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Abstract: In this paper, we explored the existence and uniqueness of solutions for a boundary value 
problem involving ሺ𝑝, 𝑞ሻ -difference equations with integral conditions. By employing well-
established fixed-point theorems, we established new and significant results in this area. To further 
illustrate the applicability of our findings, we presented three concrete examples that demonstrate the 
validity of the theoretical results. 

Keywords: ሺ𝑝, 𝑞ሻ -difference equations; boundary value problems; integral conditions; existence 
results; fixed point theorems 
 

1. Introduction  

Fractional calculus has gained considerable attention in recent years due to its ability to model 
complex phenomena with memory and hereditary properties. While classical calculus focuses on 
integer-order derivatives and integrals, fractional calculus extends these concepts to non-integer orders, 
offering a broader framework for analyzing real-world problems in various fields, such as physics, 
biology, and engineering (see, e.g., [1–4]). 

Quantum calculus, often referred to as q-calculus, has emerged as an essential mathematical 
framework with numerous applications in various scientific fields, particularly in physics. It provides 
tools for studying phenomena in quantum mechanics, special functions, and other areas of theoretical 
and applied physics (see, e.g., [5–8]). Over time, advancements in quantum calculus have led to the 
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development of postquantum calculus, a more generalized framework that extends the concepts of q-
calculus. While quantum calculus is primarily concerned with q-numbers that rely on a single base q, 
postquantum calculus introduces p and q-numbers, incorporating two independent parameters p and q. 

This generalization has significantly expanded the scope and applicability of the calculus, offering 
a more flexible and robust mathematical structure for modeling complex systems. The ሺ𝑝, 𝑞ሻ-calculus 
has drawn considerable interest from both mathematicians and physicists, who have explored its 
potential in a variety of research domains. These studies have addressed topics ranging from 
generalized special functions to discrete dynamic systems, quantum theory, and number theory. For 
detailed discussions and applications, readers are referred to works such as [9–14]. 

One of the prominent areas where ሺ𝑝, 𝑞ሻ-calculus has found significant application is the study 
of ሺ𝑝, 𝑞ሻ-difference equations. These equations, which generalize classical difference equations, play 
a vital role in analyzing discrete dynamic systems and exploring their underlying mathematical 
properties. The flexibility introduced by the independent parameters p and q enables a deeper 
understanding of such systems, facilitating new theoretical insights and practical applications across 
diverse fields. 

Boundary value problems (BVPs) involving fractional ሺ𝑝, 𝑞ሻ-difference equations form a crucial 
branch of this research, as they address the existence of solutions satisfying both fractional difference 
equations and prescribed boundary conditions. Such problems frequently arise in discrete systems 
where boundary constraints or endpoint behaviors play a significant role (see, e.g., [15–18]). 

In [15], Gençtürk obtained some existence results of solutions for the following boundary 
value problem  

𝐷௤
ଶ

 
 𝑢ሺ𝑡ሻ ൅ 𝑓൫𝑡, 𝑢ሺ𝑡ሻ൯ ൌ 0,      0 ൏ 𝑡 ൏ 1 

𝑢ሺ0ሻ ൌ න 𝑢ሺ𝑡ሻ𝑑௣,௤𝑡,
ଵ

଴ 
  𝑢ሺ1ሻ ൌ න 𝑡 𝑢ሺ𝑡ሻ

ଵ

଴
𝑑௣,௤𝑡, 

for 𝑞-difference equation with integral conditions. 
In [16], Qin and Sun investigated the existence of positive solutions for the following boundary 

value problem of a class of fractional ሺ𝑝, 𝑞ሻ-difference equation involving the Riemann–Liouville 
fractional derivative 

𝐷௣,௤
ఈ

 
 𝑢ሺ𝑡ሻ ൅ 𝑓൫𝑝ఈ𝑡, 𝑢ሺ𝑝ఈ𝑡ሻ൯ ൌ 0,   0 ൏ 𝑡 ൏ 1 

𝑢ሺ0ሻ ൌ 𝑢ሺ1ሻ ൌ 0. 

Motivated by these works, this paper proposes a new framework that combines ሺ𝑝, 𝑞ሻ-difference 
equations involving the Caputo fractional derivative with nonlocal boundary conditions. We 
investigate the existence and uniqueness of solutions for a fractional ሺ𝑝, 𝑞ሻ-difference boundary value 
problem given by the following: 
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⎩
⎪
⎨

⎪
⎧ 𝐷௣,௤

ఈ
 

௖ 𝑢ሺ𝑡ሻ ൅ 𝑓൫𝑡, 𝑢ሺ𝑡ሻ൯ ൌ 0,      0 ൏ 𝑡 ൏ 1                                                  

𝑢ሺ0ሻ ൌ 𝑢ᇱሺ0ሻ ൌ 𝑢ᇱᇱሺ0ሻ ൌ ⋯ ൌ 𝑢ሺ௡ିଷሻሺ0ሻ ൌ 0,                                      

𝑢ሺ௡ିଶሻሺ0ሻ ൌ ׬ 𝑢ሺ𝑡ሻ𝑑௣,௤𝑡,                                                                            
ଵ

଴

𝑢ሺ1ሻ ൌ ׬ 𝑡 𝑢ሺ𝑡ሻଵ
଴ 𝑑௣,௤𝑡,                                                                                 

(1.1) 

where 𝑛 െ 1 ൏ 𝛼 ൑ 𝑛  with 𝑛 ൒ 3,  𝐷௣,௤
ఈ

 
௖  denotes the Caputo-type fractional ሺ𝑝, 𝑞ሻ -derivative 

operator, while 𝐷௣,௤  denotes the first-order ሺ𝑝, 𝑞ሻ-difference operator, and 𝑓: ሾ0,1ሿ ൈ ℝ → ℝ is a 
continuous function. By employing fixed-point theorems and related analytical tools, we establish 
sufficient conditions under which solutions exist and are unique. This work contributes to the 
theoretical foundation of fractional ሺ𝑝, 𝑞ሻ -difference equations and provides a basis for further 
exploration of their applications in discrete mathematical modeling. 

The rest of our paper is organized as follows: In this section, we present necessary definitions, 
properties, and lemmas. In Section 2, we will give some sufficient lemmas and theorems, which are 
used in the main results. In Section 3, some results on the existence and uniqueness of positive 
solutions are obtained. Also, some examples illustrating the obtained results are presented. Our results 
generalize many known results in the literature of BVPs. 

Now, we will give some fundamental theorems, lemmas, and definitions of the ሺ𝑝, 𝑞ሻ-calculus, 
which can be found in [11,19]. Let ሾ𝑎, 𝑏ሿ ⊂ ℝ be an interval with 𝑎 ൏ 𝑏, and 0 ൏ 𝑞 ൏ 𝑝 ൑ 1 be 
constants with 𝑝 ൅ 𝑞 ് 1, 

ሾ𝑘ሿ௣,௤ ൌ
𝑝௞ െ 𝑞௞

𝑝 െ 𝑞
,     𝑘 ∈ ℕ, 

ሾ𝑘ሿ௣,௤! ൌ ൞ሾ𝑘ሿ௣,௤ሾ𝑘 െ 1ሿ௣,௤ … ሾ1ሿ௣,௤ ൌ ෑ
𝑝௜ െ 𝑞௜

𝑝 െ 𝑞
,   𝑘 ∈ ℕ,

௞

௜ୀଵ
1,                                                                         𝑘 ൌ 0.

 

The ሺ𝑝, 𝑞ሻ-analogue of the power function ሺ𝑎 െ 𝑏ሻ௣,௤
ሺ௡ሻ with 𝑛 ∈ ℕ଴ ൌ ሼ0,1,2, … ሽ is given by 

ሺ𝑎 െ 𝑏ሻ௣,௤
ሺ଴ሻ ≔ 1,                 ሺ𝑎 െ 𝑏ሻ௣,௤

ሺ௡ሻ ≔ ෑሺ𝑎𝑝௞ െ 𝑏𝑞௞ሻ,     𝑎, 𝑏 ∈ ℝ.

௡ିଵ

௞ୀ଴

 

The ሺ𝑝, 𝑞ሻ-gamma and ሺ𝑝, 𝑞ሻ-beta functions are defined by 

𝛤௣,௤ሺ𝑥ሻ ≔

⎩
⎪
⎨

⎪
⎧ሺ𝑝 െ 𝑞ሻ௣,௤

ሺ௫ିଵሻ

ሺ𝑝 െ 𝑞ሻ௫ିଵ ൌ
ቀ1 െ

𝑞
𝑝ቁ

௣,௤

ሺ௫ିଵሻ

ቀ1 െ
𝑞
𝑝ቁ

௫ିଵ ,                          𝑥 ∈ ℝ\ሼ0, െ1, െ2, … ሽ,

ሾ𝑥 െ 1ሿ௣,௤!  ,                                                           𝑥 ∈ ℕ,

 

and  
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 𝐵௣,௤ሺ𝑥, 𝑦ሻ ≔ න 𝑡௫ିଵ
ଵ

଴
ሺ1 െ 𝑞𝑡ሻ௣,௤

ሺ௬ିଵሻ𝑑௣,௤𝑡 ൌ 𝑝
ଵ
ଶሺ௬ିଵሻሺଶ௫ା௬ିଶሻ 𝛤௣,௤ሺ𝑥ሻ𝛤௣,௤ሺ𝑦ሻ

𝛤௣,௤ሺ𝑥 ൅ 𝑦ሻ
, 

respectively.  

