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1. Introduction

The nonstandard quantum groups were studied in [1], where Ge et al. [1] obtained new solutions of
the  Yang-Baxter  equations. For  these new  solutions, they  followed the
Faddeev-Reshetikhin-Takhtajan [2] method to establish the related quantum group structure, which,
in general, may not be the same as the standard ones. In [3] one class of nonstandard quantum
deformation corresponding to simple Lie algebra s/, was given, which is denoted by X,(A,—;). For
each vertex i (i = 1,--- ,n — 1) of the Dynkin diagram, the parameter g; is equal to g or —g~!, and if
g; = q for all 7, then X,(A,y) is just U,(sl,). However, if g; # g, for some 1 < i < n — 1, it has the
relation E,Z =F 12 = 0 in X,(A,-1), such that X ,(A,_;) is different from U,(sl,). For more results for
nonstandard quantum groups, one can refer to [4—6].

The notion of Hopf algebra actions on algebras was introduced by Sweedler [7] in 1969. The
Brauer groups of H-module and H-dimodule algebras were researched by Beattie [8]. A duality
theorem for Hopf module algebras was studied by Blattner and Montgomery [9] in 1985. Moreover,
the actions of Hopf algebras and their generalizations [10, 11] play an important role in quantum
group theory [12, 13], and the actions of Hopf algebras have various applications in physics [14].
Duplij and Sinel’shchikov [15, 16] used a general form of the automorphism of the quantum plane to


https://www.aimspress.com/journal/era
https://dx.doi.org/10.3934/era.2025157

3544

render the notion of weight for U,(sl»)-actions, and they completely classified U,(sl,)-module algebra
structures on the quantum plane, which consist of 6 non-isomorphic cases. Moreover, in [17] the
authors used the method of weights [15, 16] to study the module algebra structures of U,(sl,,+1) on the
coordinate algebra of quantum vector spaces. More relevant research can be found at [18, 19].
However, the module algebras of nonstandard quantum groups have not yet achieved research results.
Consequently, based on the above research results, we consider here the actions of the nonstandard
quantum group X,(A;) on the quantum n-space A,(n). In particular, a complete list of X,(A;)-module
algebra structures on the quantum plane A,(2) is produced and the isomorphism classes of these
structures are described.

This paper is organized as follows. In Section 1, we introduce some necessary notations and
concepts, as well as prove a lemma about actions on generators and any elements of A,(n). In
Section 2, using the method of weights [15-17], the O-th homogeneous component and 1-st
homogeneous component of the action matrix are given. We have 2n + 1 cases for the 0-th
homogeneous component (Mgr)y, and 2n(n — 1) + 1 cases for the 1-st homogeneous component
(Mgr)1. In Section 3, we study the actions of X,(A;) on A,(2), and characterize all module algebra
structures of X,(A;) on the quantum plane A,(2), which rely upon considering the O-th and 1-st
homogeneous components of an action.

2. Preliminaries

Throughout, we work over the complex field C unless otherwise stated. All algebras, Hopf algebras,
and modules are defined over C; all maps are C-linear.

Let (H,m,n,A,&,S) be a Hopf algebra, where A, €, and S are the comultiplication, counit, and
antipode of H, respectively. Let A be a unital algebra with unit 1. Sweedler’s notations [7] are used in
the sequel. For example, for & € H, we denote

A(h) = Z ha) ® he).
o)

Definition 2.1. By a structure of an H-module algebra on A, we mean a homomorphism n : H —
EndcA such that:

1) forall h € H,a,b € A, n(h)(ab) = ¥, n(hqy)@)r(h)(b):
(h)

2) forall h € H,n(h)(1) = e(h)l.

Let m; and m, be two H-module algebras on A, and the structures 7y, 7, are said to be isomorphic, if
there exists an automorphism ¥ of the algebra A, such that W (h)¥~! = m,(h) for all h € H.

Throughout the paper we assume that ¢ € C* = C \ {0} is not a root of the unit (¢" # 1 for all
non-zero integers n). A class of the nonstandard quantum group X,(A;) was studied by the authors
of [3,4]. Now, we recall the definition of X,(A).

