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Abstract: In this paper, we consider an initial-Neumann boundary value problem for a two-species
chemotaxis system

&= Au—xV - (uVw) +ua; — b +cv),  (x,1) € QX (0, Tinax)s

% = Av =&V - (WWw) + v(ay — by~ — cou), (x,1) € QX (0, Trnax),

&= Aw — (u” +VF)w, (£, 1) € QX (0, Tax):

where the domain Q C R"(n > 2) is bounded and smooth, T, € (0, o], and parameters a;, b;, c;, m, [, @,
B, x,€>0withm,[ > 1,i = 1,2. In the current work, we provide a sufficient condition of global classical

solvability to the above system. More precisely, for some suitable initial data, if m > max{“(”TJrz), 1}
and [ > max{@, 1}, then the system has a global classical solution. Compared to previous work, the

existence result established here is more generalized, depending only on the nonlinear power exponents
and spatial dimensions.

Keywords: predator-prey model; classical solutions; global existence; nonlinear consumption

1. Introduction

Chemotaxis refers to the phenomenon of directional movement of cells or organisms in response
to chemical stimuli. The first system of partial differential equations with respect to chemotaxis was
established by Keller and Segel [1] from a mathematical perspective. Thereafter, considering the
influence of some factors (for instance, logistic terms [2,3], nonlinear diffusions [4—6], fluid effects [7,8],
and the consumption mechanism [9]), many more complex variants of this model have been proposed.
These models and related models also have many applications across various fields, such as ecological
population models [10], pattern formation (see [11, 12]), electrorheological fluids (see [13]), and image
restoration (see [14-16]).
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The chemotaxis-consumption system can be described as

W= Au—xV - V) + f),  (1.1) € QX (0, Toar),
% = Av — uv, (x,1) € QX (0, Tax),
% — % — 0, (x, I) € 0Q X (0, Tmax),

u(x,0) = uog(x), v(x,0) = vo(x), xeQ,

(1.1

where Thax € (0, co] represents the maximum existence time of the solution, and u and v represent
cell population density and oxygen concentration, respectively. In recent years, substantial theoretical
results have been obtained regarding the related model [17-19]. For f(u) = 0,if 0 < y < m,
Tao [20] elaborated that the corresponding system is globally classically solvable by establishing
the boundedness of a weighted functional. Baghaei and Khelghati [21] obtained the same results by

improving the condition obtained in [20] with 0 < y < m Fuest [22] considered a more

generalized system with indirect consumption effect, aa—bt‘ = Au—-V-(uVv), % = Av—vw, % = —Ow+u with

¢ > 0, and gave some sufficient conditions for global classical solvability with n < 2 or [[vo||.~@q) < %
For f(u) = au — bu* with a, b > 0, Lankeit and Wang [23] studied the influence of the size of parameter
a on the global existence of solutions, including smooth solutions and weak solutions.

As demonstrated in the above models, the mechanism of resource consumption is a linear form of
function u. However, based on the complexity of the external environment, the nonlinear dependence of
resource dissipation on the cell density function u seems to be more reasonable sometimes. Recently, a
nonlinear coupled chemotaxis-consumption problem [24] has been studied,

B — A= XV - (uVv) + EV - uVw) + au — b, (x,1) € Q X (0, Trnay),

% = Av —uv, (x,1) € QX (0, Tpax), (1.2)
%_v;) = Aw — MBW, (X, t) € QX (0’ Tmax)’

where a, b, a, 3, €, x, m are positive constants. In [24], we provided a sufficient condition on the existence
of classical solution with m > max { w, 1}. Chiyo et al. [25] studied system (1.2) involving
volume-filling effect with a, 8 € (0, 1), and provided a detailed characterization on the global classical
solvability. Afterwards, a more generalized chemotaxis system, also called the nonlinear indirect
chemotaxis-consumption system, has been discussed, and similar results on classical solutions have
been demonstrated [26].