Definition 1.1. [11] Let 0 ൏ 𝑞 ൏ 𝑝 ൑ 1. Then, the ሺ𝑝, 𝑞ሻ-derivative of the function 𝑓 is defined as 

𝐷௣,௤𝑓ሺ𝑡ሻ ൌ
𝑓ሺ𝑝𝑡ሻ െ 𝑓ሺ𝑞𝑡ሻ

ሺ𝑝 െ 𝑞ሻ𝑡
,   𝑡 ് 0, 

and 𝐷௣,௤𝑓ሺ0ሻ ൌ 𝑙𝑖𝑚
௧→଴

𝐷௣,௤𝑓ሺ𝑡ሻ, provided that 𝑓 is differentiable at 0. 

Definition 1.2. [11] Let  0 ൏ 𝑞 ൏ 𝑝 ൑ 1, 𝑓 be an arbitrary function, and 𝑡 be a real number. The 
ሺ𝑝, 𝑞ሻ-integral of 𝑓 is defined as 

׬ 𝑓ሺ𝑠ሻ𝑑௣,௤𝑠 ൌ ሺ𝑝 െ 𝑞ሻ𝑡 ∑ ௤೙

௣೙శభ 𝑓 ቀ ௤೙

௣೙శభ 𝑡ቁஶ
௡ୀ଴

௧
଴                                       (1.2) 

provided that the series of the right-hand side in (1.2) converges. 

Definition 1.3. [11] For 𝛼 ൐ 0, 0 ൏ 𝑞 ൏ 𝑝 ൑ 1 and 𝑓 defined on 𝐼௣,௤
் ≔  ቄ ௤ೖ

௣ೖశభ  𝑇 ∶ 𝑘 ∈  ℕ଴ቅ ∪ ሼ0ሽ, 

the fractional ሺ𝑝, 𝑞ሻ-integral of 𝑓 is defined by 

𝐼௣,௤
ఈ 𝑓ሺ𝑡ሻ ൌ

1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ𝑡 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ

௧

଴
 
 𝑓 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠.  

Lemma 1.1. The ሺ𝑝, 𝑞ሻ-fractional integral operator 𝐼௣,௤
ఈ  is monotone, that is, if 𝑓ଵሺ𝑡ሻ ൑  𝑓ଶሺ𝑡ሻ for all 

𝑡, then 𝐼௣,௤
ఈ 𝑓ଵሺ𝑡ሻ  ൑  𝐼௣,௤

ఈ 𝑓ଶሺ𝑡ሻ  for all 𝑡. 

Definition 1.4. [19] For 𝛼 ൐ 0, 0 ൏ 𝑞 ൏ 𝑝 ൑ 1,  and 𝑓: 𝐼௣,௤
் → ℝ,  the fractional ሺ𝑝, 𝑞ሻ -difference 

operator of Caputo type of order 𝛼 is defined by 

𝐷௣,௤
ఈ 𝑓ሺ𝑡ሻ ൌ 𝐼௣,௤

ேିఈ𝐷௣,௤
ே 𝑓ሺ𝑡ሻ ൌ

1

𝑝ቀேିఈ
ଶ

ቁ𝛤௣,௤ሺ𝑁 െ 𝛼ሻ
න ሺ𝑡 െ 𝑞𝑠ሻ௣,௤

ሺேିఈିଵሻ
௧

଴
 

஼ 𝐷௣,௤
ே 𝑓 ൬

𝑠
𝑝ேିఈିଵ൰ 𝑑௣,௤𝑠, 

and ஼𝐷௣,௤
଴ 𝑓ሺ𝑡ሻ ൌ 𝑓ሺ𝑡ሻ, where 𝑁 െ 1 ൏ 𝛼 ൏ 𝑁, 𝑁 ∈ ℕ. 

Theorem 1.1. [19] Letting 𝛼 ∈ ሺ𝑁 െ 1, 𝑁ሻ, 𝑁 ∈ ℕ, 0 ൏ 𝑞 ൏ 𝑝 ൑ 1, and  𝑓: 𝐼௣,௤
் → ℝ leads to 

𝐷௣,௤
ఈ 𝑓ሺ𝑡ሻ ൌ

ሺ𝑝 െ 𝑞ሻ𝑡ேିఈ

𝑝ቀேିఈ
ଶ

ቁ𝛤௣,௤ሺ𝑁 െ 𝛼ሻ
෍

𝑞௞

𝑝௞ାଵ ቆ1 െ ൬
𝑞
𝑝

൰
௞ାଵ

ቇ
௣,௤

ሺேିఈିଵሻஶ

௞ୀ଴

 
஼ 𝐷௣,௤

ே 𝑓 ቆ
𝑞௞

𝑝௞ାேିఈ 𝑡ቇ. 

Theorem 1.2. [19] Let 𝛼 ∈ ሺ𝑁 െ 1, 𝑁ሻ, 𝑁 ∈ ℕ, 0 ൏ 𝑞 ൏ 𝑝 ൑ 1, and 𝑓: 𝐼௣,௤
் → ℝ. Then 
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𝐼௣,௤
ఈ 𝐷௣,௤

ఈ 𝑓ሺ𝑡ሻ ൌ 𝑓ሺ𝑡ሻ െ ෍
𝑡௞

𝑝ቀ௞
ଶ

ቁሾ𝑘ሿ௣,௤!
ൣ𝐷௣,௤

௞ 𝑓ሺ0ሻ൧.

ேିଵ

௞ୀ଴

 
஼  

Lemma 1.2. (Leibniz Formula) [19] Let 𝑓: 𝐼௣,௤
் ൈ 𝐼௣,௤

்  → ℝ, then  

𝐷௣,௤  ቆන 𝑓ሺ𝑡, 𝑠ሻ𝑑௣,௤𝑠
௧

଴
ቇ ൌ  න 𝐷௣,௤𝑓ሺ𝑡, 𝑠ሻ௧

 
௤௧

଴
𝑑௣,௤𝑠 ൅ 𝑓ሺ𝑝𝑡, 𝑡ሻ.  

Also, we obtain the following formula 

𝑑
𝑑𝑡

 ቆන 𝑓ሺ𝑡, 𝑠ሻ𝑑௣,௤𝑠
௧

଴
ቇ ൌ  න

𝜕𝑓ሺ𝑡, 𝑠ሻ

𝜕𝑡

௧

଴
𝑑௣,௤𝑠 ൅ 𝑓ሺ𝑡, 𝑡ሻ.  

2. Preliminaries 

This section deals with relevant prerequisites that are essential for investigations into this study. 
We also establish some significant results that will be needed to prove our main results. 

Lemma 2.1. For any 𝑔 ∈ 𝐶ሺሾ0,1ሿ, ℝሻ, the boundary value problem  

⎩
⎪
⎨

⎪
⎧

𝐷௣,௤
ఈ

 
௖ 𝑢ሺ𝑡ሻ ൅ 𝑔ሺ𝑡ሻ ൌ 0,   0 ൏ 𝑡 ൏ 1                                                                  

𝑢ሺ0ሻ ൌ 𝑢ᇱሺ0ሻ ൌ 𝑢ᇱᇱሺ0ሻ ൌ ⋯ ൌ 𝑢ሺ௡ିଷሻሺ0ሻ ൌ 0,                                      

𝑢ሺ௡ିଶሻሺ0ሻ ൌ ׬ 𝑢ሺ𝑡ሻ𝑑௣,௤𝑡,                                                                               
ଵ

଴

𝑢ሺ1ሻ ൌ ׬ 𝑡 𝑢ሺ𝑡ሻଵ
଴ 𝑑௣,௤𝑡                                                                                   

(2.1) 

is equivalent to the following integral equation 

𝑢ሺ𝑡ሻ ൌ ଵ

௣ቀ
ഀ
మቁ௰೛,೜ሺఈሻ

׬ 𝐻ሺ𝑡, 𝑞𝑠ሻ 𝑔 ቀ ௦

௣ഀషభቁ 𝑑௣,௤𝑠,
ଵ

଴                                        (2.2) 

where 

𝐻ሺ𝑡, 𝑞𝑠ሻ ൌ 𝐺ሺ𝑡, 𝑞𝑠ሻ

൅
𝑡௡ିଶ െ 𝑡௡ିଵ

∆ ሺ𝑛 െ 2ሻ!
ቊቀ1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻቁ න 𝐺ሺ𝑡, 𝑞𝑠ሻ𝑑௣,௤𝑡

ଵ

଴

൅ 𝐵௣,௤ሺ𝑛, 1ሻ න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ𝑑௣,௤𝑡
ଵ

଴
ቋ

൅
𝑡௡ିଵ

∆
ቊቆ1 െ

𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

ቇ න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ𝑑௣,௤𝑡
ଵ

଴

൅
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
න 𝐺ሺ𝑡, 𝑞𝑠ሻ𝑑௣,௤𝑡

ଵ

଴
ቋ 
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such that  

∆ൌ ተተ
1 െ

𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

െ𝐵௣,௤ሺ𝑛, 1ሻ

𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ
ተተ 

and 

 𝐺ሺ𝑡, 𝑠ሻ ൌ ൝
െሺ𝑡 െ 𝑠ሻ௣,௤

ሺఈିଵሻ ൅ 𝑡௡ିଵሺ1 െ 𝑠ሻ௣,௤
ሺఈିଵሻ,     0 ൑ 𝑠 ൑ 𝑡,

𝑡௡ିଵሺ1 െ 𝑠ሻ௣,௤
ሺఈିଵሻ,                                      𝑡 ൑ 𝑠 ൑ 1.

