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Abstract: This paper conducts a study on the alternating direction implicit (ADI) difference schemes
for a class of three dimensional hyperbolic equations with constant coefficients. The central difference
methods are employed in the temporal and spatial direction. The solvability, stability, and convergence
of the proposed ADI schemes are proven. Moreover, the Richardson extrapolation method is established
to enhance the accuracy of the algorithm. Numerical examples are presented for the errors and
convergence orders of the established ADI schemes and extrapolation schemes. By comparing the
results of numerical examples , it can be concluded that the proposed Richardson extrapolation method
can effectively improve the accuracy of the numerical solutions and reduce the errors.
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1. Introduction

The class of three-dimensional hyperbolic partial differential equations (PDEs) with constant coeffi-
cients studied in this paper is as follows:

Uy — azuxx - bzuyy - Czuzz = f(x, Y, 2, t)’ (X, ) Z) € Q,l € [0’ T]’ (11)
u(x,y,2,0) = @(x,y,2), u(x,y,2,0) = ¥(x,y,2), (x,y,2) € Q, (1.2)
u(x,y,z,t) = a(x,y,z,t), (x,y,2) eI, te[0,T], (1.3)

where a, b, and ¢ are constants, Q = (0,L;) X (0, L,) X (0, L3), I is the boundary of Q, and when
(x,y,2) €T, a(x,y,2,0) = ¢(x,y,2), 0a(x, y, z,0)/0t = Y(x,y, 2).
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The hyperbolic partial differential equations (1.1)—(1.3) hold substantial theoretical and practical
significance, serving as a cornerstone for both the evaluation of numerical methods and the simulation of
complex natural and physical phenomena. These models provide a rigorous framework for assessing the
feasibility and performance of numerical approaches [1-3], as well as for modeling intricate dynamic
processes observed in nature [4, 5].

The applications of hyperbolic models span a wide range of disciplines, extending far beyond
mathematics. In biology, for instance, the hyperbolic equations are extensively employed to describe
population dynamics and the propagation of neural signals [6-9]. The models play a pivotal role in the
analysis of vibrational systems and the exploration of fundamental physical principles. For example,
Fedotov et al. [10] utilized hyperbolic and pseudo-hyperbolic equations to investigate vibration theory,
offering insights into the characterization and analysis of vibrational phenomena. Paul [11] examined the
application of Huygens’ principle to hyperbolic equations, while Alinhac [12] delved into the blowup
behavior of nonlinear hyperbolic equations. The hyperbolic models find significant applications in
engineering [13, 14], where they are used to address a variety of practical problems.

This problem (1.1)—(1.3) is formulated for a three-dimensional wave equation with boundary condi-
tions of the first kind, which has been a subject of considerable research interest in the mixed problem
for a hyperbolic equation [15, 16]. Gordienko [17] studied the mixed problem for real wave equations
satisfying uniform Lopatinskii conditions, systematically establishing all viable reduction methods
to transform it into a mixed problem for symmetric hyperbolic systems with dissipative boundary
conditions. Malyshev [18] researched initial-boundary value problems for second-order hyperbolic
PDEs with complex first-order boundary conditions. These investigations collectively highlight the
significance of this research topic in contemporary mathematical physics.

The ADI method has long been recognized as a powerful and efficient numerical technique in
scientific computing and engineering, particularly for solving PDEs [19-22]. Its unique ability to
decompose high-dimensional problems into a series of one-dimensional problems has made it a preferred
choice for tackling complex systems, especially those involving high dimension problems in space. The
model in Egs (1.1)-(1.3) has been widely investigated using ADI methods [23-27], demonstrating both
theoretical significance and ADI unique advantages for high-dimensional simulations of the model. Nie
and Cao [28] developed an improved ADI scheme based on a staggered grid to address transient heat
conduction problems in mixed representations. Zhao [29] proposed a novel Douglas ADI method for
solving two-dimensional heat equations with interfaces, further demonstrating the versatility of ADI
techniques in handling complex boundary conditions.

Over the years, the difference and ADI difference method has garnered significant attention from
researchers due to its computational efficiency and stability, which are critical for solving large scale
problems in various fields [30-34]. Zhou et al. [35] employed an efficient ADI approach to solve
three-dimensional heat equations with irregular boundaries and interfaces. Shen et al. [36] provided
the high-order ADI difference method and extrapolation method for 2D nonlinear parabolic evolution
equations. Chen et al. [37] investigated numerical methods for two-dimensional integro-differential
equations with two fractional Riemann-Liouville (R-L) integral kernels. Liu et al. [38] utilized the ADI
method to transform three-dimensional problems into one-dimensional problems, enabling the efficient
solution of three-dimensional integro-differential equations with weakly singular kernels. Moreover, the
ADI method has found extensive use in solving nonlocal evolution equations [39-43], it demonstrates
the wide adaptability of ADI across different models.
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The Richardson extrapolation scheme plays a significant role in refining numerical solutions and
achieving higher-order accuracy, a widely applied technique in the numerical solution of linear differen-
tial equations [44—47] and nonlinear differential equations [48-51]. In the present study, we explore
the ADI method and its Richardson extrapolation scheme for solving a class of three-dimensional
constant-coeflicient hyperbolic partial differential equations. By leveraging the ADI method within the
framework of the original hyperbolic equation, we decompose the three-dimensional problem into a
sequence of one-dimensional subproblems, solving them iteratively.

The main contributions of this article are as follows.

e We prove strictly the solvability, stability and convergence of the proposed ADI difference schemes
for the three-dimensional problem, which is the first time to provide a strict theoretical analysis of
the three-dimensional problem with constant coefficients. Although there were some papers on the
ADI method, but they did not provide strict theoretical analysis for three-dimensional problems.

e We construct the Richardson extrapolation for the original model, present the theoretical analysis,
and compare the extrapolated results with the initial data, which fill the gap in the ADI extrapolation
method for three-dimensional problems.

The paper is organized as follows. Section 2 introduces notations and lemmas. Section 3 presents the
discretization and finite difference scheme. Section 4 proves the solvability, stability and convergence.
Section 5 discusses the Richardson extrapolation scheme. Section 6 provides numerical experiments to
validate the method. Finally, Section 7 concludes with a summary.

