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Abstract: In this paper, we proposed a version of the Floquet theory for delay differential equations.
We demonstrated that very natural assumptions for control in technical applications can lead us to
a one-dimensional fundamental system. This approach allowed researchers to work with classical
methods used in the case of ordinary differential equations. On this basis, new original unexpected
results on the exponential stability were proposed. For example, in the equation x’(¢)+a(¢)x(t—7(t)) = 0,
t € [0, ), we avoided the assumption on the smallness of the product sup,¢(y ., @(#) SUp,¢fg ooy 7(7) < 3/2
for asymptotic stability. We obtained that in the case of w-periodic coefficient and delay, the fact that
the period w was situated in a corresponding interval can lead to exponential stability. We then applied
our new tests of stability to the stabilization of a drone’s flight, where smallness of the noted above
product could not be achieved from a technical point of view. For an equation with periodic coefficient
and delay, we got a formula of the solution’s representation on the semiaxis.
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1. Introduction

Designing sampled-data observers and controllers has become an important topic in the last 20
years (see, for example, [1]). The idea of so-called sampled data was used in the book [2]. In the
paper [3], it has been shown that the introduction of time-varying gains in a specific class of observers
improves their exponential convergence properties in the presence of measurement delay. Currently,
these properties are being investigated in the presence of measurement sampling. A long standing issue
1s how to enlarge the sampling intervals, see [4]. The paper [S5] provides exponential stability results for
two types of systems. The first class includes a family of nonlinear ordinary differential systems, while
the second consists of semi-linear parabolic partial differential equations. A common feature of both
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types is that the systems include sampled-data states and a time-varying gain. Sufficient conditions for
global exponential stability are formulated in terms of linear matrix inequalities based on Lyapunov—
Krasovskii functionals. The established stability results prove to be useful in designing exponentially
convergent observers based on sampled-data measurements. It was demonstrated through examples
that the introduction of time-varying gains is beneficial for enlargement of sampling intervals while
preserving the stability of the system.

In our paper, we use the idea of sampled-data observers, but on corresponding time intervals only.
This allows us to remain with a finite-dimensional fundamental system. In the cases of periodic coef-
ficients and delay, we propose a simple version of the Floquet theory for first-order delay differential
equations, which is completely analogous to the case of ordinary differential equations.

Floquet theory (originating in [6]) is an important part in the qualitative theory of differential equa-
tions. For equations with periodic coefficients, this theory allows us to get a way to represent solutions
and helps essentially in stability analysis. The foundations of Floquet—Lyapunov theory for a system
of ordinary differential equations were established in [7-11]. For equations with memory, Floquet
theory was developed, for example, in the following works. Floquet theory for integrodifferential
equations was developed in [12—14], where results on stability of these equations were also obtained.
In the paper [15], the analytical theory of infinite determinants was proposed for integrodifferential
Floquet theory. Floquet theory for difference equations was presented in [16]. It should be stressed
that the first books on Floquet-Lyapunov theory for discrete time systems with periodic coeflicients
are [17, 18]. Floquet theory for dynamical systems on time scales was intensively developed (see
the works [19-21]). A generalized Floquet theory for nonlinear systems was presented in [22]. For
delay equations, the foundations of Floquet theory were proposed in [23-25]. Note the well-known
books [26, 27], which are very closely related to our research. The idea of the semi-discretization
method (see [26, Chapter 3]) presents an approach to the finite-dimensional representation of the mon-
odromy operator. Discretization is made only in the “delay part” of the equations and not in their
“ordinary part”. The semi-discretization method is a sort of sampled data approach. It can be inter-
preted as a “way” to obtain a finite-dimensional fundamental system. The graph of the solution of
the discretized retarded equation is a connection of graphs of the solutions of the ordinary equations
forcing by constant righthand sides at intervals between discretization points. Stability conditions are
determined by eigenvalues of the monodromy operators. In the standard approach, the monodromy
operator in the case of delay differential equations was infinite-dimensional. Note also the book [27],
which addresses the problems of stability analysis, stabilization, and robust fixed-order control of dy-
namical systems subject to delays. Within the eigenvalue-based framework, an overall solution is given
to the stability analysis, stabilization, and robust control design problem, using both analytical meth-
ods and numerical algorithms, and it is applicable to a broad class of linear time-delay systems. The
authors of [27] considered stabilization as well as the design of robust and optimal controllers.

In [28], computing the Floquet multipliers for functional differential equations was developed. In
[29], unboundedness of all solutions to second-order delay equations on the basis of Floquet theory
as well as estimates of distances between zeros was obtained. In [30], an analytical approach was
proposed. It should be mentioned that an infinite-dimensional fundamental system does not allow
obtaining a full analogue of Floquet theory (for example, the assertions about passing to systems with
constant coeflicients [24]). Note several papers on applications of Floquet theory to delay equations.
In the paper [31], the authors discussed the properties of Floquet exponents for delay linear periodic
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systems with constant delays and a new cholera epidemic model with phage dynamics and seasonality
was considered. Necessary and sufficient conditions of stability in the case of constant delays and
triangular matrices of the coefficients were proposed. Generalized Floquet theory with application to
dynamical systems with memory and Bloch’s theorem for nonlocal potentials was proposed in [25].