Considering interactions between two species under the stimulation of chemical signal, we get the
following system:

= Au—&V-(uVw) + fiw,v),  (x,1) € QX (0, Tya),

D= Av =)V (VW) + A v), (.0) € QX (0, T), (1.3)
%_VIV =Aw —yw + au + pv, (x,1) € QX (0, Tima),

where «, 3,v, &, y are positive constants, and the nonlinear functions f, f, are used to characterize the
relationship between two species. For the case where fi, f> represent the competition kinetics of two
species formulated by fi(u,v) = ui(1 —u — ayv), H(u,v) = uo(1 — a,u — v) with y;,a; > 0,i = 1,2,
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Bai and Winkler [27] discussed the corresponding system in Q C R” with n < 2 and obtained the
global solvability in the classical sense. Additionally, for the case where 0 < aj,a; < 1 and yy, o > C
orl <a; < 0,0 <a <1 andyu, > C with some C > 0, the long-time behavior of solutions
was also studied therein. Mizukami [28] studied a quasilinear version of (1.3) and improved the
hypothesis established in [27] by enlarging the ranges of , u,. Later, Mizukami [29] further obtained
the improvement of conditions for the case a;, a, € (0, 1) based on [27,28]. For the higher-dimensional
case with n > 2, the global existence in the smooth sense was explored in [30,31]. If f;, f; are formulated
by fi(u,v) = pyu(l —u—ayv) and fo(u,v) = uyv(1 —v+a,u), then system (1.3) turns into a predator-prey
system involving chemotaxis mechanisms. Subsequently, for n = 3, the global classical solvability was
established in [32].

More recently, when considering both species consuming nutrients, the following chemotaxis
competition model has been investigated:

% =Au—-&V - uVw) + uu(l —u—apv), (x,1) € QX (0, Tax),

= Av—EV (VW) + (L — v — au), (x,1) € QX (0, Tay),

B = Aw — (u+v)w, (x,£) € QX (0, Trnax), (1.4)
== =0 (x,1) € I X (0, T,

u(x,0) = up(x), v(x,0) = vo(x), w(x,0) = wo(x), x€Q,

where a;, &, u; > 0,i = 1,2. Numerous research results have been obtained for such a model. For
instance, when the initial value |[wy||.~ ) satisfies suitable explicit conditions, Wang et al. [33] elaborated
that the system is globally classically solvable. And, they also explored the long-time stability of the
system. The global classical solvability of system (1.4) with nonlinear diffusion was discussed in [34].
When removing logistic terms in system (1.4), Zhang and Tao [35] constructed the existence conditions

provided that ||wy||~@) < Wiﬂ&} Ren and Liu [36] presented the global-in-time existence of weak
solutions to the model involving nonlinear chemotactic sensitivity functions under the condition that
|[wol| < w with w depending on the coefficients of system. Later, Ren and Liu [37] introduced a definition
of weak solutions and showed that these solutions would be smooth after a certain moment 7 > 0.

The forager-exploiter model can sometimes be considered as a variant of chemotaxis-consumption
model,

W= Au+EV- @V + i), (D) € QX (0, Tng),

= Av—xV - (Vi) + fo(u,v), (x,1) € QX (0, Trma), (1.5)

%V =Aw—(u+vIw—uw+r(x1), (x1) € QX (0, Thx),

where u and v stand for the foragers density and the exploiters density, respectively, w represents the
resource concentration, and r(x, t) stands for resource production rate function. Assuming system (1.5)
without logistic terms, Winkler [38] provided an explicit condition with respect to r(x, t) and initial
data to ensure the global weak solvability. Letting r(x,t) = ry with some constant ry, > 0, Tao and
Winkler [39] explored the existence of global classical solutions to this associated system for all suitably
regular initial data in one-dimensional space. For spatial dimension n > 2, if the initial data and r(x, 1)
satisfy some smallness conditions or y, ¢ are small enough, Wang and Wang [40] established the global
solvability in the classical sense for the corresponding system. In addition, if fi(u,v) = n;(u — u?)
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and fo(u,v) = (v — v?) with n;,17, > 0, Wu and Shen [41] established the global well-posedness
under the assumption that 6 > (” 2)* with n > 1. For the case where fi(u,v) = nu(l — u — a;v) and
Hu,v) = mv(l —v — axu) w1th 771, m,a,a; > 0, and the third equation of (1.5) is changed with
w,=Aw — (E'f:;:):;g Ou and Wang [42] proved the global classical solvability provided that 6 > 0.
Motivated by the aforementioned works, in the current work, we are concerned with a predator-prey

model involving nonlinear nutrient dissipation mechanisms and generalized logistic terms