2. Notations and lemmas

Take positive integers m;, m,, m3, and n. Denote h; = L,/my, hy = Ly/my, hy = Ly/ms, and 7 = T /n.
Define x; = ihi(0 <i<my),y; = jho(0 < j <my), zx = kh3(0 < k < m3), and 1; = [7(0 < [ < n). Define

Qp ={(x,y,,2) 10<i<m,0<j<my,0 <k < msl,
Q. ={y|0<l<n}, w={GJk|&x,y;,u) €l
7:{(iaj’k)l(xiayjaZk)er}, (I):C()U’)/,

1
1+§

1
.f;,k = f(xi9 y]9 Zks tl+%)9 tl+% = E(tl + tl+l)'

Letu = {ufjk |0<i<m,0<j<m,0<k<ms,0<I[<n}}be a grid function defined on Q;, x Q,
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and we hereby introduce the following notations:

w1 I+1 1
vz]k - (vljk + Vt]k) 5fvz]k - _(vljk - vijk)’
— l+1 I _ =+

ljk (vljk ljk) A'fvijk - ZT(Vijk l_/k)

1
2 n _ n _ n n
O Vi = 2 SOV~ Vi + Vienjn)s

1

1
2.n n _ n n
oyv 2 SOV = 2Vig + Vi 10,
2

t]k
SV = ! = =2V + V)
z l/k 2 i,jk—1 ijk i,jk+17°

_ 2 n 2. n 2 n
Ahvt]k 6x z]k 5 l]k 62 ijk*

Let V! {v it | (i, j, k) € w} be a grid function on €. Assume the spatial grid V,, = {v | v = {vl]k |
(i, jok) € 9} € Qu, Vi = (v | v = (i | (i, j k) € @} and vy = 0 if (i, j, k) € y).
Let ¢, u € V, and introduce the following inner product and norm:

mi—1 my—1 mz—1

(L) =hihahy > " > v Nl = @0,
=1 j=1 k=1

my mp—1mz—1

(Sut, 6) = hahohs D" D" N (Gutiy 1Oty ),

=1 j=1 k=1

m;  my m3—1

(6.8, 0,0,0) = Puholis D" 3" 3" (0:8i-y 11 DEDoftiy 1 1),
i=1 j=1 k=1
my m3

(8,6,6:,6,6,0.41) = hyhahs Z D 6u80cti 1y D ODyOpt s ),

i=1 j=1 k=1

16,6, = \6:5,,6.0,0, 116,67 = (6,64, 6,6.0),
16,:0.417 = V(6:6.,6,6.0),  116:6,6.4l* = V/(5:6,0:L, 6,6,60),
1607 = V.0, 6.0, 116, = (6,8, 6,0),

6.2 = VG460, AP = V(Ant, A,

el = \/II(MII2 + 116l + N6l el = el + el

IMlo =~ max Vijel-
0<i<my,0<j<my,0<k<m3

Lemma 2.1. [52-54] For arbitrary ¢, u € Vy, it always follows that

(Osa ) = =(Oxt, 6x0),  (Sot, 1) = =(8yt, 6y0), (674, 11) = —(8.t, Oz,
(03050, 1) = (8203, 6,0u1), (53020, 1) = (8:0:0, 6:640), (65671, p1) = (8,61, 6,6.40),
(6202821, 1) = —(8:6,0.L, 6,0,041).

xYyYz
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Lemma 2.2. [53] Suppose that g € CP[t;,t; + t]. Then, we have

2

g(tl +T) g(tl) —g (l) + h_gu/(t)

5
n h —hg¥(t + &), & €(0,1).

g'+1)= B

Lemma 2.3. [53] If the function g € C*[t; — 7,1, + 7], then

1 h?
g’ = ﬁ[g(lz —-7)—2g() + gty + )] - ﬁg“)(&), h—1<& <+,
1 h?
g(ty) = E[g(tl -7+ gt +71)] - 38”(52), h—-T<&<p+T

Lemma 2.4. [53] Assume v € f/h. It follows that
VIl < Cvly,

wherein, C denotes a positive constant that may differ across various scenarios. It invariably hinges
upon the solution and the prescribed data, while remaining independent of the time step T and the grid
spacing h.

Lemma 2.5. /53] (Gronwall’s inequality-E) Let {Fk} be a non-negative sequence, {gk},‘z‘;o be non-
negative and monotonically increasing (not necessarlly strzctly monotonically increasing), satisfying
the condition that

Fr<er Y Flagh, k=0,12,..

Then, we have
Ff<e®gk k=0,1,2,...

Lemma 2.6. Assume thatv € ‘7;,. Then, we conclude that

1 LiL,L;
IVlleo < 5 V1.
2 LiLr,+ L5+ 1,15

Proof. For1 <i<m;—-1,1<j<my—1,andl <k <msz — 1, it holds that

i mp—1m3-1 i my—1m3—1
Vijk = § E § (Vl gk = Vir ]]k) - hl E § § 0 xVyr ——]k’
=1 j=1 k=1 =1 j=1 k=1
m;  my—1m3—1 m; my—1m3—1
Vijk = — E E g (Vi’,j,k - Vi’—l,j,k) =-h E E E 5xvi/—%,j,k'
=i+l j=1 k=1 =i+l j=1 k=1

Square the above two equations respectively, and then apply the Cauchy-Schwarz inequality. We can
obtain that

i my—1m3-1 i mpy—1m3—1

<(h121 i DT Gy = w6y 0, 2.1)

=1 j=1 k=1 =1 j=1 k=1
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m; mp—1m3—1 m; my—1m3—1

Bzt S Y S Y G = Wimah 3 S S @G 22

i’=i+1 =i+l j=1 k=1 =i+l j=1 k=1

Multiply (2.1) by L; — x;, multiply (2.2) by x;, and then add the obtained results together to get

mp mpy—1mz—1

Lk S x(Li=3) 30 Y 3 @1 = 5Ly = x)l6lP, 1<i<my 1.

=1 j=1 k=1

By applying )

xl(Ll 'xl) < Zla

it can be derived that )

L
S —Ll5.v1%, (2.3)

and, following the same argumentation, one arrives at the conclusion that

L1V

2

L 2
sz ||5 VI, 2.4)

ljk =
2

L
Lyv; ||5 vIP. (2.5)

l[k =

From [v]; = /ll6vI? + [I6,vI1? + [|6,vI]* and the above three equations, we can obtain that

Lil,L
(LiLy + LyLy + LiLy) iz < === vf2.

That is,

il < 1 \/ L1, »
V; V.
i 2 LiL,+ L5+ LiLs !

