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Abstract: This paper focused on a stochastic susceptible-infected-recovered-susceptible (SIRS)
epidemic model with standard incidence and transfer from infected individuals to susceptible individuals.
We assumed that the incidence rate satisfied the log-normal Ornstein-Uhlenbeck process. First, by using
stochastic Lyapunov analysis method, the sufficient condition for the existence of stationary distribution
was obtained. After that, we established the sufficient criteria for the extinction of the infectious disease.
It was worth noting that the dynamical behavior of the considered model was governed by a threshold.
In addition, we derived the exact expression of probability density function near the positive equilibrium
point of the corresponding deterministic system. Finally, some numerical simulations were carried out
to confirm theoretical results.
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1. Introduction

Infectious disease has been a natural enemy of human health. There is an urgent need to explore
the transmission mechanism of the disease. Mathematical model plays a central role in predicting the
spread trend of infectious disease. Kermack and Mckendrick [1] proposed a landmark susceptible-
infected-recovered (SIR) epidemic model and assumed that the total population N(7) is divided into
three categories at time ¢, including susceptible individuals S (¢), infected individuals /(¢), and recovered
individuals R(7). Recovered individuals in the SIR epidemic model are permanent immunity. In
fact, instead of lifelong immunity, recovered individuals may have acquired immunity loss. For this
phenomenon, numerous researchers are dedicated to developing the SIRS epidemic model, and various
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improved versions of the SIRS model have been proposed. For instance, Liu et al. [2] investigated the
influence of nonlinear incidence rates on the dynamics of SIRS epidemiological models. They presented
a modified general criterion for supercritical or subcritical Hopf bifurcation of two-dimensional systems.
For a multi-group SIRS epidemic model with varying population sizes, Muroya et al. [3] established
sufficient conditions for the global stability of an endemic equilibrium. Sekiguchi [4] considered a
discrete SIRS epidemic model with time delays and obtained the sufficient condition for the permanence
by the Euler method.

It is possible for the infected individuals to recover after undergoing certain treatments and go
back directly to the susceptible individuals due to the presence of transient antibody. To describe this
phenomenon, Bai and Mu [5] considered the transfer rate from infected individuals to susceptible
individuals in a generalized SIRS epidemic model. Avila-Vales and Pérez [6] proposed a diffusive SIRS
epidemic model with the same transfer rate and analyzed the dynamical characteristics of the system.
Chen [7] constructed the following SIRS epidemic model with partial immunity, transfer from /(¢) to
S (1), and standard incidence

as@ _ , BSWI®

— = f} NG ds (1) + nl(r) + yR(2),

di(n _ BSWI@®) 1.1
i = TN @rernralo, (1.1)

? = cl(t) - (d + )R,

where N(r) = S(¢) + I(t) + R(?). A is the natural birth rate. d represents the natural mortality rate. a
is the disease-related death rate. 5 denotes the average incidence rate. y stands for the immunity loss
rate of recovered individuals. ¢ and 7 represent the transfer rate from infected individuals to recovered
individuals and susceptible individuals, respectively. The basic reproduction number of system (1.1) is
Ry = b The authors in [7] showed the dynamical properties of system (1.1) as follows.

a+c+n+d”

Theorem 1.1. If Ry < 1, the disease-free equilibrium E, = (%, 0,0) is locally asymptotically stable.
If Ry > 1, the system has a positive equilibrium E*(S*,I*,R*), where S* = M =44

R = %, and N* is the positive root of the following equation:

[(a+c+d)(d+y)+y(a+d)](A—dN)+d(a+c+77+d)N_

A=0.
a(d +y) B

It is widely recognized that the real world is full of randomness. Deterministic models often
use fixed parameter values to describe the transmission mechanism of the disease. Although this
approach provides a clear framework, it does not fully take into account the random factors in the
environment. As May [8] noted, the parameter in the model is inevitably affected by all kinds of
noise in the surrounding environment, which can come from temperature, humidity, air pressure, and
many other factors. Stochastic models can capture the inherent uncertainty in the disease transmission.
In recent years, many researchers have introduced random perturbations into deterministic models.
For instance, Privault and Wang [9] considered a general stochastic SIR epidemic model driven by
a three-dimensional Lévy noise. They showed that the variance of the processes increments and the
shapes of their distributions can have a significant influence on the dynamical behavior of the system.
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For a SIRS epidemic model with white noise and standard incidence rate, Zhang et al. [10] derived
the condition for the extinction of the disease and proved that there exists stationary distribution. By
replacing Sdt by Sdt + odB(t) in the classical deterministic SIRS model, Settati et al. [11] proposed
a stochastic SIRS epidemic model and obtained that the dynamics is governed by a threshold, which
characterizes the extinction and persistence of the disease. Besides, their results showed that when the
threshold is equal to one, small noise will make the disease extinct and large noise promotes persistence.

In the construction of stochastic models, parameter perturbation technology is a widely recognized
tool. This technique allows researchers to introduce stochasticity into complex dynamic models and
simulate random changes in the real-world environment, so that the model can better predict and explain
the actual observed parameter variation. According to the existing research, there are two common
approaches to incorporate environmental variability by modifying the parameters. One way is to assume
that parameter is a linear function of Gaussian white noise [11-14]. In infectious disease models, the
incidence rate refers to the frequency at which individuals in a population come into contact with one
another, potentially leading to the transmission of pathogens. This parameter is particularly susceptible
to random fluctuations. For example, individuals’ social behaviors can vary widely due to factors
such as mood, seasonality, or public health interventions, like lockdowns. These variations are often
unpredictable and can lead to increases or decreases in incidence rate. Assume that 3 is a linear function
of Gaussian white noise, which is expressed as

B =B+ot?, (12)

where B(#) is the standard Brownian motion and is defined on a complete probability space
{Q, F {F:}is0, P} with a filtration { F 10 satisfying the usual conditions (i.e., it is right continuous and
Z, contains all P-null sets), and o? is the noise intensity of B(¢). Let (3(f)) be the time average of 5(¢)
for any time interval [0, ¢]. By directly integrating (1.2), one can get

1 t
Bw) =~ fo pds =B+ 0 g &

where N(-, -) denotes the one-dimensional Gaussian distribution. The variance of (5(¢)) goes to infinity
when t — 0.

