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Abstract: In this paper, we studied a generalized reaction-diffusion system that models predator-prey
dynamics, incorporating prey-taxis along with a hunting cooperation effect and a logistic source for the
predator population, subject to homogeneous Neumann boundary conditions. This system describes a
predator-prey interaction in which the prey, via a prey-taxis mechanism, employ group defense strate-
gies against their predators, while the predators, through their functional response and net growth rate,
not only cooperate in hunting these defended prey but also exhibit logistic growth dynamics, thereby
ensuring the self-regulation of the predator population. We established that solutions to the time- and
space-dependent system exhibiting such ecological characteristics exist globally and remain bounded
within a one-dimensional spatial domain. Furthermore, using global bifurcation theory, we proved the
existence of nonconstant positive steady states. A key ingredient in this analysis is the derivation of
uniform a priori estimates for positive steady-state solutions, which play a crucial role in controlling
the global solution branches.

Keywords: global existence; predator-prey; hunting cooperation; prey-taxis; logistic source;
steady-state bifurcation

1. Introduction

In [1], we proposed and studied the following predator-prey reaction-diffusion system, which incor-
porates a hunting cooperation functional response and prey-taxis:

u, — tAu = g(u) —vf(u,v) in (0, 00) X Q,
v, —Av —xV - (gv)Vu) = Bvf(u,v) —y(v) 1in (0, 00) X Q, (1.1)
o,u=0,vy=0 on (0, 00) X 0Q), )

u0,)=uy >0, v(0,)=vg=>0 in Q.


https://www.aimspress.com/journal/era
https://dx.doi.org/10.3934/era.2025169

3812

Here, u(z, x) and v(z, x) represent the population densities of prey and predators, respectively, at time
t and spatial location x € Q. The spatial domain Q C R", where N > 1, is bounded and has a
smooth boundary, denoted by 0Q. Furthermore, n(x) denotes the outward unit normal vector on 0€,
and 0, = d/0n. In this system, 7 > 0 is the constant diffusion rate of the prey species, and the term
—xV - (g¢(v)Vu) stands for (repulsive) prey-taxis, where g(v) is the sensitivity function and y > 0 is the
chemotaxis coeflicient. Furthermore, the function g(u) characterizes the intrinsic growth rate of the
prey population, while f(u, v) represents the functional response, indicating the rate at which predators
hunt and consume their prey. The constant 8 > 0 denotes the conversion rate associated with predation,
and y(v) indicates the net growth rate of predators in the absence of prey. Finally, the initial data u,
and v, are assumed to satisfy

Uy, vo € WHP(Q) for some p > N, uy 0, vy 0in Q.

Ecologically, the constant diffusion rate T quantifies the random dispersal of the prey species
throughout the domain Q. However, due to the prey-taxis term, predators tend to move in the di-
rection opposite to the increasing prey density gradient, resulting in a scenario in which prey exhibit
a group defense strategy against predators (e.g., see [2,3]). An example of such a predator-prey inter-
action involving group defense through the prey-taxis mechanism, as described in (1.1), can be found
in [4]. Furthermore, it is biologically realistic for predators to exhibit a limited response when prey
densities are low (see [5, 6]). Accordingly, the sensitivity function of predators, represented as g(v), is
expected to be bounded. The intrinsic growth rate of the prey population, denoted as g(u), is typically
influenced by resource limitations and is often expressed as follows:

ru(l —ﬁ) or r(l —1),
K K

where r and K are positive constants. Regarding the capturing rate, the functional response f(u, v) gen-
erally increases with prey density. In ecosystems with cooperative hunting, higher predator densities
enhance the capture rate; however, interference among predators (see [7]) limits this effect. Conse-
quently, f(u,v) increases with both predator and prey densities, but remains bounded. Representative
forms of hunting-cooperation functional responses (e.g., see [1,7-13]) include

Ceouv Ceou(l + av) . Ceou*(1 + av)
1+ hoCeouv’ 1 + hyCequ(1l + av)’ 1 + hoCeoui?(1 + av)’

where a, ey, hy, and C are positive constants (for their biological meanings, see [7, 8, 12—14]). The
net growth rate of predators, denoted as y(v), may be influenced by the predator death rate or by
intraspecific competition. Accordingly, prototype forms for y are provided by

vM, and M,v + YA

where M, and v, are positive constants representing the intrinsic death rate and the intraspecific com-
petition rate, respectively. To incorporate these ecological backgrounds in the functions g, f, v, and
g [1], assumed that there exist positive constants K, M,, My, M,, and M, such that the following
general hypotheses are satisfied:

(H1) g € C'([0,),R), g(0) > 0, g(K) =0, 0 < g(u) < M, for all 0 < u < K, while g(u) < 0 for any
u>K.
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(H2) f € C'([0,)?,[0,0)), f(u,0) > 0, f(0,v) = 0, fu(u,v) > 0, and f,(u,v) > O for any u, v > 0,
and f(u,v) < My forallu,v > 0.

(H3) y € C'([0, ), [0, ), ¥(0) = 0, ¥'(0) = M,, y(v) = Myv, and y'(v) > 0 for any v > 0.
(H4) ¢ € CY([0, ), [0, 00)), g(0) = 0, and g(v) < M, for all v > 0.