Definition 2.2. The nonstandard quantum group X,(A,) is a unital associative C-algebra generated by
E.F, K, K>, Kl‘1 , 1(2‘1 subject to the relations:

KiK' =K'K, =1, KK;'=K;'K, = 1, KiK, = KK, 2.1)
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K\E = ¢ 'EK,, (2.2)

K\F = gFK;, (2.3)

K>E = —q 'EK,, (2.4)

K>F = —gFK,, (2.5)
KK ' - K 'K

EF — FE = = (2.6)

E*=F?=0. (2.7)

The algebra X,(Ay) is also a Hopf algebra, and the comultiplication A, counit g, and antipode S are
given as the following:

AK) =K, ®K;, AK,) =K, ®K,, (2.8)
ANE)=E®1+KK'®FE, (2.9)
AF)=1®F+F®K;'Ky, (2.10)
eK) =1, &(Ky) =1, &(E) =0, &F) =0, (2.11)
S(K)) =K;', S(Ky) =K', S(E) = -K\K;'E, S(F) = -FK,K;". (2.12)

Let us review the definition of the quantum n-space (see [20,21]).

Definition 2.3. The quantum n-space A,(n) is a unital algebra, generated by n generators x; for i €
{1,2,--- ,n}, and for any i > j it satisfies the relation:

XiXj = qX;jX;. (2.13)

The quantum n-space A,(n) is also called a coordinate algebra of quantum n-dimensional vector
space. If n = 2, A,(2) is called a quantum plane.

For all n > 2 and n # 3, by [22-24], one has a description of automorphisms of the algebra
A,(n), as follows. Let ¥ be an automorphism of A,(n), and then there exist nonzero constants «; for
ie{l,2,4,---,n}, such that

v X; — Q;X;.

All such automorphisms form the automorphism group of A,(n), which we denote by Aut(A,(n)), and
in addition, one can get
Aut(A,(n)) = (C)".

It should be pointed out that there are more automorphisms of A,(3). Let o be an automorphism of
A,(3), and then there exist nonzero constants , 3, € C* and ¢ € C, such that

oX] > axy;, Xy fBxy+tx1x3, X3 — yYXs,

and Aut(A,(3)) = C (C*)*. Obviously, the automorphism group of A,(3) is more complex, and
therefore, we separately discussed the module algebra structures of nonstandard quantum group X,(A)
on A,(3), as detailed in [25].

Unless otherwise specified, in the following text, we fix the integers n > 2 and n # 3.

Next, we give a lemma which will be useful for checking the module algebra structures of X,(A;)
on A,(n).
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Lemma 2.4. Given the module algebra actions of the generators E, F, K, K, of X,(A,) on Ay(n), if an
element in the ideal generated by the relations (2.1)—(2.7) of X,(A,), which acting on the generators Xx;
of A,(n) produces zero foralli = 1,2,4,- - ,n, then this element acting on any v € A,(n) produces zero.

Proof. Here, we only prove that, if

KK;' - K} 'K,
(EF — FE) — (x) =0,
-1
q9—49
KzKl_l - KZ_IKI
(EF — FE) - (x;) =0,
q-q! !

where x;, x; are arbitrary generators of A,(n), then

KQK;I - KglKl
q-q!

[(EF - FE) - ] ()C,'.Xj) =0.

The other relationships can be proven similarly. Indeed, by (2.9) and (2.10), we have

AE)AF) - AF)ME) = (E®1+KK'®E)1®F + F®K;'K))

(EF -FE)® K;'K, + K,K;' ® (EF - FE),

and by Definition (2.1), then,

(EF — FE)(xix;)) = n(EF — FE)(x)n(K;' K))(x)) + n((K2 K7 D(x)n((EF = FE))(x;)
KK' - K;'K, KK' - K;'K,

= " (KK (x)) + KoKy (x;) Z—(x))
KK - K 'K
= 22 _12 I(X,'X,').
q-q |
-1_ g1
Thus, [(EF - FE) — 2“2 | (x;x;) = 0, and the lemma holds. O

Therefore, by Lemma 2.4, in checking whether the relations of X,(A), acting on any v € A,(n),
produces zero, we only need to check whether they produce zero when they act on the generators
X1 X250 5 Xpe

3. Properties of X ,(A,)-module algebras on A,(n)

In this section, we will study the module algebra structures of X,(A,) on A,(n), where K, K, €
Aut(Ay(n)),n >2,and n # 3.