Moreover, because

Vo.jk = Viok = Vij0 = Vajk = Vimk = Vijmy = 0,

1 L,
V[ < = V|;.
2 L1L2 + L2L3 + L1L3

then

3. Establishment of the ADI difference scheme

Define
s i B s
= + +
! 2 2 2 4

Consider Eqs (1.1)-(1.3) on (x;, y;, Z, 1),

2 2 PR
utt(xi’yjy ks tl) —da uxx(-xi’yja Zks tl) - b uyy(-xi9yja Zks tl) c uzz(-xlayj’ ks tl) f;]ka (la ]9 k) € w.
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3.1
From the combination of (1.1) and (1.2), we get

uttt(-x’ y’ Z, 0) = azwxx(x’ ya Z) + bzwyy(x, y’ Z) + CZwZZ('x’ y’ Z) + ﬁ(-x’ y’ <y O) = P(X’ya Z)'

Based on Lemma 2.2, it follows that

2 72 2
Uir(Xis Y js Zks 1) = T((St ik — Wl(Xi, Vs 2k o) + ?Mm(xi,yj,zk, ) + Eutttt(xi’yj,zka gijkT)
2 72

T(6t ijk Ui+ Pzﬂc)"‘ —=7 uzm(xzay]’Zk,gz]kT)

5
12
where Y = W(xi, v, 20), pijk = P(Xi, ¥ 20)s Liji € (0, 1).

Using Lemma 2.3, we have

1
Uer(Xiy Vs Zhn 1) = o U,,k —Ueoex(Mijis Vjs s 1)y Mijie € (Xi — hy, X + hy),

12
1

uyy(xia Yjs Zks tl) 0 Ulljk lzuyyyy(xza é‘:ljk’ Zkes tl) gl’jk € (YJ - h29 Yj + h2)a
1

Uz (Xiy Y Zks 1) = é?Uiljk - Euzzzz(xiayj, Aijes 1), Aij € 2k — h3, 2 + h3).

Next, substitute the above four formulas into (3.1) and add M; Ul.ljk on both sides at the same time, so
there is

2
T ..
(5t b= Wik + PR~ a6 UL, — b6 U L — 62U + MU, = fii + (R (k) € w,

x~ijk ijk ijk
3.2)
where
72 azhf b2h2
(Rl)ljk 12 — Uy (X, YijsZks {z]kT) 12 uxxxx(nijk»yj, s 1) — 12 uy)yy(xz» fzjlu k> 1)
22 3.3)
- 1_23”zzzz(xia)’j, Aijis 11) — M, Ui]jk, (i, . k) € w.
Then, there exists a constant ¢; such that
IRVl < /(@ +hy + B +13), (i, k) € w.
Consider Eqs (1.1)-(1.3) on (x;, yj, zi, t)(1 £ 1 <n—1),
utt(xi’yj’ Zk» tl) - azuxx(-xi’yja Zk» t[) - bzuyy(xiayj’ Zk» tl) c uzz(xl,yj’ Zk’tl) f;]k’ (3 4)

(i, j,k) € w.
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From Lemma 2.3, it can be concluded that

2
T _
utt(xi,yj,zk, f) = 5 U,]k Mmz(xi,yj,zk,{fjk), {,jk e(-1,1),

12
1 2 ;
U (Xiy Y Zhs 1) = E[uxx(xiayj,zk’ f-1) + (X Y s Zis 1) ] — Euxxtt(xiayj,zk’ Sijk)
1 2
> 27 7l4l 1 _ ]
= 5[5 Uljk +0 Ul;—k ] 4[MXXXX(nijk’ Yis Zks tl—l) + uxxxx(nijka Yis>Zks tl+l)]
2

I I 1
- Euxxtt(xiayjazka Sig)s Siw € G — Tt + 7). 1 € (X — hy, x; + hy).
1 72 !
Uy (X Vs Zhs 1) = _[Myy(xi’Yijk’ fi-1) + Uy (Xi, Vs Zas 1e1)] — Euyytt(xi’yj’ ks Sit)
2

h _ _
2 2y 7l+ 1 1 l
[6 Ul]k + 6 U ] 4 [uyyyy(xi9 é:l'jk’ ks tl—l) + uyyyy(xi’ é:ijk’ Zk» tl+1)]

2

T _
- _uyytt(xia y]a Zks Sf 'k)9 Sf ik € (tl -7+ T)a fll ik € ()’J - hZa )’] + hZ)
2 J J J
2
)
U (Xi, yjs Zks 1) = E[uzz(xi,yj,zka 1) + Uz (X3, Yo Zis fre)] — Euzztt(xiayj,zk, Sijk)

1 2 2 r7l+1 h% 31 31
5[5 U,jk +0 Uz]k ] - oY [uzzzz(xi’ Y /l,-jk, fi1) + uzzzz(xi, Y /lijk’ 141)]
T2

/ 3!
- E“zztt(xi,Yj, Zks s,‘jk)’ l]k € (tl T, 0+ T)’ /ljjk € (Zk - h37 x + h3)

Then, substitute the above four formulas into (3.4), and add M, U i’_jk

S2UL, — a?62UL, — V62U, — PS2UL + MUl = fl+ Rl (L ew1<i<n—1, (3.5)

where

g %umt(xi’yja Tk, I + ZT) - %uxxtt(xi’yj’zk’ sﬁjk)
b2 , 62

- Euyytt(xi’ Yjs Zkes S,‘jk) ) — Uz (X, YVjs Zkes ,Jk)] + M, U,Jk
2 2

- hz[ uxxxx(nuk’yj’ Zhes 11— 1) + 24
) b2 2
—h [24u)y)y(xn§l]k’zkatl 1)+ 24
2 2

C
- h2[24uzzzz(xl,y]’ /11]1(’ - 1) + 24

2
(Rl)ijk =77

uxxxx(r]l]ka yja Zks Z‘l+1)] (3 6)

~—yyy (Xis €L Ter 1111)]
Uz (X0 Vo A 11415
I, jk)ew, 1 <l<n-1.
A constant ¢, exists such that
(RO < @+ W+ + 1), (jkewl<li<n-1,

ARl S (T + b+ 15+ h3), (i, k) €w,2<I<n-2,
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and i
AR = IR = Ry
Notice the initial boundary value condition (1.1)—(1.3):

Uy = 0(xiypnzi), (s k) € ,

Ul = ;o (3.7
ik = Uxnynz, Gk ey,0<i<n

Ignoring the minimum terms (Rl)?jk and (R 1)51.,(, the following ADI difference scheme is established
for the solution of problem (1.1)—(1.3):

2 72 ..