Under these assumptions, in [1], we established the global existence of classical solutions to system
(1.1) forall N > 1 when the chemotaxis coefficient y is sufficiently small. To achieve this, we employed
Amann’s local existence theorem [15,16], along with various estimates for the diffusion semigroup and
the Gagliardo-Nirenberg inequality (e.g., [17-20]). Furthermore, we derived a weighted integral esti-
mate using a new weight function, which subsequently yielded an explicit upper bound for y ensuring
the existence of bounded solutions.

Not only for Keller—Segel chemotaxis models without reaction terms but also for predator-prey
models with prey-taxis, the global existence and boundedness of solutions have been established under
either a technical truncation assumption (see [21-23]) or a smallness assumption on the prey-taxis
coefficient (see [1,24]). Such assumptions are often employed to prevent population overcrowding.
The global existence of solutions to PDEs with chemotaxis terms has recently emerged as one of
the most actively studied topics in biological mathematics. Our earlier results in [1] align with this
trend. In particular, for studies on predator-prey models incorporating prey-taxis, we refer the reader
to [1, 18,24] and the references therein. This raises a fundamental question: Can global existence of
solutions be ensured without imposing any restrictive assumptions? In addressing this, several notable
results have demonstrated global existence for all y > 0, without requiring smallness or truncation
conditions (e.g., see [4, 18,25-29]).

In [25], a prey-taxis system with the ratio-dependent functional response (—=)v (for a contant
a > 0) was studied for all y > 0 and N > 1. The key inequality (——)v < I played a crucial role in
obtaining the desired result. The models in [4,26,28,29] incorporate Lotka—Volterra-type interactions
among species. In [18], the authors considered a prey-dependent functional response f(u) satisfying
the Holling type-II condition, combined with a logistic-type source in the predator equation. They
established the global existence of classical solutions for all y > 0, but only for the case N = 2.
Meanwhile, [27] addressed a chemotaxis model in one spatial dimension (N = 1). These studies
collectively highlight that, in ensuring global existence of solutions for prey-taxis models with arbitrary
x > 0, the structure of the functional response plays a crucial role. In particular, when attempting to
apply an entropy-like equality (cf. [30]) as was done in [18] to our system (1.1) with a functional
response f(u,v) satisfying (H2), one encounters difficulties. This is due to the fact that f depends
on both u# and v, and the quantity @ is not necessarily bounded. These aspects impose certain
limitations on the applicability of various theoretical approaches, including entropy-based methods.
In this context, the analysis of prey-taxis models with functional responses satisfying (H2) presents a
certain level of novelty. To overcome the associated difficulties and eliminate the need for a smallness
condition on the prey-taxis sensitivity coefficient y, we begin our study under structural assumptions
that incorporate both a logistic-type source and a one-dimensional spatial setting. These assumptions
allow for sufficient analytical control, facilitating the derivation of the required a priori estimates.

We note that the question of whether similar results can be obtained without such restrictions (e.g.,
in higher dimensions or without a logistic source) remains largely open. As seen in the works cited
above, the global existence and boundedness of solutions to prey-taxis predator-prey systems is a topic
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of active ongoing research. Taken together, these studies suggest that either the spatial dimension N or
the presence of a logistic source plays an essential role in the derivation of key estimates, particularly
those involving the Gagliardo—Nirenberg inequality. Motivated by this, we study global existence and
boundedness in a one-dimensional model with a suitably structured logistic source. In particular, we
focus on the impact of the predator growth term and explore whether a refined assumption on y(v) can
enhance the analysis in the one-dimensional case. To this end, we replace assumption (H3) with the
following, more stringent condition:

(H3*) y € C!([0, ), [0, 0)), ¥(0) = 0, ¥'(0) = M,, y(v) > M,y + vy, and y'(v) > O for some a > 1
and all v > 0.

We note that the term y,.v* in (H3*) contributes a self-limiting mechanism to the predator equation.
While not logistic in the classical algebraic sense (e.g., of the form v(1 —v)), this higher-order damping
term serves a similar ecological role by suppressing unbounded population growth at high densities.
For this reason, we refer to it as a logistic-type source in the biological modeling. Additionally, prey-
taxis predator-prey models featuring similar generalized logistic sources can be found in [29] (see
also [28]).

Having established the motivation for incorporating (H3*) into our analysis, we now turn to the
main objective of this paper. As a continuation of the discussion presented in Remark 2.2 of [1],
we aim to prove the global existence and boundedness of solutions to system (1.1) for any y > O in
the one-dimensional case (i.e., N = 1). Accordingly, we present our main result for system (1.1) as
follows.

Theorem 1.1. Assume that assumptions (HI1), (H2), (H3*), and (H4) hold and that N = 1. Let u,
vg € WYP(Q) for some p > 1, where ug, vo > 0(2 0) in Q. Then, system (1.1) admits a unique,

nonnegative, and global classical solution (u,v), which satisfies the properties
u, v € C([0, 00); W(Q)) N C*'((0, 00) X ),

and u > 0 in (0, 00) X Q. Moreover, the solution is bounded in the sense that there exists a constant
C > 0, independent of t, such that

llee(, iy + V(T o) < C forallt > 0.