‘2—‘; = Au—xV - (uVw) + u(a; — biu™ "' + c1v), (x,1) € QX (0, Tax),

g—¥ = Av =&V - (WVW) + v(ay — bV~ — cou), (x,1) € QX (0, Trhax),

%—VIV = Aw — (u® + V)w, (x,1) € QX (0, Trax), (1.6)
5= &= =0 (3, 1) € 02 X (0, Tnay),

u(x,0) = up(x), v(x,0) = vo(x), w(x, 0) = wo(x), x€Q,

with homogeneous Neumann conditions 2 5 g: = 5 = 0 on 9Q, where the boundary Q C R"(n > 2) is
smooth, v is the outward normal vector on 9Q, and the parameters a;, b;, ¢;, @, B, x,& > 0and m,[ > 1
with i = 1, 2. The purpose of the current paper is to provide a sufficient condition on global solvability in

the classical sense to system (1.6). For this purpose, suppose that the initial values u, vy, and wy fulfill
U, Vo, wo € W>(Q) with uo, vo, wo = 0,% 0in Q. (1.7)

We state the main result as follows.

Theorem 1.1. Letn > 2, a;, b;,ci,a, B, x, ¢ > 0and m,l > 1 withi = 1,2. Suppose that uy, vy, and w
satisfy (1.7). If m > max{“(”Tﬂ), 1Y and |l > max{ﬁ("Tﬂ), 1}, then model (1.6) possesses a nonnegative
solution in the sense that

(uv.w) € ()[€°10. 00): WH(@) n €' @ x (0, 0))]

k>n

which is uniformly-in-time bounded, namely, we can find C > 0 fulfilling

(-, Dllwikey + [IVC, Dllwik) + [IWE Dllwirgy < C
forallk >nandt > 0.

Comparing to the linear system explored in [33,35,36], in our conclusion we removed the dependence
on the smallness condition of ||wyl|z~), and showed that the existence conditions depend only on the
exponents m, [, @, 5 and spatial dimensions z. In addition, the logistic source terms and nonlinear resource
consumption considered here are more complicated than those in [42], thus the result established in this
paper seems to be more generalized.

The remaining structure is carried out as follows. In Section 2, we provide some preliminary results,
and introduce several useful conclusions that will be utilized in the subsequent part. In Section 3, the
proof of the main conclusion is presented.
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2. Preliminaries

In this part, we introduce some previously established results which will be useful later. We begin
with a local existence conclusion to system (1.6), and the proof can be established through the fixed
point theory.

Lemma 2.1. Suppose that Q C R" is a bounded smooth domain with n > 2, and a;, b;, c;, @, B, x, & >
0,m,l > 1 withi=1,2. For any uy, vy, and wy satisfying (1.7), system (1.6) is locally-in-time solvable
in the sense that
— 3
(1t, v, ) € () [CO0, Tman); W) 1 CH (@ X (0, Ta))]

k>n

on [0, Tyax] with Tyax € (0, +00] for all k > n. Furthermore, if Ty < 00, then

lim sup(llu(:, Dllwrx) + VG, Dllwrr) + IIWE Dllwikg) = o0 2.1
I/Tmax

Proof. As done in [43,44], let = (u,v,w) € R>. Then, system (1.6) can be reformulated as the
following triangular system:

Y_vy. AWVY) + o),  (x,1) € QX (0, Thax),

ot

% =0, (x,1) € 32X (0, Trnan), 2.2)
lp(" 0) = (u09 Vo, WO), X € Q’
where
1 0 —yu u(ay — by + cyv)
AW) = (O 1 —fv) and o(y) = {v(az — bV = cou) ]
00 1 —(u® +VPw

Since the matrix A(y) is positive definite for the given initial data, this asserts that system (2.2) is
generally parabolic. Then, Theorems 14.4 and 14.6 in [45] are applicable, and there exists a Tx >
0 such that system (2.2) admits a solution ¢ € (s, [CO([O, Tmad); WH(Q)) N CEHQ % (0, Tmax))r.
Finally, the extensibility criterion can be ensured by applying Theorems 15.5 in [45].