The s-th homogeneous component of A,(n) is denoted by A,(n),, which is linear spanned by the
monomials x| x5% - -+ x"" with my + my + --- + m, = 5. Also, given a polynomial p € A,(n), the s-th
homogeneous component of p is denote by (p),, which is the projection of p onto A,(n), parallel to the
direct sum of all other homogeneous components of A,(n).
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By the definition of module algebra, it is easy to see that any action of X,(A) on A,(n) is determined
by the following 4 X n matrix with entries from A,(n):

Ki(x1) Ki(x2) --- Ki(x,)

definition | Ko(x1) Ka(x2) -+ Ka(xy)
MU= EG) Eo) o E) | G-1)

F(x)) F(x) -+ F(x,)

which is called the full action matrix, see [22]. Given a X, (A;)-module algebra structure on A,(n),
obviously, the action of K; or K, determines an automorphism of A,(n). Therefore, by the assumption
K, K, € Aut(A,(n), we can set

M. . definition ( Ki(x1)) Ki(x2) --- Ki(xn) )
ke Ky(x1) Ky(x2) -+ Ki(x,) (3.2)
_( a1 Xy Xy - Xy ) '
B Bixi Poxa 0 BuXy ’

where a;,8; € C* fori e {1,2,--- ,n}.
It is easy to see that every monomial xq'“xrzn2 .- x," € Ay(n) is an eigenvector of K; and K,, and the

associated eigenvalues /" @, - - - @, and 8" 857 - - - B," are called the K-weight and K>-weight of this
monomial, respectively, which will be written as

Wtg, (X[ X7 - xm) = oM aly? - ag
Wik, (X[ )2 Xy = BB - B

We will also need another matrix Mgr as follows:

(3.3)

2., definition E(x;)) E(xy) --- E(x,)
7\ F(x) F(xp) -+ F(xy) |

and we call Mg k, and Mgp the action K, K,-matrix and EF-matrix, respectively. It follows from
relations (2.2)—(2.5) that all entries of M are weight vectors for K; and K5, and we have

wig, (Ki(x1)) wtg (Ki(x2)) -+ wig, (Ki(x,))
Wi, (M) Sefniton wig, (Ka(x1)) wtg (Ka(xp)) -+ wig, (Ka(x,))
f wig (E(x1) Wik (E(x) -+ Wik, (E(x,))
wtg, (F(x1) Wt (F(x2) -+ witg (F(x,))
wig, (x1) wtg, (x2) o Wik, (x,)
9 wig, (x1) wig, (x2) o Wik, (x,) (3.4)
g 'wtg, (x1) g7 ' Wtk (x2) --- g7 Wi (x,) .
qwWtg, (x1)  qwtg (x2) -+ gWig, (x,)
@ a, ay
_ @ (¢%) ay
gl gl - qla, |
gai  qay - qa,
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wig, (Ki(x1)) Wik, (K (x2))

Wik, (K (xn))

Wte, (M) efmion wig, (Ka(x1)) Wik, (K> (x2)) wig, (Ka(x,,))
e Wik, (E(x1)) Wi, (E(x2)) Wi, (E(x,))
wig, (F(x1))  wtg, (F(x2)) wig, (F(x,))
Wik, (x1) Wik, (X2) Wik, (x,,)
g Wik, (x1) Wik, (x2) Wik, (x,) (3.5)
—q "W, (x1)  —q Wik, (x) —q " 'Wig, (x,) '
—qWtg,(x1)  —qWtk,(x2) —qWtg,(x,)
Bi B Bn
_ B B B
-¢7'B1 —q7'Bs -4 'Bu |’
-qbr  —qP> —4PBn

where the relation (a,) > (b,) means that for every pair of indices s, ¢ such that both ag, and by, are

nonzero, one has ay = by,.

In the following, we denote the j-th homogeneous component of M, whose elements are just the
J-th homogeneous components of the corresponding entries of M, by (M);. Set

0 O
0 O
ay ap

by b,

(M)o =

where a;,b; € C forall i € {

-1
wig, (Mgp)y) > ( qqaofl qqaézz
g ( &(Ky) &(Ky)
&(Ky) &(Ky)
wt (M ) ) > ( lﬁl _51_1,82
fo B -gBy  —qB»

(S(Kz) &(Ks)
&(Ky) e(Ka)

0

- ,n}. Then, we obtain

(3.6)

(3.7

Therefore, the relations (3.6) and (3.7) imply that a; and b; are at most one nonzero for any i €

