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Abstract: Covering arrays on graphs can be used to generate test suites in component-based systems
but they cannot identify and determine faulty interactions from the outcome of the test. To address
this problem, the notion of detecting arrays on graphs (DAGs) was proposed in this paper. Then, the
equivalence and the existence of DAGs were intensively studied. We established a general criterion
for measuring the optimality of DAGs in terms of their size. Based on this optimality criterion, the
equivalence between optimal DAGs and orthogonal arrays with prescribed properties was established.
With this equivalence property, a great number of optimal detecting arrays on cycles were produced
by constructing the equivalent combinatorial configurations. In particular, the existence of optimal
detecting arrays on cycles with few vertices was almost completely determined.
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1. Introduction

In the past one hundred years, combinatorial design has developed very rapidly as a branch of
mathematics. There are both rich theoretical achievements and many application fields. By now, it is
well-known that the combination design is a useful study subject, which has wide applications in
different areas, including computer networks, cryptography, experiment designs, optical
communications, and so on [1,2]. For example, combinatorial testing is an efficient testing strategy
for software systems. It has the capability of detecting failures resulting from interactions among
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components [3]. This paper will explore a set of combinatorial configurations with significant
applications in combinatorial testing.

Throughout this paper, the set {1,2,--- ,n} is denoted by /,. A covering array (CA) or orthogonal
array (OA) is an N X k array with entries from the set V = {0, 1,--- ,v — 1} that satisfies the condition
where each N X t subarray covers each #-tuple in V' at least (or exactly) once among its rows. We
represent it as CA(N; t, k,v) (or OA(N;t, k,v)). The notation CA(N; k,v) (or OA(k,Vv)) is commonly
used when ¢ = 2.

CAs are mathematical objects that can be used as the test suites in combinatorial testing. Typically,
an input of the integer ¢ is required to ensure the testing of all interactions on ¢ parameter values (i.e.,
t-way interactions) at least once, as opposed to considering all possible combinations of system
parameters. We frequently employ CAs to generate test suites. Many empirical results demonstrate a
substantial reduction in testing workload in practical scenarios. CAs have undergone extensive
research, resulting in the documentation of a diverse range of methods and results. For more
information, readers are encouraged to refer to the following references: Colbourn [4] on covering
array tables of strength two, Chateauneuf et al. [5—7] on covering arrays of strength three and four,
Hartman et al. [8, 9] on algorithms for covering arrays, and Tzanakis et al. [10] on special
constructions from m-sequence.

Example 1.1. A system under test (SUT) model for electronic commerce systems (ECS) is shown in
Table 1. The ECS has five components: Client, OS, Web Server, Payment, and Database, each of which
can assume one of three distinct values. An exhaustive testing would necessitate conducting 3° = 243
tests. A CA(11;2,5,3) is available on Colbourn’s web site [11], which has minimum size and provides
a test suite for the ECS. The CA signifies a test suite comprising 11 tests, ensuring that every pair of
components appears at least once in the array.

Table 1. Configuration Parameters for ECS.

Parameter Values
F, Client Opera (0) IE (1) Firefox (2)
F; oS Win (0) Linux (1) Mac (2)
F; Web Server WebSphere (0) Apache (1) Nginx (2)
F, Payment MasterCard (0) Visa (1) UnionPay (2)
Fs Database Db2 (0) Oracle (1) MySQL (2)

As 1illustrated above, the purpose of using CAs as test suites is to systematically test the
interactions between every subset of ¢ components. As stated in [12], if certain pairs of components
don’t have interactions, we may test the ECS with fewer than 11 tests. Specific graph structures,
where each component corresponds to a vertex and interacting components are connected by edges,
can be employed to enhance efficiency in various applications. To address this, the notion of covering
arrays on graphs was introduced. Actually, there are a lot of studies on the cross-structures and their
applications of combinatorial designs and graphs, such as mutually orthogonal graph squares [13],
graph-orthogonal arrays, and so on [14].

Definition 1.1. (Covering arrays on graphs) A covering array on a graph G is an N X k array with
entries from Z,, where k = |V(G)|. Each column in the array corresponds to a vertex in the graph G.
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The array has the property that all the pairs of the two columns, which correspond to adjacent vertices
in the graph, cover each 2-tuple in 72 at least A times. It is denoted by CA,(N; G, v). When A = 1, we
omit the subscript.

Example 1.2. It is known that, in an ECS, some components do not affect each other. Figure 1
displays an interactions graph G where some vertices are not adjacent. For example, there are no
edge between F4 and Fs, which means that the component (Payment) and the component (Database)
have no interaction. Table 2 gives a 2-way CA on G. Clearly, the size 9 is strictly smaller than the
size 11 of optimal CA(11;2,5,3).

A CA(N;G,v) improves efficiency in many applications over a CA(N;k,v). Therefore, it is
valuable to explore covering arrays within the context of graphs, a concept initially introduced by
Meagher and Stevens [12]. Subsequently, mixed covering arrays on graphs were also defined in [15].
A thorough examination of covering arrays on product graphs was also conducted. For the
configuration of different graphs and related topics, the reader may refer to [16].

Just like CA(N;k,v), a CA(N;G,v) has the capability of producing test suites that reveal the
existence or absence of faulty interactions for combinatorial testing of interaction factors. However, it
lacks the ability to identify and precisely determine these interactions solely based on test outcomes.
For instance, if all the tests in Table 2 were executed, and all except the fourth one passed, the failed
test would involve six 2-way interactions: (IE, Win), (IE, Apache), (IE, Visa), (Win, Apache), (Win,
Visa) and (Apache, MySQL). Each of these interactions cannot be safely excluded from
consideration.  Therefore, it becomes impossible to determine which specific interaction or
interactions triggered the failure.

(F;,Client) (F,08)

(Fs;,Web Sever) (F , Payment)

(Fs,Database)

Figure 1. An interaction graph G for ECS.