Lemma 2.2. (c¢f. [23,46]) Let Q be a smooth bounded domain in R" withn > 1 and any p € C 2(ﬁ) with
% a0 = 0. For any T > 0 and k > 1, there exists C = C(1,k, Q) > 0 such that

v

,0|Vpl? _
f Vo= < f Vo107l + C f VoI, (2.3)
0 14 Q Q
and
f VoP“? < 20482 + m)llpl2eq f Vo2 D%l 2.4)
Q Q

Lemma 2.3. (c¢f. [40,47]) For some m;,m; > 0 and u = min{1, g} with T € (0, c0], let z € C([0,T)) N
C'((0,T)) andy € L} ([0,T)) be nonnegative such that

loc

d -
d_§+mlzsy, tE(O’T)
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and
t+u }
f y(s)ds <my, t€(0,T — p).
t

Then, there holds m
2(t) < 2(0) + 2my + —, t€ (0, 7).
nm

3. Global classical solvability

This section is dedicated to proving the main conclusion of the paper.

Lemma 3.1. Letn > 2, and a;, b;, c;,a, B, x, & > 0,m,l > 1 withi = 1,2. Then, there exist Ky, Ky, K > 0
such that

Wl < Ko, 1€ (0, Tinax) 3.1
and
f (W+v) <Ky, 1€ (0, Tomy), (3.2)
Q
as well as
1+0
f f W" +v) < Ky, 1€ (0, Toax — 0), (3.3)
t Q

where 6 = min(1, Tz},

Proof. The parabolic comparison principle enables us to obtain (3.1) from the third equation of
system (1.6). Next, combining the first and second equations of (1.6), it is not hard to get

d
—f(czu+clv):alczfu+azclfv—b1czfum—bzclfvl, t € (0, Thax)- (3.4
dt Jg Q Q Q Q

For m, [ > 1, invoking Young’s inequality, one may derive

-bic» f u" < —(ajcy + cz)fu + C, 3.5
Q Q
and
—bscy fvl < —(acy + cl)fv + Cy, t€ (0, Thmax), 3.6)
Q Q
with some Cy, C, > 0. Collecting (3.4)—(3.6), one may deduce
d
— f(czu +cv) + f(czu +cv) C+Cy, t€(0, Thax)- 3.7

Applying the ODE comparison principle to inequality (3.7), one can conclude (3.2) directly.
Furthermore, integrating both sides of (3.4) from ¢ to ¢ + 6, we can obtain

1+6 ou ov t+0 1+0
f f(cz— +co—)= f f(alczu + acyv) — f f(blczu’" + by, (3.8)
t Q ot ot t Q t Q
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with 6 = min{1, m"*} Based on the proven conclusion in (3.2), one may see that

1+6 1+6
f f(blczu + byepVh) <f f(alczu+azclv)+f(62u+c1v) < C; 3.9

for all # € (0, Thax — 0). Thus, we finish the proof of this lemma.

Lemma 3.2. Let n > 2, and a;,b;,c;,a,B,x,¢ > 0,m,l > 1 withi = 1,2. For any k > 1, there exist
K;, K4, Ks >0 satisfying

f [Vw?k + f IVw[* < K; f w4 K, f VED L Ko, 1€ (0, Toax)- (3.10)
det Q Q

Proof. Due to Vw - VAw = 1A[Vw|* — |D*wl*, we deal with the third equation in (1.6) to deduce
Vw - Vw, = Vw-VAw—Vw-V(u“w+va)
1
= 5A|Vw|2 — ID*wP = Vw -V (uw + Pw). (3.11)

For any k > 1, we can obtain from (3.11) that

|VW|2k flvwl2k—2|D2w|2+f|VW|2k
detf Q

f VW 2AIVW]? + f IVw| — f |Vw|2k_2Vw-V(u"w+va)
2 Q Q Q
- H, + H,, (3.12)

where H, = %fg Vw2 AV + fg IVw** and H, = — fQ [Vw*2Vw - V (u"w + vﬁw). Due to the
boundedness of ||wl|;~(q) in (3.1), we employ (2.4) in Lemma 2.2 to get

fIVWIZMSC1f|VW|2k_2|D2W|2, 1 € (0, Tmax), (3.13)
Q Q

where C, = 2(4k> + n)Kg > 0. In view of (2.3) in Lemma 2.2 and (3.13), it is not hard to deduce from
Young’s inequality that