{1,2,---,n}, and
a;#0=a =qpi =—q, (3.8)
bi#0=>ai=q ' Bi=—q (3.9)
An application of E and F to the relation (2.13) and by Eq (3.2), one has the following equalities:
E(x)x; + o] 'BixiE(x)) = qE(x))x; + qa;'Bjx;E(x;), for i> j, (3.10)
xiF(x)) +B7 a;F(x)x; = qx;F(x;) + gB; i F (x))x;, for i> j. (3.11)
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After projecting (3.10) and (3.11) to A,(n),, we obtain

@ (1 - qa;lﬁj) Xjt+aj (a'i_lﬁi - q) x; =0, fori> j,
bj(l - C],Bi‘la,-) X; + b; (,Bj‘.laj - q) x; =0, fori> j,

which certainly implies

ai(1 - q07'p;) = a; (o7 = ) = b; (1 - 4p; ') = bs ;' - a) = 0.

Forany i, j e {1,2,--- ,n}and i > j, we will determine the weight constants a; and §; as follows:
a; #0 :>,8jozj_-1 =q!, (3.12)
aj# 0= Ba;' =g, (3.13)
bi#0=aB;' =q, (3.14)
bjz0=af =q". (3.15)
Lemma 3.1. Foranyi, j,s,t €{1,2,--- ,n}, a;, a;, by, and b, are at most one nonzero.
Proof. For any i,j € {1,2,---,n}, and i > j, we only prove that a; and a; are at most one nonzero.

Assume g; # 0 and a; # 0, and then
a+0 = a;=q, Bi=—q, ,Bjaj‘.l = q‘l,
aj20 = a;=q, Bj=-q, B;'=gq,
by Egs (3.8), (3.12), and (3.13). However

Bio;' =—qq' =-1=q" and Ba;' =—qq"' = -1 =4,

which are impossible, since it is contradictory to ¢ not being a root of the unit. Therefore at least one
of a; and a; is zero fori, j€ 1,2,--- ,n.
The remaining statements can be proven in a similar way. O

In summary, we have obtained the following results for the O0-th homogeneous component (Mgr),
of MEF-

Theorem 3.2. There are 2n+ 1 cases for the 0-th homogeneous component (Mgr), of Mgr, as follows:

1) a; #0,a; =0 fori# jand all by =0 for any i, j,s € {1,2,--- ,n}, i.e,

(a1 0 - 0) (o a - o) (o 0 - an)
()0...()0’()()...()0"()()...()0’
and we have

aiio = ai:q’ﬁi:_q’
ﬁla;l =ﬁ2agl =... :ﬁi—laf_ll =q, (3.16)
ﬁiﬂ(l’i:_ll :ﬂi+2ai_+—12 = ... :ﬁna,;l =q:
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2) bi #0,b; =0fori+ jandall a; =0 forany i, j s €{1,2,--- ,n}, ie,

00 --- 0 00 --- 0 00 --- 0
by 0 --- 0 0’ 0 b, -+ 0 o, oo --- b, 0’
and we have

bi20 = ai=q'.pi=-q",

Bilay =Btan = =B ai =g, (3.17)
ﬁ:la/H_l :ﬁ;12a1+2 — ... :ﬁ;lan = q_l'

9

3) alla; =b; =0 foranyie{l,2,---,n}, ie.,

( 00 --- 0 )
00 - 0}
Therefore, it does not determine the weight constants at all.

Next, for the 1-st homogeneous component (Mgr),, due to g not being a root of the unit, one has

wig, (E(x)) = ¢ @i = ¢ Wik, (x;) # Wik, (%),
Wi, (E(x) = —=q'Bi = ¢ Wik, (x;) # Wk, (x),
which implies

i-1

(EG) = ) cisxy+ Z Cis¥y

s=1 s=i+1

for some c;; € C. In a similar way, we have

(FOx)i = Zl G+ S dix,
s=1

s=i+1

for some d;, € C. Hence

n n i—1

n n—1
Z CisXs Cp1X1 + Z CosXg = Z CisXs + Z CisXg -+ Z CnsXs
(M ) _ s=2 s=3 s=1 s=i+1 s=1
EF)1 — n n i-1 n n—1
Z disxs d21X1 + Z dZS-xS e Z disxs + Z dis-xs e Z dnsxs
s=2 s=3 s=1 s=i+1 s=1