 

Proof. Since 

𝐷௣,௤
ఈ

 
௖ 𝑢ሺ𝑡ሻ ൌ െ𝑔ሺ𝑡ሻ,   

𝐼௣,௤
ఈ 𝐷௣,௤

ఈ
 

௖ 𝑢ሺ𝑡ሻ ൌ െ𝐼௣,௤
ఈ 𝑔ሺ𝑡ሻ 

then we get 

𝑢ሺ𝑡ሻ  ൌ െ𝐼௣,௤
ఈ 𝑔ሺ𝑡ሻ ൅ 𝑐଴ ൅ 𝑐ଵ𝑡 ൅ 𝑐ଶ𝑡ଶ ൅ ⋯ ൅ 𝑐௡ିଵ𝑡௡ିଵ 

ൌ െ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ𝑡 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

௧

଴
൅ 𝑐଴ ൅ 𝑐ଵ𝑡 ൅ 𝑐ଶ𝑡ଶ ൅ ⋯ ൅ 𝑐௡ିଵ𝑡௡ିଵ. 

Since the boundary condition 𝑢ሺ0ሻ ൌ 0, we have 𝑐଴ ൌ 0. Using Leibniz formula, we have 

𝑢ᇱሺ𝑡ሻ ൌ െ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ𝛼 െ 1ሻሺ𝑡 െ 𝑞𝑠ሻ௣,௤
ሺఈିଶሻ𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

௧

଴

െ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

ሺ𝑡 െ 𝑞𝑡ሻ௣,௤
ሺఈିଵሻ𝑔 ൬

𝑡
𝑝ఈିଵ൰ ൅ 𝑐ଵ ൅ 2𝑐ଶ𝑡 ൅ ⋯ ൅ ሺ𝑛 െ 1ሻ𝑐௡ିଵ𝑡௡ିଶ, 

and since the boundary condition 𝑢′ሺ0ሻ ൌ 0, we get  𝑐ଵ ൌ 0. 
Similarly, since 

𝑢ᇱᇱሺ𝑡ሻ ൌ െ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ𝛼 െ 1ሻሺ𝛼 െ 2ሻሺ𝑡 െ 𝑞𝑠ሻ௣,௤
ሺఈିଷሻ𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

௧

଴
 

                 െ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

ሺ𝛼 െ 1ሻሺ𝑡 െ 𝑞𝑡ሻ௣,௤
ሺఈିଶሻ𝑔 ൬

𝑡
𝑝ఈିଵ൰  

                 െ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൤ሺ1 െ 𝑞ሻ௣,௤
ሺఈିଵሻሺ𝛼 െ 1ሻ𝑡ሺఈିଶሻ𝑔 ൬

𝑡
𝑝ఈିଵ൰ ൅ ሺ1 െ 𝑞ሻ௣,௤

ሺఈିଵሻ𝑡ሺఈିଵሻ 1
𝑝ఈିଵ 𝑔ᇱ ൬

𝑡
𝑝ఈିଵ൰൨ 

                 ൅2𝑐ଶ ൅ ⋯ ൅ ሺ𝑛 െ 1ሻሺ𝑛 െ 2ሻ𝑐௡ିଵ𝑡௡ିଷ, 
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and the boundary condition 𝑢′′ሺ0ሻ ൌ 0, we obtain 𝑢ᇱᇱሺ0ሻ ൌ 2𝑐ଶ ൌ 0. Then, we have 𝑐ଶ ൌ 0. 

If we continue like this, by using other boundary conditions 𝑢ᇱᇱᇱሺ0ሻ ൌ ⋯ ൌ 𝑢ሺ௡ିଷሻሺ0ሻ ൌ 0, we get  
𝑐ଷ ൌ ⋯ ൌ 𝑐௡ିଷ ൌ 0. By using the other boundary condition, we get 

𝑢ሺ௡ିଶሻሺ0ሻ ൌ ሺ𝑛 െ 2ሻ! 𝑐௡ିଶ ൌ ׬ 𝑢ሺ𝑡ሻ𝑑௣,௤𝑡
ଵ

଴ , 

and so 

𝑐௡ିଶ ൌ
1

ሺ𝑛 െ 2ሻ!
න 𝑢ሺ𝑡ሻ𝑑௣,௤𝑡

ଵ

଴
,      𝑛 ൐ 2. 

Substituting 𝑐௡ିଶ, we get 

𝑢ሺ𝑡ሻ ൌ െ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ𝑡 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

௧

଴
൅ ቆ

1
ሺ𝑛 െ 2ሻ!

න 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠
ଵ

଴
ቇ 𝑡௡ିଶ ൅ 𝑐௡ିଵ𝑡௡ିଵ. 

Since  

𝑢ሺ1ሻ ൌ െ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴
൅ ቆ

1
ሺ𝑛 െ 2ሻ!

න 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠
ଵ

଴
ቇ ൅ 𝑐௡ିଵ 

                    ൌ ׬ 𝑠 𝑢ሺ𝑠ሻଵ
଴ 𝑑௣,௤𝑠  

then, from the last boundary condition, we have 

𝑐௡ିଵ ൌ න 𝑠 𝑢ሺ𝑠ሻ
ଵ

଴
𝑑௣,௤𝑠 ൅

1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴
െ

1
ሺ𝑛 െ 2ሻ!

න 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠.
ଵ

଴
 

Consequently 

𝑢ሺ𝑡ሻ ൌ െ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ𝑡 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

௧

଴
൅ ቆ

1
ሺ𝑛 െ 2ሻ!

න 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠
ଵ

଴
ቇ 𝑡௡ିଶ 

              ൅ ቌන 𝑠 𝑢ሺ𝑠ሻ
ଵ

଴
𝑑௣,௤𝑠 ൅

1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴
െ

1
ሺ𝑛 െ 2ሻ!

න 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠
ଵ

଴
ቍ 𝑡௡ିଵ 

       ൌ െ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ𝑡 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

௧

଴
൅

𝑡௡ିଵ

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴
 

             ൅ ቈ
𝑡௡ିଶ

ሺ𝑛 െ 2ሻ!
െ

𝑡௡ିଵ

ሺ𝑛 െ 2ሻ!
቉ න 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠

ଵ

଴
൅ 𝑡௡ିଵ න 𝑠 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠.       

ଵ

଴
      

Whence 
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𝑢ሺ𝑡ሻ ൌ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠
ଵ

଴
൅ ቈ

𝑡௡ିଶ െ 𝑡௡ିଵ

ሺ𝑛 െ 2ሻ!
቉ න 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠

ଵ

଴
 

൅ 𝑡௡ିଵ ׬ 𝑠 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠,
ଵ

଴                                                                                                   (2.3) 

where 

𝐺ሺ𝑡, 𝑠ሻ ൌ ൝
െሺ𝑡 െ 𝑠ሻ௣,௤

ሺఈିଵሻ ൅ 𝑡௡ିଵሺ1 െ 𝑠ሻ௣,௤
ሺఈିଵሻ,     0 ൑ 𝑠 ൑ 𝑡,

𝑡௡ିଵሺ1 െ 𝑠ሻ௣,௤
ሺఈିଵሻ,                                      𝑡 ൑ 𝑠 ൑ 1.

 

Integrating (2.3) over ሾ0,1ሿ, we obtain 

න 𝑢ሺ𝑡ሻ
ଵ

଴
𝑑௣,௤𝑡 ൌ

1

𝑝
ቀ

𝛼
2

ቁ
𝛤𝑝,𝑞ሺ𝛼ሻ

න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝𝛼െ1
൰ 𝑑𝑝,𝑞𝑠

1

0

1

0

𝑑𝑝,𝑞𝑡 ൅ ቆන 𝑢ሺ𝑠ሻ𝑑𝑝,𝑞𝑠
1

0

ቇ න ቆ
𝑡𝑛െ2 െ 𝑡𝑛െ1

ሺ𝑛 െ 2ሻ!
ቇ 𝑑𝑝,𝑞𝑡

1

0

  

൅ ቆන 𝑠 𝑢ሺ𝑠ሻ𝑑𝑝,𝑞𝑠
1

0

ቇ න 𝑡𝑛െ1𝑑𝑝,𝑞𝑡
1

0

                            

                              ൌ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡 ൅ ቈ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
቉ ቆන 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠

ଵ

଴
ቇ

൅ 𝐵௣,௤ሺ𝑛, 1ሻ න 𝑠 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠
ଵ

଴
.                   