1 Vw1
o=t [ pwped™f 1 f VIVw*2 - VIV + f [Vw*
2 Jaa dv 2 Ja Q

1 k-1
< f VwP*2D?wl + f VwP* - —— f |V
4 Q Q 2 Q
1 1
< - f Vw22 D2 + — f Vw2 4 C
4 Jo aC; Jo

1
< 3 f VW2 ID*w]? + C, t € (0, Topax), (3.14)
Q

with C; > 0 and C; = (4C))*C5*'|Q| > 0. Applying the inequality |Aw| < +/n|D*w], it can be inferred
from (3.1) and integration by parts that

—f IVw[*2Vw - V (u“w + ng) = f(u“w +1PwW)V . (VW|VW|2k_2)
Q Q

Electronic Research Archive Volume 33, Issue 5, 2862-2880.



2869

= f uw +1Aw) (Aw|Vw|2’<—2 + (2k - 2)|vw|2k-2|1)2w|)
Q
<Cy f(u“ + W)V ID?w], 1 € (0, Tonax), (3.15)
Q
where Cy = (Vn + 2(k — 1)K, > 0. Using (3.13) once more, we see

1
C, f W® + V)| Vw2 |1D?w| < 1 f IVw[*72|D*w|* + Cs f (> + V)| Vw2
Q Q Q

1 1
S_f|VW|2k—2|D2W|2+_f|VW|2k+2+C6fua/(k+1)+C6fvﬂ(k+1)
4 Ja 4Cy Jq o o

1
< = f Vw2 D*w|* + Cs f u?®D 4 Cg f VED 1 e (0, Tnay), (3.16)
2 Q Q Q

with some Cs, C¢ > 0. Collecting (3.14), (3.16), and (3.12), for some C; > 0, one may get

1 d
f IVw|?* + f IVw[* < Cq f w4 o f VED 4 €5, 1€ (0, Toax)- (3.17)
2k dt o o

Therefore, we can obtain (3.10).

Lemma 3.3. Let n > 2 and a;,b;,c;,a,B,x,¢ > O0,m,l > 1 with i = 1,2. Suppose that for any
k> max{w, 1} there is Kg > 0 satisfying

t+0
f f(w“ﬁ +vi) < Ke, 1€(0,T5), (3.18)

where 6 = min{l, Tmﬂ"} and T}, .,

= Tmax — 0. Then, we can find K7 > 0 satisfying
IIVW(',I)IILQ(T@,U(Q) < K7, 1€(0, Tha)- (3.19)

Proof. Due to Lemma 3.2, it is not hard to find Cy, C,, C3 > 0 satisfying
d o
- f IVw[E D + ¢ f Vw0 < ¢, f s +vi5) + Cs, 1 € (0, Toay)- (3.20)
dt Jo Q Q

Since k >
from (3.20) that

we see that 2(-A

(+p )2('”2) — 1) > n. From (3.18) and Lemma 2.3, it is not difficult to get

a+f

251
[Vw|Z @™ < Cy, t € (0, Tiax), (3.21)
Q

with some C4 > 0. Hence, we can conclude (3.19).

Lemma 34. Letn > 2, and a;, b;,c;,a,B,x, ¢ > 0,m,l > 1 withi = 1,2. Then, we can find Kg, Ko > 0
to satisfy

lu-, Do) < Kg and |[v(-, =) < Ko, t € (0, Tnax). (3.22)
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Proof. Based on the variation-of-constants formula, one may derive

! t
v(-, 1) =e®vy — ff IRV - (WWw)ds + f e (ay — by — couv)dss
0 0
! t
="y — ff eIV - (WWw)ds + f " (apv = byV! = couv), — (ayy — byv' — couv)_lds
0 0
! t
<e™y, — ff "INV - (Ww)ds + f e ayy — byv' — couv), ds (3.23)
0 0

for all ¢ € (0, Tiax)- Therefore, one may deduce

!
VG, Dl <lle™vollimey + € fo =4V - VW),
f
+ f ||e(H)A(a2v — by — czuv)+||Lw(Q)ds
0
!
<Ci +& f "2V - VW) 0,85

0

f
+ f ||e<H)A(a2v — by — czuv)+||Lm(Q)ds (3.24)
0

for all ¢ € (0, Tiyax) With some C; > 0. From Lemma 3.3, for any k > max{(‘”ﬁ)zﬂ, 1}, there holds