The main goal is to propose a version of the Floquet theory for first-order delay differential equations
in a form that the one-dimensional fundamental system is preserved. One-dimensional fundamental
systems allow us not only to study stability but also to obtain formulas of solutions’ representations.
The standard approach through infinite-dimensional fundamental systems does not lead to suffciently
simple formulas of solutions’ presentations and, as far as we know, is used only for analysis of the
Floquet multipliers and stability on this basis. One-dimensional fundamental systems allow us to
avoid the standard assumption on smallness of the delay (see inequality (32) below, which comes
from the classical books [24, 32], and in the general case continues to be very essential). However,
these classical assumptions are not necessary, and we propose a way to avoid them through the use of
the Floquet theory in our version. We not only consider variable delays, but also avoid the principal
assumptions on smallness of a product of coeffcient and delay. In previous results, as far as we know,
it was demonstrated that, in the corresponding cases, the constants estimating this product could not be
increased. After our results, it is clear that conditions on the smallness could not only be improved but
even avoided altogether.

We propose a one-dimensional version of Floquet theory for delay differential equations of the first
order. We obtain Floquet formulas to represent solutions. Taking into account the fact that modern
computer methods solve equations with simple delay (and these are the ones used in modern appli-
cations) on any finite interval, this gives us the opportunity to obtain solutions on the semi-axis. One
of the results of the new possibilities that have opened up is that the tests of stability we obtained are
significantly different from the existing ones. Researchers’ attention has been focused on increasing
the lengths of possible zones where the argument deviation (¢ — 7(¢), where 7(¢) is delay) is constant.
We shift this attention to something else. Lengths of zones where the deviation is constant can be
very small and constitute a very small part of the period of coefficients. It is only important that in
this case, it remains possible to apply the version of the finite-dimensional Floquet theory we propose.
Moreover, then only the value of the solution at the period point turns out to be important. Note that
other mathematicians are trying to develop an idea that allows one to obtain a representation of solu-
tions by somehow arriving at a finite-dimensional fundamental system. In this regard, note the recent
work [33] and the references therein. In it, the initial function is expanded into a finite sum of some
selected functions, and the solution becomes a linear combination of functions that are continuations
of these functions. The finite-dimensionality of the fundamental system is preserved, but the one-
dimensionality is not. Our results are based essentially on the fact that the fundamental system stays
one-dimensional.

Our paper is constructed as follows. Technological motivations of our studies are presented in
Section 2. A version of Floquet theory for delay differential equations is presented in Section 3.
Tests of exponential stability based on Floquet theory are formulated in Section 4. Applications to
stabilization of vertical motion of a drone’s flight are proposed in Section 4. Proofs are written in
Section 5. In Section 6, height regulations are considered. Discussion and open problems can be found
in Section 7.
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2. Height stabilization of a drone’s flight

Our main motivation lies in the task of stabilizing the height of the drone’s flight. Drone flight
control tasks have recently become key to mathematical modeling in industrial and military aviation
technology. The aerodynamic aspects of the flight of aircraft and similarly-shaped flying machines
have been developed for quite some time and are included in the basic textbooks (see, for example, the
book [34] from 1961).

With the development of technology, unmanned aerial vehicles (UAVs) have become a very impor-
tant area of research around the world in recent decades (see, for example, the state of the art in the
papers [35-38], where models of quadrotors are considered and many important references are given.
Fixed-wing drones were also developed [39]). Modeling flight of such drone motion in the form of
system of delay differential equations is described in the paper [40]. As examples of such use, we
can note our projects in this area [41-43]. In this article, we will focus only on the problem of height
stabilization for drone motion in the vertical plane. Let us now describe the process mathematically.

The flight of a drone is characterized by the following steady state parameters:

e q is the angle of attack, i.e., the angle between the longitudinal axis of the drone and the projec-
tion of the drone’s velocity on the symmetry plane of the drone,

e ¥ is the pitch angle, i.e., the angle between the longitudinal drone axis and the horizontal plane,

o V) is the flight velocity tangent to the trajectory (with respect to air),

e H, is the height above mean sea level of the drone’s flight,

e (Uy), is the wind velocity along the y axis.

Let us consider a perturbation of these steady state parameters:

VD = Vo +AV(©D, &@) = ap+Aa@®, D) = I + AD(Q),
Uy(f) = (Uy)() + AUy(f)’ H(f) = H, + AH(E)

Their normalized values are usually taken as

V(1) = AV(za1)/ Vo,
h(t) = AH(,1)/ Vo,
a(t) = Aa(z,1),

) = Ad(za1),

vy(t) = AU(741)[ Vo,

where ¢ = Ti 7, = m/[(poVpS), m is the drone’s mass, S is the area of the wings, py =
p(0)(TH(Hy)/T(0))/0=VY Ty(H) is the temperature at flight height H, T(0) and p(0) are the tempera-
ture and air density at mean sea level, and vy is the adiabatic constant. See Figure 1. The notation used

in Figure 1 is as follows:

Y is the carrying force orthogonal to the flight velocity,

V is the flight velocity tangent to the trajectory (with respect to air),
X is the resistance force opposite to V,

G is the gravitation force,
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P is the tractive force directed along the longitudinal drone axis,

H is the height above mean sea level of the drone’s flight,

9 is the pitch angle, i.e., the angle between the longitudinal drone axis and the horizontal plane,
6 is the tilting of the velocity about the horizontal plane,

a is the angle of attack.