Thus, we have 

ቈ1 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
቉ න 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠

ଵ

଴
െ 𝐵௣,௤ሺ𝑛, 1ሻ න 𝑠 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠

ଵ

଴
 

ൌ ଵ

௣ቀ
ഀ
మቁ௰೛,೜ሺఈሻ

׬ ׬ 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ቀ ௦

௣ഀషభቁ 𝑑௣,௤𝑠
ଵ

଴
ଵ

଴ 𝑑௣,௤𝑡.                                                         (2.4) 

Multiplying (2.3) by 𝑡 and integrating over ሾ0,1ሿ, we get 

න 𝑡 𝑢ሺ𝑡ሻ𝑑௣,௤𝑡
ଵ

଴
ൌ

1

𝑝
ቀ

𝛼
2

ቁ
𝛤𝑝,𝑞ሺ𝛼ሻ

න ቆ𝑡 න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝𝛼െ1
൰ 𝑑𝑝,𝑞𝑠

𝑡

0

ቇ
1

0

𝑑𝑝,𝑞𝑡 ൅ න ቈቆ
𝑡𝑛െ1 െ 𝑡𝑛

ሺ𝑛 െ 2ሻ!
ቇ න 𝑢ሺ𝑠ሻ𝑑𝑝,𝑞𝑠

1

0

቉
1

0

𝑑𝑝,𝑞𝑡  

                                           ൅ න ቆ𝑡௡ න 𝑠 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠
ଵ

଴
ቇ

ଵ

଴
 𝑑௣,௤𝑡   

                         ൌ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡 ൅ ቈ
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
቉ න 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠

ଵ

଴

൅ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ න 𝑠 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠
ଵ

଴
. 

Hence 
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ቈ
𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
቉ න 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠

ଵ

଴
൅ ൣ1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ൧ න 𝑠 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠

ଵ

଴
 

ൌ ଵ

௣ቀ
ഀ
మቁ௰೛,೜ሺఈሻ

׬ ׬ 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ቀ ௦

௣ഀషభቁ 𝑑௣,௤𝑠
ଵ

଴
ଵ

଴ 𝑑௣,௤𝑡.                                                            (2.5) 

Applying the Cramer rule to (2.4) and (2.5), saying 

∆ൌ ተተ
1 െ

𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

െ𝐵௣,௤ሺ𝑛, 1ሻ

𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ
ተተ, 

and assuming ∆് 0, then we have 

න 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠
ଵ

଴
ൌ

1
∆

ተ

ተ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡 െ𝐵௣,௤ሺ𝑛, 1ሻ

1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡 1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻተ

ተ
 

ൌ
1

∆𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

ቐන න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡 െ𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡     

൅ 𝐵௣,௤ሺ𝑛, 1ሻ න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡ቑ 

and 

 න 𝑠 𝑢ሺ𝑠ሻ𝑑௣,௤𝑠
ଵ

଴
ൌ

1
∆

ተ

ተ1 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡

𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

 
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡ተ

ተ
 

ൌ
1

∆𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

ቐන න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡

െ
𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡ቑ. 

As a result, 
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𝑢ሺ𝑡ሻ ൌ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠
ଵ

଴
                        

൅ ቈ
𝑡௡ିଶ െ 𝑡௡ିଵ

ሺ𝑛 െ 2ሻ!
቉

1

∆𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

ቐቀ1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻቁ න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡    

                                               ൅𝐵௣,௤ሺ𝑛, 1ሻ න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡ቑ 

൅
𝑡௡ିଵ

∆𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

  ቐቆ1 ൅
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 െ 1,1ሻ

ሺ𝑛 െ 2ሻ!
ቇ න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡 

                                                      ൅
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴

ଵ

଴

𝑑௣,௤𝑡ቑ 

          ൌ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐻ሺ𝑡, 𝑞𝑠ሻ 𝑔 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠
ଵ

଴
, 

where 

𝐻ሺ𝑡, 𝑞𝑠ሻ ൌ 𝐺ሺ𝑡, 𝑞𝑠ሻ ൅
𝑡௡ିଶ െ 𝑡௡ିଵ

∆ ሺ𝑛 െ 2ሻ!
ቊቀ1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻቁ න 𝐺ሺ𝑡, 𝑞𝑠ሻ𝑑௣,௤𝑡

ଵ

଴
൅ 𝐵௣,௤ሺ𝑛, 1ሻ න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ𝑑௣,௤𝑡

ଵ

଴
ቋ 

              ൅
𝑡௡ିଵ

∆
ቊቆ1 െ

𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

ቇ න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ𝑑௣,௤𝑡
ଵ

଴
൅

𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ
ሺ𝑛 െ 2ሻ!

න 𝐺ሺ𝑡, 𝑞𝑠ሻ𝑑௣,௤𝑡
ଵ

଴
ቋ. 

        □ 
Lemma 2.2. The Green functions 𝐺ሺ𝑡, 𝑠ሻ and 𝐻ሺ𝑡, 𝑠ሻ satisfy the following inequalities: 
1) |𝐺ሺ𝑡, 𝑠ሻ| ൑ 2ሺ1 െ 𝑠ሻሺఈିଵሻ, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡, 𝑠 ∈ ሾ0,1ሿ 
2) |𝐻ሺ𝑡, 𝑠ሻ| ൑ 2𝐴,   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡, 𝑠 ∈ ሾ0,1ሿ 
where 

                𝐴 ൌ ቀ1 ൅
ଶ

|∆| ሺ௡ିଶሻ!
൛ห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห 𝐵௣,௤ሺ1,1ሻ ൅  ห𝐵௣,௤ሺ𝑛, 1ሻห 𝐵௣,௤ሺ2,1ሻൟ    ൅

ଵ

|∆|
ቄቚ1 െ

஻೛,೜ሺ௡ିଵ,ଵሻି஻೛,೜ሺ௡,ଵሻ

ሺ௡ିଶሻ!
ቚ 𝐵௣,௤ሺ2,1ሻ     ൅ ቚ

஻೛,೜ሺ௡,ଵሻି஻೛,೜ሺ௡ାଵ,ଵሻ

ሺ௡ିଶሻ!
ቚቅቁ.                                        (2.6) 

Proof. From 𝐺ሺ𝑡, 𝑠ሻ given in Lemma 2.1, we get 

 |𝐺ሺ𝑡, 𝑠ሻ| ൑ ሺ𝑡 െ 𝑠ሻሺఈିଵሻ ൅ 𝑡௡ିଵሺ1 െ 𝑠ሻሺఈିଵሻ ൑ 2ሺ1 െ 𝑠ሻሺఈିଵሻ,     ∀𝑡, 𝑠 ∈ ሾ0,1ሿ. 

Also, we obtain 

|𝐻ሺ𝑡, 𝑠ሻ| ൑  |𝐺ሺ𝑡, 𝑠ሻ| ൅
|𝑡௡ିଶ െ 𝑡௡ିଵ|
|∆| ሺ𝑛 െ 2ሻ!

ቊห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห න |𝐺ሺ𝑡, 𝑠ሻ| 𝑑௣,௤𝑡
ଵ

଴
൅ ห𝐵௣,௤ሺ𝑛, 1ሻห න 𝑡 |𝐺ሺ𝑡, 𝑠ሻ|𝑑௣,௤𝑡

ଵ

଴
ቋ 

                                       ൅
𝑡௡ିଵ

|∆|
ቊቤ1 െ

𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

ቤ න 𝑡 |𝐺ሺ𝑡, 𝑠ሻ|𝑑௣,௤𝑡
ଵ

଴
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                                       ൅ ቤ
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
ቤ න |𝐺ሺ𝑡, 𝑠ሻ|𝑑௣,௤𝑡

ଵ

଴
ቋ 

                ൑ 2ሺ1 െ 𝑠ሻሺఈିଵሻ

൅
2

|∆| ሺ𝑛 െ 2ሻ!
ቊห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห 2 න ሺ1 െ 𝑠ሻఈିଵ 𝑑௣,௤𝑡

ଵ

଴
൅ ห𝐵௣,௤ሺ𝑛, 1ሻห 2ሺ1 െ 𝑠ሻఈିଵ න 𝑡 𝑑௣,௤𝑡

ଵ

଴
ቋ

൅
1

|∆|
ቊቤ1 െ

𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

ቤ 2ሺ1 െ 𝑠ሻఈିଵ න 𝑡 𝑑௣,௤𝑡
ଵ

଴

൅ ቤ
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
ቤ 2ሺ1 െ 𝑠ሻఈିଵ න 𝑑௣,௤𝑡

ଵ

଴
ቋ 

        ൑ 2ሺ1 െ 𝑠ሻሺఈିଵሻ ቆ1 ൅
2

|∆| ሺ𝑛 െ 2ሻ!
൛ห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห. 𝐵௣,௤ሺ1,1ሻ ൅ ห𝐵௣,௤ሺ𝑛, 1ሻห 𝐵௣,௤ሺ2,1ሻൟ

൅
1

|∆|
ቊቤ1 െ

𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

ቤ 𝐵௣,௤ሺ2,1ሻ ൅ ቤ
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
ቤ 𝐵௣,௤ሺ1,1ሻቋቇ 

                 ൌ 2ሺ1 െ 𝑠ሻሺఈିଵሻ𝐴, 

such that 

𝐴 ൌ ൬1 ൅
2

|∆| ሺ𝑛 െ 2ሻ!
൛ห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห. 𝐵௣,௤ሺ1,1ሻ ൅  ห𝐵௣,௤ሺ𝑛, 1ሻห 𝐵௣,௤ሺ2,1ሻൟ൰    

                             ൅
1

|∆|
ቊቤ1 െ

𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

ቤ 𝐵௣,௤ሺ2,1ሻ ൅ ቤ
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
ቤቋ . 