Having established the global existence and boundedness of classical solutions in one dimension
through Theorem 1.1, we now turn our attention to the steady states of (1.1). In particular, an im-
portant question arises in the context of reaction-diffusion predator-prey systems with prey-taxis: un-
der what conditions can spatial patterns emerge in the steady-state regime? This phenomenon, com-
monly referred to as pattern formation, is of great biological and mathematical interest (see, for in-
stance, [4,9,26,31-34]). In the context of system (1.1), the presence of prey-taxis and nonlinear
interactions through cooperative hunting and logistic-type regulation can induce instabilities in con-
stant steady states, potentially leading to the emergence of spatially nonhomogeneous solutions. Such
phenomena are often studied via bifurcation theory (e.g., [26, 32-34]), particularly when investigat-
ing how variations in parameters such as the prey-taxis sensitivity y influence the structure of steady
states. Motivated by this, we analyze the associated steady-state elliptic system, which governs the
equilibrium configurations of parabolic system (1.1). By employing global bifurcation theory, we
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rigorously demonstrate the existence of nonconstant positive steady states bifurcating from spatially
homogeneous equilibria. A key element of this analysis is the derivation of a priori estimates for the
steady-state solutions, which are essential for controlling the global bifurcation branches and ensuring
the applicability of the theory.

As the second main result of this paper, we present a result on the global bifurcation of positive
solutions to the following elliptic system, which corresponds to the steady states of (1.1):

—1Au = g(u) —vf(u,v) in Q,
—-Av —xV - (gv)Vu) = pvf(u,v) —y(v) inQ, (1.2)
8,,14 = anv =0 on 0Q2.

The bifurcation branch emanates from a positive constant steady state of the system. Accordingly, we
first ensure the existence of such a constant solution by referring to [1, Theorem 2.3].

Proposition 1.2. Assume that assumptions (HI), (H2), (H3*), and (H4) hold. Assume, additionally,
that

(HIb) g'(K) < 0 and g'(0) > 0 hold when g(0) = 0; g’(K) < 0 holds when g(0) > 0.
Let

Eu) =y~ (Bgw)) and H(u) = g(u) — f(u, Eu)Ew).
Then (1.1) has at least one steady state of constant coexistence if either one of the following is fulfilled:

(i) H'(K) > 0 (i.e., Bf(K,0) —y'(0) > 0);

(iit) H'(K) < 0 and H(M.) < 0 for some M, € (0, K). (1.3)

H(u) H(u)

(a) 1) in (1.3) (b) (i1) in (1.3)
Figure 1. The graphs of H(«) when g(0) = 0.
For convenience in stating the following theorem, we now prepare the following notations: Let
O=po<p Spp <<y <--- and limy; = oo

be all eigenvalues of the problem —¢,, = u¢ in Q and d,¢ = 0 on 0Q. Additionally, let ¢; denote the
normalized eigenfunction corresponding to y; for i > 0. In particular, when Q = (0, L), we know that
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i = (%)2 and ¢; = cos %‘ Furthermore, when (1.2) possesses a positive constant solution (u., v.), we
let

Fu = Fulte,v.) = g () — v fultt, v,
Fo = Folt, vi) = =V il v),
G, = Gu(u.,v.) = Bv. fu(u., v.),
G, = Gu(u.,v.) = pv. fi(u., v.) + Bf (., v.) =y (v.),
where
F(u,v) = gu) —vf(u,v) and G(u,v) = Bvf(u,v) —yv).

Theorem 1.3. Assume that assumptions (H1), (H2), (H3*), (H4), and (HIb) hold and that N = 1.
Furthermore, suppose that g € C*([0, ), R), and that one of the conditions in (1.3) is satisfied. Assume
additionally that

(H5) H’'(u,) # 0 for all positive constant solutions (u.,v.) of (1.2).
Let

. G~ FDwi - G) - FiG, .
Xi = —F gt > 0 for some i € N,

such that {
Miptj F ;(ﬂ*gi -F,G,) for i #].
Then the following results hold:

(i) There exists a positive constant € such that nonconstant positive solutions of (1.2) lie on a smooth
curve

i = {(x(s), u(s), v(s)) : —€ < s < €}

near (u.,v,) at y = x:, where x;(s) is a continuous function such that (0) = x?, u(s) = u, + s ¢:i(x) +
sal-(s), and v(s) = v, + s(ty; — F,))pi(x) + s@i(s) for some smooth functions al-(s) and J,-(s) satisfying
¢i(0) = '7[’1'(0) =0.

(ii) The curve I'; is contained in a global branch C; of positive solutions of (1.2). Moreover, either
Ci joins (x5, us, v.) with i # j, or C; joins to oo in y.