The other way is to suppose that biological parameter satisfies the Ornstein-Uhlenbeck (OU) process.
The OU process, also known as the mean-reverting process, is a stochastic process that tends to move
back toward a long-term equilibrium or mean value over time [15]. It is characterized by two main
parameters: the speed of reversion, which determines how quickly the process returns to the mean, and
the level of mean reversion, which represents the long-term equilibrium value toward which the process
tends to revert. The OU process has applications in finance, economics, and physics, where it is used
to capture the inherent tendency of certain systems to return to a stable state over time [16]. In recent
years, with the continuous progress of statistics, increasing attention has been paid to the dynamics of
biological models with the OU process [17-21]. This way avoids the problem of the first approach, but
there is a problem that the parameter satisfying this way may take negative values. To guarantee the
positive of the biological parameter, Allen [15] introduced environmental disturbance to deterministic
system by assuming that the parameter satisfies the log-normal OU process.

Applying the log-normal OU process to infectious disease models has significant biological im-
plications: (i) Understanding stochastic dynamics: Infectious diseases do not spread in a perfectly
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predictable manner. Instead, they are influenced by various unpredictable factors like environmental
changes, human behavior, and random events. The log-normal OU process incorporates randomness
into the model, which allows us to account for these uncertainties and better reflect real-world dynamics.
(i1) Mean-reverting behavior: The log-normal OU process has a natural tendency to return to an average
state over time. This means that if the number of infections spikes or drops significantly, it will likely
stabilize back toward an expected level. It is important for understanding diseases that become endemic
constantly present in populations, as they tend to fluctuate around a certain level rather than going
extinct or growing uncontrollably. (iii) Logarithmic transformation: Infectious diseases often grow
exponentially at first but may slow down as the population becomes immune or interventions are applied.
Logarithmic transformation helps model this growth more accurately by stabilizing variations. In
addition, logarithmic transformation can ensure the positivity of parameters subject to random perturba-
tion. Based on the above background and biological significance, we assume that 3 is affected by the
following log-normal OU process. It can be expressed as

dlogB(t) = K(log B — log B(1))dt + o-dB(?), (1.3)

where K and o are positive constants. K is the speed of reversion. o is the intensity of volatility. Let
z(t) = log B(¢) and 7 = log 8. Equation (1.3) becomes

dz(r) = K(z — z(1))dt + odB(?). (1.4)

By integrating (1.4), the explicit solution with initial value z(0) is

) =z7+eX (z(O) —7I4+0 f eKSdB(s)) . (1.5)
0

For convenience, letting z(0) = Z, we calculate that the average value of z(7) is

_1r N B PR o
(z(D)) = lj(;z(s)ds—z+ rfo K(l e )dB(s). (1.6)

One can obtain

_ ot 2
E(z())) =z, Var(z(®))) = EN o(t%),

where o(#?) is the high-order infinitesimal of #2. Since z(0) = Z = log 3, we have

- 0'2
2(f) ~ N|log 3, ﬁ(l - e-m)).

By virtue of the result in [15], for large ¢, the probability density of S(¢) approaches a stationary log-
normal density with mean Be§ and variance Bz(e%“‘e_m) - e%(l‘e_m)). One can see that with sufficient
shortening of the time interval, it becomes apparent that the variance of the variability level of the
incidence rate gradually approaches zero. This suggests that the incidence rate has remained stable and
consistent over time. Therefore, this modeling method is more reasonable.
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According to the above analysis, we formulate the stochastic version corresponding to deterministic
system (1.1) as follows:

ds (r) A— ﬁ(t)i]—ggl(t) —dS () +nl(t) + )/R(t)] dz,
di(r) = [%gl(l)—(a+c+n+d)l(t) dz, (1.7)
dR(t) = [cI(t)—(d+y)R(1)]dt,

dlogpB(f) = K(logB - logB(t))dt + odB(t).

This paper makes the following main contributions and innovations: (i) To introduce environmental
perturbations and keep the positive of the parameter, we consider that the incidence rate satisfies the
log-normal OU process. This process enables more precise forecasting of the spread of the disease.
(ii) Mathematical analysis is employed to determine a critical value R, which serves as a threshold
determining the extinction and persistence of the disease. In precise terms, if R < 1, then the disease
will be extinct with probability one; if Rj > 1, then the disease persists by demonstrating the existence
of stationary distribution. (iii) By solving the four-dimensional algebraic equations, we derive the
exact form of probability density function of the stationary distribution. (vi) Numerical simulations are
conducted. We use the variable-controlling approach to analyze the influence of some key parameters
on the dynamics of the considered model.

The paper is organized as follows. Section 2 proves the existence of stationary distribution. In Section
3, we derive the exact form of covariance matrix in the probability density function for distribution.
Sufficient condition for the extinction of infectious disease is obtained in Section 4. In Section 5, using
some examples and numerical simulations, we confirm the theoretical results. Finally, we make a
discussion in Section 6.

For convenience, there are some mathematical notations. R} = {(x;---x,) € R"[x; > 0,1 <i < n}.
If P is a matrix, PT and P~! represent its transpose and inverse matrix, respectively. P represents a
matrix consisting of the first n rows and first n columns of matrix P. To proceed, a theorem that the
stochastic system (1.7) has a unique positive global solution is introduced.

Theorem 1.2. For any initial value (S (0), 1(0), R(0),5(0)) € R%, system (1.7) has a unique positive
solution (S (1), I(t), R(t), B(t)) and the solution will remain in Rﬁ almost surely for all t > 0.