IVw(., t)lle(rfi,ﬂ)(Q) < K7, 1€(0, Tha)- (3.25)
2055 Dx
245D«
the L*-interpolation inequality, we conclude from the regularization properties of the Neumann heat
semigroup (e™),so (see [48]) that

Define « > 0 satisfying n < « < Z(ﬁ —1). Lety = > n. Invoking Holder’s inequality and

!
(1—5)A
§‘f0||et V-(va)HLm(Q)ds
!
<C, f (1+(- s)—%—z*”«)e—*“—”||(vvw)||LK(Q)ds
0

!
N O BN T
<G, f (1+ @ = ) Vil sy ds
0 L ©

y-1

! 1
N Y BN T 5 -5
<G f (1+ (= )78 I, L g ds
0

I R y-1
<K} f (1+(t = )7 5)e | L o ds (3.26)
0
for all 7 € (0, Tipax), with some A, C,, C5 > 0. Let
1(#) = sup [V(:, )l 1 € (0, Tona)- (3.27)

s€(0,1)
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Dueton < k < 2(# — 1), we infer that % € (0,1) and

!
f (1 L (- s)_é_znk)e_’l(t_‘v)ds < . (3.28)
0

Thus, it can be deduced from (3.26)—(3.28) that

e[

with some C4 > 0. Letting f(y) = ayy — byy', due to u,v > 0 and [ > 1, we know that

Loy
ds < C4K[T 7 (1), t€ (0, Thax), (3.29)
L>(Q)

TNV L (VW)

a
(aav — byv' — couv), < (axv - bzvl)Jr < f((i)%), (3.30)
2

which implies

A !
f ||e(’_S)A(a2v — by — czuv)+||Lw(Q)ds < Cs f e A=Y
0 0

< C6’ te (0’ Tmax)’ (331)

(azv — b2v1)+||Lw(Q)ds

where Cs, Cg > 0. Substituting (3.27), (3.29), and (3.31) into (3.24), it can be concluded from Young’s
inequality that

Loy 1
It <C; + C4K17171(t) +Ce<Cy+ El(t)’ t € (0, Trax), (3.32)
with some C; > 0. Therefore, from the definition of /(¢), there holds

IV(, D=y < Kg, € (0, T'max), (3.33)

with some Kg > 0. In addition, based on the variation-of-constants formula, we can also obtain

! !
u(-, 1) =e™uy —)(f eIV L (uVw)ds + f I ayu — byu™ + cyuv)ds
0 0

for all 7 € (0, Tihax). Due to the L*—boundedness of v as in (3.33), we derive from m > 1 that
(aju — byu™ + cyuv), < (aju — biu™ + c1Csu), < Ky (3.34)

for all r € (0, Thhax) With some Ky > 0. Similarly, we can use the same procedures as above to deduce the
L*—-boundedness of u. Thus, we finish the proof.

Lemma 3.5. Letn > 2 and a;, b;, c;,a,B,x, ¢ > 0,m,l > 1 with i = 1,2. Then, for any k > 1, we can
find Ko > 0 satisfying

1 d

ﬂaf(qulz’%lVVIz"Hf(qu|2k+|VVI2")sKloflVWI2k+2+KloflAWI"” + Kip.
Q Q Q

Q
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Proof. Applying the same steps as in (3.11) and (3.12), we conclude from the second equation of

system (1.6) that
14 f |V + f [Vv*2|D?v? + f Vv

1
=3 f IV 2AIVY)? + & f V- (IVV*2V0)(Vy - Vi + vAw)
Q Q

- f IVVI*=2Vy - V(boV! + couv) + (an + 1) f |V
Q Q
=h+L+5L+@+1) f Vv, 1 € (0, T, (3.35)
Q

where the identity Vv - VAv = 1A|Vv[> — |D*V|* has been used. Using similar steps as in deriving H; in
Lemma 3.2, we can find C; > 0 such that