The following is a brief overview of the paper’s structure. In Section 2, we present several prelim-
inary results that are essential for the proof of Theorem 1.1. These include a local existence theorem
for system (1.1) and various estimates related to its solutions. In particular, to establish L*-estimates
for v, we employ the Moser-type iteration method [35] as one of our primary analytical tools. Subse-
quently, we apply all the previously derived results to complete the proof of Theorem 1.1. Next, using
global bifurcation theory [36], we prove the second main result, Theorem 1.3, which establishes that
a nonconstant positive solution branch of (1.2) bifurcates from a positive constant equilibrium. As a
preliminary step in this analysis, we derive a priori estimates for positive solutions to (1.2).

2. The proof of the main theorems
The first part of this section is devoted to the proof of Theorem 1.1. To begin, we present a result
obtained from [1] stating that (1.1) admits a local classical solution. This can be proven using Amann’s

local existence results [15,16] (e.g., see [18,24,37] for similar applications).
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Lemma 2.1. Assume that (HI), (H2), (H3*), and (H4) hold, and suppose ug, vo € W'P(Q) with some
p > N, where uy, vy > 0 and ugy, vo £ 0 in Q. Then, there exists a maximal-existence-time T,y € (0, 0]
such that system (1.1) has a unique classical solution (u,v), where u, v are nonnegative functions
satisfying u,v € C([0, Tpar); WHP(Q)) N CHH((0, Trax) X ﬁ). Moreover, the criterion for extensibility
holds:

either Tmax = 0o, or ||I/£(t, ')”W‘»""(Q) + ||V(l, ')||L°°(Q) —ooast /' Tmax~

When (u(t, x), v(t, x)) is a solution of system (1.1), [1] established an L*-norm bound of u by apply-
ing both the comparison principle and the strong maximum principle, as well as an L'-norm bound of
v through elementary integral calculations and the ODE comparison principle. We now restate these
results as follows.

Lemma 2.2. Assume that the assumptions given in Lemma 2.1 are satisfied. Then,
0 < u(t, x) < max{K, |lull =)} in (0,00) X Q.

Moreover, for any t > 0,

fv(t, x)dx < max {ﬂlQl (% + max{K, ||u0||LOO(Q>}) , fﬁuo(x) + vo(x)dx} ,
Q Q

Y
where |Q)| := fgdx.

Next, we present some well-known estimates for the diffusion-semigroup subject to homogeneous
Neumann boundary conditions; e.g., see [1, Lemma 3.5]. For further details, see [38,39]. For 0 < 6 <
1, the operator (—7A + 1)?, defined on a dense domain, is the closed fractional powers of the sectorial
operator —7A + 1 in LP(Q) for p € (1, 00).

Lemma 2.3. Let p, g, 6, and m be constants.

(i) If
N N
1<p<oo,1<g<oo,0<0<1l,m=00rl,andm—-— <260—- —,
p q

then there exists a constant C; > 0 such that for all $ € Dom((—tA + 1)),

||¢’||W'mp(9) <C ”(_TA + 1)9¢||L4(Q) ’

(ii)If1 < p<qg<ooand0 < 0 <1, then there are two constants C, > 0 and ay > 0 such that for
all ¢ € LP(Q), the so-called LP — L1 estimate

—9-N(1l_1y _
||(—TA + 1)Het(TA—1)¢|| < Cyt -5, ‘1)6 Qll”¢”Ll’(Q)

Q) =
holds, where t > 0 and the associated heat semigroup (¢'™),so maps LF(Q) into Dom((—tA + 1)?).

Now, using the two preceding lemmas, we additionally derive a priori estimates for solutions of

(1.1).

Lemma 2.4. Assume that the assumptions in Lemma 2.1 hold and that N = 1. Then, for any p > 1,
there exists a positive constant C = C(p) such that

”ux”[,p(g) < C forallt e (0, Tyax)-
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Proof. We begin by choosing an n € (0, T1,.x). Note that all constants C; > 0 and @; > 0 introduced
below are fixed and will be used without further specification.

From the representation formulation of the first equation in system (1.1), one can obtain that for
(t,x) € (0, Thax) X Q,

u(t, x) = e Frug(x) + f eI [u(s, x) + F (u(s, x), v(s, x))] ds, 2.1)
0

where
P.=—-1A+1 and F (u(s, x), v(s, x)) = g(u(s, x)) — v(s, x) f (u(s, x), v(s, x)).

We choose a

Applying Lemma 2.3(i) to (2.1) and then using the triangle inequality, one has that

0 —tP:
[|e(t, x)”WlsP(Q) <C |P‘re ' uO(x)“LP(Q)

t
+C1f|
0

= C1A (1) + C1Ay(¢) forall t € (1, Tnax)-

Ple™ 9 [u(s, x) + F (u(s, x), (s, x))] ||L],(Q) ds (2.2)

According to Lemma 2.3(i1) and the assumption on u,, we obtain that
A1) < Cot ™™ lugll iy < Cat™? < Can™ forall £ € (17, Trna)- (2.3)

Moreover, by using assumptions (H1) and (H2) and applying Lemmas 2.2 and 2.3(ii), we deduce that
t
A1) < Cy f (t = )20 s, x) + F(uls, x), v(s, X))l ds
0

t
< Cs f (1 — 5) i) g g
0
, 2.4)
= ¢ [wer Do
0

< C;s f w373 = gy, < Cg for all £ € (1, Tana)-
0

Here, the last inequality follows from elementary integral calculus due to the fact that 6 + % — ﬁ <1,
and Cy is independent of 7 but depends on p. Thus, by applying (2.3) and (2.4) in (2.2), we see that for
all € (7, Tinax),

llu(t, Moy < Co1p7™° + Cy.