At this point, conducting tests to pinpoint the location of interaction faults becomes both intriguing
and meaningful. To address this issue, we will introduce the concept of detecting arrays on graphs,
which is a generalization of detecting arrays (DA) with strength 2. The notion of DAs was introduced
by Colbourn and McClary in their investigation of identifying faults among factors in a
component-based system [17]. However, the absence of mutual interactions among components is not
considered in DAs. Here, a graph structure is considered to capture the relationships between factors.
We will formally present the concept of detecting arrays on graphs (DAGs) in this paper. To assess the
optimality of DAGs, a general criterion is introduced based on their size. Through this optimality
criterion, a connection is established between optimal DAGs and orthogonal arrays possessing special
properties. Leveraging this equivalence property, a considerable number of optimal DAs on cycles are
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constructed by generating equivalent combinatorial configurations. Notably, the existence of optimal
DAs on cycles with few vertices is almost entirely determined.

The subsequent sections of this paper are organized as follows. In Section 2, the concept of DAGs is
formally introduced. This section also includes an application example. Section 3 delves into a general
criterion for assessing the optimality of DAGs, emphasizing their size. Notably, this section establishes
the equivalence between optimal DAGs and orthogonal arrays with specified properties. Building upon
this equivalence, Section 4 presents various constructions and results regarding the existence of DAs
on cycles. The paper concludes with Section 5, where final remarks are provided.

Table 2. A CA(9;G, 3).

Test Case F, F; Fs Fi Fs

1 Opera Win WebSphere MasterCard Oracle
2 Opera Linux Apache UnionPay Oracle

3 Opera Mac Nginx Visa Oracle
4 IE Win Apache Visa MySQL
5 IE Linux Nginx MasterCard MySQL
6 IE Mac WebSphere UnionPay MySQL
7 Firefox Win Nginx UnionPay Db2

8 Firefox Linux WebSphere Visa Db2

9 Firefox Mac Apache MasterCard Db2

2. Preliminaries

2.1. Definitions and notations

Consider an N X k array A = (a;;) with entries from Z, where i € Iy and j € I;. For any subset
{j1, j2, -+ » ji:} of column indices in A with j; < j, <--- < j,thesetT ={(j,,x,) : x, € V,1 <r <t}is
defined as a t-way interaction. The set p(A, T) represents the indices of rows in A where T is covered,
expressed as: p(A,T) ={i: a;j, = x,,1 <r < th

For an arbitrary set 7 of interactions, the notation p(A, 7) = Urerp(A, T) is used. Let 7, denote the
set of all -way interactions of A. For any 7 C 7, with |7| = d and any T € 1, the condition

p(A,T)CpA,T)eoTEeT,

holds, then the array A is termed a (d, r)-DA, denoted as (d, t)-DA(N; k, v).

Let G = (V, E) be a simple graph in what follows. Suppose that A = (a;;)yx« 1s a CA(N; G,v). A 2-
way interaction T = {(i, x;), (J, x;) : x;, x; € Z,} of A is called valid, if vertices i and j, which correspond
to the factors i and j, are adjacent in G. Write VI, for the set of all valid 2-way interactions of A. It
is easy to know |V.I,| = |E|v?, where |E| is the number of edges in G. To locate and detect interaction
faults between the factors, it is only necessary to identify and determine the valid interaction faults
from the outcome of the tests. Hence, the notion of DAGs is ready to be proposed as follows.

Definition 2.1. (DAGs) Let G be a simple graph. An N X k array A = (a;;) (i € Iy, j € I) with entries
from a set with v symbols is called a DAG G, if p(A,T) C p(A,T) & T € T, forany T C VI, with
|71 =d and any T € VI,. It is denoted by DA(N; d, G, V).
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It is noteworthy that an array with empty rows is of no practical value in software testing
applications. Henceforth, in our subsequent definitions and usages, we will implicitly exclude such
instances without additional explanation. Obviously, T € 7 implies p(A,T) C p(A, 7). Hence, it is
straightforward that p(A,T) C p(A,7) & T € 7 can be deduced from T ¢ T = p(A,T) € p(A,T).
We will use this simple fact without mentioning in what follows. When G = K;, a DA(N;d,G,v) is
actually a (d,2)-DA(N; k,v). Thus, DAGs can be viewed as a generalization of DAs with strength 2.
Setting d = 0 in the definition, since p(A,7) = 0, p(A,T) # @ for any T € VI,. Then a DA(N;0,G,v)
is an array in which each valid 2-way interaction is covered in at least one row. This leads to the
notion of covering arrays on graphs, which was mentioned earlier. This simple fact tells us that a
CA(N; G,v) is equivalent to a DA(N; 0, G, v).

As a special case, consecutive DAs of strength 2 were studied by the second author and
coauthors [18]. They are equivalent to DAs on paths and can be used to locate and determine the
adjacent interactions among factors. In this paper, we present a general definition and will then
systematically study its optimality criterion, equivalence, and more constructions.

Similar to DAs, there are some admissible parameters for the existence of DAs on G = (V, E). When
[lVl=1landd > 0,0ord < 0,no DA(N;d,G,v)’sexist. If |V| =2,0or V > 2 and |E| = 1, we can form an
array consisting of all valid 2-tuples. Hence, we only treat the cases with |V| > 2,|E| > 2, and d > O.
The following results for DAs were given in [17].

Lemma 2.1. Suppose that A is a (d, t)-DA(N; k,v). Then

1) d<v.
2) Ais also an (s,1)-DA(N; k,v), where 0 < s <d - 1.

As an immediate outcome of the characteristics of DAs, the following lemma can be easily derived.
We provide it for future reference.

Lemma 2.2. Assuming A is a DA(N; d, G, V), the following observations hold:

1)d<w.
2) Aisalsoa DA(N;s,G,v)withO < s <d - 1.