;(@u}jk — Wi+ i) — a’Suly — b Suly — 6uly, + Mty = fh, (k) € w, (3.8)
5?”5]‘/( - azéiugjk - bz‘si”gjk - Czéi”?jk + M, ugjk = filjk’ G, pkew1<l<n-1, (3.9)
u?jk = lﬁ(.x[', yj’ Zk) (l’ j’ k) € w, (310)
uf]k = a(xhyja Zk’ tl)a (l’ j’ k) € ,}/’ 1 S l S n. (311)

Equation (3.8) can be transformed into

(1 - @ﬁ) (1 - ?63) (1 - %55) Ui = Uy + Tjk = ?pijk + %zf,-}k, (i, ),k) € w.
Letting 22
Wijp = (1 - 755) W s
u;'kjk = (1 - ?53) uiljk’
then
I - ?(ﬁ Ujjk = u?jk + Tijk — ?szk + %zfi}k’ (3.12)
1= 228 = (3.13)
128l = iy (3.14)

For any fixed j(1 < j <my — 1) and k(1 < k < m3 — 1), take the boundary conditions

fo.ja = (1 - ?53) g g = (1 - ?53) (1 - ?52) o, (3.15)
Using (3.15) and (3.16), solve the equation
(I— ?(5}2{) ijk = u?jk + Tk — ?pijk + %2]%](’ 1<i<m -1,
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from which we obtain {i; | 1 <i <m; — 1}.
For arbitrary fixed i(1 <i < m; — 1) and k(1 < k < m3 — 1), take the boundary conditions

2.2

Uiop = (I - %"3)“3,0,1{, (3.17)
. 22

ui,mz,k = (I - 753) uil,mz,k' (318)

Using (3.17) and (3.18), we solve the equation

b2 2
(I - TTéi) M;-kjk = b_tijk’ 1< _] < my,
from which we obtain {u;."jk |1 < j<myl.

For fixed i(1 <i <m; — 1) and j(1 < j < my — 1), with the boundary conditions

Ui 0. = (X5, ¥}, 20, 1), (3.19)

uil,j,m3 = a('xi’ ij Zmss tl)’ (320)

we solve the equation

CZTZ
2 I
(I B sz)uijk = 1 <ksms,

from which we obtain {ul.ljk |1 <k<m;—1}.
Also, Eq (3.9) can be rewritten as

2.2 212 2.2 i 2
(1= ) (- ) (- b =+ Sl ik vt 101,
Letting
2.2
o = 1= 2 52)a*
ijk 2 Y ijk>
Ak C2T2 ]
I/t”k =\I- Té?) uﬁjk’
then
2.2 2
1- 56t = uly + e (3.21)
p*? L\ ., .
I - 76)2 Mijk = Ujjk, (322)
212 i N
I- Téz ijk = Mijk (323)

When the values of the /-th layer and the / — 1-th layer are known, for any fixed j(1 < j <m, — 1)
and k(1 < k < m5 — 1), take the boundary conditions
b2T2 b2T2

- 2| s 2 RPN,
Uojk = I - Téy uO,j,k =\I- Téy I - Téz uO,j,k’ (324)
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A b\ L b2, A\
Ltml,j,k = (I - —2 5y)uml’j’k = (I — —2 6}) (I - Téz)uml’j’k. (325)
Using (3.24) and (3.25), we solve the equation
2.2 2
(1— %536)&,,,( =l + % Lo l<ismi-1,

from which we obtain {#; | 1 <i <m; — 1}.
With i(1 <i<m; —1)and k(1 < k < mj3 — 1) being any fixed values, take the boundary conditions

ok = (I - ?53) uiO,k’ (3.26)
i = (1 - ﬁég)uimz’k. (3.27)
Using (3.26) and (3.27), we solve the equation
(1— ?5}%) 0 = lij, 1< j<my—1,

from which we obtain {it;.“jk |1 <j<mp—1}L
For fixed i(1 <i <m; — 1) and j(1 < j < m, — 1), with the boundary conditions

i 1
”ﬁ,j,o = E[a(xi,)’j,Zo,fm) + (X, ¥, 20, 1-1)], (3.28)

; 1
uﬁ’j,m3 = E[al(xi» yJ9 Tmz» tl+l) + a/(xi’ yJ9 Tmz» tl—l)]a (329)

we solve the equation

2.2
c°T 7
from which we obtain {ugjk | 1 <k <mj— 1}. Then, we utilize

+1 _ ~ 1 -1 o
Wiy =2y — iy, (0, ),k) €w

from which we obtain {ufjkl | (i, j, k) € w).
4. Solvability, stability and convergence

Theorem 4.1. (Solvability) The solution of the ADI difference scheme (3.8)—(3.11) exists and is unique.

Proof. Note u' = {ufjk | (i, j, k) € w}. It is known from (3.10) and (3.11) that u° has been given. The

difference scheme regarding u' is
g(é oy +T_2 _.)_ 262 1 _b262 1 _ 262 1 +M 1 _ 7l +(R )0 ( k)e
. Wi = Wi 3 Pijk) — A 0 U;j yUijk — € O Ui Mij = fijk Vijeo b Js w,

up =0, (i, j.k)€y.
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Consider its homogeneous system of equations

Suly — @Sy — bosul, — Coul, + Mul, =0, (i, j.k) € w, @1)
=0, (i,j,k)€y.
Using u' and (4.1) to calculate the inner product, we obtain

2 2 2
—MW—M@@M&—E@%M& c@%%ﬂ+ w%%lb

bZ 2b 2b2

<yxwww+“ (ﬁﬁl,)—3—§—4£££wubzo
SO
2 2
||6 'l

—||u NP+ als 1P + b2isyu | + clo.u' | +

21,2 2 aZbZCZTZ

b2 2.2
166y 1> + T||5x5y5zbll||2 =

+ 16,611 +

and it is easy to get
u;jk =0, (, j, k) € @.