Combining this result with the assumption on u, for sufficiently small i, we obtain the desired conclu-
sion, thereby completing the proof. m|

Lemma 2.5. Assume that the assumptions in Lemma 2.1 hold and that N = 1. Then, for each p > 2,
there exists a positive constant C = C(p) such that

||v||LP(Q) <C for allt € (0, Tmax)~
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Proof. Multiplying the second equation of system (1.1) by v*~! and integrating the resulting equation
on €, and then applying integration by parts, we can derive

pdtfvpdx—fvmvp dx +Xf(Q(V)ux)x " dx

+,3fvf(u,v)v”‘1—fy(v)v”‘ldx
Q (2.5)
=—(p-1) f Vv Pdx — (p — Dy f gV U dx

f flu, vvP — f YW’ ldx.
Q

By inserting the simple facts that

P r_
5\/2 lvx

2
= —v” 2lv,|* and (v2) =

(CON|

into (2.5), we can immediately obtain that

1d 4(p -1 po |2 2(p -1 P »
v Pdx = — (p > )f|(v2)x dx — —(p i fq(v)vz_lux(vz)xdx
P Q p Q

pdt
+,8ff(u,v)vp—fy(v)v”_ldx.
Q Q

Furthermore, applying assumptions (H2)-(H4) to (2.6), we deduce that the right-hand side of (2.6) is

bounded above as follows:

4(19—1)‘[‘(
+BMffv”dx—y*fv”_l+“dx.
Q Q

_2pta-1)
==

and sequentially applying Holder’s inequality with exponents m and -
2(’” 1) and 2(’" D it is easy to see that the followmg holds:

)dxs( fg qul’”a’x)rln ( fg & "

)m dx) '
e (2.8)

pm 2m » 2
<(C (f dex) (f‘(vz)x
Q Q

where C| is a positive constant depending on m. After choosing an € to satisfy

2(p — I)Xchl) €e_4p-D
p 2 p

(2.6)

Ve[| |(v2),| dx
Q (2.7)

2 2(19—1))(qu »
p

By setting

, Lemma 2.4, and Holder’s

inequality with exponents

V4
f || (v2
Q

m—=1

),

),

%
dx) ,
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and incorporating the previously obtained inequality into (2.7), followed by applying Young’s inequal-
ity, we obtain that

m=2 1
1 d 4 _1 2 _1 M C 7 2m P 2 2
. )f|(v5)x|2dx+ = ek, 1(f v»f—zdx) (f @), dx)
pdt Jo p Q p Q Q

+,8Mffv"dx—y*fvp_““dx
Q Q

m=2

- 1 M C pm m
< M(‘f vm2dx) +ﬁMffvpdx—y*fv”_l+"dx.
pe Q Q Q
Since @ > 1, it is clear that Z2-** > 1. Thus, we also note that Young’s inequality with exponents 2=
and ”;1% implies that
pm m p—l+a _ a1
fvr”dx = fv”_““dx <P f pragy ¢ 2= (=
o o p—1+aJg p—1l+a\o
for a fixed constant 6 > 0 chosen to satisfy
- 1yM,Co
7*_(p WM,C, —C, >0,
ep-1+a)
This leads to the following inequality:
1d — I M,Ci(a—1) (17T
—— | Vdx < (p = DM, ) (—) + LMy f vdx — C, f VP, (2.9)
pdt Jo pe(p-1+a) 0 Q Q
Finally, applying Holder’s inequality with exponents 2 _117”’ and 2 yields the inequality
fvpdx < |Q|-Tre (f v"_““dx) .
Q Q
Substituting this into (2.9) and setting y(¢) = fg vPdx, we eventually obtain that
dy _ (p=xM,Cil@—1) (1)o7 et i
- < — + pBM v — pCH|Q 7 P (2.10)
7 p—1ta) 5 pPBMyy — pGolQ|™ 7y

for all ¢ € (0, Tphax). Using the fact that % > 1, we apply an ODE comparison argument to deduce
from (2.10) that there exists a positive constant C3 = C;(p) such that y(¢#) < C; for all ¢ € (0, Tax).
Thus, the proof is complete. O

When N > 2, inequality (2.8) cannot be derived. In fact, Lemma 2.4 is no longer applicable in this
case. This highlights the essential role of the one-dimensional setting (N = 1) in our analysis.
Using Lemma 2.5, we obtain the following improved result compared to Lemma 2.4.

Lemma 2.6. Assume that the assumptions given in Lemma 2.1 hold and that N = 1. Then, there exists
a positive constant C such that

||ux||L°°(Q) <C fO}" allt € (0, Tmax)~
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Proof. We first choose an 7 € (0, Tax). As demonstrated in the proof of Lemma 2.4, we will use the
constants C; and a; mentioned below without explicit reference; all of these constants are positive and
independent of 7.