1

where c;, d;; € C.
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Now project (3.10) and (3.11) to A,(n),, and we can obtain

j-1
cij(1 = gBja;)x; + ci(Biay — q)xf + % ci(l - B )x,x;

i-1 n
+ Z CisQ(l_ﬁja/J_'l)xjxs'i_ Z CisQ(l _ﬁja’j_'l)xjxs

s:j+1 s=i+1
j-1 : i-1 !
+ 2 cigBia; — Dxxi + Y cpq(Bie — Dxyx;
t=1 t=j+1
n
+ 2 Cjt(ﬁiai_l - qz)xixt =0,

t=i+1

-1
dj(1 - Qﬁi_lai)xiz + dij(ﬁ;]aj - ‘])xi + 21 djq(1 _ﬁi_la’i)xtxi
1=

i—1 n
+ 2 djpg(l _ﬁi_la'i)xtxi + Z] dj(1 - qzﬁi_lai)xixt

t=j+1 t=i+
J-1 i-1

+ Zl dis(B;' e — XX+ 2 1 disq(B7' aj — 1)x;jx;
s= s=j+

+ disq(ﬂj‘.lafj - Dxjx, = 0.

s=i+1

forany i, je{l,2,--- ,n}andi > j, Where

cij(1-gBja;")=0,  for i>}

c;iBia;' —q) =0, for i > j,
¢is(1-¢*Bja;") =0, for 1<s<j—1,
cisqg(l =Bja;") =0,  for j+l<s<i-1,
cisq(1 =Bja;") =0,  for i+1<s<n,
ciq(Bia;' = 1) =0, for 1<r<j—1,
ciqBia;' —1) =0, for j+1<t<i-1,
Cj,(ﬂia'i_l—qz):(), for i+1<t<n.

di(1-gB ') =0, for i > j,

dij(B;'a;— q) =0, for i > j,

dig(1 -B'a;) =0, for 1 <r<j—-1,
dyq(1 - B ') =0, for j+1<t<i-1,
di(1-¢*B'e)=0, fori+l<t<n,
d,-s(,Bj‘.laj -q*) =0, for 1<s<j-1,
digB;'a;—1)=0,  for j+1<s<i-1,
disq(ﬁj_-]afj—l):O, for i+1<s<n.

As a consequence, forany i, j € {1,2,--- ,n}and i > j, we have

c,-j¢0 = ﬁj@}lzq_l,
ciz0 = B! =g,
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s #0 = Bja;'=q72, forl<s<j-1,
cis 70 = ,Bja;.lzl, forj+1<s<i-1,
: — 1 <s<
cis #0 = 'Bjall 1, f0r1+1_s‘_n, (3.18)
ci#0 = a7 =1, forl <t<j-1,
ci20 = By =1, forj+1<t<i-1,
ci 20 = By =4, fori+1<t<n.
dj,-iO = ,Bilai:q‘l,
d,-jiO = ﬁjlaj—q,
di#0 = pla;=1, forl<r<j-1,
di#20 = Bla,=1, forj+1<r<i-1,
- ) . (3.19)
diy#0 = B lai=q", fori+1<t<n,
d, #0 = IBJ_.laj:qz, forl <s<j-1,
dig#0 = pila;=1, forj+1<s<i-1,
d, #0 = ﬁ;la/jzl, fori+1<s<n.

Lemma 3.3. For any i € {1,2,---,n}, every 1-st homogeneous component (E(x;)); and (F(x;))1, if
nonzero, reduces to a monomial.

Proof. We assume that

i—1 n
E(xi)l = CisXs + Z CisXgs
s=1 s=i+1
and ¢;; # 0, ¢iy # 0 (s # §') for some s,s" € {1,2,---,i—1,i+ 1,---,n}. Without loss of generality,

we stipulate that s < 5.
If 5,5 < i, then

Cis F 0 = ﬂsa’;l = q_l’
Ciy # 0 = ﬁlall_l ::8261/51 =0 :ﬁs’—la;rl_l =1

However, s must be one of the {1,2,---,s" — 1}, and one gets g~' =1, which is impossible. Hence, c;,
and c;y are at most one nonzero, and (E(x;)); is equal to zero or a monomial. The remaining situations
can be proven in a similar way.

Similarly, (F(x;)); is equal to zero or a monomial. |

Additionally, since

-1 Ty er g
wix, (Mgr),) M(" g ®m 7 ) (3.20)
qa; (70 % qa,
. - B —q'B - _q_lﬁn)
wtg, (Mgr)y) ( 4B —gBy - —qB, | (3.21)

We obtain the following result.
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Lemma 3.4. For any i,j,s,t € {1,2,---,n}, (E(x))1, (E(x)), (F(x))1, (F(x,) are at most
one nonzero.