)

sea level

\rG

Figure 1. Drone longitudinal motion.

Our basic model consists of four equations for normalized perturbations of four drone motion param-
eters with respect to four steady state values [34,40]:

V(1) + nv(t) + npa(t) + nizd(r) + nigh(t) = n,o,(0) + fi(1),

@' (1) — n V(1) + npa(t) — 9 (1) — npd@) + naah(t) = f2(),

n3 (1) + noa’ (1) + n3a(r) + 9 (1) + nzzt’ (1) + n3gh(t) = —npdp(t) + f3(0),
(1) = ngiv(t) + ngpa(t) — npd(r) = vy().

ey

In (1), we have the following controlling signals: 6,(¢) is the position of the drone central control knob,
0p(t) is the deviation of the drone control elevator, fi(¢), f2(¢), f5(¢) are random forces and random
moments of forces, and v,(¢) is the random fluctuation of the vertical component of wind velocities
along axes y. The coefficients n;;, ng, n,, ny are constant parameters obtained by linearization of basic
nonlinear equations, and they can depend on parameters of steady state motion. The values of these
constant parameters can be found in [40, Table 1].

Let us consider some simplified cases of the linear equations of motion (1) together with its stability
analysis. We suppose that dependence on a flight height on v(¢), a(z), and 9¥(f) is negligible, i.e.,
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nyy = nyy = nag = 0. This leads us to the system

VI(#) + nyv(t) + npa(t) + nizd () = npo, () + (@),

@' (1) — npv(t) + nopa(t) — ¥ (1) — npd (1) = f2(0),

n31v(1) + nod’ (1) + n3a(r) + 9 (1) + na3d’ (1) = —npdp() + f3(1),
W (1) = nyv(t) + napa(t) — npd(t) = vy(0).

2)

Let us start with analysis of system (2) for zero controlling signals and random external parameters

0,(1) = 65(2) = f1(1) = fo(t) = f3(2) = vy(1) = 0.

The first three equations for a(¢), 9¥(), v(¢) in the system (2) become independent from the fourth equa-
tion for A(7). The characteristic equation for the system of the first three equations is

pt+n np n
A(p) =| —ny p+ny —(p+ny)=0,
nsj nop + nz P2 + n33p

which can be written in the form of a fourth-order polynomial p* + ¢, p* + c;p* + c3p + ¢4 = 0. The
Routh—Hurwitz criterion for exponential stability is

C1>0, C2>O, C3>0, C4>O,
cico—c3 >0,

C1(C2C3 - C1C4) - C% > O,

and we get the exponential stability of the horizontal motion.
Let us give some real examples of a characteristic equation for a jet airplane in [34]:

pt+2.8p° +4.45p* +0.049p + 0.057 = 0.

The system described by these three first equations is exponentially stable, and its characteristic equa-
tion has the roots

p12 = —1.39853 £ 1.572591, p;4 =-0.00147 £ 0.113444,

and the horizontal motion of the drone is exponentially stable. However, motion along the vertical
direction is always not exponentially stable. We need a control for stabilization of a flight height.

Suppose that v,(7) changes at every small time interval Az, has independent random values in these
moments, has random normal (Gauss) distribution with mean value equal to zero, and standard devia-
tion equal to o,. Then, A(?) in these moments will also be randomly distributed with mean value equal
to zero and standard deviation equal to +/(A(f)?) ~ V! (here, (-) means the value over random distribu-
tion). The dependence of a(1), ¥(1), v(¢) on time is exponentially stable for these roots p; (j = 1,2,3,4).
This exponential dependence is much faster than the square root dependence of A(f) on time. So we
suppose that @'(¢) = ¢'(t) = v'(t) = 0 for time scales of height changes.

Electronic Research Archive Volume 33, Issue 5, 2840-2861.



2846

We also need a feedback control of the autopilot for stabilization of a flight height. Let us suppose
that our controlling parameters are equal to

0,(1) = aph(g(), 05(1) = agh(g(r)), gt) =1—1(1),

where 7 is time delay for a measurement of the normalized height £, and a,,, ap are controlling constants
that can be chosen by the user of the autopilot. It is natural to suppose that we get the value of A(f)
(in system (2)) for the autopilot with time delay 7(¢) = ¢ — g(¢) from some measurement devices. The
parameters 6, and Jp are control parameters (for example, steering angle) that can be chosen free
(arbitrary) by the operator of the drone. So, we can choose also these parameters as linear functions
of any variables that are known to the drone operator (measured by drone’s sensors, for example,
perturbation of height with measurement time delay with respect to desirable height a(r —7(¢))). We try
to choose the constant in this relation to get a small perturbation of 4, i.e., to get a flight of the drone
on stable height. It is not only realistic, but also the free and correct choice of the control parameter is
the basis of control and “free will” of an operator in control. From system (2), we get

niv + npa + ni3t = nya,h(gt)),
—Nny1V + Ny — n2319 =0,
n31v + nypa = —ngagh(g(t)),

W (t) — nygv+ npa — ngpt = Vy(l).