For fixed

1 1
g>1 and 5(1+—)<9<1,

q
applying Lemma 2.3(i) to (2.1), we derive that

—tP;
ez, %)l w1y < Ci | e ”0(x)||m(9)

t
+C1f|
0

;= C1B1(t) + C1By(t) forall t € (1, Trax)-

Te—([—S)P‘r [u(s, x) + F (u(s, x), v(s, x))]”

L@ ds

As in (2.3), we derive that B, () < Con~? holds for all ¢ € (1, Tyax)- Additionally, by applying assump-
tions (H1) and (H2) along with Lemmas 2.2, 2.3(ii), and 2.5, we obtain the following result analogous
to (2.4):

!
By(1) < G f (t =) lu(s, x) + F(uls, x), (s, )l Loy ds
0
!
<Cy f (t — 5)fe 19y
0
< C4f w e ™ dw < Cs for all t € (1, Tmax)-
0

Therefore, as in the final part of the proof of Lemma 2.4, we conclude that our claim is valid. O

We now need to establish the L*-estimate of v, for which the following Gagliardo-Ladyzhenskaya-
Nirenberg inequality (see [42, p. 63]) is required.

Lemma 2.7. Let Q be a bounded domain in RN with a smooth boundary. Then, for all ¢ € H'(Q),
there exists a constant C = C(N, Q) > 0 such that

6 = 32y < CIVHITE, 115D, -

where ¢ = ﬁ fQ odx.

Lemma 2.8. Assume that the assumptions stated in Lemma 2.1 are satisfied and that N = 1. Then,
there exists a positive constant C such that

”V”Lw(g) < C forallt e (0, Tha).

Proof. We begin with the following inequality, which is obtained directly by applying assumptions
(H2) and (H4) to (2.6) for p > 2:

1d 4(p—1)
pdtf vids f‘( )x

The remaining steps follow from standard Moser—type iteration arguments (see, e.g., [4,26,35,40]).
For completeness, the full proof is provided in the Appendix. O

L2 - M, 1))(M 2 v
f vl [(v6).
Q

dx+,8Mffv”dx. (2.11)
Q
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We are now finally prepared to prove our main result, Theorem 1.1.

Proof of Theorem 1.1. First, we note from Lemma 2.2 that u > 0O for all # > 0. From Lemma 2.1, we
see that system (1.1) possesses a classical and local-in-time solution (i, v) on [0, T\,.x). Hence, together
with Lemmas 2.6 and 2.8, the extensibility-criterion presented in Lemma 2.1 enables us to conclude
Tmax = 0. This completes the proof. O

We now consider the bifurcation of nonconstant positive steady-state solutions of system (1.2). To
begin, we derive a priori estimates for the positive solutions of (1.2).

Lemma 2.9. Assume that (H1), (H2), (H3*), and (H4) hold. Let (u,v) be a positive solution of (1.2).
Then there exists a positive constant C such that

u, v<C onQ.

Proof. By directly applying the maximum principle to the first equation in (1.2), we can immediately
see that maxgu < K.
From the result obtained by integrating the equations in (1.2) over €, we can readily derive the

following:
f yv)dx = f g(updx,
Q Q

which, together with (H1) and (H3*), implies that

Mg
f vdx < f—20). (2.12)
Q Vs

For any k > 0, multiplying the second equation of system (1.2) by v* and integrating the resulting
equation on €, and then applying integration by parts, we can derive

kka‘llvxlzdx:—)(kaI(v)vk‘luxvxdx +,3ff(u,v)vk+ldx—fV(V)dex- (2.13)
Q a 0 o

By inserting the simple fact that
2 (k+1)?
4

into (2.13) and using assumptions (H2) and (H4), we can obtain that

4k kel
(k+1)2j;'(v ).

Similarly, by multiplying the first equation of system (1.2) by ®(v) = fov s*1q(s)ds, integrating the
resulting equation over €, and applying integration by parts, we obtain the following:

k+1
‘ % vk_llvx|2

X

2
dxs—)(qu(v)vkluxvxdx +[3Mfka”dx. (2.14)
Q Q

fq(v)vk_luxvxdx: lf(I)(v)g(u)dx—lfd)(v)vf(u,v)dx. (2.15)
Q T Ja T Ja
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Then, using (2.14), (2.15), assumptions (H2) and (H4), and the result obtained by applying our first
finding maxg u < K to g(u) satisfying (H1), we arrive at the following:

k+1 2
o l)zfjw ).

dxs)(—kfd)(v)vf(u,v)dx +ﬁMfka+ldx

XMfM k f k+2 f k+1
_— M
e dx+p dx.