Remark 1.3. It is easy to get the following inequation concerning N from system (1.7)
dN
A—-(a+d)N < m =A-dN—-al <A-dN,

which implies that there is a positive invariant set I of model (1.7)

F—{(SIR,B)GR4| A <N<é}
I S “la+d dl’
In the following sections, we always assume the initial value a"j < S0)+1(0)+ R(O) < %.

2. Stationary distribution

Stationary distribution provides insights into the equilibrium states that a disease can reach, helping
researchers predict the prevalence of infection over time under various conditions. This information is
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vital for public health planning and resource allocation, as it allows policymakers to assess the potential
burden of a disease and implement appropriate control measures. In this section, we construct sufficient
condition for the existence of stationary distribution, which means the persistence of the disease. Define

B

2
R=— P  pope
0 a+c+n+dﬁ p

Consider a k-dimensional nonlinear stochastic differential equation with initial value '(0)
dY () = g1(C(1))dr + g(Y())dB(), (2.1)

where B(¢) is a {-dimensional Brownian motion. g; : R¥ — R¥ and g, : R* — R¥ are Borel measurable.

Lemma 2.1. ( [22-24]). Assume that there is a bounded closed domain = C R* with a regular boundary
M. For any initial value Y(0) € R¥, if

1 !
liminf — f P(t, Y (0),&)dr > 0 a.s.,

t—>+oco 0

where P(t, T (0), -) is the transition probability of ('(1), then there exists a solution of system (2.1) and
admits at least one stationary distribution on R¥.

Theorem 2.2. Assume that R, > 1, then system (1.7) admits at least one stationary distribution on set I'.

Proof. Step 1. (Construction of stochastic Lyapunov functions): Construct a C?-Lyapunov function
V(S,I,R,B) : T — R as follows:

(a+d)

V=M,|-1og7+ —2FD
0( BT deAd+y)

A
R)—logS —logR—log(E -(S +I+R))

A
-1 I+R)— —— —-1-1
og((S+ +R) a+d)+ﬁ ogp
= =MyVi+ Vs,
(a+d)
deA(d +y)

log((S +I+R)- afr‘—d)+ﬁ— 1-logpB, &=
number satisfying the following inequality:

A
where V;, = —logl + V, = —log§ - logR - log(E—(S +I+R)) -

(atctn+d)(Ry-1)

A - 02 . . o,
7 ,B = B*e®. M, is a sufficiently large positive

M
~@a+c+n+d)R;— 1)+ sup {GB)} < -2,
2 BER,
in which )

GB)=4d+a+y +,6’(1 + Klog — Klog 8 + %) — K(log 8 —logp3).

Letting the differential operator £ act on —log [ yields

£(—10g1):—ﬁ—S+(a+c+77+d):—w+(a+c+n+d)
N N 2.2)
B + R)
=—-pB+ N +(a+c+n+d).
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Using the Young inequality z < £7% + t(f > 0) and the lower bound of N, we obtain

BU +R) , 1)YI+R , la+d

Set F(B) = (B — B) + &(8* — B?). It follows from (2.2) and (2.3) that

a+
A

:—B+(a+c+n+d)+s,8+4%%1([+R)+(B—,8)+s(ﬁ2—,8)

la+d
e A

L(—logl)s—ﬁ+sﬁ2+i d(I+R)+(a+c+n+d)

:—%(a+c+n+d)(R3—l)+ (I +R) + F(pB).

Therefore,
a+d c

1+
4sA( d+

LV, < —%(a+c+n+d)(R8— )+ 7)1+F(ﬁ). (2.4)

Making use of 170’ s formula to V, results in

A pl nl eR cl al
LVy=——-+—+d-——-— - —+d+y)+d-
2T7S TN s s RrT@rY A_(S+1+R)

a(S +R) _ 0'2) -

- +BlK1 -Kl1 +— |- Kl -1 2.5
S+I1+R -~ B(Klogf — Klogf + = (log 3 —logB) (2.5)
A cl al B as

- S R A4-S+I+R S+I+R -4

a+d

+(a+d)

+G(B).

Combining (2.4) and (2.5), we obtain

_ M
LVS—TO(a+c+n+d)(RS—1)+

Mo(a+a')(l c ) A ¢l
S R

J—-=_-=
4eA d+vy
al as

A - A
2-@+I+R) (S+I+BR -5
::H(S,I,R,,B)'FM()F(ﬁ),

+ G(B) + MyF(B)

where

H(S,I,R,ﬁ):—%(a+c+n+d)(R8—l)+MO(a+d)(l+ ¢ )1 ? ;I

4sA d+y) S R
al aS

CA_S+I+R) S+I+R-A

+G@).

Since V tends to +oco as (S,I,R,B) approaches the boundary of I', V has a minimum value
V*(S*,I*,R*,B*). Therefore, a nonnegative function V(S,I,R,B) is defined by V(S,I,R,5) =
V(S,ILR,B) — V*(S*,I*,R*,B*). Applying If0’s formula to V has

LV < H(S,I,R,B) + MyF(B). (2.6)
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Step 2. (Construction of a compact set): Construct a bounded set U
1 A A
(SIRﬁ)€F|p<IB<—S>pI>pR>p +d+p <S+I+R<E—p

where p is a sufficiently small positive number satisfying

My(a +d) c K { K }
" 1 1 __1 < —
( + ) + ogp +;;1[i G(B) ogp

Mo(a+d)(1+ c )

K. 1
2 GB) - 1
4ed d+v) 25 %5 +Sup{ ®) ’Bogﬁ}

P BER,

M()(Cl + d)
1
4ed ( "

Mo(a+d)( c ) , {c A a}

1+ —min{ —, —, — p + sup{G <-1.

ded d+vy ppp ﬁeRIi{ @)
2,...,7

We divide the set I' \ U into seven subsets UC, j=1,
1
={S,LR,A el0<B<p}, U3 ={(S,LLRP) €T|B> —},
P