So, we get |𝐻ሺ𝑡, 𝑠ሻ| ൑ 2𝐴ሺ1 െ 𝑠ሻሺఈିଵሻ ൑ 2𝐴, for all 𝑡, 𝑠 ∈ ሾ0,1ሿ.                            
□ 

Next, we give some well-known fixed-point theorems that will be the main tools for our results. 
For more details on fixed point theory, we refer the readers to [20–23]. 
Theorem 2.1. (Krasnoselskii’s fixed-point theorem) [24] Let 𝒦 be a bounded, closed, convex, and 
nonempty subset of a Banach space 𝕏. Let 𝑇ଵ and 𝑇ଶ be two operators such that 
a) 𝑇ଵ𝑢 ൅ 𝑇ଶ𝑣 ∈ 𝒦 whenever 𝑢, 𝑣 ∈ 𝒦. 
b) 𝑇ଵ is compact and continuous. 
c) 𝑇ଶ is a contraction mapping. 
Then, there exists a 𝑧 ∈ 𝒦 such that 𝑧 ൌ 𝑇ଵ𝑧 ൅ 𝑇ଶ𝑧. 
Theorem 2.2. (Banach fixed-point theorem) [25] Let 𝕏 be a Banach space, and let 𝑇: 𝕏 → 𝕏 be a 
contraction operator, i.e., there exists a constant 𝜆 ∈ ሾ0,1ሻ such that ‖𝑇𝑢 െ 𝑇𝑣‖ ൑ 𝜆 ‖𝑢 െ 𝑣‖ for 
any 𝑢, 𝑣 ∈ 𝕏. Then there exists a unique 𝑧 ∈ 𝕏 such that 𝑇𝑧 ൌ 𝑧. 
Definition 2.1. [26] Let 𝕏 be a Banach space, and let 𝑇: 𝕏 → 𝕏  be a mapping. 𝑇  is called a 
nonlinear contraction if there exists a continuous non-decreasing function 𝜓: ℝା → ℝା , which  
𝜓ሺ0ሻ ൌ 0 and 𝜓ሺ𝑥ሻ ൏ 𝑥 for all 𝑥 ൐ 0 has the following property: 

‖𝑇𝑢 െ 𝑇𝑣‖ ൑ 𝜓ሺ‖𝑢 െ 𝑣‖ሻ,   ∀𝑢, 𝑣 ∈ 𝕏. 

Theorem 2.3. (Boyd and Wong fixed-point theorem) [27] Assume that 𝕏 is a Banach space, and let 
𝑇: 𝕏 → 𝕏 be a nonlinear contraction. Then, 𝑇 has a unique fixed point in 𝕏. 

We will denote by 𝕏 ൌ 𝐶ሺሾ0,1ሿ, ℝሻ the Banach space of all continuous functions from ሾ0,1ሿ to 
ℝ endowed with the norm defined by ‖𝑢‖ ൌ sup

 
ሼ|𝑢ሺ𝑡ሻ|:  𝑡 ∈ ሾ0,1ሿሽ.  

We regard 𝑇: 𝐶ሺሾ0,1ሿ, ℝሻ → 𝐶ሺሾ0,1ሿ, ℝሻ as being defined by an operator as  
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𝑇𝑢ሺ𝑡ሻ ൌ ଵ

௣ቀ
ഀ
మቁ௰೛,೜ሺఈሻ

׬ 𝐻ሺ𝑡, 𝑞𝑠ሻ 𝑓 ቆ ௦

௣ഀషభ , 𝑢 ቀ ௦

௣ഀషభቁቇ 𝑑௣,௤𝑠
ଵ

଴ .                            (2.7) 

3. Existence and uniqueness of solutions 

In this section, we will deal with our main results. The first result is based on Krasnoselskii’s 
fixed-point theorem. 
Theorem 3.1 Let 𝑓: ሾ0,1ሿ ൈ ℝ → ℝ be a continuous function satisfying the following assumptions: 
ሺ𝐻ଵሻ     |𝑓ሺ𝑡, 𝑢ሻ െ 𝑓ሺ𝑡, 𝑣ሻ| ൑ 𝐿|𝑢 െ 𝑣|, ∀𝑡 ∈ ሾ0,1ሿ   and  𝑢, 𝑣 ∈ ℝ, 
ሺ𝐻ଶሻ     |𝑓ሺ𝑡, 𝑢ሻ| ൑ 𝜇ሺ𝑡ሻ, ∀ሺ𝑡, 𝑢ሻ ∈ ሾ0,1ሿ ൈ ℝ  and  𝜇 ∈ 𝐿ଵሺሾ0,1ሿ, ℝାሻ. 
If ℳ𝐿 ൏ 1, where 

ℳ: ൌ
2 𝐵௣,௤ሺ1, 𝛼ሻ

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൜1 ൅
2

|∆| ሺ𝑛 െ 2ሻ!
ൣห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห ൅ ห𝐵௣,௤ሺ𝑛, 1ሻห൧ 

                                        ൅
1

|∆|
ቆቤ1 െ

𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

ቤ ൅ ቤ
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
ቤቇቋ 

then the problem (1.1) has at least one solution on ሾ0,1ሿ. 

Proof. Defining max
௧∈ሾ଴,ଵሿ

|𝜇ሺ𝑡ሻ| ∶ൌ 𝜇∗  and fixing a constant 𝑅෨ ൒ 𝜇∗ℳ,  consider 𝐵ோ෨ ൌ  ሼ𝑢 ∈

𝐶ሺሾ0,1ሿ, ℝሻ: ‖𝑢‖ ൑ 𝑅෨ሽ. Let us define the operators  𝑇ଵ and 𝑇ଶ on the ball 𝐵ோ෨  as follows 

𝑇ଵ𝑢ሺ𝑡ሻ ≔
ଵ

௣ቀ
ഀ
మቁ௰೛,೜ሺఈሻ

׬ 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ቆ
௦

௣ഀషభ , 𝑢 ቀ ௦

௣ഀషభቁቇ 𝑑௣,௤𝑠,
ଵ

଴    

𝑇ଶ𝑢ሺ𝑡ሻ ≔ ቆ
𝑡௡ିଶ െ 𝑡௡ିଵ

 ሺ𝑛 െ 2ሻ!
ቇ

1

∆ 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൝ቀ1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻቁ න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢 ൬
𝑠

𝑝ఈିଵ൰൱
ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
 

                                                                            ൅𝐵௣,௤ሺ𝑛, 1ሻ න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢 ൬
𝑠

𝑝ఈିଵ൰൱
ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
ൡ 

 ൅
𝑡௡ିଵ

∆ 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൝ቆ1 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
ቇ න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢 ൬

𝑠
𝑝ఈିଵ൰൱

ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴

൅
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
න න  𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢 ൬

𝑠
𝑝ఈିଵ൰൱

ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
ൡ. 

For 𝑢, 𝑣 ∈ 𝐵ோ෨ , we have 

|𝑇ଵ𝑢ሺ𝑡ሻ ൅ 𝑇ଶ𝑣ሺ𝑡ሻ| ൑
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න |𝐺ሺ𝑡, 𝑞𝑠ሻ| 𝜇 ൬
𝑠

𝑝ఈିଵ൰ 𝑑௣,௤𝑠
ଵ

଴
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൅ ൬
2

 ሺ𝑛 െ 2ሻ!
൰

1

|∆| 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

ቊห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห න න |𝐺ሺ𝑡, 𝑞𝑠ሻ| 𝜇 ൬
𝑠

𝑝ఈିଵ൰
ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
 

             ൅ห𝐵௣,௤ሺ𝑛, 1ሻห න න |𝐺ሺ𝑡, 𝑞𝑠ሻ| 𝜇 ൬
𝑠

𝑝ఈିଵ൰
ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
ቋ 

൅
1

|∆| 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

ቊቤ1 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
ቤ න න  |𝐺ሺ𝑡, 𝑞𝑠ሻ | 𝜇 ൬

𝑠
𝑝ఈିଵ൰

ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
 

                                     ൅ ቤ
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
ቤ න න |𝐺ሺ𝑡, 𝑞𝑠ሻ| 𝜇 ൬

𝑠
𝑝ఈିଵ൰

ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
ቋ 

൑
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

 2 𝐵௣,௤ሺ1, 𝛼ሻ𝜇∗ ൅
2

|∆|ሺ𝑛 െ 2ሻ! 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൛ห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห ൅ ห𝐵௣,௤ሺ𝑛, 1ሻหൟ 2 𝐵௣,௤ሺ1, 𝛼ሻ‖𝜇‖ 

         ൅
2 𝐵௣,௤ሺ1, 𝛼ሻ𝜇∗

|∆| 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

ቊቤ1 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
ቤ ൅ ቤ

𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ
ሺ𝑛 െ 2ሻ!

ቤቋ 

    ൌ 𝜇∗ 2 𝐵௣,௤ሺ1, 𝛼ሻ

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൜1 ൅
2

 |∆|ሺ𝑛 െ 2ሻ!
ൣห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห ൅ ห𝐵௣,௤ሺ𝑛, 1ሻห൧ 

                                       ൅
1

|∆|
ቆቤ1 െ

𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ
ሺ𝑛 െ 2ሻ!