(2.16)

Applying Holder’s inequality with exponents -%; := 6 and @, and then using (2.12), we can deduce

that
% 1
f vk”dxs( f v("“)"dx) ( f vo’dx) < Cr IVl » (2.17)
Q Q Q

where C, is a positive constant independent of k. In particular, for 1 < kK + 1 < (k + 1)6, Holder’s
inequality gives that
1
VIl Loy < 1QUED V]| zaneq - (2.18)

Moreover, since N = 1 < 2, the Sobolev inequality implies that for any m > 1,

i Lo
(f v(k“)’"dx) <C (f ‘(v%)x +
Q Q

where C, is a positive constant independent of k. We now apply (2.17)—(2.19), which together yield

vk”dx) , 2.19)

k+1 2 k+1 k+1
”v”L-(:cH)m(Q) S (k + 1) (C3(k) ||v||L_(';€+l)H(Q) + C4(k) ||v||L-;€—+1(Q))

(2.20)
< (k+ 1)*Cs(k) Ml oy »
where
MfM C C2 ﬁMfC2 C2 1
Cs(k —,Ck: + , Cs(k) = C3(k) + Cy(k) Q] .
3(k) = Tkt D) 4(k) ar Gt 17 5(k) = C5(k) + Ca(k) 1
Using (2.20) with k such that k + 1 = 8m’ for i € N U {0}, we obtain
Ml gy < [0 Cs(Om' = 1)]™ Wil g -

If we set m = 6%, then the above becomes

Ml g < [921“]92”‘ |G - )] PVl 2 g - 2.21)
Similarly, using (2.20) with k such that k + 1 = 6*m’ for i € N U {0}, we obtain

V|t ) < [ (P Cs(k)] NV o g -

If we set m = 62, then the above becomes

||v||L92H4(Q) [921+2] s [C (921+2 )]W ||V||L92i+3(g) ) (2.22)
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By iteratively using the inequalities in (2.21) and (2.22), we are finally led to the following:
IVl ) < AG)B(n) VIl 2y, foralln >3, (2.23)
where

n=2 i o i
Ay = P55 < @I = A < oo,
n-2

B(n) = H G50 - 1)

i=1

i 2 1 s L
<[[s7<s¥e=B<o
i=1

=

for a positive constant § > 1 determined by the definition of Cs(k).
Taking the limit as n — oo in (2.23) gives

IVl < ABVll 2 g, -

Consequently, by using (2.12) together with the following inequality to this estimate,
-1 1

2 2
||v||L92(Q) < ||v||LZO(Q) ||v||z](Q) >

which is obtained via Holder’s inequality, we can complete this proof. O
By combining the above result that all positive solutions (u,v) of (1.2) are bounded in L*(€2) X
L>(Q) with the L”-theory of elliptic equations, the Schauder estimates, and the Sobolev embedding
theorem, we can conclude that u, v € C># for some € (0, 1) (e.g., see [9,31]).
With respect to (1.2), we will obtain a nonconstant positive solution branch that bifurcates from
the positive constant equilibrium (u,, v,) (if it exists), under the assumptions of Theorem 1.3. Let y

be a bifurcation parameter and assume that all other coefficients are fixed. For p > N = 1, we define
Banach spaces X and Y as

X :={u e W(Q): du=00ndQ} and ¥ := L"(Q).
Furthermore, we set a mapping A: R XX XX — Y XY by

a _ ( Ty + F (1, v) )
Oo1,7) = Ver + X (@O, + G, v) )

where ¥ (u,v) and G(u,v) were defined before Theorem 1.3. It is obvious that A is continuously
differentiable in an open set in R X X X X, and that A(y, u.,v.) = 0 for all y € R, where (u.,v.) is
a positive constant steady state of (1.2). It follows that the Fréchet derivative of A at (v, up, vo) €
R X X X X is given by

D(u,v)ﬂ()(’ U, VO)(M’ V) = (Ql (u’ V))’

O>(u,v)
where
O1(u, v) = Ty + Fuluo, vo)u + F.(uo, vo)v,
O2(u, v) = Var + xq(o)ttrr + Xq' (Vo) (Vo)sttx + xq' (Vo) (U0)xxv + Xq' (vo) (o) v + xq" (vo)(uo)x(vo) v
+ Gu(uo, vo)u + G, (uo, vo)v.
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In particular, when (ug,vy) = (u.,v.) (provided that the positive constant solution (u.,v.) exists), a
straightforward computation yields

Ty + F u+Fv
. (2.24)

Dy A, u, vi) (U, v) = .
(AU thr Vo)) (vxx+xq<v*>uxx+gzu+g:v

We now identify potential bifurcation values of y. To find possible bifurcation points corresponding
to values of y, we consider the linearized problem D, ,,A(y, u,, v.)(u,v) = 0 and examine whether it
admits a nontrivial solution. Using the eigenfunction expansions u = ), a;¢; and v = ), b;¢; in this
problem, we can derive the following:

a; T+ F, ¥ a;
B,-(X)b = . A =0 fori e NU {0}.
i XqOIpi+ G, —Hi+ G )\
We see that the linearized problem has nontrivial solutions if and only if
—Tu; + 7:: 7:‘}*
det . =0 (2.25)
X9 Ui+ G, —Hi+G,

that is to say, y = x; for i € N, where y! was defined in Theorem 1.3. Here, the case i = 0 can be
readily excluded, since assumptions (H4) and (HS) imply that

FuGy = F0 G, = V' )H (u.) # 0.
A detailed verification of this computation can be found in the proof of [1, Theorem 2.7].

Lemma 2.10. Suppose that all assumptions of Theorem 1.3 hold. Then dim N(D,,\A(x?, u.,v.)) = 1.