={S,LLR,p el0<S <p}, Uy ={(S5,,R,p) €T0 < I < p},
={(S,I,R,B) €T|0 <R < p*1>p),

A
={S. LR TS +1+R> -p% 12 p),

A
={S,LRB €S ++R < —— +p* S > p}.
a+d

We can prove H(S, I, R, 8) < —1 in the above seven subsets. In other words,
H(S,I,R,B) < —1 for any (S,1,R,B) € U“. 2.7

Analysis of the expression of H(S, I, R, 8) leads us to the conclusion that there exists a positive constant
L such that

H(S,I,R,B) < Lforany (S,I,R,B) €T. (2.8)

Step 3. (Existence of stationary distribution): To simplify the notation, we define Z(¢) =
(S (1), 1(t), R(1), (1)) as the solution of system (1.7) with initial value Z(0) = (S(0), 1(0), R(0),5(0)).
Integrating both sides of (2.6) from O to ¢, dividing by ¢, and taking mathematical expectation yields

o VW) _EVEO) | E[.EV(Z(T))]dT
t t t
(2.9)
EV(Z(O))

tf}E[H(Z(t)) dT+—fE[F(ﬁ(T))

t
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From (2.7) and (2.8), it follows that
1 1 1 !
7 f E[H(Z(7))]ldr =7 f E[H(Z(1)]11iz)euydT + n f E[H(Z(t)1z)evydT
0 0 0

L (" 1 [
s? f P(r, Z(O),U)dr—? f P(r, Z(0), U%dr

0 0
L+1

=—1+

f P(t, Z(0), U)dr,
0

where 1 is an indicator function. This, together with (2.9) yields

1 ([ 1 I EV(Z(0))
;L P(t, Z(0)), U)dr > 11 I- MO; fo E(F(B(1)))dr — — |

In view of the ergodicity theorem [25], one can obtain that
1 ~ 1 (" A
lim — f B(r)dr =B, and lim - f B(r)dr = .
t—oo f 0 t—oo 0
This implies immediately that

lim % f E(F(B(1)))dr = 0.
=0 0

Taking the inferior limit on both sides of (2.10) and combining with (2.12), we get

>0 a.s.

t—00 t

1 1
liminf — P(t,Z(0), U))dr >
imin f(; (1, 72.(0),U))dr 11

(2.10)

2.11)

(2.12)

According to Lemma 2.1, one can obtain that system (1.7) has at least one stationary distribution on I'.

This completes the proof.

3. Probability density function

O

Studying the probability density function of the distribution for the infectious disease system is crucial
as it provides a detailed and continuous description of the long-term behavior. We can gain insights
into the likelihood of various states within the system and understand how often certain conditions are
expected to occur by analyzing the probability density function. The main purpose of this section is to

calculate the concrete form of the covariance matrix and prove that it is positive definite.

Lemma 3.1. [21] For the real algebraic equation
Q*+OA+A0" =0,

where Q = diag(1,0,0,0), A is a real symmetric matrix, and

-0, -6, —6; —b,
1 0O 0 O
©= 0 1 0 O
0 O 1 0

If6, >0, 6; >0, 6, >0 and 0,(6,0; — 6,6,) — 0% > 0, then A is positive definite.
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The dynamical property of the corresponding deterministic model of (1.7) is the same as the following
system about N.

dN(t) = [A-dN -allds,
BN(1) — 1(1) — R(1))I(1)
dI(?) NG —(a+c+n+d)I()|dt, 3.1)
dR(t) = [cI(t)—(d+y)R()]dt,
dlogfB(t) = K(logpB — logB(t))dt.

As a matter of convenience, we study the density function of this system. If Ry > 1, system (3.1) exists a
positive equilibrium E=(N*, I*, R*, log B). Let Z = (21,22, 23, 24)" = (N=N*,I-I*,R—R*,log 8—log B)" .
System (3.1) can be linearized at E

dzy = [-dz —az]ds, ] ]
T T L e A
dzz = [czo —(d+7y)z:]de,
dza = —Kz4dt.
System (3.2) can be equivalent to writing in the following form:
dZ(t) = AZ(t)dt + QdB(1), (3.3)
in which
—ay; —ap 0 0 000U O
| an —axn —ax axu 1000 O _ T
A - O a32 _a33 O b} Q - 0 O O O ’ B(t) - (07 09 O’ B(l)) ’
0 0 0 —ay 0 00 o
and a;y =d, app = a, ay = ﬁl*((zfzi;rf*), ap =(a+c+n+d)— w, ax = [jvi, a4 = [w,

asz; = C, ass :d+y,a44 =K.
The characteristic polynomial of matrix A takes the form

s () = A+ Ql/lz + 024 + 03,

where
01 = ay +ax t+asz,
02 = apaszz + axas + ay(axn + azs) + apa;,
03 = ay1(anas; + a3az) + apas ass,
and

0102 — 03 = ayilai(axn + asz) + anax ] + (axn + as3)laxass + axazy + ay(axn + as3)] + apnappax > 0.

In view of the Routh-Hurwitz criterion [26], A® has all negative real-part eigenvalues.
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Theorem 3.2. If R, > 1, then the stationary distribution of system (3.1) around the equilibrium point E
has a normal density function as follows:

| 1 _
O(N,I,R,logp) = Qn)2|12 2 exp[—E(N - N I-I",R-R",logB —logB)

>N -N*,I-TI",R-R",log—logPB)"].
The concrete form of covariance matrix 2’ is presented in the following proof.

Proof. Similar to the proof in paper [21], our goal is to solve the following equation.