ቤ ൅ ቤ
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
ቤቇቋ 

    ൌ 𝜇∗ℳ ൑ 𝑅෨. 

This implies that 𝑇ଵ𝑢 ൅  𝑇ଶ𝑣 ∈ 𝐵ோ෨ . 

|𝑇ଶ𝑢ଵሺ𝑡ሻ െ 𝑇ଶ𝑢ଶሺ𝑡ሻ| 

ൌ ቮቆ
𝑡௡ିଶ െ 𝑡௡ିଵ

 ሺ𝑛 െ 2ሻ!
ቇ

1

∆ 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൝ቀ1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻቁ න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢ଵ ൬
𝑠

𝑝ఈିଵ൰൱
ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
 

                                                               ൅𝐵௣,௤ሺ𝑛, 1ሻ න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢ଵ ൬
𝑠

𝑝ఈିଵ൰൱
ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
ൡ 

 ൅
𝑡௡ିଵ

∆ 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൝ቆ1 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
ቇ න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଵ ൬

𝑠
𝑝ఈିଵ൰൱

ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴

൅
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
න න  𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଵ ൬

𝑠
𝑝ఈିଵ൰൱

ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
ൡ 

െ ቆ
𝑡௡ିଶ െ 𝑡௡ିଵ

 ሺ𝑛 െ 2ሻ!
ቇ

1

∆ 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൝ቀ1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻቁ න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢ଶ ൬
𝑠

𝑝ఈିଵ൰൱
ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
 

                                                            ൅𝐵௣,௤ሺ𝑛, 1ሻ න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢ଶ ൬
𝑠

𝑝ఈିଵ൰൱
ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
ൡ 
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൅
𝑡௡ିଵ

∆ 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൝ቆ1 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
ቇ න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଶ ൬

𝑠
𝑝ఈିଵ൰൱

ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴

൅
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
න න  𝐺ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଶ ൬

𝑠
𝑝ఈିଵ൰൱

ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
ൡቮ 

ൌ ቮቆ
𝑡௡ିଶ െ 𝑡௡ିଵ

 ሺ𝑛 െ 2ሻ!
ቇ

1

∆ 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൝ቀ1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻቁ න න 𝐺ሺ𝑡, 𝑞𝑠ሻ 
ଵ

଴
൥𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଵ ൬

𝑠
𝑝ఈିଵ൰൱ െ 𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଶ ൬

𝑠
𝑝ఈିଵ൰൱൩ 𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
 

                                                               ൅𝐵௣,௤ሺ𝑛, 1ሻ න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ ൥𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢ଵ ൬
𝑠

𝑝ఈିଵ൰൱ െ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢ଶ ൬
𝑠

𝑝ఈିଵ൰൱൩
ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
ൡ 

൅
𝑡௡ିଵ

∆ 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

൝ቆ1 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
ቇ න න 𝑡 𝐺ሺ𝑡, 𝑞𝑠ሻ ൥𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଵ ൬

𝑠
𝑝ఈିଵ൰൱ െ 𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଶ ൬

𝑠
𝑝ఈିଵ൰൱൩

ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴

൅
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
න න  𝐺ሺ𝑡, 𝑞𝑠ሻ ൥𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଵ ൬

𝑠
𝑝ఈିଵ൰൱ െ 𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଶ ൬

𝑠
𝑝ఈିଵ൰൱൩

ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
ൡቮ 

൑ ቐ
2

 |∆| 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻሺ𝑛 െ 2ሻ!

ൣห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห ൅ 𝐵௣,௤ሺ𝑛, 1ሻ൧ ൅
1

|∆| 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

ቆቤ1 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
ቤ 

       

            ൅ ቤ
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
ቤቇቋ න න |𝐺ሺ𝑡, 𝑞𝑠ሻ| อ𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଵ ൬

𝑠
𝑝ఈିଵ൰൱ െ 𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢ଶ ൬

𝑠
𝑝ఈିଵ൰൱อ 

ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
 

൑ ቐ
2

 |∆| 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻሺ𝑛 െ 2ሻ!

ൣห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห ൅ 𝐵௣,௤ሺ𝑛, 1ሻ൧ ൅
1

|∆| 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

ቆቤ1 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
ቤ 

            ൅ ቤ
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
ቤቇቋ න න 2ሺ1 െ 𝑞𝑠ሻ௣,௤

ሺఈିଵሻ𝐿 |𝑢ଵ െ 𝑢ଶ| 
ଵ

଴
𝑑௣,௤𝑡 𝑑௣,௤𝑠

ଵ

଴
 

൑ ቐ
2

 |∆| 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻሺ𝑛 െ 2ሻ!

ൣห1 െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻห ൅ 𝐵௣,௤ሺ𝑛, 1ሻ൧ ൅
1

|∆| 𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

ቆቤ1 െ
𝐵௣,௤ሺ𝑛 െ 1,1ሻ െ 𝐵௣,௤ሺ𝑛, 1ሻ

ሺ𝑛 െ 2ሻ!
ቤ 

            ൅ ቤ
𝐵௣,௤ሺ𝑛, 1ሻ െ 𝐵௣,௤ሺ𝑛 ൅ 1,1ሻ

ሺ𝑛 െ 2ሻ!
ቤቇቋ 𝐿‖𝑢ଵ െ 𝑢ଶ‖  2 𝐵௣,௤ሺ1, 𝛼ሻ 

൑ ℳ𝐿 ‖𝑢ଵ െ 𝑢ଶ‖, 

and so  

‖𝑇ଶ𝑢ଵ െ 𝑇ଶ𝑢ଶ‖ ൑ ℳ𝐿 ‖𝑢ଵ െ 𝑢ଶ‖. 

Since ℳℒ ൏ 1, then 𝑇ଶ is a contraction mapping.  
At present, we will show that 𝑇ଵ is compact and continuous. The continuity of 𝑓 together with 

the assumption ሺ𝐻ଶሻ  yields that the operator 𝑇ଵ  is continuous and uniformly bounded on 𝐵ோ෨  . 

Setting sup
ሺ௧,௨ሻ∈ሾ଴,ଵሿൈ஻ೃ෩

|𝑓ሺ𝑡, 𝑢ሻ|: ൌ 𝑓௠௔௫ ൏ ∞, also for 𝑡ଵ, 𝑡ଶ ∈ ሾ0,1ሿ with  𝑡ଵ ൑ 𝑡ଶ and  𝑢 ∈ 𝐵ோ෨ , we 

obtain that 



3239 

Electronic Research Archive  Volume 33, Issue 5, 3225-3245. 

|𝑇ଵ𝑢ሺ𝑡ଶሻ െ 𝑇ଵ𝑢ሺ𝑡ଵሻ| ൌ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

อන ൫𝐺ሺ𝑡ଶ, 𝑞𝑠ሻ െ 𝐺ሺ𝑡ଵ, 𝑞𝑠ሻ൯ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢 ൬
𝑠

𝑝ఈିଵ൰൱ 𝑑௣,௤𝑠
ଵ

଴
อ 

      ൑
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න  |𝐺ሺ𝑡ଶ, 𝑞𝑠ሻ െ 𝐺ሺ𝑡ଵ, 𝑞𝑠ሻ| 𝑓௠௔௫𝑑௣,௤𝑠
ଵ

଴
. 

It is clear that when 𝑡ଶ → 𝑡ଵ, the right-hand side of the above inequality tends to be zero, because of 
the continuity of 𝐺ሺ𝑡, 𝑠ሻ . Thus, 𝑇ଵ  is relatively compact on 𝐵ோ෨  . Hence, by the Arzelà–Ascoli 
theorem, 𝑇ଵ is compact on 𝐵ோ෨ .  

Since all the assumptions of Theorem 2.1 are satisfied, we deduce that the problem (1.1) has at 
least one solution on ሾ0,1ሿ. This completes the proof. 

          □ 
Example 3.1. Consider the following boundary value problem for fractional ሺ𝑝, 𝑞ሻ -difference 
equation of the form: 

⎩
⎪
⎨

⎪
⎧ 𝐷భ

మ
,భ
య

ఱ
మ

 
௖ 𝑢ሺ𝑡ሻ ൅

௰భ
మ,

భ
య

ቀళ
మ

ቁ

ଵ଴య

ୱ୧୬ ௨ሺ௧ሻ

ሺଵା௧మሻ
ൌ 0,    𝑡 ∈ ሺ0,1ሻ                                                     

 
𝑢ሺ0ሻ ൌ 0,     𝑢ᇱሺ0ሻ ൌ ׬ 𝑢ሺ𝑡ሻ𝑑௣,௤𝑡,

ଵ
଴        𝑢ሺ1ሻ ൌ ׬ 𝑡 𝑢ሺ𝑡ሻଵ

଴ 𝑑௣,௤𝑡.                   
                                                               

(3.1) 

Setting constants 𝛼 ൌ ହ

ଶ
, 𝑝 ൌ ଵ

ଶ
,   𝑞 ൌ ଵ

ଷ
, 𝑛 ൌ 3,   and the function 𝑓ሺ𝑡, 𝑢ሺ𝑡ሻሻ ൌ

௰భ
మ,

భ
య

ቀళ
మ

ቁ

ଵ଴య

ୱ୧୬ ௨ሺ௧ሻ

ሺଵା௧మሻ
 . It is 

easy to see that |𝑓ሺ𝑡, 𝑢ሻ െ 𝑓ሺ𝑡, 𝑣ሻ| ൑
௰భ

మ,
భ
య

ቀళ
మ

ቁ

ଵ଴య |𝑢 െ 𝑣|, then the condition ሺ𝐻ଵሻ is satisfied with 𝐿 ൌ
௰భ

మ,
భ
య

ቀళ
మ

ቁ

ଵ଴య  . We can find easily that |𝑓ሺ𝑡, 𝑢ሻ| ൑
௰భ

మ,
భ
య

ቀళ
మ

ቁ

ଵ଴యሺଵା௧మሻ
≔ 𝜇ሺ𝑡ሻ ; then, this shows that the function 𝑓 

satisfies condition ሺ𝐻ଶሻ . Indeed, by calculating  ℳ,  we obtain ℳ ≅ ଶ଴,଻଼ସଷଶ

௰భ
మ,

భ
య

ቀళ
మ

ቁ
 . Hence,  ℳ𝐿 ൏ 1 . 