Solving the first three equations for v, @, ¥ and then substituting the result into the fourth equation, we
obtain

-1

ny R N3 npap
vy(t) = W' (t) + ah(g(t)), where a= [—n41 Ny —n42] —ny; Ny —Ny3 0 |,
ny nyp 0 —npdp

and denoting x(r) = h(t), f(t) = vy(1), g(t) = t — 7(¢), we arrive at the scalar equation
X' () + ax(t = 1(t)) = f(¢), te€][0,00). 3)

Thus, we have to study stability of the scalar equation (3) with respect to the righthand side f(¢) to
be sure that “small” errors in the righthand side do not imply “big” perturbations in the solution.
According to the classical Bohl-Perron theorem for this case, the homogeneous equation

X () +ax(t—71(@) =0, tel[0,00) 4)
must be exponentially stable. Thus, by studying stability of (4), we can get conditions for exponential

stability of the basic system (2).

Example 1. The equation
X +ax(t—1)=0, t€][0,0c0) 5)

with constant coefficient a and delay 7 represents a classical object in the theory of delay differential
equations [24,32], and it is a particular case of (4). It is known [24,32] that in the case of positive T,
the inequality 0 < ar < 7 is necessary and sufficient for exponential stability of (5). If ar > 7, then
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all nontrivial solutions of (5) oscillate and amplitudes of these oscillating solutions can tend to infinity,
and, of course, there is no stability with respect to the righthand side in this case. This situation is quite
typical in applications. It takes time 7 to receive, proceed, and send a signal to control the drone, which
can be quite long. The sensitivity of the system does not allow the coefficient a to be reduced below a
certain sensitivity threshold, i.e., the gain coefficient a cannot be, for instance, less than one when the
control device works.

Suppose, for example, that two constraints hold: T1) the delay 7 is not less than 10 and T2) the
coefficient characterizing the minimum response of the control device cannot be less than 1. Building
a mathematical model, we can now come to the particular case of (5) in the form

X +x(t—10)=0, ¢e€][0,oc0),

which is unstable. It seems that this closes the possibility of stabilization by feedback with a delay. Is
it possible to somehow stabilize this process, preserving only one control governing term and changing
to some extent only the delay in the control action, i.e., to consider the equation

X)) +x(t—1@) =0, t€][0,00), 6)

while remaining within the framework of the completely natural technical constraints formulated above
as T1 and T2? As far as we know, there is no complete solution to this issue. We propose in this paper
a solution to this issue on the basis of Floquet theory for delay differential equations. Concerning the
coeflicient a(¢) in (4): In the paper [44], it was demonstrated that a corresponding transform reduces
(4) with positive coefficient a(¢) to the equation

X+ x(g()) =0, 1e€]0,00), (7)

in which the coeflicient is equal to one.

Perturbations of the trajectory also can result in the crash of a drone (for example, because of colli-
sion with a mountain). The formula of the solution’s representation obtained in this paper could solve
this problem. It leads us to the conclusion that in real technical problems, together with analysis of
stability, estimates of solutions have to be obtained. This results in constructing the Cauchy functions,
or at least in obtaining their estimates. We deal with constructing the Cauchy functions in an upcoming

paper.
3. Floquet theorem for first-order delay differential equations

In this paper, we consider the problem

X () + Y aidx(t—7i(0) =0, 1€ [0,00) @®)
i=1
X&) =0, £<0, )]
with essentially bounded measurable coefficients a;(¢) and delays 7;(¢) > O for 7 € [0, o).
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Definition 2. We will say that (8) is uniformly exponentially stable if there exist M > 0 and y > 0 such
that the solution of problem (8) with initial condition

X&) =@ for &<ty 1 20,
where ¢ : (-0, fy) is a Borel-measurable bounded function, satisfies the estimate
Ix(1)] < Me™"™ ess sup |p(€)l, 1 = 1o, (10)

where the constants M and y do not depend on £, and ¢.

The solution of the nonhomogeneous equation
() + Y aidx(t - 1(0) = f(1), 1€ [0,00)
i=1

with measurable essentially bounded f and the zero initial function (9) can be represented [45,46] in
the form

x(t) = f C(t, 5)f(s)ds + C(£,0)x(0), ¢ € [0,00),
0

where C(z, s) 1s called the Cauchy function (in other terminology it is known as the fundamental func-
tion). For fixed s as a function of the variable ¢, it satisfies the equation

an, S) + Z ai(t)c(t - Tl'(t), S) =0, te [s, oo)

i=1

with the initial condition C(s, s) = 1 and the initial function
Ct,s)=0 for t<s.

Definition 3. We say that the Cauchy function C(z, s) satisfies an exponential estimate if there exist
constants M > 0 and y > 0 such that

IC(1, 5) < Me™™ for 0<s<t< oo

It is known [45,46] that the facts of uniform exponential stability and the exponential estimate of
the Cauchy function C(¢, s) coincide in the case of bounded delays.

The coefficients and delays in the frame of Floquet theory are assumed to be periodic with a corre-
sponding period w, i.e., the equalities

ai(t + w) = a(t), T(t+w)="1i(t), tel0,00) (11
are true. To obtain a version of Floquet theory, we assume also that
t—17()>20, te0,w], i=1,...,m. (12)
We want to find solutions satisfying the equality
x(t + w) = Ax(¢). (13)

The following assertion can be considered as an analog of the Floquet theorem about the presentation
of the solution for delay differential equation (8).