According to the definition, a DA(N; d, G, v) essentially is a distinctive category of covering arrays
on graphs. The significance of utilizing DAs on graphs to generate test suites lies in their ability to
precisely identify any set of d valid 2-way interaction faults from the test outcomes. In addition, if the
number of faults caused by the valid 2-way interactions is more than d, this fact can be detected. For
more detailed information, the reader may refer to the practical application of DAs outlined in [17].
Since the rows of a DA on a graph correspond to the number of tests, the DAs on graphs with the
smallest size, while keeping other parameters constant, are of significant interest. The minimum N for
which a DA(N;d, G, v) exists is named as detecting arrays number on graphs (DAN on graphs),
denoted by DAN(d, G,v). A DA(N;d, G,v) with N = DAN(d, G, v) is called optimal. In the upcoming
section, we establish a lower bound for the function DAN(d, G,v) with a given G and provide a
combinatorial illustration for optimal DAGs.

2.2. An application example

A key application of DAs on graphs is in the testing of information systems. For instance, consider
the scenario of testing a network game software system, and assume we have successfully extracted
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factors and their values using test parameter analysis [3] for testing as shown in Table 3. A test in this
example is a tuple of size k = 4, yielding a total of 2 X 2 X 2 X 2 = 16 possible tests.

Table 3. Factors and values of a network game software system.

Factor Values

F Web browser IE(0), Firefox(1)

F, OS Win(0), Linux(1)

F5 Access 5G(0), WiFi(1)

F, Audio Surround(0), Stereo(1)

Table 4 presents a test suite comprising eight selected tests from the total possibilities. This test set
corresponds to a DA(8; 1, G, 2), where G is defined as G = (V, E) such that V = {Fy, F», F3, F4} and
E = {{F, Fo},{F1, F3}, {F1, Fa}, {F2, F3}, {F3, Ful}.

Table 4. Test sets corresponding to DAGs.

Fi: Browser F,: OS F3: Access F,: Audio
1 1IE Win 5G Surround
2 1IE Win WiFi Stereo
3 1E Linux 5G Stereo
4 IE Linux WiFi Surround
5 Firefox Win 5G Stereo
6 Firefox Win WiFi Surround
7 Firefox Linux 5G Surround
8 Firefox Linux WiFi Stereo

To provide a more concrete illustration of the practical applicability of DAGs, we consider a
simulated fault localization scenario based on the test suite in Table 4. Suppose that only tests 1 and 5
result in failures, while all other tests yield passing outcomes. By inspecting the interactions covered
by these two tests, we observe that the interaction (F,, F3) = (Win, 5G), corresponding to the tuple
T ={(2,0),(3,0)}, is the only strength-2 interaction common to both failing tests. Let 7~ = {7} denote
the (hypothetical) set of faulty interactions. Then, the set of rows covering 7 is p(A,7") = {1,5}. Due
to the defining property of the DA on graph G, there exists no other subset 7' C VI, with |[7'| = 1
such that p(A,7’) = {1,5}. Hence, T is uniquely identifiable as the underlying fault. This
demonstrates the fault localization capability inherent in the proposed DA(8;1,G,2). It is worth
noting that this level of diagnostic precision is not generally guaranteed by traditional covering arrays,
which may suffice for fault detection but not localization. Moreover, the use of graph-structured
interaction constraints, encoded in G, enables a reduction in test suite size without compromising
identifiability. In the given example, the full factorial design would require 2* = 16 tests, while the
graph-based DA achieves localization with only 8 tests. This example serves as an empirical
validation of the proposed framework, demonstrating both its efficiency in test suite size and its
effectiveness in interaction fault localization. Such properties are particularly valuable in practical
testing environments, such as software systems with heterogeneous configurations, where reducing
test cost while ensuring diagnostic accuracy is essential.
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Another prevalent application of screening experiments involves identifying interactions that exert
the most significant impact on the response of a complex system, distinct from information system
testing. In contrast to exhaustive full-factorial designs, utilizing DAs (on graphs) as experimental
designs is able to greatly decrease the number of design points; thus, the cost of experiments is
reduced [17].

3. Lower bounds and combinatorial description

Let us consider a simple graph G = (V, E) with |V| = k > 2 and |E| > 2, ensuring the absence of
1solated vertices in G. The main objective of this section is to establish a lower bound for the function
DAN(d, G,v) and investigate the combinatorial features of optimal DAs on graphs that achieve this
lower bound. To begin with, we set a standard for evaluating the optimality of a DA(N; d, G,v). The
following result can be derived through a proof akin to Lemma 2.1 in [19].

Lemma 3.1. Suppose that A is a DA(N; 1,G,v). Then, |p(A, T)| > 2 for any valid 2-way interaction T.

Proof. A DA(N;1,G,v) is also a DA(N;0,G,v) by Lemma 2.2. As mentioned in the subsequent
paragraph of Definition 2.1, a DA(N;0,G,v) is a CA(N; G,v). Thus, we have [p(A,T)| > 1 for any
valid 2-way interaction 7'. Therefore, it suffices to show |p(A, T)| # 1. Suppose that |p(A,T)| = 1 for
some T and (xi, X2, ..., x;) is the unique row of A that covers 7. This row also covers at least one
valid 2-way interaction 7"’ other than 7" under the assumption |V| > 2,|E| > 2 and there are no isolated
vertices in G. Therefore, A is not a DA(N; 1, G, v) since p(A,T) C p(A, T"). O

The following lemma can be viewed as a generalization of Lemma 3.1. The proof is similar to that
for Lemma 2.2 in [20]. We only substitute 7-way interactions with valid 2-way interactions, leveraging
the information provided in Lemma 2.2 of this paper.

Lemma 3.2. Suppose that A is a DA(N;d,G,v). Then, |p(A,T)| > d + 1 for any valid 2-way
interaction T.