Consequently, by Theorem 3.1, we conclude that problem (3.1) has a unique solution on ሾ0,1ሿ. 
The second result is based on the Banach fixed-point theorem. 

Theorem 3.2. Suppose that 𝑓: ሾ0,1ሿ ൈ ℝ → ℝ  is a continuous function satisfying ሺ𝐻ଵሻ ; also, the 
following assumption holds: 

ሺ𝐻ଷሻ     𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ  ൐ 2𝐴𝐿𝐵௣,௤ሺ1, 𝛼ሻ, 

where 𝐿 is a Lipschitz constant in ሺ𝐻ଵሻ, and 𝐴 is given by (2.6). Then the problem (1.1) has a unique 
solution. 
Proof. We convert problem (1.1) to a fixed-point problem 𝑢 ൌ 𝑇𝑢,   where  𝑇: 𝐶ሺሾ0,1ሿ, ℝሻ →

𝐶ሺሾ0,1ሿ, ℝሻ is given by (2.8). Suppose that 𝑀 ≔ sup
௧∈ሾ଴,ଵሿ

|𝑓ሺ𝑡, 0ሻ| and a constant 𝑅 satisfies 

𝑅 ൒
2𝐴𝑀𝐵௣,௤ሺ1, 𝛼ሻ

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ െ 2𝐴𝐿𝐵௣,௤ሺ1, 𝛼ሻ

. 
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First, we will show that 𝑇𝐵ோ ⊂ 𝐵ோ,  where 𝐵ோ ൌ ሼ𝑢 ∈ 𝐶ሺሾ0,1ሿ, ℝሻ: ‖𝑢‖ ൑ 𝑅ሽ. For any 𝑢 ∈ 𝐵ோ, we 
have 

|𝑇𝑢ሺ𝑡ሻ| ൌ ቮ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐻ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢 ൬
𝑠

𝑝ఈିଵ൰൱ 𝑑௣,௤𝑠
ଵ

଴
ቮ 

൑ sup
௧∈ሾ଴,ଵሿ

ቮ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐻ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢 ൬
𝑠

𝑝ఈିଵ൰൱ 𝑑௣,௤𝑠
ଵ

଴
ቮ 

൑
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න  2𝐴ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ อ𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢 ൬

𝑠
𝑝ఈିଵ൰൱อ 𝑑௣,௤𝑠

ଵ

଴
 

ൌ
2𝐴

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ อ𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢 ൬

𝑠
𝑝ఈିଵ൰൱ െ 𝑓 ൬

𝑠
𝑝ఈିଵ , 0൰ ൅ 𝑓 ൬

𝑠
𝑝ఈିଵ , 0൰อ 𝑑௣,௤𝑠

ଵ

଴
 

൑
2𝐴

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ ൝อ𝑓 ൭

𝑠
𝑝ఈିଵ , 𝑢 ൬

𝑠
𝑝ఈିଵ൰൱ െ 𝑓 ൬

𝑠
𝑝ఈିଵ , 0൰อ ൅ ฬ𝑓 ൬

𝑠
𝑝ఈିଵ , 0൰ฬൡ 𝑑௣,௤𝑠

ଵ

଴
 

൑
2𝐴

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ ൜𝐿 ฬ𝑢 ൬

𝑠
𝑝ఈିଵ൰ฬ ൅ 𝑀ൠ 𝑑௣,௤𝑠

ଵ

଴
 

൑
2𝐴

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻሼ𝐿𝑅 ൅ 𝑀ሽ𝑑௣,௤𝑠

ଵ

଴
 

൑
2𝐴ሺ𝐿𝑅 ൅ 𝑀ሻ

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ𝑑௣,௤𝑠

ଵ

଴
ൌ

2𝐴ሺ𝐿𝑅 ൅ 𝑀ሻ

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

𝐵௣,௤ሺ1, 𝛼ሻ ൑ 𝑅. 

Therefore, ‖𝑇𝑢‖ ൑ 𝑅 and 𝑇𝐵ோ ⊂ 𝐵ோ. 
Second, we will show that 𝑇 is contraction. For any 𝑢, 𝑣 ∈ 𝐶ሺሾ0,1ሿ, ℝሻ, we have 

|𝑇𝑢ሺ𝑡ሻ െ 𝑇𝑣ሺ𝑡ሻ| 

ൌ ቮ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐻ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢 ൬
𝑠

𝑝ఈିଵ൰൱ 𝑑௣,௤𝑠
ଵ

଴
െ

1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐻ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑣 ൬
𝑠

𝑝ఈିଵ൰൱ 𝑑௣,௤𝑠
ଵ

଴
ቮ 

൑ sup
௧∈ሾ଴,ଵሿ

ቮ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐻ሺ𝑡, 𝑞𝑠ሻ  ൥𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢 ൬
𝑠

𝑝ఈିଵ൰൱ െ  𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑣 ൬
𝑠

𝑝ఈିଵ൰൱൩ 𝑑௣,௤𝑠
ଵ

଴
ቮ 

൑ sup
௧∈ሾ଴,ଵሿ

1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න |𝐻ሺ𝑡, 𝑞𝑠ሻ| อ𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢 ൬
𝑠

𝑝ఈିଵ൰൱ െ  𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑣 ൬
𝑠

𝑝ఈିଵ൰൱อ 𝑑௣,௤𝑠
ଵ

଴
 

൑ sup
௧∈ሾ଴,ଵሿ

1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐿 |𝐻ሺ𝑡, 𝑞𝑠ሻ| ฬ𝑢 ൬
𝑠

𝑝ఈିଵ൰ െ 𝑣 ൬
𝑠

𝑝ఈିଵ൰ ฬ 𝑑௣,௤𝑠
ଵ

଴
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൑
𝐿‖𝑢 െ 𝑣‖

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

sup
௧∈ሾ଴,ଵሿ

න |𝐻ሺ𝑡, 𝑞𝑠ሻ| 𝑑௣,௤𝑠
ଵ

଴
 

൑
𝐿‖𝑢 െ 𝑣‖

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 2𝐴 ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ 𝑑௣,௤𝑠

ଵ

଴
 

ൌ
2𝐴𝐿

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

‖𝑢 െ 𝑣‖ න ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ 𝑑௣,௤𝑠

ଵ

଴
ൌ

2𝐴𝐿𝐵௣,௤ሺ1, 𝛼ሻ

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

‖𝑢 െ 𝑣‖. 

Thus, we get 

‖𝑇𝑢 െ 𝑇𝑣‖ ൑
2𝐴𝐿𝐵௣,௤ሺ1, 𝛼ሻ

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

‖𝑢 െ 𝑣‖. 

From the condition ሺHଷሻ, 𝑇 is a contraction. By the Banach fixed-point theorem, the boundary value 
problem (1.1) has a unique solution. 

     □ 
Example 3.2. Consider the following boundary value problem for the fractional ሺ𝑝, 𝑞ሻ -difference 
equation of the form: 

⎩
⎪
⎨

⎪
⎧ 𝐷భ

మ
,భ
య

ఱ
మ

 
௖ 𝑢ሺ𝑡ሻ ൅

௰భ
మ,

భ
య

ቀళ
మ

ቁ

ଵ଴మ

௨మሺ௧ሻାଶ|௨ሺ௧ሻ|

ଵା|௨ሺ௧ሻ|
ൌ 0,    𝑡 ∈ ሺ0,1ሻ                                              

 
𝑢ሺ0ሻ ൌ 0,     𝑢ᇱሺ0ሻ ൌ ׬ 𝑢ሺ𝑡ሻ𝑑௣,௤𝑡,

ଵ
଴          𝑢ሺ1ሻ ൌ ׬ 𝑡 𝑢ሺ𝑡ሻଵ

଴ 𝑑௣,௤𝑡.                            
                                                               

(3.2) 

Setting constants 𝛼 ൌ ହ

ଶ
, 𝑝 ൌ ଵ

ଶ
,   𝑞 ൌ ଵ

ଷ
, 𝑛 ൌ 3,   and the function 𝑓൫𝑡, 𝑢ሺ𝑡ሻ൯ ൌ

௰భ
మ,

భ
య

ቀళ
మ

ቁ

ଵ଴మ

௨మሺ௧ሻାଶ|௨ሺ௧ሻ|

ଵା|௨ሺ௧ሻ|
 , 

we find that the value of 𝐴 given by (2.6)  is approximately 1127. By some calculations, we have 

|𝑓ሺ𝑡, 𝑢ሻ െ 𝑓ሺ𝑡, 𝑣ሻ| ൑ ଵ

ହ଴
𝛤భ

మ
,భ
య

ቀ଻

ଶ
ቁ |𝑢 െ 𝑣| , then the condition ሺ𝐻ଵሻ  is satisfied with 𝐿 ൌ ଵ

ହ଴
𝛤భ

మ
,భ
య

ቀ଻

ଶ
ቁ . 