Q>+ AX + AT = 0. (3.4)
There is an ordering matrix
00 01
0100
=10 01 0
1 000

Calculation yields

—ay4 0 0 0
o -1 _| Qa4 —dp —d23 a4z
A=A = 0 an  —ay 0
0 —ajn O —ai
Let the elimination matrix J, be
10 0 O
01 0 O
L=l00 1 0
00 =21
asp
It is easy to get
—ay4 0 0 0
appazg
» ay4  —dyp —d3— 45 asy
Az = J2A1J2 = 0 as —am 0
0 0 ap(a; — ass) —an;
asp
Define
Jol () 2v . w
ap(az; —ay))
0 ap(an —as) —= U a%l
J3 = a (aa32_a ) ’
0 0 12(ar1 33 i
asp
0 0 0 1
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where p = apay(a) — az), @ = apaz(ap + azs) — aypap(a; + ax), v = apaxlas — ap) +
a1y (azz—ai)+an(a, —a3,)
asn

— 3
, W = 6112021(6111 - 6133) —daj;- Then, we get
=61 —& =&

—&4
0 0
0o 0 [,
10
0 0

where &) = ayy + axn + a3 + au, & = aj(an + a3 + as) + ax(azs + aus) + anay) + axazn + azzda,
&3 = a11(anas3 +anau +a33a44) + 20033044 + 12021 (a33 + As4) + arzaz(ar +ags) and & = ag(ayanaszs +
appax ass + ajjaxasy). Through above similar transformation, the equivalent equation of (3.4) can be
written as

(J3201)Q*(J3 L) + As[(J3 o0 )Z (T3 120 )] + [(J3 o) 2 (312 J1)T1AT = 0. (3.5)
The characteristic polynomial of matrix Az takes the form
(D) = A+ EX + EL + EA+ &4 = (X + 018 + 024 + 03)(A + ag).

Obviously, A3 has all negative real-part eigenvalues. In view of the Routh-Hurwitz criterion [26], we
have

£>0,8>0,6>0, §(EHE-EE)-& > 0.

From Lemma 3.1, we derive that the matrix X := ﬁ(h]ﬂ N2(J3J,J1)T is positive definite and by
solving (3.5), the exact form of 2 is

&83-61é4 0 _ ) 0
2A1babs—E3-E1E4) 2162638351 Ey)
0 & 0 _ £
5= 2162638351 Ey) 2Aé1brts-E3-E2Ey)
I & 0 & 0
21bats—E3-E3Ey) 2&16263-E3-E1Ey)
0 0 £16-83

S ¥ E _ _&&-8
2166-6-61E) 2s(E166-E-6160)

Therefore, it is easy to derive the exact expression of 2. That is,

2 = (po) (300 ML)

which is also a positive definite matrix. O

4. Extinction

Examining extinction offers valuable knowledge about the likelihood of a disease disappearing
from a population. Understanding the factors that influence extinction can guide effective intervention
strategies aimed at eradicating or controlling outbreaks. In this part, we will give sufficient condition for
the extinction of infectious disease.
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Theorem 4.1. If R, < 1, then

lim sup

—o0

log I(¢
Ogt() <@+c+n+dR,-1)<0, as.,

which means the disease of system (1.7) will die out almost surely.

Proof. Considering the second equation of system (1.7) yields
dlogl =% —(@+c+n+d)|dt<[B-(a+c+n+dld. 4.1)
Integrating (4.1) from O to ¢ and dividing by # on both sides, we have

logt’ 0 % f Byt — (a+c+n+d)+ 25 tl © 4.2)
0

Taking the superior limit on both sides of (4.2) and combining (2.11) leads to

log I(?)

slim%fﬁ(T)dT—(a+c+n+d):B—(a+c+n+d)
0

t—00

lim sup

t—00 t

=(a+c+n+d)(Ry—-1)<0,a.s.

It implies lim /(¢) = 0 a.s. That is to say, the disease will be extinct in a long term. O
t—00

Remark 4.2. Theorems 2.1 and 4.1 provide sufficient conditions for persistence and extinction of
the disease, indicating threshold value Rjj plays a critical role in determining the dynamics of disease
transmission. If Ry < 1, each infected individual leads to less than one new infection on average,
resulting in a decline in the number of cases over time. This condition is crucial for disease extinction.
If R}, > 1, this indicates that each infected individual produces more than one new infection on average,
allowing the disease to persist in the population. The balance between new infections and recoveries
determines whether the disease remains endemic.

Remark 4.3. We can observe that R} coincides with R, of deterministic system (1.1) when there is no
noise. This implies we generalize the results of the deterministic system. In addition, it can be easily
observed that R > R when there exists noise. There is a situation where R > 1, when Ry < 1, that is, in
the case of disease extinction predicted by the deterministic system, the disease in the stochastic system
is likely to be persistent. Therefore, the influence of noise on system dynamics cannot be ignored.

5. Numerical simulations

This section presents comprehensive numerical simulations to verify the theoretical results proved in
this paper. The numerical analysis employs higher-order numerical methods of Milstein [27], which
offers a power tool for capturing the complex dynamics of disease transmission. The findings will assist
policymakers in comprehending and predicting the future trend of the epidemic, thereby facilitating the
development of more efficacious prevention strategies. The corresponding discretized equation of (1.7)

Electronic Research Archive Volume 33, Issue 5, 3037-3064.



3050

is acquired as follows

. . zi'lsi—lli—l ' ' .
Sio= S4|A- eT Y yR’-llAt,
‘ _ ' gi=1pi-1 _
I = [ +[6T —(a+c+d+nI At (5.1)
R = R+l —(d+y)R™| AL,
7 = 77"+ K(ogB - 7"At + o VALS;,

where z = logp, (S, I', R', 7)) is the value of the i-th iteration of the discretization equation (5.1).
The time increment A¢ > 0. ¢; is a random variable which obeys the Gaussian distribution N(0O, 1) for
i=1,2,...,n. Let the initial value be (S (0), 1(0), R(0), z(0)) = (0.5,0.5,0.5,0.5).

We can observe and analyze the results under different conditions by slightly adjusting a few key
parameters. From the expressions of the threshold value R;, it can be noted that 8, a, n, o, and K have a
significant effect on the dynamical behavior. According to the variable-controlling approach, we will
separately study the impact of these parameters on threshold dynamics of model (1.7). In particular, we
will concentrate on two scenarios of the disease: persistence and extinction.