Electronic Research Archive Volume 33, Issue 5, 2840-2861.



2849

Theorem 4. Let conditions (11) and (12) be fulfilled. Then, in the case of A # 0, every solution x of
(8) can be represented in the form

x(t) = D(1) exp {m A } (14)

—t
w

where the function @ is w-periodic if A > 0 and 2w-periodic if A < 0, and in the case of 1 = 0, in the
form

(1) = {y(t) if 0<t<ou, (15)

0 if t>w,
where y is a solution of (8) on [0, w]. The function ® in (14) can be defined by the formula

D(1) = exp {M(wk - t)}y(t —kw) for te€ (kw,k+1Dw], k=0,1,2,....

w

Theorem 5. Let conditions (11) and (12) be fulfilled. Then, (8) is uniformly exponentially stable, if
and only if, the solution y of (8) on [0, w] such that y(0) = 1 satisfies the inequality |y(w)| < 1.

Remark 6. Note that the equality 4 = 0 in (13) implies that the solution y satisfies the condition
y(w) = 0. This case and the case of 1 < 0 are impossible for the ordinary differential equation

X (@) +alt)x(@®) =0, te€][0,c),

for which A > 0, since its general solution is

x(t) = x(0) exp {—f a(s)ds} >0 if x(0)>0.
0

f a(s)ds > 0,
0

it is clear that x(w) < x(0), and this implies that A < 1. The solution x satisfies x(#) — 0 for t — co. In
the case of

In the case of

f " a(s)ds < 0, (16)
0

the solution x satisfies x(f) — oo for t — o0. In the case of

fw a(s)ds =0,
0

the solution is an w-periodic function. In the case of the delay equation
X () +a(t)x(t —1(t)) =0, te€]l0,00), a7
the behavior of solutions can be more complicated.
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Example 7. Consider (17), where

-1 if 0<r<0.5,
a(t) = .
1 if 05<tr<l1,

0 if 0<t<0.J5,
t—1(t) = ]
0.5 if 05<r<1,

at) =a(t—1) and 7T(®)=7@-1) for r>1.

Its solution satisfying the initial condition x(0) = 1 is

1 +¢ if 0<tr<0.5,
%_%t_%) if 05<t<l1,
2430-1) if 1<t<]1.5,
9 _9(s_3 f 1.5<r<2,

x(0 =¥ 89( 2) 1 (18)
T+ (t=2) if 2<t<25,
g_;_g_;(t_g) if 25<t<3,
d+E1r-3) if 3<t<35,

and it is clear that 0 < x(r) < 1 for ¢ > 3.
Let us choose now w > 1 and consider the equation
YD) + a0yt = 7,(0) = 0, 1€[0,) (19)

such that

a,(t) =a(t) for te€[0,w] and a,(t) =a,(t—w) for t>w,
T,() =71 for te[0,w] and 7,0)=71,(f—w) for t>w

and find its solution satisfying the initial condition y(0) = 1. It is clear that the solution y of (19)
coincides with the solution x of (17) on [0, w]. If we choose w € (%, %), then y(w) > 1 and y(¢) — oo
ast — oo. Ifw € {‘3—‘, %}, then the solution y of (19) is periodic. If w € (1, %) U (%, oo), then y(w) < 1,
y(t) — 0ast — oo, and (19) is exponentially stable. Thus, we see that condition (16) can be fulfilled,

but the solution y satisfies y(r) — 0 as t — oo, and (19) is exponentially stable.

Remark 8. We see that the analysis of the uniform exponential stability is reduced to verifying the
inequality |y(w)| < 1 for the value of the solution y at the point w. For standard delays used in applica-
tions, we can compute the value y(w). The conditions (11) and (12) look natural in applications. Our
aim in stabilization by the control u(¢) = —a(#)x(t — 7(¢)) with a(t) and 7(¢) satisfying conditions (11)
and (12) is to obtain stability of (17).

Remark 9. Let us look on the period w as a parameter. This parameter is used in conditions (11) and
(12). Where can this parameter be taken on the semiaxis? Let us introduce the condition

Electronic Research Archive Volume 33, Issue 5, 2840-2861.



2851

(A) the delay in (17) is such that r — 7(¢) is a nondecreasing function and a(t) z 0.

If the solution x of (17) oscillates on the semiaxis ¢ > 0, then there exists an infinite number of intervals
(@, B,) such that |x(¢)| < 1 for t € (a,,8,). It is clear that in the case of

we [ (@B,

n=1,23,...

we achieve exponential stability of (17) satisfying conditions (A), (11), (12). Thus, the use of Floquet
theory avoids the classical limitations of the form 0 < ar < 5 for (5) with constant coefficient a and

delay 7 [32] or ft ;(I) a(s)ds < %, where a(t) 2 0 for (17) with variable ones [47].
Remark 10. Consider (7) in which

g(t):% for n<t<n+l, n=0,1,2,.... (20)

