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Abstract: Temperature, humidity, and other environmental factors can influence the spread of diseases.
To investigate the impact of environmental perturbations and state changes on pertussis, this study
established a random pertussis model with immunity and Markov switching. This stochastic model
presented a global positive solution. Subsequently, using [t6’s lemma and Lyapunov function, we
concluded that the disease will become extinct. Then, a critical value R was introduced. It was
established that the stochastic model with Markov switching has an ergodic stationary distribution when
RG> 1, which implies that this infectious disease will persist and remain prevalent. Some examples are
presented to further substantiate our theoretical conclusions.
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1. Introduction

Pertussis, commonly recognized as whooping cough, is an extremely contagious respiratory infection
caused by Bordetella pertussis bacteria [1]. The infectious disease is primarily spread through direct
contact, such as respiratory droplets. It primarily affects the respiratory system and is characterized
by severe coughing. Pertussis predominantly affects infants and young children but can also impact
adolescents and adults, often leading to severe complications, particularly in vulnerable populations.
The early signs of pertussis resemble common cold symptoms and are easily misdiagnosed. Therefore,
it is difficult to quickly identify pertussis in the early stages. The treatment of pertussis mainly relies on
antibiotics and symptomatic treatment. Currently, there is no specific drug for pertussis, resulting in no
effective elimination of the pathogen. According to data from the Chinese Center for Disease Control
and Prevention, there were nearly 500,000 cases of pertussis infections in China in 2024.

It is worth noting that over the past six decades, injectable vaccines have become an effective strategy
to prevent diseases. Before the pertussis vaccine was widely available, pertussis caused a significant
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number of childhood deaths around the world every year. As the pertussis vaccine has been promoted
globally, the mortality rate has decreased dramatically. However, in recent decades, there has been a
resurgence in pertussis cases [2—8]. In 2014, 24.1 million cases of pertussis were reported worldwide,
resulting in 160,700 deaths among children under 5 years old, particularly in developing countries [9].
This trend can be attributed to two main factors. On the one hand, vaccination rates in developing
countries are generally low, resulting in insufficient vaccine coverage to form effective herd immunity.
Herd immunity is the idea that when enough of the population is vaccinated, the entire community
becomes more resistant to the disease, thereby protecting individuals who cannot be vaccinated, such as
newborns or those with immune deficiencies. However, if vaccine coverage is insufficient, the virus
can still spread among people, leading to outbreaks [10]. On the other hand, the immunity provided
by the vaccine is not permanent, and the effectiveness of the vaccine diminishes over time, especially
for adult and adolescent populations, where the protective effect is relatively weak. This means that
even if children are fully vaccinated, they may lose their immunity to pertussis over time, increasing
the risk of reinfection. It is also important to note that individuals who recover from an infection may
gain immunity, but that does not offer complete protection [11]. The impact of immunity on disease
transmission has gained great attention, while there are relatively few works related to immune waning.
Based on the above background, this paper focuses on a pertussis model with long-term immune waning
and natural immune boosting.

Mathematical models are essential for characterizing transmission dynamics of infectious diseases.
Over the past few decades, mathematical models of pertussis have provided important insights into
the occurrence of new pertussis cases. Tian and Wang [12] proposed a pertussis model incorporating
recessive infection, thereby laying a solid foundation for understanding the impact of latent infection
on pertussis recurrence. Given the multifaceted nature of pertussis infection, a model accounting for
multiple infection pathways was given by [13]. Research on the effects of vaccination on pertussis
dynamics has also garnered significant attention. Rozhnova and Nunes [2] focused on the long-term
trends of pertussis prior to vaccination, aiming to minimize the number of free parameters. Safan et
al. [14] established a pertussis model based on data from newborns, which concluded that symptomatic
infections can be completely eradicated through vaccination. Conversely, Aguas proposed that the
resurgence of pertussis may result from reduced transmission, independent of vaccination [15]. Most
existing studies [1, 12—15] have concentrated on deterministic models, often neglecting the influence
of environmental noise and its role in pertussis dynamics. Meanwhile, the dynamic behavior of most
epidemics (such as pertussis) is greatly influenced by random factors [16, 17]. Due to stochastic models
having advantages in adapting to complex future conditions [18-25], we apply nonlinear perturbations
[21] to a deterministic pertussis model. During the modeling process, we mainly considered the
influence of environmental factors such as temperature and humidity changes on the transmission of
pertussis. The transmission of pertussis has seasonal variations [26,27], mainly reflected in terms of
temperature and humidity. In order to more accurately capture the seasonal transmission characteristics
of pertussis, i.e., peak of infection in summer and winter, while infections in spring and autumn are
relatively rare, we introduced a Markov switching process [25] in the model, aiming to simulate the
influence of seasonal fluctuations of environmental factors (such as temperature and humidity) on the
transmission of pertussis.