5.1. The impact of B

The aim of this part is to study how 3 affects the spread of the disease in system (1.7). The numerical
simulations use the following parameters:

A=02,d=0.1,7=0.05,y=0.1,a=0.1,c =0.01,K =2,0 =0.2.

Example 5.1.1 (Persistence) The trend of Rj; is outlined in Figure 1. It is easy to see that system (1.7)
will exist at least one stationary distribution and the solution follows a normal density function when
B € (0.2587,0.5].

181 b

16 b

141 B

1.2 b

o J N e el ettt d B
1
1
0.8 ! Stationary distribution ]
061 . Density function ]
1
0.4 | i
1
1
0.2 : -
1 0.2587
0 1 1 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

|
2
B

Figure 1. The trend of R} with 3 € [0,0.5].
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Consider the following three cases: (i) 8 = 0.3; (i) 8 = 0.4; (iii) 8 = 0.5. Figure 2 reflects the sample
paths of S (), I(¢) and R(f) of system (1.7) with different 8. When 8 = 0.3, the top of Figure 3 depicts the
solutions S (7), I(¢) and R(t) of stochastic system (1.7) and the corresponding deterministic system.

2 T - 1 T - 0.06 T -
—G=03 —7F3=03 —5=03
| —B=04|] —B=04 —B=04
18 G=05 09 G=05 G=05
0.05 - 1
1.4 1 0.7 I
0.04 -
1.2 1 0.6
0.8} 0.4} 1
0.02 | 1
0.6 - 0.3} &
0.01
0.2 0.1 1
0 ' 0 ' 0 '
0 5 10 0 5 10 0 5 10
Time «104 Time %104 Time «104

Figure 2. The sample paths of S (¢), I(f) and R(¢) of system (1.7) with 5 = 0.3, 0.4, 0.5.

0.06
— Stochastic solution — Stochastic solution
—— Deterministic solution — Deterministic solution

= 1 — Stochastic solution c s
n —— Deterministic solution - @
0.5
0 5 10 0 5 10 0 5 10

Time «10% Time %104 Time «10%
Frequency histogram of stochastic S(t) I;gequency histogram of stochastic I(t) 5If)réaquency histogram of stochastic R(t)

10 20 400
8
15 300
6
10 200
4
) 5 100
0 0 0
. 17 0.15 0.2 0.25 03 0008 001 0012 0014 0016

Figure 3. Top column: the sample paths of S (¢#), I(r) and R(¢) of deterministic system (1.1)
and stochastic system (1.7) with 8 = 0.3. Bottom column: the corresponding frequency
histograms of stochastic S, I and R.
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We can observe that stochastic solution fluctuates around the deterministic solution. The frequency
histograms of S (¢), /() and R(¢) with 30 rectangular bars are displayed in the bottom of Figure 3. The
frequency histograms can clearly show the frequency distribution of different values, which provides a
more comprehensive understanding of the distribution characteristics.

Example 5.1.2 (Extinction) We consider the situation of 8 € [0, 0.2587). For the following three cases:
(i) B = 0.05; (ii) B = 0.15; (iii) B = 0.25, it is evident from Figure 4 that the disease will eventually
disappear with the passage of time.

0.6

—3=005 —F=005

2t —p3=015 0.15 —B=0.15]
B=025 | B=0.25
0.5 [ 1
15 —B3=10.05| 04} , 0.02
—pB3=0.15 0.1
B =0.25 ‘
_ - 0.01
= | £o3 T \
‘ 0
| 200 400 600
02 0.05]
0.5 ‘
0.1
0 2000 4000 6000 0 2000 4000 6000 0 2000 4000
Time Time Time

Figure 4. The sample paths of S (¢), I() and R(¢) of system (1.7) with 8 =0.05, 0.15, 0.25.

In brief, from Figure 2, the numbers of infectious individuals / and recovered individuals R will
decrease when 3 decreases. We also find that the rate of disease extinction will be faster with small 3
from Figure 4. The small 5 plays an effective role in preventing the spread of the disease. To reduce
incidence rate, it is necessary to formulate reasonable prevention and control strategies. Furthermore,
there is a need to reinforce personal protection and health education.

5.2. The impact of a

In this part, the impact of the disease-related death rate a on the dynamical behavior of system (1.7)
is analyzed. Let a be a variable, and the other parameters are given fixed values as follows:

A=02,d=0.1,7=0057y=01,c=0055=04K=2,0=0.1.

Example 5.2.1 (Persistence) The focus of this example is on the persistence of the disease, that is, the
case where a is situated within the interval [0, 0.2005). This is illustrated in Figure 5.
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Figure 5. The trend of Rj with a € [0,0.5].
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——a =0.05 ——a = 0.05 ——a = 0.05
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Figure 6. The sample paths of S(¢), I(¢) and R(¢) of system (1.7) with a =0.05, 0.1, 0.15.

From Figure 6, we can get information about the numbers of S, / and R with a = 0.05,0.1,0.15
and when a gradually increases, the number of infected individuals and recovered individuals will
decrease. According to Theorem 3.2, the solution (N(%), I(¢), R(t), log B(¢)) follows a normal density
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function ®@; ~ Ny ((1.6667,0.3333,0.0833, log 0.4),2,,}) when a = 0.1, where

5.5066 —-5.5066 -1.5629 -0.5716
-5.5066 11.6920 1.9354 12.0032
-1.5629 19354 0.4839  0.2728
-0.5978 6.5757  0.2728  250.0000

Our attention is directed toward the marginal density functions of N, I, and R, which is expressed as follows:

=107

0D, _w-166672 9D _u-033332 9,  (R=0.0833)>
—— =53.7610e 1037 | —— =36.8949¢ 2387 | —— = 181.3653e om0 |
ON ol OR
80 T T 80 T T 250 T T T
= Histogram fitting curve = Histogram fitting curve = Histogram fitting curve
~—Margin density function ~—Margin density function = Margin density function
70 h 70
200 [
60 - h 60 -
50 h 50 - h
150
40 ﬂ 7 40 7
100
301 7 30
201 h 20 h
50 -
10 h 0 h
0 : 0 : 0
16 1.65 17 1.75 0.25 0.3 0.35 0.4 0.07 0.075 0.08 0.085 0.09 0.095
N | R

Figure 7. The frequency histogram fitting curves and marginal density function curves of N,
I and R with a=0.1.