1 1
== f [VV*2AIV)? < = f IVV*2ID*)? + Cy, 1€ (0, Toay)- (3.36)
2 Ja 8 Jo
For the term I,, we can calculate that
I =€ f V- (IVV*2V) (Vv - Vi + vAw)
Q
=¢ f (VIVV*2 . Vi) (Vy - V) + & f vAW(V|Vy[*72 . V)
Q Q
+& f VY2 A0(Vy - Vw) + & f VIVVE2AvAW, t € (0, Tax)- (3.37)
Q Q
From Lemma 2.2 and (3.18), for some C, > 0 we have

f IVv**2 < C, f VW2 ID*vP, 1 € (0, Toay)- (3.38)
Q Q

In the following, we shall estimate each term of (3.37). For the first term, we infer from Young’s
inequality and (3.38) that

£ f (VIVV*72 . V) (Vy - V) = &k — 1) f IVV*4(VIVV] - V) (Vv - Vw)
Q

Q

<2&(k—1) f Vv~ D[V

1
1 6 f IV D + 16€%(k — 1)° f IV Vw)?

1
V|22 D2 fV2k+2 Cfv 2k+2
—mf"" D+ o | VPR Gy | Vu
1
<= f V2DV + C5 f Vw2, (3.39)
8 Q Q

with some Cz > 0. For the second term, we see

é f vAW(V|VV**72 . V) =£(k - 1) f VIVVP* Aw(V Vv - Vv)
Q

Q

Electronic Research Archive Volume 33, Issue 5, 2862-2880.



2873

=2¢(k - 1) fg VIV Aw((D?y - V) - V)
<C, fg IV ID?V|| AW, £ € (0, Tomay),
with some C4 > 0. Based on Young’s inequality and (3.38), the third term can be estimated as
é fg IVV*2An(Vy - Vw) < Vné fQ IV~ D?y||Vw|
sl f IVy[*=2|D*v|* + Cs f Vv V|
S— f |Vv|2k 2|D2v| i 1616’2 f |Vv|2k+2 fglVW'zmz
; f IVV*=2|D*v]* + Cg fg Vw2, 1 € (0, Trax),
with some Cs, Cs > 0. For the last term, due to (3.22), we have
é f VIVV* 2 AvAW < Vné fg VIVV* 2D Aw] < C4 fg IVv[*=2|D?v]| Aw]|
Q
for all t € (0, Thhax), with C; > 0. From the nonnegativity of u and v, we can obtain
- fg; IVV*=2Vy - V(boV! + cou)
=— byl f VENVVPR — ¢, f ulVv** — ¢, f VVy*2Vy - Vi
Q Q Q
<c f IV V| < Cy fg IVy* + Co fg IVul*, t € (0, Trax)s
Q

with some Cg, C9 > 0. By employing Young’s inequality, for some Cyy, C;; > 0, one may get

1 1
f Vv < — °C f IVv*2 4 Cyp < g f IVy*“21D*])? + C)
2 Q
1 1 _
f [Vu|* < TN f IVu|**? + Cyy sg f IVul*2|D*u)® + Cy;
2 Q

and

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

for all # € (0, Thhax). By adding up (3.40) and (3.42), for some Cy,, Cy3 > 0, we can further obtain

£ f VAW(V|VV*2 . W) + & f VIV 2 AvAw < (C4 + C7) f V%2 D] Aw)
Q Q Q

1
< - f IVVP*22ID*)? + Cyy f [Vv22| Aw]?
8 Q Q

1 1
S - V 2k=2 D2 2 + f V 2k+2 + C f A k+1
8fﬂ| VERDAE + o |V s | law
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OS]

<= f IVV*=2 D>V + C3 f AW, £ € (0, Tonax)- (3.46)
8 Ja Q
Thus, we can obtain from (3.35), (3.36), (3.39), (3.41), and (3.44)—(3.46) that
flvvl2k flvvl2k 2|D2V| +f|vv|2k<cl4f|vwl2k+2 flAW|k+l
2kd
*3 f IVul*2D*ul* + Cys, t € (0, Trmax)s (3.47)
Q

with some C4, C5 > 0. Additionally, employing the same derivation processes as above, we can also
obtain from the first equation in (1.6) that

1d
2kd f|v |2k flvu|2k 2|D2M|2 f|Vu|2kSC16f|VW|2k+2+C17f|AW|k+1
t Q Q Q
*3 f VWDV + Cis, 1 € (0, Trnax), (3.48)
Q

with some C¢, C17, C1g > 0. Thus, the desired conclusion can be deduced by adding up (3.47) and (3.48).