Now that u*~!, /(1 < I < n — 1) have been determined, the difference scheme for u/*! is
1+1

1
Wﬁufw%z%+2M%ﬁ_Q

Sl — a*62ul, — (i, j,k) € w,

uy =0, (i.j.k) €y

Consider its homogeneous system of equations

1 I+1 2 l 1 b 2 l 1 2 l 1 I+1 . .
ﬁui;’—k - de l-;k 2 6} l;—k - E(Sz ijk + ZMZMi;"k = O’ (l» J> k) € w,
uh =0, (G, ).k ey.

Using the equation with u’“ and above for the inner product, we can obtain

[ a’ 2 I+l I+l b? 2 I+l I+l c 2,1y 22 I+l I+l
Sl = 5 @™ u™) = —0u™, u™) = —(6;u )+ 2 (6 oou,u)
N ij-ﬂ (53551/![“, ul+1) + a’b*t? (6§6§ I+1 ul+l) B a2b28c27-4 (6)265552 I+1 ul+l) -0.

22

Thus,
1 a* b? a’cit
—W#W+5MMMW+—MWMW M’ﬂﬁ |wan
b2 2 b2 2 2 b2
16,8, |* + —77—MQ@MWP=0

+ |w6“m

It is easy to conclude
uly =0, (i, j.k) € @.

Based on the induction principle, the system of difference equations (3.8)—(3.11) is uniquely solvable
m]
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The following is the analysis and proof process regarding stability.

Theorem 4.2. (Stability) Let {ufjkl(i, J. k) € @} be the solution of the following system of difference

equations:
1
3 221 20 1 202 1 1 _ 0 ..
. Oty — a” Oy — D Oyu; e — "6y + My = &, (0 oK) € w,
2 1 202 1 202 1 202 1 I _ I .
O Upy — a0 Uy — b Oy — C O Uiy + My = gy (s Jy khew l1<l<n-1, 4.2)

u?jk = ly[/ijka (la j’ k) € CL),
ufjk =0, (k) ey.
Then, there is

1 1
ST+ 1) < C—eZT[6CiIMOIi1 +3M, + 2C5(611g°I° + 4 max llg"II?

2
2 3
I-1
+7 ) [IAg"IP], 1<i<n-1,
m=2
where
2 2 2 12 2. 2 2
luly; = allocull” + bll6yull™ + cllo.ull”,
2,2 2 o2 . 222 02 L 12,22 o @bt o
M, = a“b 1|0, 0,u’||” + ac* 7|0 0.u ||” + b c T||0y0.u || + T”(Sxdy&zu I,
2 2 2 2 12 2 c
min {a2, b2, 2}, C4 = vmax{a2,b?, c?}, Cd:C__
3

Proof. Taking the inner product of both sides of Eq (4.2) and S,u?, we obtain

2 1 1 2,2 1 1 2,2 1 1 2,2 1 1 02C272221 1

- ,M Py tLt —da u Py tl/l - ,Lt Py ,l/t —C u s t’/l u Py tLt

~@uit, Saud) = S St = S Sud) = A o) + S (@0t s
b2 2.2 2b2 2 2b2 2.2

+ %(535@1,5,14%) 4 2T (028%u", 6,u%) — %(5§5§5§u1,5,u%) = (g°, S,ub).

From the above equation, we obtain

2 1o a’ 1,2 012 b 12 012
=162 ||” + —=([l01 | = lloxu”|I7) + == (lloyu [I” = |6y ||7)
T 2T 2T

c? 1,2 012 a’b’ 1,2 012
+ Z(H@M 1" = llou|I) + T(I|5x5yu II* = lloxS,u”||) i
a’c? 12 012 b*c? 12 0,2 -
+ T(Ilc‘fxdzu II* = llo,6.u”|I) + T(I|5y5zu I” = Ml6,6.u7117)
2122 1
3 (116.:6,6.u' I = 116,6,6.u’lI*) = (8°, Sru?).

When u € V), we have
2 2 2 2 2 2 2
luly, = a’lloull” + b7||6yull” + c*||6.ull”,
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because

C? = min{a®, b*, ¢, Cﬁ = max{a*, b*, c?}.
Then,
2012 2 2012
C3|u|1 < |u|A1 < C4|u|1,

thus |ul3, and |ul; are equivalent. If C3 = g—z is set, then it can be inferred from Lemma 2.4 that
3
2 _ 22
lleel|” < Cluly, .

After substituting |u[}, into (4.3) and simplifying both sides of the equation, we obtain

. 1 21>
216,21 + Z(Iullfu + 13 + T(Ilf5x<5ybt1||2 +116.:0,u°l1*)
222 220
7 (N6.S.u' P + 116,64’ + 1 (l16,6.u' > +116,6.u°|17)
b2 2212
+ T(I|5x5y5zu1||2 +110,:6,6.u°I%) < 3, + Tlléxéyuoll2
LA 2272 220
+— 116,6.u°II> + > 16,6.u°lI” + 1 16.6,6.u°lI* + 2C3lIg°I1,
Then, let
1 1 a*b*t?
E'=|lou™ 2| + E(Iu”llil +1u'l3)) + > (U16.8,u™ 1> + 116.6,ulI)
LA P22
+— (N6 5.u"™ 1P + 116,04 IP) + > (16,66 1> + 116,6,u1I%)
212 2.4
ab ct
T(Iléxéyézul”ll2 +116,0,0.u'[1),
SO

E® <213, + @b*7|6,6,u°|* + a*c*1?)|6,0.u°| P

2722 4 4.4)
a‘b et (
———116.6,6.u°|I + 4C3lIg°II”.

+ b [0,0,u’|* + 5

Taking the inner product of both sides of Eq (4.2) with respect to A/, we have

_ i i 2,22 )
(&2, Ay — @620, Ay — D62, Aty — (82, Ay + S5 (826%, A

2
21272 ) P22 ) 202204 )
+ %(@%5@’, Aad) + CzT (0282, Ay - %(53@5@1, Ay = (g, Aad),
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through calculation and simplification, we can obtain

1 |”l+1|fx1 + |”l|fx1 |Ml|311 + |”H|fn

2—1T<||6,u”%||2 — [16,u2 |7 + 7= > 5 )
L CET 0.0 P + 154 _ 6.6 + 16,01 ~1I°
2T 2 2
+ a*b*7? ||6x6yul+1”2 + ||6x6yul”2 _ ”6x6yul”2 + ||6x6yul_1”2
2T 2 2
| e (||6yézul“||2 + 16,0612 116,04IP + 16,0~
2T 2 2
| @b (||6x6y6zu’“||2 + 160,06 1P 118,86 + 116,:6,0:~11"
4 2 2
= (g, Au),

thus, it follows that
1 _
- (E' = ET = (g, Aud),

and when/ =1,
E' = E° - 27(¢', A )
= B0 g\’ =)

1
<E’+ Z(Iullfu + O3 + 2Calg'IP,

SO

1 1
E(qulil +u' 7)) < 2E° + E(qulil +1ul3,) +4CIg".