As far as we are aware, up to now, a pertussis model taking both immune and random factors into
consideration has not received any attention. In order to fill this gap, this paper proposes a stochastic

Electronic Research Archive Volume 33, Issue 5, 2736-2761.



2738

pertussis model with Markov switching. We apply Lyapunov functions and the Has’minskii theorem
to analyze the pertussis model. The primary contributions and innovations of this paper are described
below:

e The transmission rate is more sensitive to the external environment. A stochastic pertussis model
with Markov switching of transmission rate is discussed in this paper. This model is an extension
of Lavine et al. [10].

e In response to the recurrence and state-switching phenomena of pertussis, it is essential to imple-
ment appropriate measures. To this end, sufficient conditions are presented to ensure the extinction
of a stochastic pertussis model with Markov switching. Additionally, considering persistence
of the pertussis is equally important. We derive persistence conditions for pertussis by proving
ergodicity.

The remainder of this paper is structured as follows: Section 2 introduces the mathematical model
and necessary lemmas. In Section 3, we establish sufficient conditions for disease extinction. The
existence of a unique ergodic stationary distribution (ESD) is demonstrates in Section 4. Section 5
shows numerical simulations to validate our theoretical results and explore the effects of random
perturbations and natural immune boosting on disease transmission. Section 6 offers a discussion of our
conclusions.

2. Model formulation

Lavine et al. [10] proposed a deterministic model that is outlined as follows:

ds
d§f> =p(1 = v) = (u+ BID)S (1) + W (1),
di@) =BS (DI(2) = (u + (),
dt
0 2.1)
=~ =nR(t) — (u + n + kBI({D))W(2),
% =KBIOW(0) +y1(0) + v = (u + MR,

where S (1), I(t), W(¢), and R(r) are the susceptible compartment, the infectious compartment, the
waning compartment, and the recovered compartment at time ¢, respectively. It is worth noting that
R(?) consists of individuals who have recently recovered or been boosted, possessing a strong immune
response. W(¢) includes individuals who maintain immunity against infection but can further strengthen
their immune response upon re-exposure «31(1)W(¢). If individuals in W(¢) are not re-exposed, they
will eventually lose their immunity entirely and revert to the susceptible group nW(¢). Besides that,
u represents the death rate, v denotes the vaccination probabilities specific to different age groups,
B characterizes the transmission rate, i represents the rate at which immunity wanes when there is
no immune boosting, y represents the rate of recovery, and « represents the coefficient for boosting.
Denoting N(t) = S(¢) + I(t) + W(t) + R(¢) as the total polulation, and on the basis of (2.1), we can obtain
dN(?) = (u — uN(2))dt. By integrating, we can get

N(@) =1+ (N©) - 1e™, (2.2)
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it will come out N(¢) < 1, while N(0) < 1.
Denote the possible region of the determinist system (2.1)

= (S @, 1), WE),R(E) e R |0 < S&) + I(t) + W) + R(1) < 1). (2.3)

The system (2.1) possesses a disease-free equilibrium point Ey = (S, Iy, Wy, Ry) = (’M, 0,

u
w"f;)z , #”Tvn). Combining the theories of Ma et al. [18] and Sahu et al. [19], the basic reproduction number

Ry of the system (2.1) is obtained as follows:
S 2
_BSo __B ((1—v)+L2
pty  (u+y) (u +m)
By applying the global stability theory of equilibrium, system (2.1) has the following threshold
dynamics:

).

Ro

e E is globally asymptotically stable [10], which implies the number of infectious will decrease to
Zero.

o If Ry > 1, the endemic equilibrium E* = (§*, I", W, R") is globally asymptotically stable and
satisfies the following equation:

S*:,U‘H’, W*:ﬁﬂ(V—l)‘F(ﬂ‘FﬁI*)(ﬂ"'V),
B nB

. (WwH+n+xBIHW*

R = ; ,

KBI'W* + yI" + uv — (u+ n)R* = 0.

The proof of asymptotic stablility of E* is similar to that in Theorem 3.2 of [20], so we omit it here.

Environmental noise is ubiquitous and can significantly impact the transmission of pertussis. The
deterministic model (2.1) has inherent limitations in accurately predicting future dynamics. Linear
perturbation, a simplifying assumption commonly employed, is commonly used to describe disease
spread [29-31]. Based on [21, 23,25, 32], we use nonlinear perturbation for the system (2.1). This
study investigates the natural mortality rate of the system (2.1) under nonlinear perturbations, such as
uS (1) = p+ (o + 08 ())S (1)dB;(t), which is given by

dS (1) =[u(l —v) = (u+BI@®)S (1) + nW(@®)]dt + (0711S (1) + 012)S ()d B (1),
dI(t) =[BS (DI(1) — (u + VID)]dt + (021 1(2) + 022)I(H)d By (1),

2.4)
dW () =[nR(1) — (u+n + «BIOYWD)]dt + (051 W) + 032) W(D)dB5(1),
dR(t) =[kBIO)W (1) + yI(1) + pv — (u + MR(@)]dt + (041R(2) + 042)R(1)dB4(1),
where B;(1)(i = 1,2, ...,4) refers to four standard Brownian motions, each independent. 0'1'21 > 0, O'iz2 >0
describe the intensities of nonlinear and linear perturbations on B;(?), respectively, i = 1,2,...,4.