With the same 𝐿, we can easily see that the condition ሺ𝐻ଷሻ 

൬
1
2

൰
ቆ

ହ
ଶ
ଶ

ቇ

𝛤ଵ
ଶ,ଵଷ

൬
5
2

൰ ൐  
11,27

25
𝛤ଵ

ଶ,ଵଷ
൬

7
2

൰ 𝐵ଵ
ଶ,ଵଷ

൬1,
5
2

൰ 

is also satisfied. Consequently, by Theorem 3.2, we conclude that the boundary value problem (3.2) 
has a unique solution on ሾ0,1ሿ. 

The third result is derived from Boyd and Wong fixed-point theorem. 
Theorem 3.3 Suppose that 
ሺ𝐻ସሻ There exists a continuous function ℎ: ሾ0,1ሿ → ℝା with the property that 

|𝑓ሺ𝑡, 𝑢ሻ െ 𝑓ሺ𝑡, 𝑣ሻ| ൑ ℎሺ𝑡ሻ
|𝑢 െ 𝑣|

𝐽 ൅ |𝑢 െ 𝑣|
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for ∀𝑡 ∈ ሾ0,1ሿ and 𝑢, 𝑣 ൒ 0, where 

𝐽 ൌ
2𝐴

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ ℎ ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠

ଵ

଴
. 

Then the boundary value problem (1.1) has a unique solution. 
Proof. Consider the operator 𝑇: 𝐶ሺሾ0,1ሿ, ℝሻ → 𝐶ሺሾ0,1ሿ, ℝሻ by 

𝑇𝑢ሺ𝑡ሻ ൌ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐻ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢 ൬
𝑠

𝑝ఈିଵ൰൱ 𝑑௣,௤𝑠,
ଵ

଴
 

where 𝐻ሺ𝑡, 𝑠ሻ is defined by Lemma 2.1. 
Let us set a continuous non-decreasing function  𝜓: ℝା → ℝା by 

𝜓ሺ𝑥ሻ ൌ
𝐽𝑥

𝐽 ൅ 𝑥
 ,    ∀𝑥 ൐ 0 

with  𝜓ሺ0ሻ ൌ 0  and 𝜓ሺ𝑥ሻ ൏ 𝑥,   ∀𝑥 ൐ 0. Using ሺ𝐻ସሻ, we have 

|𝑇𝑢ሺ𝑡ሻ െ 𝑇𝑣ሺ𝑡ሻ| ൌ ቮ
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐻ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢 ൬
𝑠

𝑝ఈିଵ൰൱ 𝑑௣,௤𝑠
ଵ

଴
  െ

1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 𝐻ሺ𝑡, 𝑞𝑠ሻ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑣 ൬
𝑠

𝑝ఈିଵ൰൱ 𝑑௣,௤𝑠
ଵ

଴
ቮ 

                       ൑
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න |𝐻ሺ𝑡, 𝑞𝑠ሻ| อ𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑢 ൬
𝑠

𝑝ఈିଵ൰൱ െ 𝑓 ൭
𝑠

𝑝ఈିଵ , 𝑣 ൬
𝑠

𝑝ఈିଵ൰൱อ 𝑑௣,௤𝑠
ଵ

଴
 

                       ൑
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න |𝐻ሺ𝑡, 𝑞𝑠ሻ| ℎ ൬
𝑠

𝑝ఈିଵ൰
ฬ𝑢 ൬

𝑠
𝑝ఈିଵ൰ െ 𝑣 ൬

𝑠
𝑝ఈିଵ൰ฬ

𝐽 ൅ ฬ𝑢 ൬
𝑠

𝑝ఈିଵ൰ െ 𝑣 ൬
𝑠

𝑝ఈିଵ൰ฬ
𝑑௣,௤𝑠

ଵ

଴
 

                       ൑
1

𝑝ቀ
ఈ
ଶቁ𝛤௣,௤ሺ𝛼ሻ

න 2𝐴 ሺ1 െ 𝑞𝑠ሻ௣,௤
ሺఈିଵሻ ℎ ൬

𝑠
𝑝ఈିଵ൰ 𝑑௣,௤𝑠  

‖𝑢 െ 𝑣‖
𝐽 ൅ ‖𝑢 െ 𝑣‖

ଵ

଴
, 

so 

‖𝑇𝑢 െ 𝑇𝑣‖ ൑ 𝜓ሺ‖𝑢 െ 𝑣‖ሻ. 

Hence, we see that 𝑇 is a nonlinear contraction. Therefore, by Definition 2.1 and Theorem 2.3, the 
operator 𝑇 has a unique fixed point in 𝐶ሺሾ0,1ሿ, ℝሻ, which is a unique solution to the boundary value 
problem (1.1).  

□ 
Example 3.3. Consider the following boundary value problem for the fractional ሺ𝑝, 𝑞ሻ -difference 
equation of the form: 
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⎩
⎪
⎨

⎪
⎧ 𝐷భ

మ
,భ
య

ఱ
మ

 
௖ 𝑢ሺ𝑡ሻ ൅ 𝛤భ

మ
,భ
య

ቀଵଵ

ଶ
ቁ 𝑡ଶ tanିଵ ቀ

|௨|

ఒା|௨|
ቁ ൌ 0,    𝑡 ∈ ሺ0,1ሻ                                       

 
𝑢ሺ0ሻ ൌ 0,     𝑢ᇱሺ0ሻ ൌ ׬ 𝑢ሺ𝑡ሻ𝑑௣,௤𝑡,

ଵ
଴          𝑢ሺ1ሻ ൌ ׬ 𝑡 𝑢ሺ𝑡ሻଵ

଴ 𝑑௣,௤𝑡.                           
                                                               

 (3.3) 

Setting constants 𝛼 ൌ ହ

ଶ
, 𝑝 ൌ ଵ

ଶ
,   𝑞 ൌ ଵ

ଷ
, 𝑛 ൌ 3,  and the function 𝑓൫𝑡, 𝑢ሺ𝑡ሻ൯ ൌ ℎሺ𝑡ሻ 𝑡𝑎𝑛ିଵ ቀ

|௨|

ఒା|௨|
ቁ, 

where ℎሺ𝑡ሻ ൌ 𝛤భ
మ

,భ
య

ቀଵଵ

ଶ
ቁ 𝑡ଶ and 𝜆 ൒ 19, we obtain 

𝐽 ൌ
2𝐴

ቀ1
2ቁ

ቆ
ହ
ଶ
ଶ

ቇ
𝛤ଵ

ଶ,ଵଷ
ቀ5

2ቁ

න ൬1 െ
1
3

𝑠൰
ଵ
ଶ,ଵଷ

ሺଷ
ଶሻ

𝛤ଵ
ଶ,ଵଷ

൬
11
2

൰ ൭
𝑠

2ିଷ
ଶ

൱

ଶ

𝑑ଵ
ଶ,ଵଷ

𝑠
ଵ

଴
≅ 18,8, 

where 𝐴 ≅ 11,27 as in Example 3.2. Since  

|𝑓ሺ𝑡, 𝑢ሻ െ 𝑓ሺ𝑡, 𝑣ሻ| ൌ 𝛤ଵ
ଶ,ଵଷ
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the condition ሺ𝐻ସሻ  holds. Thus, by Theorem 3.3, the boundary value problem (3.3) has a unique 
solution on ሾ0,1ሿ. 

4. Conclusions 

In this study, we investigated the existence and uniqueness of solutions for a boundary value 
problem involving ሺ𝑝, 𝑞ሻ-difference equations with integral conditions. By leveraging well-known 
fixed-point theorems, we derived new theoretical results that contribute to the ongoing research in this 
field. Our findings provide a strong foundation for analyzing such equations, which have wide-ranging 
applications in mathematical modeling and applied sciences. In the limit as 𝑝 → 1, our results reduce 
to results for the fractional 𝑞- difference integral boundary value problem. 

To validate our theoretical framework, we presented three illustrative examples that demonstrate 
the applicability and effectiveness of our results. These examples confirm that the imposed conditions 
ensure the existence and uniqueness of solutions, reinforcing the reliability of our approach. 

Future research can extend this work in several directions. One potential avenue is the study of 
ሺ𝑝, 𝑞ሻ-difference equations with more general boundary conditions or nonlinear integral constraints. 
Additionally, exploring numerical methods for approximating solutions could provide further insights 
into the practical implementation of these theoretical results. Moreover, investigating the stability and 
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behavior of solutions under perturbations would be a valuable extension to this study. 
In conclusion, our work contributes to the understanding of BVPs for ሺ𝑝, 𝑞ሻ-difference equations 

and highlights the effectiveness of fixed-point techniques in establishing solution existence and 
uniqueness. These results open new possibilities for further advancements in the field and their 
applications in various scientific and engineering disciplines. 
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