Proof. Here, we only prove that (E(x;)); and (E(x;)); are at most one nonzero. The other statements
can be proven similarly.

By Lemma 3.3, we get that if (E(x;)); and (E(x;)), are nonzero, then they are a monomial for any
i,je{l,2,---,n}. Assume

E(x,-)l = CigXy F 0 and E(Xj)] = Cjg Xy # 0.
Without loss of generality, we stipulate that i > j. According to the Eqgs (3.20) and (3.21), we have
wig, (EC)) = @i, Wi (E(o)h) = =47 B,

wig, (E(xp) = ¢ g, Wi (E(x)) = —q7'B;.
In addition,
wtg, (E(x)1) = a5, Wig, (E(x)1) = Bs,
wig, (E(x))1) = ay, Wtg,(E(x))1) = By.
So, a; = qay, Bi=—qBs, @j=qay, B;=—-qBy.
On the other hand, since ¢;; # 0 and ¢y # 0, it follows that

g s=]
Biai'=4 g2 1<s<j-1,
1 j+1<s<n,

q
Biay' =31 1<s<j-1,
¢ j+1<s <n,

by (3.18). Theng™! = —g 2 org™! = -1, and ¢ = —¢* or ¢ = —1, which are impossible. Hence, (E(x;)),
and (E(x;)), are at most one nonzero. O

From the above discussion, we have the following result for the 1-st homogeneous component
(Mgr), of Mgr.

Theorem 3.5. There are 2n(n — 1) + 1 cases for the 1-st homogeneous component (Mgr), of Mg,
as follows:

1) cis # 0 (i # s), and otherwise ¢y = 0 and all dj, = O for any i, s, j,t,i’,s' € {1,2,--- ,n}, i.e,

0 -+ 0 ¢sx;, O --- O

0 -0 0 0 - 0)°

and we have «a; = qay, B; = —qfs, and

ifi > s, then,Bsoz;l =q!, ,8,-+]cyl.jr11 :ﬂ,-+za;r12 =... =,6’,101,‘ll =1,
,Bi—la'i__lll = ﬁi—Za','—_lzl == 18s+la';1i1 = q—2’ (3.22)
ﬁs—la';_l :ﬁs—Za';_z = :ﬁlall_ =L
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if i < s, then B! = g, ,3,'—1&,-__11 :ﬁi—zal-__lz = =pay =1,
,3:'+1C¥,-_+111 :ﬁi+2@',~_+121 = =,3s_16¥;1_11 =g,
,Bs+la';+1 :ﬁs+20';+2 ==, = 1;

2) dis # 0 (i # s), and otherwise dyy = 0 and all cj, = 0 for any i, s, j,t,i’,s" € {1,2,---

(0...0 O 0 --- 0

0« 0 dyx, 0 0/’

and we have a; = g o, Bi = —q~'B,, and

ifi>s, thenﬁs_la's =9q, :8,'_4.11a’i+1 :ﬁ,‘_:za'HZ = :ﬁy:la'n =1,
,-__11%—1 :,3,-__12%'—2 = Zﬁ;llam = 6]2,
ﬁ;_lla'sfl :ﬁ;_lza'sf2 = :ﬁfla/l =1
ifi <s, thenfila, =q"', Blaii=gai,=-=plar=1,
i__,.lla'i+l = ;.lzali+2 = :B;_l]a's—l = 61_2,
s = B = =Bl = 1

3) all c;; =0and dyy =0, forany i, s,i’,s’ € {1,2,--- ,n}, ie,

00 --- 0
00 - 0)°
Therefore, it does not determine the weight constants at all.

4. The structures of X,(A;)-module algebra on A ,(2)

(3.23)

(3.24)

(3.25)

In this section, our aim is to describe the concrete X,(A;)-module algebra structures on the quantum

plane A,(2), where K, K, € Aut(A4,(2)) = (C*)Z.

By Theorems 3.2 and 3.5, it follows that if both the 0-th homogeneous component and the 1-st
homogeneous component of Mg are nonzero, it is easy to see that these series are empty, so we only

(5 ) 0 o) & kx
(5 0] Lo )G o) (0w )

where a; # 0,b; # 0 fori = 1,2 and ¢, ¢21,d12, d»; are not zero.