Through the utilization of Lemma 3.2, we establish a lower bound for the function DAN(d, G, v).
This lower bound acts as our reference point for evaluating the optimality of DAs on graphs.

Theorem 3.3. Let G = (V, E) be a simple graph with |V| = k > 2 and |E| > 2. Then,
DAN (d,G,v) > (d + 1)

Proof. Suppose that A is a DA(N; d, G, v) over V with N = DAN(d, G, v). Then for any fixed 2 columns
{j1, j»}, satisfying that j; and j, as vertices of G are adjacent, there exist exactly v> 2-way interactions
of A: {(j,»x,) : 1 <r <2} with (x1, x,) runs over v? 2-tuples from V2. According to Lemma 3.2, it is
established that |[o(A, T)| > d + 1 for any 2-way interaction 7" within A. Therefore, we can deduce that
N = DAN(d,G,v) > (d + 1)V%. O

We try to produce a DA(N;d,G,v) with N = (d + 1)v? as optimal. It is noteworthy that optimal
DAs on graphs find practical applications in software testing due to their minimal row count. To
delve into the combinatorial characteristics of optimal DAs on graphs, the concept of simple OAs on
graphs will be introduced. An orthogonal array on a graph G is a CA(N; G, v) with N = Av?, denoted by
OA (G, v). An OA (G, v) is considered simple if, for any Av>x(4—i) subarray consisting of the columns
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corresponding to the vertices of any two edges E and E” with |V(E) N V(E’)| =i (where i = 0, 1), each
(4 — i)-tuple appears at most once. It is evident from this definition that a simple OA (G, v) can only
exist when A4 < v.

Example 3.1. The array obtained by transposing the following is a simple OA,(G, 3) over Z3, where
G is the same as the graph in Figure 1.

It is easy to check that it is an OA,(G, 3) over Zs. Any 4-tuple over Zs from two disjoint edges occurs
at most once. In addition, for any two edges with one vertex in common, each 3-tuple appears at

000000111111222222
001122112200220011
012012120120201201
022101100212211020
100212211020022101

most once.
Table 5. A DA(18; 1, G, 3) for the ECS in Figure 1.

Test Case Client oS Web Server Payment Database
1 Opera Win WebSphere MasterCard Oracle
2 Opera Win Apache UnionPay Db2
3 Opera Linux Nginx UnionPay Db2
4 Opera Linux WebSphere Visa MySQL
5 Opera Mac Apache MasterCard Oracle
6 Opera Mac Nginx Visa MySQL
7 IE Linux Apache Visa MySQL
8 IE Linux Nginx MasterCard Oracle
9 IE Mac WebSphere MasterCard Oracle
10 IE Mac Apache UnionPay Db2
11 IE Win Nginx Visa MySQL
12 IE Win WebSphere UnionPay Db2
13 Firefox Mac Nginx UnionPay Db2
14 Firefox Mac WebSphere Visa MySQL
15 Firefox Win Apache Visa MySQL
16 Firefox Win Nginx MasterCard Oracle
17 Firefox Linux WebSphere UnionPay Db2
18 Firefox Linux Apache MasterCard Oracle

The DA(18; 1, G, 3) in Example 3.1 provides test cases for the ECS in Example 1.1, as illustrated in
Table 5.

We observe that Theorem 3.3 provides a comprehensive criterion for assessing the optimality of
DAGs based on their size. This criterion enables us to establish an equivalence between optimal
DAGs and a specific type of orthogonal arrays with predefined properties. Consequently, the
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challenge of constructing optimal DAs is effectively transformed into the task of constructing optimal
orthogonal arrays.

Theorem 3.4. Suppose that G is a simple graph. Then, a simple OA4,1(G, v) is equivalent to an optimal
DA((d + 1v*;d,G,v).

Proof. (=) Assuming A is a simple OA,,(G, v) on G, consider an arbitrary valid 2-way interaction T
inAwithT ¢ 7, where 7 = {T,T»,...,T,;}. The objective is to demonstrate that p(A,T) € p(A, 7).
Given that A is an OA4, (G, v), it follows that |o(A,T)| =d + 1. If p(A, T) C p(A,T), there must be at
least one T'; € 7 such that |p(A, T;) N p(A, T)| > 2. Let us assume the column indices of 7" and T'; have
i columns in common, where i = 0, 1. Since T # T, there exists a certain (4 — i)-tuple that occurs at
least twice. This contradicts the fundamental simplicity property of A.

(&) Let B be a DA((d + 1*;d,G,v). By Lemma 3.2, it is known that |o(A,T)| = d + 1 for any
valid 2-way interaction T, as B contains precisely (d + 1)v* rows. This implies that each 2-tuple occurs
as a row exactly (d + 1) times in any two columns of B corresponding to the edges of G. Thus, B is an
OA4;1(G,v). In addition, B is simple. This can be deduced from the definition of a DA on a graph. O

Theorem 3.4 establishes a one-to-one correspondence between simple orthogonal arrays on graphs
and optimal DAs constrained by the same graph structure. This result generalizes the well-known
equivalence between classical orthogonal arrays and DAs in the unconstrained setting. In particular,
when the underlying graph G is the complete graph on k vertices, Theorem 3.4 reduces to the classical
result stating that a simple orthogonal array OA,,(k,v) yields an optimal DA((d + 1)v*;d, k,v), as
noted in previous literature [20]. Therefore, our result can be seen as a natural generalization to the
case where the factor interactions are restricted by an arbitrary simple graph G. The significance of
Theorem 3.4 lies in its theoretical and practical implications. From a theoretical perspective, it
bridges two important combinatorial structures under a unified graph-based framework, thereby
extending the applicability of classical design theory to more structured systems. From a practical
viewpoint, the equivalence provides a constructive method to obtain optimal graph-constrained DAs
using known constructions of orthogonal arrays. This is particularly valuable in application domains
where interactions among system parameters are not fully pairwise, but governed by a sparse
dependency structure.