The delay in this case is 7(t) = t — g(¢), and it tends to infinity as t — oco. The solution of (7) with
g(t) defined by (20) can be computed on every finite interval [0, w] as x(¥) = x(n) — fn ' x(%) ds. This
solution to (7) oscillates with amplitudes tending to infinity as t — oo. Let us construct now the w-
periodic delay as 7,(f) = t — g(¢) for t € [0, w) and 7,(¢) = 7,(t — w) for t > w. It is clear that (7) with
g(?) defined by (20) and the equation

X +x(t—1,08) =0, te]0,00) (21)

coincide on the interval [0, w] for every w > 0. If the solution x starting with the initial condition
x(0) = 1 satisfies the inequality |x(w)| < 1, then (21) is exponentially stable, according to Theorem 5.
Existing tests of stability based on a “smallness” of delay cannot be applied here. Where can such
values of w be taken from? Remark 9 explains the existence of an infinite number of possible intervals
for w. The first two of them are (0,2.125) and (19.5,21.755). Thus a combination of sampled data,
allowing us to solve equations on every finite interval, with Floquet representations opens absolutely
new possibilities for stabilization.

4. Stability based on Floquet theory

In this section, we consider equations with constant coefficient a and “almost constant” delay 7(¢).
We explain in Remarks 12 and 13 why our assumption on the delay 7(f) appears natural from a tech-
nological point of view. We propose very unusual tests for exponential stability. In these tests, the
classical (3/2) stability condition of A. D. Myshkis [32] and T. Yoneyama [47] does not appear at all.
A condition on the period of w of the delay is proposed instead. It should be noted that this condition
does not assume a smallness of the period w.

Let us take constant positive coefficient a and delay 7(¢) which is constant on the interval [7, w] and
such that condition (10) is fulfilled on the interval [0, 7]. The conditions of Theorem 5 are satisfied
now. We propose the following assertion, which will be proven in Section 5 below on the basis of
Lemmas 18 and 19.

Theorem 11. Let a(t) = a > 0,
t f 0<t<m,
(1) = { / o (22)

T if 7T<t<w
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7(t) be continued as a periodic function for all t > w, i.e., T(t) = 7(t — w), and

k n_n
S - ner| <l k-Dr=es<kn k=123, 3)

n=0 n
Then, (17) is uniformly exponentially stable.

Let us come back now to the equation described as a model in Example 1.

Remark 12. The condition (22) is fruitful under the following physical conditions: Suppose we have
two measurement devices. The first one measures x(¢) in (17) with the time delay 7. We know from
the previous considerations [24,32,45,46] that, using only this measurement device for the autopilot’s
operation, results in instability of x(z) for “big” time delay ar > 7. So, we need to add the second
measurement device that makes measurements with zero time delay, but only at discrete time moments
with the time interval w between these time moments. We use the second device measurement (for the
autopilot) during time [kw, kw + 7] and the first device measurement during time [kw + T, (kK + 1)w].
By such a way, we can get conditions (22). Theorem 11 can give uniform exponential stability in this

case.

Remark 13. In the case when we do not have the second device making measurements without delay,
there is a simple technical possibility to arrive at (6) with w-periodic delay satisfying (22), where
7 = 10. The Newton—Leibniz formula and substitution of the derivative from (6) lead to

lx()] =

(24)

x(t—10) — f x(s — 10)ds

-10

x(t—10) + f x'(s)ds

-10
which can be realized technically since we know the values of x(s) for all s < ¢— 10. Let us verify the
inequality

Ix()] = < x(0)].

x(t—10) — f x(s — 10)ds

-10

If the solution x of (6) oscillates on the semiaxis ¢ > 0, then there exist an infinite number of intervals
(v, B,) such that |x(¢)| < 1 for ¢ € (a,,B,). It is clear that in the case of

we [ (@B,

n=1,23,...

we achieve the exponential stability of (6) satisfying condition (22).
Now let us choose w from one of these intervals. Then,

x(w) = x(w —10) — fw x(s — 10)ds. (25)
w-10

Let us add to the process of building control a so-called “predictive” character. In constructing a
feedback control, we do not have to wait for the moment w in order to know the value of x(w) and can
use the value calculated by formula (25). We suppose that the values of x(s) for s < w — 10 are known
when we calculate x(¢) for ¢ > w, and this satisfies the constraints T1 and T2. This w can be chosen as
the period, and the delay can be

t—wk-1) if wk-1)<t<wlk-1)+10,

= 2
0 {10 if wk-1)+10 <1< wk, (20)
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which is w-periodic and the condition (22) is fulfilled: It is clear that (26) and (22) with w-periodic
continuation of 7(¢) coincide. Inequality (23) gives us such w. The oscillation of the solution (see
passage around formulas (24) and (25)) explains that such w exists. In the case of nonoscillating
solution, we have a fact that the solution is nondecreasing and x(w) < x(0) = 1, and inequality (23) is
fulfilled for every w.

Remark 14. We can find suitable intervals for w such that condition (23) holds. In the case of the Eq (5)
considered in Example 1, we construct (6), where 7(¢) is defined by (22).

Corollary 15. If 7(¢) is defined by (22) with T = 10, then (6) is exponentially stable if

w € (30.106,30.167) U (44.8064,44.8146) U (59.4862,59.4873)
U (74.16643,74.16657) U (88.8454369, 88.8454563) U - - - .