Value

0.2 -

T L L L L
0 50 100 150 200 250 300 350 400
Time

Figure 8. The sample paths of S (¢), I(f) and R(¢) of system (1.7) with a =0.3.
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Figure 7 plots the frequency histograms fitting curves and marginal density functions curves. It
indicates that the marginal density functions curves and the corresponding frequency histogram fitting
curves exhibit coincidence.

Example 5.2.2 (Extinction) As illustrated in Figure 5, the disease becomes extinct when a €
(0.2005, 0.5]. Figure 8 presents the solutions S (7), I(¢) and R(¢) of system (1.7) with a = 0.3. The results
show that the numbers of infected individuals and recovered individuals converge to zero.

5.3. The impact of

This part will explore the influence of the transfer rate 77 from the infected individuals to the susceptible
individuals on disease transmission of system (1.7). Assume that the parameters are given by

A=02,d=01,y=0.1,a=0.1,c=001,=05,K = 1,0 = 0.1.

1.6 -

141 b

121 Extinction ]

"o B ittt et \ =
1
= ! .
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1
0.4 ] —
1
1
0.2 ! B
1 0.2913
0 I I I I I L I I I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 9. The trend of R with 7 € [0,0.5].

The trend of Rj; with different 7 € [0, 0.5] is presented in Figure 9. Specifically, if € [0, 0.2913),
system (1.7) will admit at least one stationary distribution and the solution follows a normal density
function; if n € (0.2913,0.5], the disease will be extinct. Four cases are considered: (1) n = 0.1; (ii)
n = 0.2; (i) n = 0.3; (iv) n = 0.4. Figure 10 depicts the corresponding computer simulations for
the stochastic solutions S (¢), I(¢), and R(¢) with different n. It implies that the disease of system (1.7)
will persist under cases (i), (ii) and will be exponentially extinct under cases (iii), (iv). One draws the
conclusion that large n plays a significant role in curbing the spread of the disease. In case (i), there
exists a density function @, ~ N4((1.4685,0.5315,0.0266, log 0.5),22), where

1.8068 —1.8068 -0.1088 -—0.6300
-1.8068 5.4774 0.1457 6.9300
—-0.1088 0.1457 0.0073  0.0577
—-0.6300 6.9300 0.0577 50.0000

2=10"
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Figure 10. The sample paths of S(7), I(#) and R(f) of system (1.7) with n =0.1, 0.2, 0.3, 0.4.

40

1 2
Time x10%

301

251

201

10+

[_IFrequency histogram
——Margin density function

y

0
14

Figure 11. The histograms and marginal density functions of N, I and R with n=0.1.
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We derive the following marginal density functions of N, I and R
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R
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Figure 11 exhibits the frequency histograms and marginal density functions curves of N, I, and R in

system (1.7).
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5.4. The impact of K

In this part, we study the impact of reversion speed K on the long-term behavior of system (1.7). To
this end, the parameters of the system are shown as follows:

A=02,d=0.1,7=0.05,y=0.1,a=0.1,¢ = 0.01.

Example 5.4.1 (Persistence) To guarantee the persistence of the disease, we set (5,0) = (0.3,0.5).
Three cases of reversion speed are selected for analysis: (i) K = 1; (ii) K = 2; (iii) K = 3. By calculating
the value of Rj in these cases, we find that the results are 1.9668, 1.9448 and 1.9376, which all meet
the important condition, that is, R > 1. Figure 12 demonstrates the time evolutions of S(7), 1(z), and
R(t) of deterministic system (1.1) and stochastic system (1.7) under the above cases. It is possible to
observe that the solution of the stochastic model approaches that of the deterministic model as the speed
reversion increases. According to Theorem 3.2, when K = 1, the solution follows the normal density
function @, ~ Ny((1.3725,0.6275,0.0314, log 0.3),5;‘), where

1.0023 -1.0023 -0.0621 -0.5380
-1.0023 3.6569 0.0859 5.9182

=107
—0.0621 0.0859 0.0043  0.0493
—0.5380 5.9182 0.0493 45.0000

. 1 T 0.06 i
—K=1 —K=1
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0.1
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Figure 12. The sample paths of S (¢), I(¢) and R(¢) of deterministic system (1.1) and stochastic
system (1.7) with K =1, 2, 3.

Clearly, it has the following three marginal density functions

N-1.3725)% 1-0.6275) R-0.0314)2
0% _ 1260140 50, 208 _ 650710555, 08 _ 19p 47100 5T
N ol dR
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We run the numerical simulation 200,000 times and plot the marginal density functions and frequency
histograms of N, I and R. The results are shown in Figure 13.

18 i , , 12 " " " . , ,
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Figure 13. The histograms and marginal density functions of N, [ and R when K=1.
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Figure 14. The sample paths of S (¢), I(¢) and R(t) of system (1.7) with K =1.5, 2.5, 3.5.

Example 5.4.2 (Extinction) We rechoose (8,0) = (0.8,0.2). When K = 1.5,2.5,3.5, the simple
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calculation obtains the value of R; = 0.8558,0.8201,0.8052. It implies that the disease of system (1.7)
will die out in a long term. Figure 14 presents computer simulations for the numbers of susceptible
individuals S, infected individuals /, and recovered individuals R with K = 1.5,2.5,3.5.

One can see that stochastic fluctuation will go up with small K from Figures 12 and 14. It means that
speed reversion has a great destabilizing influence on the spread of the disease.