4. Optimal DAs on cycles

In this section, we will construct a large number of optimal DAs on cycles in terms of simple OAs on
cycles using the equivalent characterization described in Theorem 3.4. The combinatorial features of
the simple OAs on cycles will be explored precisely. Cyclic consecutive orthogonal arrays (CCOAs)),
denoted as a CCOA (k,v), are N X k arrays with entries from a set with v symbols such that two
consecutive columns on the cycle contain each 2-tuple exactly A times among its rows. Generally,
when N is relatively large, the N X k array is written in transposed form; otherwise, it is not. The
notion of CCOAs with A4 = 1 and arbitrary strength was proposed by the second author’s research on
neighbor combinatorial testing [21]. Such CCOAs can only be used to detect interaction faults but
cannot locate or determine them. For faults localization, we require CCOA with A4 > 2 and distinctive
properties. Also, t = 2 is only required here. A CCOA ;(k,v) is called simple, if any v* X (4 — i)
subarray consisting of two cyclically consecutive columns, sharing i columns in common, contains
each (4 — i)-tuple at most once, where i = 0, 1.
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Example 4.1. The following array represents a simple CCOA;(S5,2) over Z,.

0 00O00O0
00111
010120
01101
1 0011
1 0100
11001
11110

Demonstrating that a simple CCOA (k, v) is equivalent to a simple OA, (G, v), where G is a cycle
with k vertices, is straightforward. This equivalence is formally stated in the following theorem.

Theorem 4.1. Let G = (V, E) be a cycle with |V| = k > 2. Then a simple CCOA4,(k, V) is equivalent
to an optimal DA((d + 1V?;d, G, v).

To construct simple CCOAs, we leverage the configuration of super-simple orthogonal arrays
(SSOA). An OA,(t,k,v) is deemed super-simple if any (¢t + 1) columns of the array contain every
(t + 1)-tuple of symbols as a row at most once. This specific orthogonal array is denoted as
SSOA,(t, k,v). It is noteworthy that an SSOA (2, k,v) qualifies as a simple CCOA,(k,v), but not
vice versa.

4.1. Optimal DAs on cycles from orthogonal arrays

OA is an important research object first introduced by Rao [22]. OAs find broad applications in
statistics, computer science, coding theory, and cryptography. Over the last five decades, there has been
extensive research on orthogonal arrays in the literature, and a few methods and results are available
in the monograph by Hedayat, Sloane, and Stufken [23]. In the following, we introduce some OAs of
strength 3 for later use.

Lemma 4.2. [24] If g > 3 is a prime power, the existence of an orthogonal array OA(3,q + 1,q) is
guaranteed. Additionally, if g > 4 is a power of 2, an orthogonal array OA(3, q + 2, q) exists.

Lemma 4.3. Assume thatv = q,q, - - - q, represents the standard factorization of v into distinct prime
powers. If q; > 3 for any i, then there exists an OA(3,k + 1,v), where k = min{g; : 1 <i < s}.

If k = 6, Ji and Yin provided the following insightful result.

Lemma 4.4. [6] Suppose v is a positive integer such that gcd(v,4) # 2 and gcd(v, 18) # 3. Then, there
exists an OAQ3,6,v), and an OA(3, 6, 3u) with u € {5,7} also exists.

Subsequently, we will employ OAs to create simple CCOAs. This procedure can be conceptualized
as a modification of Construction 3.7 outlined in [20].

Construction 4.5. Let k > 5 be an odd integer. If there exists an OAQ3,k + 1,v), then a simple
CCOA,(ki,v) exists fori=1,2,---, @ and any integer A < v, where ¢(k) is the Euler function.
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Proof. If an OA(3, k+1, v) exists, then an SSOA (2, k, v) exists for any integer A < v by Construction 3.7
in [20]. We denote it by A = (Ap, Ay, -+ ,Ar1). It is obvious that there are ¢(k) multiple inverse
elements in Z;. We arrange such inverse elements from small to large and denote them by a; =
1, ap,--- syt Aylhy- Clearly, the elements a; = 1,a,--- Aty have the property a; + a; # 0

(mod k), where 1 <i# j < @.

Write A’ = (A(),Aal, cee ’Aa1~(k—2)aAa1~(k—1)a cee ,A(),Aal., cee ’Aa,"(k—Z)aAa,"(k—l))’ where the subscripts
are under the operation (mod k) andi =1,2,---, @. It can be easily confirmed that A’ satisfies the
conditions of a simple CCOA. O

Construction 4.6. Let k be an even integer. If an OA(3,k + 1,v) with k > 6 exists, then a simple
CCOA (ki + %,v) exists fori =1,2,---, %k) and any integer A < v.

Proof. The proof is similar to Construction 4.5. We only need to concatenate A" with (Ag, Az, - -+ , Ar_2).

m]

Combining Theorem 3.4 with Constructions 4.5 and 4.6, along with the previously established OAs
from the lemmas, we can derive an infinite series of optimal DAs on cycles.

Theorem 4.7. Let g > 5 be a prime power and k be an odd integer with 3 < k < q. Then, an optimal
DA((d + 1*;d, G, q) exists for any positive integers d < q, where G is a cycle with kk’ vertices and
1<k <29

=t =7

Proof. By assumption and Lemma 4.2, we know that an OA(3, g + 1, ¢) exists. This implies that an
SSOA,(2, g, q) with A4 < g exists. Thus, an SSOA (2, k, g) exists for any odd integer k with 3 < k < g.
Applying Theorem 4.1 and Constructions 4.5 produces the required DAs on cycles. m|

Theorem 4.8. Let g > 5 be a prime power and k be an even integer with 4 < k < q. Then, an optimal
DA((d + 1Vv*;d, G, q) exists for any positive integers d < q, where G is a cycle with kk' + '5‘ vertices and
1<k <29

="t =7

Proof. The proof is similar to Theorem 4.7. We only replace Constructions 4.5 by Construction4.6. 0O
Similarly, if ¢ is a power of 2, we have the following DAs on cycles.