When [ > 2, replace m with [ in (4.5), and sum m from 1 to /. Then, we obtain
!
E'=E'-2r Z(g’", Aad™)
m=1

!
— EO _ Z(gm’ um+l _ um—l)
m=1
I+1 I-1
— EO _ Z(gm—l’ l/lm) + Z (gm+1, um)
m=2
I-1
= B+ ) (Mg ") = (g7 i) = (g u™) + (8 ) + (& uh),
m=2
2<l<n-1,
observing that

[ +12 112
E > (|u+ |A1 + |u |A1)’

| =

4.5)

Electronic Research Archive Volume 33, Issue 5, 3348-3377.
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we can obtain

-1
1 _
UG ) < B2 (A v = (¢ = (gl + () + (87 u)
m=2
-1

< E 47 (CHAGIE + "By + CRIg I + 11g'1P + g + llg?I)

m=2

1
p2 [+1)2 012 12
+‘—‘(|u|m+|uJr i + |5y + ' 15)), 2<Il<n-1.

Furthermore, we can obtain

-1
< 2E° + 2C5(1Ig" 1P + 1l + lIg'IP + g1 + TZ 1Ag"17)

m=2

-1 112 m2
3, + lu' [} ™ 5y + "]
+%+2TE A12 Al, 2<l<n-1.

|”l+1|f\1 + |”l|i1

m=2
According to Lemma 2.5, we can obtain

-1
< 2(I-DHr 0 2 m2 my2
< @UBEY + 2G4 max [1g"F + 7 ) 14,8"1))

m=2

™y + Ty
2
-1
< @[3 x Q' + M +4CH181P) +2C74 max [lg"IP +7 ) [1Aig”IP)]
T m=2

-1
< @T[61u";, +3M +2C5(6llg°IP + 4 max lg"IP + 7 ) IAg"PL. 1<I<n-1,

m=2

moreover, since
Cuf? < |u, < CHul?,
then
%(Iu”llf + [} < éezT%Cﬁluoli] +3M, + 2C;(6118°II* + 4 max llg"|I?

3

I-1
T AL 1sI<n-l.
m=2
By noting the definition of E! and (4.4), we can see that the above formula also holds for / = 0. The
proof of stability is completed. O

The rigorous proof of convergence is derived as follows.

Theorem 4.3. (Convergence) Let {u(x,y,z,1) | (x,y,2) € Q,0 < t < T} be the solution of the problem
(1.1)—(1.3), and {ufjk | (i, j,k) € @,0 <[ < n} be the solution of the difference scheme (3.8)—(3.11).
Denote

efjk = u(X;,yj, 2 1) — uﬁjk, i, j,k)ew,0<I<n.
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Then, we have

TP+ +h+h), 1<l<n.

L., L.C 6¢2 + 4c% + Tc?
lle!]le < =22 deT\/ L 2 2

C; Loyl + LiLs+ L L,
Proof. Subtracting (3.2), (3.5), and (3.7) from (3.8)—(3.9), we can obtain the following error equation
system:

2 .

6tez]k - a25)2€ tljk - b262 tl]k - Czé? lljk + M, euk (Rl)ljk’ @, j k) € w, (4.6)
52! - 2stel e, - bzéz el - Cz(sz el + Mlez]k = (Rled)l]k’ (i, ,k)ew,1<l<n-1 4.7)
€?jk - O, (l, ]’ k) € (L), (4.8)
€ =0, (. jkeylsl<n-1 (4.9)

From the conclusions in the proof of stability, along with (4.8) and (4.9), we can obtain
1 1 I-1
A2 2T r 2 2 2 2
7 (e TR+ < C_§e [2C4OIRDI™ + 4 max [|(R)II” + 7 mzzz 1A(RDII)]
C2
< 2C "[6L1 LyLsci(7> + hy + 15 + h3)°
3
+ AL Ly Lycy(7 + B3 + b3 + h3)* + 4(1 — 2)tc5(72 + bt + 3 + h3)?]
C2
<22Li L3 (61 + 43 + T + M+ hy+ W3, 0<I<n-1.
G

Thus
2

C
le|} < 4—‘21L1L2L3e2T(6c% +dc3+ T+ + 5 +h3)?, 0<l<n,
3

C
le']; < ZC—deT \/L1L2L3(6c§ +42+ TG +hi+h+h3), 0<I<n.
3

Then, according to Lemma 2.6, we can obtain

Cllo =

L L, [.C 6c? +4c2+Tc2
< 1f2s deT\/ L2 L (P+h+h+h), 1<i<n

C3 L2L3 + LILZ + L1L3

The proof of convergence is completed. O

5. Richardson extrapolation scheme

Theorem 5.1. Assume that the problems
26tqll]k - azéquuk bzé‘QqL]k - c262q111k _pll]k’ (l’ j’ k) € w,
5:‘11uk - azéxqu bzézqu - Czéquuk _plz]k’ (i,jkewl<l<n-1,

qlijk =0, (k) €ow,
=0, (G jkeyl<l<n-1.

(5.1)
qllijk
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254]21],( — a26xq2uk _ b252q2Uk _ C252q2uk _p%k’ Gk € w.
h q2z;k = @82, — D02, — P02 = —Phye Gk ew 1<I<n—1,
q2ijk =0, (G jhew,

qlzijk =0, (G, jkbey1<l<n-1

zét%uk - azéx%l]k bzéZqé”k — 262q3l]k _p3uk’ i, . k) € w,
52%% - &8l ~ 062, — 6, = P (LR ewl <i<n—1,
qSijk =0, (G jhkeow,
Gy =0, Gjkeyl<l<n-1.
and
25t‘]4uk — a25xq4”k _ b252q4uk _ C252q4uk _p‘wk’ i) € w,
&7 q4l,k = @82, — D02, — P02 = Pl Gk ew 1<I<n—1,
q4ijk =0, @,k €w,
qiijk =0, (,jkeyl<I<n-1

have smooth solutions, where

5
0
Plij = Eutttt(xia Vis % 1),
az

0
Daijie = _ﬁuxxxx(xi, Yis ks H),
b2
0 _
p3ijk lzuyyyy(xuy], Z 1),

2
c
0 _ -
Paije = — lzuzzzz(xi’ Yj»Zhe> h),

pl]ijk = Eumt(xiayj’ %k 1) — %uxxtt(xi’yj,zk, 1),
- Euyylf(xi,yj’zkv f) — %Mzztt(xi’yj,Zka f),
2
pIZijk = _ﬂ[uxxxx(xi’ Yijs Zks tl+1) + uxxxx(xi’ Yj» Zks tl—l)],
b2
pl3[jk 24 [uyyyy(xta Yjs Zks z‘l+l) + uyy)y(xza Yjs Zks - l)]
2
pilijk = —ﬂ[uzzzz(xi,)’j,Zk, fiv1) + Uz (X35 Vs 2k B1-1)]-