Proof. The proof follows from calculating the sum in (23) and verifying the inequality required in (23).
O

We can take a finer division of intervals for w to achieve more precise intervals within the union.
For any N, we can choose a division such that the number of intervals M is greater than N.

Remark 16. (On optimizing the choice of w for maximizing the rate of decay of the solution to zero at
infinity). The lefthand side of inequality (23) is |A(w)|. Formula (14) indicates the role of A(w) in the
solution’s representation.

Table 1. w and decay rate values.

w 30.106 30.112 30.125  30.135  30.137 30.153  30.167

A 0.99657  0.8046 0.3877  0.00659 0.0014 -0.5156 —0.9699

@b _0.00011 -0.00721 -0.0314 -0.0902 -0.217 -0.0219 -0.00214

w

Thus, we see that an appropriate choice of w can increase the rate of convergence of the solution
to zero when ¢ tends to infinity. In Remark 12, we noted that the use of only one measurement device
with large constant delay cannot achieve stability. In the corresponding case, the second measurement
device, which makes measurements without any delay, but only in discrete time moments, could be
added. We can increase w by lengthening the time intervals between measurements. From a practical
point of view: To make the next measurement by the second device not immediately after the previous
measurement, but to introduce a corresponding break between two measurements of the second device.
This simple step could, as our examples demonstrate, increase the speed of stabilization of the process

x(1).
Corollary 17. Let 7(¢t) be defined by (22), with T = 100. Then, (6) is exponentially stable if

w € (115.036, 115.177) U (238.23529, 238.23864) U (364.05305, 364.05309) U - - - .
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The optimal choice of w, as we see from Table 1, is approximately at the center of the intervals for
possible w, in which the exponential stability is achieved, as noted above in the remarks. Using clas-
sical methods to approximate the roots of the polynomials describing the solutions, we can determine
these w with high accuracy. Selecting w approximately equal to one of these roots will maximize the
rate of the stabilization process.

5. Proofs

Proof of Theorem 4. The space of solutions to (8) under the condition 7;(f) < tfori =1,...,m is one-
dimensional according to the general theory of functional differential equations [45,46,48]. Periodicity
of the delay 7;(f + w) = 7,(t) and the inequality 7;(¢) < ¢ imply that kw < t — 7(¢t) < (k + 1)w for
t € [kw,(k + 1)w] and for every i = 1,...,m, k = 0,1,2,.... This and periodicity of the coefficients
ai(t + w) = ai(t) fori = 1,...,m imply that the function x;(¢) = y(¢t — kw), where y is the solution of
Eq (8) on [0, w], satisfies this equation on the interval [kw, (k + 1)w] for every k =0, 1,2,....

From the equality x(f + w) = Ax(%), it follows that

x(kw)| = 1x((k = Do)l = [[1x(k = 2w)| = ... = []lx(0)],
and, consequently,

x(6)] = Aot — k)| = exp {In (|A1)} I (z - kaw)|

In (|2
= exp{ ! (l | ) . kw} [y(t — kw)| = exp {kizl/u . kw} [y(t — kw)|

kw

In|a
:exp{% -kw} V(= kw)| for 1€ [kw, (k + Daw].

To complete the proof, we have to obtain that ®(¢ + w) = ®(¥) in the case of 4 > 0 and (7 + 2w) = D(¢)
in the case of 1 < 0.

We have two representations of the solution x: |x(¢)| = exp {1“ Z kw} [y(t—kw)| and (14). Comparing
these representations, we can obtain the function

|D()| = exp {L(wk - t)} [y(t — kw)| for t€ [kw,(k+ Dw].

We can write

|D(f + w)| = exp {—l (wk — (1 + a)))} y(t + w — kw)|
In|A
{M< k- (i + w))} Ayt — ko)

m(a)k (t+ w))} exp {% a)} [y(t — kw)|

= exp {L( k — t)} W(t = kw)| = |D()].

If 2 > 0, then it follows from the equality x(f + w) = Ax(¢) that ®(t + w) = O(¢). If 1 < 0, then
®(t + 2w) = O(¢). This completes the proof of the Floquet formula (14). O
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Proof of Theorem 5. The conditions (11) and (12) imply, according to Theorem 4, the existence of
positive constants @ and N such that |C(z,0)| < Nexp(—at) for t € [0, 00). This implies |C(¢, nw)| <
N exp(—a(t — nw)) for t € [nw, o) and for every n = 1,2,3,.... Conditions (11) and (12) imply that
C(t,s) = C(t,nw)C(nw, s) for (n — 1)w < s < nw and t > nw. It follows from the assumption that all
a;(t) are essentially bounded functions (see the description of the coefficients a; after (8)) that

esssup |C(t,nw)| = m < oo.

(n-1w<s<nw

Thus,
|C(2, 5)| = |C(t, nw)C(nw, )| < mN exp(—a(t — nw)).

This completes the proof. O

To prove Theorem 11, let us start with the following auxiliary assertion. Consider the equation
X +ax(t—1)=0, t€][0,0) 27)
with positive constant coefficients a and 7, the initial function

x(&) =0, ¢€[-1,0), (28)
and the initial condition
x(0) = 1. (29)
Lemma 18. The solution of problem (27)—(29) can be represented by the formula
k

x(t):Z(_l)nan(t—nT)”, kr<t<(k+Dr, k=0,1,2,.... (30)

|
n=0 n

Proof. We obtain (30) by computing the solution step by step in each of the intervals [kT, (k + 1)7],
k=0,1,2,.... On [0, 7], we have
x()y=1 for te]0,7].