Theorem 4.9. Let g > 4 be a power of 2 and k be an odd integer with 3 < k < q + 1. Then, an optimal
DA((d + WW*;d, G, q) exists for any positive integers d < q, where G is a cycle with kk' vertices and
1<k <29

="t =7

Theorem 4.10. Let g > 4 be a power of 2 and k be an even integer with 4 < k < g + 1. Then, an
optimal DA((d + 1Vv*;d, G, q) exists for any positive integers d < q, where G is a cycle with kk' + %
vertices and 1 < k' < @.

Theorem 4.11. Suppose that v = q1q» - - - g is a standard factorization of v into distinct prime powers
and k = min{q; : 1 <i < s} > 3. Ifq; >3 andd + 1 < v, then there exists an optimal DA((d +

IW? d,G,v), where G is a cycle with i’ vertices, 1 < i’ < @, and i is an odd integer with 3 < i < k.

Proof. By Lemma 4.3, an OA(3,k + 1, v) exists. Thus, it can produce an SSOA(2,i,v) for 3 <i < k.
Applying Construction 4.5 produces a simple CCOA (2, ii’,v) under the assumption d + 1 < v. The
desired DAs on cycles are obtained by Theorem 4.1. O
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Theorem 4.12. Suppose that v = q1q» - - - q; is a standard factorization of v into distinct prime powers
andk = min{q; : 1 <i < s} >4 Ifqg > 3 and d +1 < v, then t_here exists an optimal DA((d +
IWv* d,G,v), where G is a cycle with ii’ + # vertices, 1 < i’ < 22 and i is an even integer with
4<i<k

Theorem 4.13. Suppose that v is a positive integer, satisfying gcd(v,4) # 2 and gcd(v, 18) # 3. Then,
there exists an optimal DA((d + 1v*;d, G, v) for any positive integer d with d + 1 < v, where G is a
cycle with 5 or 10 vertices.

Proof. Apply Theorem 4.1. The required simple CCOAs are provided by Construction 4.5 and
Lemma 4.4. m|

4.2. A class of optimal DAs on cycles from m-sequences

Let f = co+crx+cox’ +---+¢ X' +x' € Fylxland I = (bo, by, -+ , b)) € F|,. A linear feedback
shift register (LFSR) sequence with characteristic polynomial f is defined as S(f,I) = (ap,ai,-- ),
where

a_:{b,»,Osi<t,
l —Ci1Qj1 — C128ip — *** = Cldi—(-1) — Coli—p, I 2 L.

A sequence produced by an LFSR over F, through a primitive polynomial is known as a maximal
(period) sequence. Such sequences are commonly denoted as m-sequences. Maximal sequences exhibit
a complex algebraic structure and possess diverse statistical properties, making them well-suited for
applications in areas like radar, sonar, and wireless communications [25]. Throughout this paper, the
primitive polynomial over F, with degf = 3, 1.e., f(x) = cop + c1x + ox*+x>eF ,[x] 1s considered.
For a given sequence S = (ay,ay,---) and a positive integer n, the subinterval of length n starting at
position i is denoted as C¥(S) = (a;, @js1, " ** 5 Qign—1).

Cyclic shifts of maximal sequences have been employed in previous studies to generate (ordered)
orthogonal and covering arrays [26,27]. Construction of simple consecutive orthogonal arrays (COAs)
from m-sequences was given in [28]. In this subsection, we will construct simple CCOAs from m-
sequences, which produce optimal DAs on cycles by Theorem 4.1. For the given m-sequence S (f, I),

consider the following ¢* x k arrays M, where k = q;_—_l =qg*+q+1.
0,0,---,0 1 [ o0 o --- 0
CS(S (f,D) ap a . a1
M = CIIC(S (f7 1)) = a a cee ay
| CI;B_z(S (f’ I)) | | aq3_2 aqS_l cee aq3_2+k_1 ]

Similar to the argument in Theorem 3 from [28], we can establish the following theorem.

Theorem 4.14. If f is a primitive polynomial over F, withdeg f = 3 and I = (by, b, b,) € F; \(0,0,0),
then M forms a simple CCOA,(2,q* + q + 1,q).

It 1s remarkable that m-sequence can be used to construct COA, which was presented in [28].
Despite using similar tools and proof methods, the definitions of CCOA and COA are distinct. In fact,
CCOA must be a COA with strength 2, but the reverse may not hold true.
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Example 4.2. Let f = x> + 0x*> + 2x + 1 be a primitive polynomial over Fs and initial values 1 =
(0,0, 1). An m-sequence generated by f and T is (00101211201110020212210222 - - - ) with the period
33 —1=126. An 27 x 13 array M is arranged below.

[0 0 0 O 000O0OOO0OO0 O]
0 01 1211201171
0101 11201110

1 002021221¢022
| 0020212210272 2]
It is evident that each 2-tuple, considering any two cyclic consecutive columns, appears exactly

q = 3 times. Therefore, M constitutes a CCOA5(2, 13, 3). By the properties of the m-sequence, every
3-tuple within any three cyclic consecutive columns occurs precisely once. It can be verified that
each 4-tuple occurs at most once for any two disjoint cyclic consecutive columns. Thus, the proof is
concluded. O

Theorem 4.15. Suppose that G forms a cycle with ¢*> + ¢ + 1 vertices, and that f is a primitive
polynomial of degree 3 over F, with nonzero initial values I = (by,by,--- ,b;_1) € F 3. Then the array
M is an optimal DA(¢*; 9 - 1, G, q).

Proof. The conclusion follows from Theorem 3.4 and 4.14. |

Examples of optimal DAs on cycles over F), from Theorem 4.15 with p = 2,3,5,7 are provided in
Table 6. The first column indicates the finite field F,, while the second and third columns are primitive
polynomial and the number of factors k of optimal DAs on cycles, respectively.