Proof. Suppose (¢, ) € N(D,,A(x}, u.,v.)). Then as in the previous discussions, using the eigen-
function expansions of ¢ and ¢, we see that B;(x})(a; b;)" = 0, since the definition of x| gives (2.25).
Thus, a direct calculation shows that

T;ﬁ
N(Diuy A, tt, v.)) = span{®}, ® = [wi ) ﬁ]sbi- (2.26)

Moreover, we observe that

X=X fori% ] o pp= (G - TG0,
Thus, the assumption given in Theorem 1.3 ensures that x; # x for i # j. Hence, the assertion holds,
as y; is a simple eigenvalue. O
Lemma 2.11. Suppose that all assumptions of Theorem 1.3 hold. Then codimR(D,,,,A(x;, u.,v.)) = 1.
Proof. Consider the adjoint operator of Dy, ,,A(x}, ., v.):

e+ T NGO GY) (@
Vi + G + T )
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Following the same method as in the proof of Lemma 2.10, we obtain

—Hi T Q:)
i

e (2.27)

N(L") = span{®*}, ®" = [

Suppose (5, E) € R(D,,)A(x;}, u.,v.)). Then there exists (¢, ) € Z such that

¢\ (¢
D(u,v)ﬂ(X;'k, U, V*) (w] = (J] ,

where Z is a complement of span{®*} in X x X. We easily see that

(6. 9), D)r2) = Dy AN s s LB, )], D)2 = (6, 8), LT[ D2 = (8, 8), 0)20 = O.
Thus,
R(Dupy AT s s v2)) = {(5, v eZ: fg (—ti + G)P$i + (—F Woidx = 0} (2.28)
gives codimR(D . A}, ., v.)) = 1. O

Lemma 2.12. Suppose that all assumptions of Theorem 1.3 hold. Then D, A(x;, u.,v.)D ¢
R(D ) A}, U, v.)), where © € N(Dy ) A, Us, V).

Proof. Suppose that D, A, s, )P € R(D A(x}, U, v.)). Then, it is obvious from (2.26)—
(2.28) that

Dy AW s e V)P = (—q(v*)ﬁ*ﬂi@)

and
0= fq(v*)(ﬂ*)zy,-(bizdx >0 fori>1,
Q

which is a contradiction. O
We are now finally prepared to prove our main result, Theorem 1.3.

Proof of Theorem 1.3. By virtue of Lemmas 2.10-2.12, the first result follows from the local bifurca-
tion theorem [41].

For the global bifurcation analysis, we consider the interval y € (0, 00). In view of the implicit
function theorem, the linearization around the trivial solution (0, 0) and the semi-trial solution (K, Q)
of system (1.2) shows that any solutions bifurcating from (0,0) or (K, 0) are not positive near the
bifurcation points. Thus, the positive solution branches cannot be joined to (0, 0) or (K, 0). According
to the global bifurcation theory [36], one of the following two alternatives must be satisfied:

(1) C; is unbounded in (0, o0) X X X X

(ii) C; meets a point (x7, ., v,) with i # j.

We know from Lemma 2.9 that any positive solution (u, v) to (1.2) is bounded in L*(Q) x L*(Q).
Furthermore, from the discussion presented below Lemma 2.9, (u, v) is also bounded in X X X. There-
fore, the global branch C; is bounded in X X X, which implies that C; must be unbounded in the
x-direction; that is, C; joins to oo in y. O
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3. Conclusions

In this paper, building upon the considerations outlined above and motivated by Remark 2.2 in [1],
we established the global existence and boundedness of classical solutions to system (1.1) in the one-
dimensional case (i.e., N = 1) for arbitrary positive prey-taxis coeflicients y > 0. To achieve this
result, we introduced a stronger logistic assumption on the predator growth term, denoted as (H3*).
This assumption plays a central role in providing sufficient control over population densities, thereby
preventing population overcrowding without imposing the restrictive truncation or smallness condi-
tions previously required.

Our analysis relied on deriving a priori estimates through a careful combination of the Moser-
type iteration method, weighted integral estimates, and precise applications of the Gagliardo-
Ladyzhenskaya-Nirenberg inequality. In particular, the logistic source introduced by condition (H3*),
especially through the exponent @ > 1, was essential in ensuring the boundedness of all positive steady
states for arbitrary values of y > 0. This boundedness property played a crucial role in enabling the
application of global bifurcation theory in the steady-state analysis.

In the latter part of the paper, we applied global bifurcation theory to establish the existence of non-
constant positive steady states, thereby providing a rigorous basis for pattern formation in the model.
Such spatial patterns, induced by prey-taxis and cooperative hunting effects, offer insight into how lo-
cal interactions and movement mechanisms can generate heterogeneous population distributions even
in homogeneous environments.

Our results extend and complement the existing literature, particularly the discussions in Remark
2.2 of [1], and confirm the conditions under which population densities remain controlled in one-
dimensional predator-prey models with prey-taxis. For future research, an important and challenging
direction will be to explore whether similar global existence and boundedness results can be achieved
in higher-dimensional scenarios (i.e., N > 2) or in the absence of logistic source terms, thereby broad-
ening the class of predator-prey models for which global existence can be established.
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