Then we have

ufjk(hl sha, h3, ) = M(xi,)’j, Zis 1) + Tqulijk(xiayj’ Z 1) + h%qlzijk(xi,yja Zkes 1)
B3 (X Y 2 1) + I3l 1 (Xis s 20 1) + O(T + Y + h3 + 1),

4 hy hy hs 7
u212j2k(21 22 235)—— k(hl,hz,h:s,‘l')]

max u(xia yja Zks tl)

= O + hy + hy + h3).

(5.2)

(5.3)

(5.4)
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Proof. By subtracting M, el.ljk and M, efjk from both sides of the error equation system (4.6)—(4.9), we
can obtain

26t€ 252 1 b262 1 252 1

z]k Cijk y€ijk ~ zCijk
_ 2 2 2 34 ph L pd .
= PhpT + Poghi + Pyl + Pl + O + by + Iy + 1), (i, ji k) € w,
2,1 252 — P26l — 252l
O — a“oye;y — b oye; — ey, (5.5)

= pll.jkTZ + pIZijkh% + péijkh§ + p4ijkh§ + Ot +hi+hy+h3), (,jkewl<l<n-1,

e =0, (jkew,

ijk
efjk=0, (i, j,kyey,1<l<n-1.
where
373 azh‘l‘
O(T + h4 + h4 + h4) = 20 —— U (X, Yijs Zks ngkT) 360 uxxxxxx(ﬁijka YijsZks 1)
b2h4 c*ht

3 A
”‘myyy(xt’ fljk’ Z ) = 360 o Uz (Xis Vs Aijio 1),

Zin € (0, 1), fije € (xi = hi, x; + ) € € (v — Mo,y + ),
i € (zx — ha, 7 + ha),

360

1 . 612 |

0(‘['4 + hél‘. + hi + hg) = T4[%utlll‘l‘l(xi, y]a Zk’ ‘:lljk) - ﬁuxxn[t(xi’ y]’ Zk, sgjk)

b? 2 'l

T4 = Uyyiun(Xis Y js ks ljk) 24 Uzt (Xis Y j» Zhes Sijk)]
B h4[ 2 uxxxxxx(n > Yjs Zks ll+1) + 2

720 ijko Y] -
4 b :

- h [720MyyyYyy(xl,f,jk’Zk, tl+1) + =0
2 2

C .
720 uzzzzzz(xza Vs /l,]k, t1+1) + === 720 uzzzzzz(xi, Vs ﬂfjk, tl—l)],

uxxxxxx(nuk, Vs Zhs 11— 1)]
”yyym(xnfuk’zk, f1-1)]

_ h4[
Cin €t =T, 6+ 1), fijx € (i = hy, xi + 1)), Ej € (v — ha, i + o),
Aijk € (Zk — h3, zx + h3).

Denote

rfjk z]k + 7 pluk + h1pzuk + h2P3Uk + h3p4uk’ 0<i<m,0<j<m,0<k<m;0<Il<n.
Multiply (5.1) by 72, (5.2) by K2, (5.3) by h2, and (5.4) by h2, respectively. Then, add the resultant
expressions to (5.5), yielding
5, Pl = @& = VS = 6l = O + B+ I+ h3), (i, j.k) € o,

X z]k Z

5,2 r = a0, — B, = 6, = 0@t + B+ s+ hY), G ik ewl<I<n-1,

Re=0. (k) ew,
ra=0, (jkeyl<sl<n-L
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As can be seen from the proof of stability in Subsection 4.2,
rz{jk =0 +h{+h+h3), (,jkewl<l<n,

that is

! 2 1 2 1 2 1 2 1 3 4 4 4
u(Xi, ¥, 2ks 1) — uijk(hla hy,h3,7) + 7 Piijx t h1p2ijk + h2p3ijk + h3p4ijk = O(T" + hj + h; + h3),

0<i<m-1,0j<m-1,08k<m;-1,0<[<n-1.

By transposing the terms, we can obtain

/ — 2 1 2 1 2 1 2 1 3 4 4 4

0<i<m-1,05j<m-1,0<k<m;—-1,0<I<n-1.
(5.6)

By the same token, we have

2] h1 hz ]’l3 T
Wik 5552

I - PE R P ™ (Y (Y (Y 5
:M(xi,)’j’Zk’tl)"'EPlijk+EP2ijk+EP3ijk+7l74ijk+0 (5) ) L) 7))
OSiSml—l,OSjSmg—l, OSkSI’I’lj,—l,OSlSH—l.

Multiply both sides of (5.6) by 4/3 and both sides of (5.7) by 1/3, respectively. Subsequently,
subtract the expression obtained from the latter operation from that of the former. As a result, we arrive

at
4 hy hy hy T\ 1
g”%f,zj,yc( - _) - _uijk(hlah%h%‘r)

2°2°2°2) 3

3 h 4 ]’l 4 ]’l 4
:M(Xi,yj,zk,t1)+0((g) +(51) +(32) +(33))’
0<i<m-1,0<j<m-1,0<k<m—-1,0</<n-1

The proof of the theorem is completed. O
6. Numerical example

In this section, we present two numerical examples to compute the errors and convergence orders
using the ADI finite difference scheme. The overall convergence accuracy under extrapolation methods
is also calculated, which validates the theoretical analysis.

We take h; = hy, = hy = h, and denote the maximum absolute error as

Eoo(hla h25 h3’T) = max

(i,j,k)ew,0<I<n

I
u(Xi, ¥, 2k, 1) — uijk| .