0 0
0 0

00
00

oo
)0(8 e

Jo0)

o o

(o

(s ¢
)0’( e 00

o o

00
00

)

Lemma 4.1. If the 0-th homogeneous component of Mgy is zero and the 1-st homogeneous component

of Mgy is nonzero, then these series are empty.
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Proof. Now we show that the [( 8 8 ) ,( Cl(z)xz 8 ) ]—series is empty. If we suppose the contrary,
0 1

then it follows from

KK - KK
EF-FE= — 2
q—4
that within this series, one can have
KzKl_l —Kz_lKl Bla]_l —ﬁl_la’]
1 (x) = —————x1.
q—4 q9—4
By c¢1» # 0, one can get @) = gas, 81 = —gf3», and Brr;' = q. Hence, B1;! = —¢, and
KK ' - K;'K,
] (x1) = —x1.
q9—49

On the other hand, projecting (EF — FE)(x;) to A,(2),, we obtain
(EF — FE)(x1) = E(F(x1)) — F(E(x1)) = E0) = F(c12x2) = 0.

However, 0 # —x;. We get the contradiction, and prove our claim.
In a similar way, one can prove that all other series where the 0-st homogeneous component of Mgp
is zero and the 1-st homogeneous component of Mgy is nonzero are empty. O

Lemma 4.2. If the 0-th homogeneous component of Mgp is nonzero and the 1-st homogeneous
component of Mg is zero, then these series are empty.

0 0 00
prove that all other series are empty.
Consider this series and we obtain that

Proof. We only show that the [( a0 ) ,( 00 ) ]—series is empty, and in a similar way, one can
0 1

a0 = a1 =qp1=-¢pa' =q,
and suppose that it is not empty. We set

Ki(x)) = a1x; = gx, Ky(x1)=pi1x1 = —qxi,

K>(x2) = anx, K>(x2) = Barxz,
m m
Ex)=ai+ X  PumX, X5 for m;,m, € N,
my+my>2

E(x) = ) Qzlzlellxlf for 1,1, € N,
L+h>2

F(x;))= X O_mzxtllxtzz for t;,t, € N,
H+h>2

F(x) = 2, Thlhlef‘x'f for hi,h, €N,
hy+hy>2

where a’z,ﬁz e C*, and Prmymy s 9[112, Onty> Thihy € C.

Then we apply the relations (2.1)-(2.7) to the generators of A,(2). It is easy to see that the
application of relation (2.1) to the generators of A,(2) produces zero. So, we consider the residue,
as follows.

(K\E — ¢""EK))(x1) = Ki(E(x1)) — ¢ "E(K;(x1))

Electronic Research Archive Volume 33, Issue 6, 3543-3560.



3556

= Ki(a; + Z Py X1 X0) = g7 gE(x1)

my+my>2
j— mp _mp _mjp _mp
=a; + E Pmmy @y @5 X, x5 — E(xy)
my+my>2
— mp  mp mp my _
= E Pmmy (@' @y” = Dx'x5? =0,

my+mp>2

and then p,,,, = O for all m;,m, € N with m; + m, > 2, or a/’;’2 = g™ for some m;,m;, € N with
my +mp > 2.

(K2E + ¢ 'EKy)(x1) = Ko(E(x))) + ¢ E(Ka(x1))
= Ky(a; + Z P X1 X52) = ¢ gE(x1)

my+my>2

=@+ D PumBl BN - E(x)

my+my>2

= D P BB~ DX =0,

my+mp>2

and then py,,,,, = 0 for all m;,m, € N with m; + m, > 2, or ,BZ” = (—q)™™ for some m;,m; € N with
my +mp > 2.
If some p,,,m, # 0, and it meets the conditions, i.e.,

{ a5 =g,
’;2 = (_Q)_ml’

and Bra; I' = g, one can get g™ = (=1)™, since ¢ is not a unit root, which is impossible. Therefore, we
have E(x) = a;.
Similar to the discussion above, we can obtain that

E(xy) =0,
F(x;) =0 or F(x)) = oyx;,
F(x;) =0 or F(x;) = T11x1X2,

where 020,711 € C.
KK '-K; 1K
From EF — FE = %, we have

KzKll - K21K1 _ ,81(111 —,Bllal _
2 (x)=——1— =0,
q—4 q9—4
KK - K 'K, _,82@21 - By s _
1 (x2) = - - =X
q9—49 q9—49

If F(x;) = 0, then
(EF - FE)(Xz) =0+ X2,
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if F(Xz) =T X1 X # 0, then
(EF - FE)(Xz) =T11a1X = X3.