Table 6. Optimal DAs on cycles over F, with p = 2,3,5,7.

ry Sf(x) k
p=2 o+ x%+ 1 7
p=3 x4+ 2%+ 1 13
p=>5 X +3x+3 31
p=1 X+ 5x+2 57

4.3. Existence of optimal DAs on cycles with few vertices

The existence of optimal DAs on cycles with few vertices is almost determined in this subsection.
To this end, we will present some recursive constructions.

Let A be a CCOA ,(k, v) over the symbol set V. If the rows of A can be partitioned into u subarrays,
each possessing the specified simple property, then we label A as a u-row-divisible CCOA (k,v). Two
distinct simple CCOAs sharing the same symbol set are deemed compatible if their superimposition
results in a simple CCOA. A collection comprising w simple CCOAs over the same symbol set is
termed compatible if every pair of elements within the set is compatible. The notion of y-row-divisible
and compatible OAs was first introduced in [20], where they were utilized for constructing SSOAs. In
this context, we adapt and modify these concepts for constructing simple CCOAs. Analogous to the
proof of Theorem 11 in [18], we present the following construction.
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Theorem 4.16. Suppose that vi and v, are two positive integers for which there exist u compatible
simple CCOA,, (k,v,)'s. Further, let r denote a non-negative integer, and let my,my,--- ,m, be
nonnegative integers, along with 2r positive integers py,Ma, - Uy, A1, A2, , A, such that the
following conditions are met:

1) mypy +mppiy + -0+ MUy S
2) a p;-row-divisible CCOA,,(k,v)) is available for 1 <i <.

Then, there exists a simple CCOA i, 2, +moto+-+m,2,) (ks VIV2).

According to Theorem 4.16, selecting r = 1, m; = 1, 4y = 4, v{ = v, u; = u, and v, = m, we can
derive the subsequent outcome.

Corollary 4.17. Let v, k, and t be integers satisfying k > t > 2. If a u-row-divisible CCOA (k,v) and
u compatible simple CCOA,(k,m)'s all exist, then so does a simple CCOA ,(k,mv). In particular, if a
simple CCOA (k,v) and a simple CCOA,(k, m) both exist, then so does a simple CCOA ,(k, mv).

It is clear that a CCOA(k, m) is a simple CCOA(k, m). By taking n = 1 in Corollary 4.17, we have
the following corollary.

Corollary 4.18. Suppose that a simple CCOA,(k,v) and a CCOA(k,m) exist. Then, a simple
CCOA \(k, mv) exists.

It is known that an OA(2, k, v) is also an OA(2, k', v) by deleting a kK — kK’ column, where 2 < k' < k.
However, this simple fact is not always true for CCOAs. Thus, we have to use other ways to construct
simple CCOAs for each set of values k, v.

Theorem 4.19. An optimal DA((d + 1)v*;d, G, v) exists for any integer d with (d + 1) < v, where G is
a cycle with 3 or 4 vertices.

Proof. The existence of SSOA,, (2, k,v)’s with k = 3,4 is given in [20,29]. Clearly, an SSOA is also
a simple CCOA. Applying Theorem 4.1 produces optimal DAs on cycles as desired. O

By Theorem 4.13, for the completeness of existence for a simple CCOA (5, v), we consider the case
v =2,3,6 and gcd(v,4) = 2 or ged(v, 18) = 3. For v € {2, 3, 6}, we have the following results.

Lemma 4.20. A simple CCOA,(5,2) over Z, exists for A = 1,2.
Proof. A is the required simple CCOA(2, 5, 2) as follows.

0 00 10
01 1 0 1
A =
1 01 1 1
1 1.0 00
A simple CCOA;(5, 2) over Z, is given in Example 4.1. m|

Lemma 4.21. A simple CCOA, (5, 3) over Z5 exists for A = 1,2, 3.

Proof. A simple CCOA,(5, 3) over Z3 with 4 = 1,3 is presented in Appendix. An SSOA,(2,5,3) is
given in [30]. It is also a simple CCOA,(5, 3). O
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Lemma 4.22. A simple CCOA (5, 6) over Z¢ exists for A = 1,2,3,4,6.

Proof. By Corollaries 4.17 and 4.18, we can obtain the required simple CCOAs for 4 # 3. The
ingredients are given by Lemmas 4.20 and 4.21. We show the existence of a simple CCOA3(35, 6) over
Z¢ given in the Appendix. O

Lemma 4.23. A 2-row-divisible CCOAs(5, 6) over Zg exists.

Proof. Combining a simple CCOA4(5,6) and a simple CCOA(S,6) produces a 2-row-divisible
CCOA5(5,6). O

We proceed to establish the existence of a simple CCOA (5, v) with gcd(v,4) = 2 or ged(v, 18) = 3.
Let u be any positive integer satisfying gcd(u, 6) = 1. Consequently, any integer v > 4 can be expressed
as v = 2%3% . u, where @ and 3 are nonnegative integers. We consider the following three cases.

1) v=2uorv=2-w,wherew =3/ -u > u;
2) v =3u;
3) v = 6u.

To provide the results for the above cases, we first prove the existence of some compatible CCOAs
as follows.

Lemma 4.24. Let u > 1 and w be an integer as mentioned above. Then, both u compatible simple
CCOA(2,5,v)'s and w compatible simple CCOA(2,5,w)’s exist.

Proof. Combining the assumption and Lemma 4.3, it follows that an OA(3, 6, u) or an OA(3,6,w)
exists. By Construction 3.7 in [20], u compatible OA(2,5,v)’s and w compatible OA(2, 5, w)’s exist.
Clearly, they are also compatible simple CCOAs. O

Lemma 4.25. Let u > 1 be an integer with gcd(u,6) = 1. Then, a simple CCOA (2,5, 2u) exists for
any A < 2u and a simple CCOA (2, 5,2w) with w = 3%u > u exists for any A < 2w, respectively.