On [71,271], we have

x(1) = x(1) + f xX'(s)ds = x(1) + f(—a)ds =1-a(t-1).

On [271,371], we have

x(t) = x271) + f X' (s)ds =xQ2t)—a | [1—-a(s—27)]ds
27 27

a2
=l-a(t-71)+ E(t - 27)%.

On [371,47], we have

!

x(®) = x(37) + f x'(s)ds = x(37) — af
3

T 37

az
[1 —a(s-27) + 7(s - 37)?|ds
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2 3

:l—a(t—T)+%(t—2T)2—a—

3'0—37)3.

On [47,57], we have

!

x(?) = x(41) + f x'(s)ds
4

T

t az a3
= x(47) — af [1 —a(s —27) + —(s — 31)2 — —(s — 47)° | dss
4 2 31

T

2 3 4
1 a ., 4 a3 44
=l-a(t-71)+ 2!(t 27) 3!(t 31)° + 4!(t 47)".

By induction, we come to formula (30). This completes the proof. O

Lemma 19. Let a(t) = a > 0, 7(t) be defined by the condition (22) and continued as an w-periodic
function for all t > w, i.e., T(t) = T(t — w). Then, the solution of (4) satisfying initial condition (29) has
the representation

k n,n
x(t)ZZ(_il)'a(t—(n—l)T)n, k-Dr<t<kr, k=1,2,3,..., te|[0,w]. 3D
n=0 '

Proof. From the definition of the delay 7(¢) by formula (22) with periodic continuation, it follows
that the solutions z of (27)—(29) and x of (4), (29) satisfy the equality x(#) = z(f + w), which holds for
t € [0, w]. Making shifting on 7 in the left direction, we pass from formula (30) to (31). This completes
the proof. O

Proof of Theorem 11. This follows now from Theorem 5 and Lemma 19. O
6. Calculations concerning height regulation of a drone’s flight

We now calculate the coeflicient a in the equation of height regulation of the drone in Eq (3). We
substitute real data [40] into the system:

ny; =0.024, npp =-0.11, n;3=0.2,
ny =—-04, np=24, ny3=0,
ny =0, n3p =38, n3 =245,
ng=49, n,=0.022, ny =0, nyp=1

Additionally, let ag and a, be arbitrary coefficients selected for their relevance to control and their
generation by the user. To solve (3) and to find the coefficient a, we have

—npapg nynpdp

h(g®), v =——"—h(g(®)),

n3; 21132
nippnpdp NN Npdp

)

h(g(1)).

=|n,a
p*p
nsp ny1nsp
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Now, substituting this into —nyv + ngpa — ngpd = ah(g(t)), we obtain

_ —49-aB
38

—0.11-49-a5 0.024-2.4-49 - ag
38 -0.4-38

a -10.022 - a, +

=775

Taking, for example, ag = 1 and a, = =¢>

in Corollary 15.

gives us a = 1, and we come to the stability zones described

7. Discussion and open problems

System (1), describing the drone’s motion, consists of first and second-order equations, in which
we add the control terms with delay. We considered simplified cases (see, for example, equalities
niy = nyq = nag = 0). This allowed us to come to the analysis of the scalar equation of first order (4).
Other ways of simplifying will lead us to second-order equations or to a corresponding system with
delays. This raises a question about building Floquet theory for scalar delay equations of the order n
and systems of delay equations.

All previous results assumed corresponding smallness of the product, for example (see [32]),

(ess sup a(t))(ess sup 7(7)) < é, (32)
0 10 2

which gives asymptotic stability of the (17). Note that even nonstrict inequality cannot be set instead
of the strict one (see [32]). However, this condition can be very hard to reach for real technological
problems, and this excludes the possibility of the use of results assuming smallness of the product (32).
We demonstrate (see Example 1) the explanation of this situation.

Our approach opens new perspectives on the problem of stability for delay equations with periodic
coefficients. We propose a new version of Floquet theory. Its main trait is the finite-dimensional
character. This allows us to stay with a one-dimensional space of solutions.

Thus, we develop ideas of the sampled data [1-5] in the direction of Floquet theory. As a result,
we have solution representation formulas (14) and (15). Note that modern computational capabilities
(for example, Maple and MATLAB) allow us to obtain the solution on every finite interval [0, w],
which gives us the solution on the infinite interval thanks to the solution representation formulas. The
question of exponential stability is reduced to computing x(w). If x(0) = 1, then x(w) = A. Thus, the
inequality |1] < 1 gives a necessary and sufficient condition for exponential stability. Therefore, we
connect the idea of sampled data with stability through Floquet theory.

This idea can be developed for second-order equations and systems with delay. Based on Exam-
ple 7, important developments can be achieved in the direction of equations of first order with oscil-
lating coeflicient. Using the idea of the W-transform, we can obtain sufficient tests of stability for
equations with general delays. The way to achieve this is by constructing the Cauchy functions for the
corresponding equations with sampled data.
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