The maximum absolute error of the Richardson extrapolation method is

Eoo(/’ll, hz, I’l3,T) = max
(i, j,k)ew,0<i<n

2°2°2°2] 3

4 hy hy hs 1 1
”(xi’yj’zk»’l)_[5”%,2/‘,%(1 2 _)_—“ﬁjk(hl,hz,hsﬁ)]
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6.1. Example 1

We consider

U — Uy — 2Uyy — AUty = —%eﬁiﬂ_t, 0<xy,z<1,0<t<1,
u(x,y,z,O):ew,u,(x,y,z,O):—eﬁ, 0<xyz<1,

wO0,y, 2,0 =€ L u(l,y,z)=e >, 0<yz<1,0<r<1, (6.1)
u(x,0,z,0) = ez " ulx,1,2,1) = eHéﬂ_t, 0<x,z<1,0<t<1,

u(x,y,0,1) = e%_’,u(x,y, 1,1) = e%_t, 0<x,y<1,0<t<l.

X+y+

The exact solution of this problem is u(x,y, z,t) = e 2

¢

Tables 1 and 2 show the maximum errors and convergence orders for different step sizes using the
finite difference method and for Richardson extrapolation scheme.

Table 1. Maximum errors and convergence orders for Example 1.

(h,7) Eo(hy, by, h3, 7) log, (X220
(16-7¢) 1.4367e-04 *
(5,25) 3.9257e-05 1.8718
(&) 1.0036e-05 1.9678
Ak 2.5559-06 1.9733

Table 2. Maximum errors and convergence orders for extrapolation scheme for Example 1.

(h,T) Eoo (hl 5 hl s hl 5 T) 10g2 (E(%h(z’lz,zzj?;)z‘r))
T 1.7385¢-05 *

(%,ﬁ) 2.0485e-06 3.0851

(L1 2.2440e-07 3.1904

As is evident from the aforementioned table, with the progressive refinement of the mesh partitioning,
the maximum error exhibits a gradual decline. The precision of the initial finite difference scheme is of
the second order. In contrast, following the implementation of the Richardson extrapolation technique,
the precision is elevated to the third order.

Figures 14 presented herein are the numerical solutions corresponding to diverse step sizes, the
exact solutions, and the error graphs derived from the numerical experiments of Example 1 with
1/h=1/7=16,32,64,128.
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L

N
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J
1
]
1
v
]

4

(a) Numerical solution (b) Exact solution (c) Error

Figure 1. Numerical solution, exact solution, and error graph of the final layer (% = % = 16)

for Example 1.

(a) Numerical solution (b) Exact solution (c) Error

Figure 2. Numerical solution, exact solution, and error graph of the final layer (% = % =32)

for Example 1.

(a) Numerical solution (b) Exact solution (¢) Error

Figure 3. Numerical solution, exact solution, and error graph of the final layer (% =1=64)

T

for Example 1.
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(a) Numerical solution (b) Exact solution (c) Error

Figure 4. Numerical solution, exact solution, and error graph of the final layer (% = % = 128)
for Example 1.

6.2. Example 2

‘We consider

Uy — Uy = 3ty — S, = (2 + £)sinx + (2 + 3t siny + (2 + 5)sinz, 0<x,y,z<1,0<t<1,
u(x,y,z,0) =0,u,(x,y,2,0) =0, 0<x,y,z<1,

u(0,y,z,t) = tz(siny + sinz), u(l,y,z,t) = (sinl + siny + sinz), 0<y,z<1,0<¢t<1,
u(x,0,z,t) = tz(sinx + sinz), u(x,1,z,1) = tz(sinl + sinx + sinz), 0<x,z<1,0<r<1,

u(x,y,0,1) = tz(sinx + siny), u(x,y, 1,1) = tz(sinl + sinx + siny), 0<x,y<1,0<r<1.
(6.2)
The exact solution is u(x, y, z, £) = t*(sinx + siny + sinz).
The following two tables shows the maximum error and convergence order of computational
Example 2 under different step sizes, as well as the maximum error and convergence order for the
extrapolation scheme.

Table 3. Maximum errors and convergence orders for Example 2.

(b, Bl o, log, (227
= 6.4577e-04 *
535 1.7401e-04 1.8919

e 4.4204e-05 1.9769

(T35735) 1.1212e-05 1.9791

Table 4. Maximum errors and convergence orders for extrapolation scheme for Example 2.

(h,7) Eu(hy, ha, hs, ) log, (“F77")
(£.2) 9.3597e-05 *

L 9.7157e-06 3.2681
(&) 9.6377e-07 3.3337

As is discernible from the aforementioned Tables 3 and 4, for Example 2, the errors and convergence
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orders corresponding to diverse meshing scenarios are elucidated. Evidently, within the context of the
original finite difference scheme, the error ratio hovers approximately around order 2. Subsequent to the
utilization of the Richardson extrapolation technique, the convergence order approximates order 3. In
addition, paralleling the situation in Example 1, as the mesh refinement progresses, the maximum error
consistently exhibits a decreasing trend.

In Figures 5-8 the numerical solutions, exact solutions, and error graphs of Example 2 are presented
under different step size ratios with 1/h = 1/7 = 16,32,64,128.

25

(a) Numerical solution (b) Exact solution (c) Error
Figure 5. Numerical solution, exact solution, and error graph of the final layer (% = % = 16)
for Example 2.

25 25

(a) Numerical solution (b) Exact solution (c) Error
Figure 6. Numerical solution, exact solution, and error graph of the final layer (% = % =32)
for Example 2.

7. Conclusions

We investigate the ADI difference scheme and the Richardson extrapolation scheme for a class of
three-dimensional hyperbolic equations. By employing Lemma 2.2 and the central difference method, we
discretize the equation (1.1)—(1.3) and construct an ADI finite difference scheme. We prove solvability,
stability, and convergence, and it is demonstrated that the convergence order is O(t* + % + h3 + h3).
By further studying the Richardson extrapolation scheme for the model, the accuracy is significantly
enhanced, and the convergence order is improved.
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(a) Numerical solution (b) Exact solution (c) Error
Figure 7. Numerical solution, exact solution, and error graph of the final layer (% = % = 64)
for Example 2.

25 25

(a) Numerical solution (b) Exact solution (c) Error

Figure 8. Numerical solution, exact solution, and error graph of the final layer ( % = % = 128)
for Example 2.
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