Hence, we have 7| = al—l and F(x,) = ailxlxz.

By F? = 0, one has that

1 1
F*(xy) = a—lF(xlxz) a—l(xlF(Xz) + F(x)K; ' K1 (x2))

1 1
= —(—x1x + ¢ F(x))x2).
a; a
If F(x;) =0, then
1
FZ(XQ) = —2)6%)(2 #0;
a;

if F(x;) = o50x?, then

1 1
2 2 -1 2
F (xp) = =X X2+ g —O0X[Xy = 0.
a; aj

So 05 = —% and F(x;) = —%xf.

With an application of F to x,x; = gx;x;, we have

F(xox1 — gx1x2) = xoF (x1) — F(x2)x1 — gx1 F(x2) — F(x1)x2
1
= —i)QX% — —X1X2X1 — ix%xz + ix%xz
ai ai a a

= —l(l + qz)x%xz # 0.
a

In summary, this series is empty.
In a similar way, one can prove that all other series where the 0-th homogeneous component of Mgg

is nonzero and the 1-st homogeneous component of Mg is zero are empty. O
0 0 0 0 .
Theorem 4.3. The l[ 0 0 ] [ 0 o ] -series has X,(A1)-module algebra structures on the quantum
0 1

plane A,(2) given by
Ki(x1) = 4ixi, Ka(xp) = 4,1, (4.1)
Ki(x2) = axa, Ka(x) = £Aaxs, (4.2)
E(x)) = F(x1) = E(x2) = F(x2) = 0, (4.3)

where A1, A, € C*, and therefore, they are pairwise nonisomorphic.

Proof. It is easy to check that (4.1)—(4.3) determine a well-defined X,(A;)-action consistent with the
multiplication in X,(A;) and in the quantum plane A,(2), as well as with comultiplication in X,(A,).
We prove that there are no other X,(A;)-actions here. Note that an application of (2.6) to x; or x, has

Electronic Research Archive Volume 33, Issue 6, 3543-3560.



3558

zero projection to A,(2),, i.e., (EF — FE)(x;) = 0,(i = 1,2), because in this series E and F send any
monomial to a sum of the monomials of higher degree. Therefore,

KzKl_l —Kz_lKl B]CZI_I —ﬁl_la’]
—1 (xl) = —1 xl = O’
q9—49 9—49
KK' - K 'K, Byt =Byl
= X) = X =0,
9-49 q9-49

and we have

el 1 el
Biay =B a) =B, =B, a, =0,

which leads to 8} = @] and 8; = @3. Let @ = 4, and @, = A,, and we have B; = 4, and B, = +4,. To
prove (4.3), note that if E(x;) # 0 or F(x;) # 0, for i = 1,2, then they are a sum of the monomials with
degrees greater than 1. Similar to the proof of Lemma 4.2, we get that this is impossible, because they
cannot satisfy the conditions of X,(A)-module algebra on A,(2).

To see that the X,(A)-module algebra structures are pairwise nonisomorphic, observe that all the
automorphisms of the quantum plane commute with the actions of K; and K. O

Next, our immediate intention is to describe the composition series for these representations.

Proposition 4.4. The representations corresponding to the [( 8 8 ) ,( 8 8 ) ]—series described in
0 1

(4.1)—(4.3) split into the direct sum A,(2) = & _ &," Cx{'x; of one-dimensional subrepresentations.
These subrepresentations may belong to two isomorphism classes, depending on the weights of a
specific monomial x'x; which can be K\(x]'x}) = AT A;x'x) and K> (x]'xy) = (£1)"™" AT A5 x7 x5

Proof. Since E and F are represented by zero operators and the monomials x|'x} are eigenvectors for
K, and K5, then every direct summand is X,(A;)-invariant. O

5. Conclusions

In this paper, we discuss the module algebra structures of X,(A;) on the quantum n-space A,(n) for
n > 2and n # 3. However, we have presented only a complete list of X,(A;)-module algebra structures
on the quantum plane A,(2), and described the isomorphism classes of these structures. For all n > 4, it
is complicated to give the solutions of (3.7) and (3.8). We will continue to classify the module algebra
structures of X,(A;) on the quantum n-space A,(n) for n > 4 in the future.
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