5.5. The impact of o

In this subsection, we will delve into how volatility intensity o affects the long-term stability of
system (1.7). The parameter values for numerical simulations are shown as follows:

A=02,d=0.1,7=0.05y=0.1,a=0.1,c=0.01,K = 1.

Example 5.5.1 (Persistence) Let § = 0.5. We choose three cases of the volatility intensity: (i)
o = 0.1; (i) o = 0.2; (ii1) o = 0.3. In each of the aforementioned cases, the value of R; is
calculated to be 1.9279, 1.9424 ,1.9668, which all satisfy Rj > 1. Figure 15 presents the solutions
of S(t), I(t), and R(¢) in stochastic system (1.7) and the corresponding deterministic system. It can
be seen that the solution of the stochastic model closes to that of the deterministic model when
volatility intensity is small. In addition, according to Theorem 3.2, we can investigate the probability
density function near the positive equilibrium. When o = 0.1, there exists a density function @3 ~
N,4((1.3725,0.6275,0.0314,10g 0.5), £3), where

1.1136 —-1.1136 -0.0689 -0.5978
-1.1136 4.0632  0.0955  6.5757

3 =10"

* —0.0689 0.0955 0.0048 0.0548

-0.5978 6.5757 0.0548 50.0000
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Figure 15. The sample paths of S (¢), 1(¢) and R(¢) of deterministic system (1.1) and stochastic
system (1.7) with o =0.1, 0.2, 0.3.
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In order to further deepen our understanding of the properties of density function, we calculate three
two-dimensional joint density functions. Figure 16 provides an intuitive view of ®3(N, I), ®3(N, R) and
®;(I, R). The specific expressions of joint density functions are shown as follows:

@3(1\7 I) = 878 14_576—6184.9530(N—1.3725)2—3390.2687(N—1.3725)(1—0.6275)—1695.1344(1—0.()275)2

(i)?’ (N R) = 67098 84406—42423.5402(N—1.3725)2—1225443.3341(N—l.3725)(13—0.0314)—9896941.9808(R—0.0314)2

(i)g,(l R) = 15696 16026—2321.4732(1—0.6275)2—92858.9277(1—0.6275)(R—0.0314)—1976014.2268(R—O.0314)2

600 +

1.38 T 0.65 0.7

14000
12000
10000
8000
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Figure 16. The 3D graph (left) and 2D graph (right) of the joint probability density functions
®3(N, 1), B3(N, R) and O3(1, R).

Example 5.5.2 (Extinction) To visually demonstrate extinction phenomenon of the disease, we choose
B = 0.2 and calculate directly the value of R;. When o = 0.3,0.6, 0.9, the results are 0.7867, 0.8417,
0.9419. According to Theorem 4.1, the numbers of infectious individuals / and recovered individuals R
will eventually be extinct in the long term, which is supported by Figure 17. In summary of this part,
taking a closer look at Figures 15 and 17, we can observe an interesting phenomenon: the larger the
volatility intensity is, the larger the fluctuation of the stochastic solution in system (1.7) is.

From Subsections 5.4 and 5.5, we find that R; — Ry, when K — oo or o — 0. That is, the
stochastic model and the corresponding deterministic model have similar properties if reversion speed
K approaches infinity or volatility intensity o tends to zero.

5.6. The color phase diagram of R;,

The purpose of this example is to explore the influence of reversion speed and volatility intensity
on the threshold Rj;. Let A =0.2,d = 0.1, =0.1,y =0.1,a =0.1,c =001, =02,K = 1,0 = 0.3.
Figure 18 plots two-dimensional diagram of Rjj in (K, o) € [0.02,0.05] x [0.02, 0.05]. It is easy to find
that R, will rise with small reversion speed or large volatility intensity.
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Figure 17. The sample paths of S(7), I(#) and R(t) of system (1.7) with o =0.3, 0.6, 0.9.
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6. Conclusions

In the course of a comprehensive investigation into the dynamics of epidemic models, it is recognized
that the impact of environmental noise cannot be ignored. The intricate environmental conditions often
lead to fluctuations in incidence rate, which can exert a considerable influence on the velocity and extent
of disease transmission. In light of this, we assume that the incidence rate satisfies the log-normal
OU process. This paper proposes a stochastic SIRS epidemic model with standard incidence rate and
transfer from infected individuals to susceptible individuals. The main findings of this paper are listed
as follows:

e The sufficient conditions for the existence of stationary distribution and extinction of the disease are
established. There exists a threshold between extinction and persistence of the disease

R = B .

a+c+n+d
If R > 1, then system (1.7) has at least one stationary distribution. It means that the disease will persist.
If R < 1, then the disease will be extinct in a long time.
o If R; > 1, then the solution of system (1.7) near E =(N*, I', R*, log 3) has a normal density function.
Specifically,

1 _
®(N,1,R,logB) = (2) 22| 2 expl~5(N = N'.I = I'.R~ R’ log s ~ log §)

> N-NI-TI',R-R" log—logp)"].

e Numerical simulations show some conclusions: (a) Larger 8 makes the numbers of infectious
individuals and recovered individuals increase, which is not conducive to the extinction of the disease.
(b) Small disease-related death rate a and the transfer rate n from the infected individuals to the
susceptible individuals have a negative effect on prevention and control of an infectious disease. (c)
Reversion speed K and volatility intensity o are the primary factors influencing the stability of the
stochastic epidemic model. In particular, the dynamic behavior of the stochastic model is consistent
with that of the corresponding deterministic model when the reversion speed is considerable or the
volatility intensity is sufficiently minimal.

Some interesting topics deserve further consideration. On the one hand, it is well-known that time
delays can be used to describe the incubation period of the infectious disease, the period of infection of
a patient with the disease and the period of immunization of a recovering person against the disease. We
can further study a stochastic epidemic model with time delays and the log-normal OU process. On the
other hand, it is also worth it to study whether or not the method used in this paper can be applied to
other stochastic epidemic models.
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