the design of observers for time-delay systems, Trans. Inst.
Meas. Control, 40 (2016), 477-503. https://doi.org/10.1177/0142331216661758

B. Targui, O. Hernandez-Gonzélez, C. M. Astorga-Zaragoza, G. V. Guerrero-Ramirez, M. E.
Guerrero-Sanchez, A new observer design for systems in presence of time-varying delayed output
measurements, /nt. J. Control Autom. Syst., 17 (2019), 117-125. https://doi.org/10.1007/s12555-
017-0224-x

Electronic Research Archive Volume 33, Issue 6, 3857-3882.



3882

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

M. Guarro, F. Ferrante, R. G. Sanfelice, A hybrid observer for linear systems under delayed
sporadic measurements, [nt. J. Robust Nonlinear Control, 34 (2024), 6610-6635.
https://doi.org/10.1002/rnc.7213

S. Bououden, F. Allouani, A. Abboudi, M. Chadli, I. Boulkaibet, Z. A. Barakeh, et al., Observer-
based robust fault predictive control for wind turbine time-delay systems with sensor and actuator
faults, Energies, 16 (2023), 858. https://doi.org/10.3390/en16020858

Z. Li, G. Cao, W. Xie, R. Gao, W. Zhang, Switched-observer-based adaptive neural networks
tracking control for switched nonlinear time-delay systems with actuator saturation, /nf. Sci., 621
(2023), 36-57. https://doi.org/10.1016/j.ins.2022.11.094

E. Fridman, Tutorial on Lyapunov-based methods for time-delay systems, Eur. J. Control, 20
(2014), 271-283. https://doi.org/10.1016/j.ejcon.2014.10.001

S. Boyd, L. E. Ghaoui, E. Feron, V. Balakrishnan, Linear Matrix Inequalities in System and
Control ~ Theory  SIAM  Studies in  Applied  Mathematics, = SIAM, 1994.
https://doi.org/10.1137/1.9781611970777

H. K. Khalil, Nonlinear Systems, 3rd Edition, Prentice Hall, 2002.

M. A. Woodbury, Inverting Modified Matrices, Princeton University, 1950.

M. Vajta, Some remarks on Padé-approximations, in 3rd TEMPUS-INTCOM Symposium on
Intelligent Systems in Control and Measurements 2000, (2000), 53—58.

E. Fridman, U. Shaked, Delay-dependent stability and H« control: Constant and time-varying
delays, Int. J. Control, 76 (2003), 48—60. https://doi.org/10.1080/0020717021000049151

P. Park, J. W. Ko, C. Jeong, Reciprocally convex approach to stability of systems with time-
varying delays, Automatica, 47 (2011), 235-238.
https://doi.org/10.1016/j.automatica.2010.10.014

©2025 the Author(s), licensee AIMS Press. This is an open access

AIMS AIMS Press article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/4.0)

Electronic Research Archive Volume 33, Issue 6, 3857-3882.