Proof. For any given A with A < 2u, we write h = |[4/2] and e = 1 —-2h € {0, 1}. Then h < u,if £ = 0;
h<u-1,if e = 1. Apply Theorem 4.16 with vi = 2, v, = u, (u;,4;) = (1, 1), (2, 12) = (1,2) and
(my,my) = (g, h). A simple CCOA,(5,2) with A = 1,2 was given in Lemma 4.20. u compatible simple
CCOA(2,5,u)’s are given by Lemma 4.24. For w = 3%u > 9u, a similar argument can be applied to
draw the conclusion. O

Lemma 4.26. Let u > 1 be an integer with gcd(u, 6) = 1. Then, a simple CCOA (5, 3u) exists for any
positive integer A < 3u.

Proof. By assumption, there exist u compatible simple CCOA(2,5,u)’s by Lemma 4.24. Apply
Theorem 4.16 with v; = 3, v, = u, (u;, A1) = (1, 3), and

[ (1,2), if A =2 (mod 3),
(2, ) ‘{ (1,1), if A =1 (mod 3).

By Lemma 4.21, a simple CCOA (5, 3) exists for 4
equations

1,2,3. It is left to show that the system of

3m1 + Aomy = A,
my + uany < U.
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is solvable in nonnegative integers m; and m, for any given A with 2 < 1 < 3u.
Leth =|A/3]and e = A —3h € {0, 1, 2}, then we have

h<u, ife = 0,
h<u-1,ife = 1,2.

It turns out that

(my.my) = (h,0), ife = 0;
P (1), ife = 1,2,
is one solution of the above system of equations. The proof is complete. O

Lemma 4.27. Let v = 6u be an integer with u # 1 and gcd(u,6) = 1. Then, a simple CCOA,(5,V)
exists for any integer A < v except for A = 6u — 1.

Proof. From Lemmas 4.22 and 4.23, we know that both a simple CCOA (5, 6) with 4 € {1,2, 3,4, 6}
and a 2-row-divisible CCOA5(5, 6) exists. For any given A with 4 < 6u and A # 6u — 1, let h = [1/6]
ande=A1-6he{0,1,---,5}. Then,

h<u,ife = 0,
h<u-1,ife =1,2,3,4,
h<u-2,ife =5.

For A = 6h, a simple CCOA (5, v) can be obtained by taking v; = 6, v, = u, (u;,4;) = (1,6) and
(my,my) = (h,0) in Theorem 4.16. For A # 6u—1 and A # 6h, apply Theorem 4.16 with v; = 6, v, = u,
(w1, 1) = (1,6), (m;,my) = (h, 1), and (u», A,) for the pairs of nonnegative integers as described below
to obtain the required simple CCOAs.

[ (e, ife =1,2,3,4,
(b2, 42) = { 2,5), ife =5.

i
Combining Theorem 4.1 with the results in Lemmas 4.13, 4.25-4.27, the subsequent conclusions
are drawn.

Theorem 4.28. An optimal DA((d + 1)?;d, G, V) exists for any positive integer d + 1 < v, where G is
a cycle with 5 vertices, except possibly in cases where

1) (d,v) = (4,6);
2) v==6uandd =v — 2, where u # 1 and gcd(u,6) = 1.

The remaining unresolved case corresponds to the existence of a simple CCOA5(5, 6), which is
required in the recursive construction applied in the proof. The exhaustive search for such an array
is computationally intensive and has not succeeded within acceptable time bounds under our current
implementation. We leave the resolution of this case to future work, where improved algorithms or
alternative construction techniques may yield progress.
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5. Conclusions

Utilizing DAs with graph structures, where a vertex represents each component and an edge signifies
interaction between components, can enhance efficiency in various applications, especially software
testing. This paper introduced the concept of DAGs, serving as a generalization of DAs with strength 2.
The key advantage of employing DAGs to generate test suites lies in the ability to identify any set of d
valid 2-way interaction faults from the test outcomes. Moreover, for a DA((d + v?; d, G,v), if there are
more than d valid 2-way interactions causing faults, they can also be detected. The paper established
a general lower bound on the size of DA(N;d, G,v). The equivalence between an optimal DA((d +
1v?;d, G,v) and a combinatorial configuration (simple OA ., (G, v)) was established in Theorem 3.4.
With this equivalence, numerous optimal DAs on cycles were obtained by constructing simple CCOAs.
Notably, the existence of DA((d + 1)W?;d,G,v) with few vertices, where G is a cycle, was nearly
completely determined.

Nevertheless, this paper is only the beginning of the study of this issue. Different practical problems
correspond to different graph structures. In the future, it is worthwhile to concentrate on exploring new
methods for constructing simple orthogonal arrays on various types of graphs, for example, Eulerian
graphs as stated in [31] and Polygon Networks in [32]. Meanwhile, DAs on graphs are limited to locate
and detect the faulty interactions triggered by only two components. Hence, generating a new notion
of DAs on graphs to eliminate the restriction is also a valuable direction for further study.
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Appendix

A simple CCOA (5, 3) with 4 = 1 or 3 is given below.
A=1,A=A], where A, is as follows.
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A=3,A =A], where A, is as follows.
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A simple CCOA;(5, 6) A is given below. A = (A}, A,)”, where A; and A, are as follows.
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333113220312441034003343441152300110042550501441242024
242451344503052441233344424232311035205131453050141042
A =] 300445035044005142355351240024003043112444252243533411
112121102553203544504430503401314000043552102431423243
340535311011424052143022330152402353034545420500113225

535355332455020035411421312410215524523021013402245555
110122250534350002252121534313310051100525440321034555
Ay =| 511221224513155055534422154313133231031132252000520014
053541204534025335253401110022212131252432315455430451
133145110521554150022401224453442001332454334052510321
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