Lemma 3.6. Let n > 2 and a;, b;,c;,a,B,x,¢ > 0,m,l > 1 withi = 1,2 and k > max{%z("”),l},

6 = min{1, T‘g‘*} and Ty, = Tmax — 6. Then, we can obtain

190Dl st + IV D2t < K 1€ (0, Ty, (349)
with some K;; > 0.
Proof. Set
h(x,t) = —=® + V)w, (x,1) € QX (0, Tay). (3.50)
From the boundedness of ||w||;~q) and (3.18), for 6 = min{l, "‘“‘ yand T}, = Tmax — 0, we infer that

140 140 140
f f|h|a+ﬁ < Kof f(u +F)is < le f(mw +vi) + Cy < Cy (3.51)

forallt € (0,T;,), with C; > 0,i = 1, ..., 3. Let w solve the problem

> © max

%_vtv =Aw + h(x’ t)’ (X, t) € QX (Oa Tmax),

& =0, (26, 7) € QX (0, Tyar), (3.52)
w(x, 0) = wy, x € Q.

Thus, we deduce from (3.51) and [49, Lemma 2.5] that
1+0
f fIAwltHﬁ <Cy4, t€(0,T,,), (3.53)
t Q
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with some Cy4 > 0. Replacing & in Lemma 3.5 with —— — 1, we have

1

mdl f(qu|2(a+p D +|Vv|2(a+ﬁ 1))+f(|vu|2(‘”ﬁ i) n |VV|2(a+ﬁ )

< Kyo f VW[ + Ky f IAW|# + Ky, £ € (0, Ta)- (3.54)
Q Q

Invoking the Gagliardo-Nirenberg inequality (see [50,51]) and Lemma 3.1, for some Cs, Cg > 0, it is
not difficult to get

_k_ 2k
Vw5 = (V] (”ﬁ < CsIIAWIIW IIWIIEL’}Q) + Cslwll; 5,
Q Ln+ (Q) Ln+

<Cs f IAWIW + Cs, 1 € (0, Thax)- (3.55)
Q

Substituting (3.55) into (3.54), we get

1

ﬁdt f(|Vu|2(a+p D + |Vv|2((y+ﬁ 1)) + f(lvu|2(¢y+p D + |VV|2(<Y+/5’ )

<G f IAw|# + Cs, (3.56)
Q
with some C7, Cg > 0. Using Lemma 2.3, we deduce from (3.53) and (3.56) that
f (VuP @57 + [V 7570) < Co, 1 € (0, Ta), (3.57)
Q

with some Cg > 0. Thus, we can deduce (3.49).

(@+p)(n+2)
EER )

Lemma 3.7. Suppose that for any k > max{ , there is C > 0 satisfying

1+0
f f(uwﬁ + vw) <C, te(0,T; ) (3.58)

with § = min{1, ';“}and T

max

= Tax — 0, then Ty, = 00.

Proof. Due to Lemmas 3.3 and 3.6, it is not difficult to find k = 2(# — 1) > nand C; > 0 satisfying
luC, Dl + 1IVC, Dl + IWCE Dllyrig) < Cr, 1€ (0, T, (3.59)

Thus, based on Lemma 2.1, we know Ty = 0.

The proof of Theorem 1.1 Let n > 2 and a;, b;, c;, ., B, x, & > 0,m, [ > 1 with i = 1,2. We see that if
m > max{=5= “(’”2) ,1}and [ > max{'g @+2) "1}, Theorem 1.1 can be concluded from Lemma 3.7 and (3.3).
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4. Conclusions and outlook

In this paper, we consider a predator-prey model involving nonlinear nutrient dissipation mechanisms
and generalized logistic terms, and the sufficient condition for system (1.6) to have global solvability
in the classical sense has been found. Compared to previous work, we use a method of a series of
bootstrap-type arguments for some variational structures to obtain the global classical solvability of the
system, overcoming the problems caused by nonlinear terms. The novelty of this paper lies in the fact
that the existence result established here is more generalized depending only on the nonlinear power
exponents and spatial dimensions.

From a purely mathematical perspective, there are also other interesting questions related to
system (1.6) that are worth further exploration. For example, by adjusting parameters such as a;, b;, and
¢;, it can exhibit richer dynamic behaviors, such as oscillation, stable equilibrium, and bifurcation, so as
to adapt to different practical problems. We will consider these issues in our future work.
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