According to Mao [18], the processes B;(t)(i = 1,2,...,4) are defined on a complete probability
space {Q, F, {F:}~0, P}, where the filtration {F;},5¢ is right continuous and increasing, provided that 7
contains all P—null sets.

In the actual pertussis transmission model, changes in the external environment, especially alterations
in temperature and humidity, can lead to variations in parameters. In the modeling process, fixing
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parameters cannot represent such state changes. Similarly, introducing random noise o~ cannot accurately
depict such changes. The mortality rate i, the immunity wanes 7, and vaccination probabilities v are
less affected by environmental changes, while the contact rate 8 is more sensitive to environmental
changes [33]. In this paper, we introduce Markov switching to describe the state transitions caused by
environmental changes and simplify the model by only considering the influence of the state change on
B, described in detail as follows:

dS (1) =[u(l —v) — (u+ BrO)(1))S (1) + nW(D)]dt + (11 (r())S (t) + T12(r(1)))S ()d B (1),
dl(t) =[B(r(0)S OI(t) — (1 + ID)]dt + (021 (r(OD)(2) + o2 (r(DNI([)dBa(1),
dW(1) =[nR(®) — (u + 1+ BrO) @)W (D)]dt + (031 (r()W(1) + 0732 (r(0)) W(0)d B3 (1),
dR(1) =[kB(r(NIOW(1) + yI(1) + pv — (u + MRO)]dt + (041 (r()R(1) + 042(r(1)))R(1)d B4 (1), 03)
where (r()).»0 is a right-continuous Markov chain taking values in a finite space N = {1,2,...,N}. The
following is transition probability:

qijA + O(A), lfl * j,

P{r(t + A) = jlr(t) = i} = {1 +gil +o(A), ifi=j

where the time increment A > 0, and g;; > 0 is the transition coefficient from i to jif i # j. For any
i€ N,if j =1, qi = = Xz qij- o(A) signifies limp 0 0(A)/A = 0. In addition, (r(2))»o is irreducible and
has a unique stationary distribution 7 = {|, 75, ..., 7y} € R™", which is determined by #T" = 0 subject
to Zivzl T, = 1, T, > 0.

We need to give several mathematical notations that will be used in this paper. Let an N-dimensional
vector A = (A(1),A(2),...,A(N)), assuming that A = maxes{A(K)}, A = minges{AK)}.

To investigate the dynamical behavior of the stochastic epidemic model (2.5), it is essential to
establish the existence of a global positive solution. Since S (t), 1(¢), W(t), and R(¢) represent numbers of
different kinds of individuals, these values should remain non-negative. And based on the background
of pertussis transmission, we assume u > 0,v > 0,8 >0,y > 0, > 0,7 > 0. In this section, we will
show that system (2.5) possesses a unique global positive solution.

Theorem 2.1. For any initial condition (S(0),1(0), W(0), R(0), 7(0)) € R* x N, system (2.5) admits
a unique solution (S (1), I(t), W(t), R(t), r(t)) on t > 0, and the solution will remain in R} X N with
probability one, a.s..

Proof. We omit the proof, which is similar to Zu et al. [24] and Zhou et al. [25]. O

Remark 2.1. The existence and uniqueness of the global positive solution are essential for ensuring
the reliability of predictions in the stochastic pertussis model. Without establishing these fundamental
properties, the model’s predictive power would be compromised, as multiple or non-positive solutions
could arise, leading to ambiguous or incorrect interpretations of the disease dynamics.

3. Extinction of the system (2.5)

The extinction of diseases is an important topic discussed in the field of biomathematics. In this
section, we seek to establish the sufficient conditions for the extinction of random systems (2.5). To this
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end, a value R, associated with R, is defined below
. Y miBG)
Ro = u+y+ ZN mcrzz(l)

Theorem 3.1. For any initial value (S (0), 1(0), W(0), R(0)) € Ri XN, let (S(1),1(t), W(t), R(t)) be the

solution of stochastic system (2.5). If Ry < 1 holds, then the disease of the stochastic system (2.5) will
go extinct.

Proof. Utilizing the Ito’s formula yields

2 2
d(In (1)) = (—) [Br())S (DI(E) — (u + Y)I(D)]dt — (021 (I’(t))l(gl(-i;)g'zz(r(l)l(t))

—(O'zl(r(t))l(t) + 0 (r())1(0))dB,(1)

10)
2
={B(0)S (1) — (u + + 2D 2 T2l

)dt + (o2 (r()I(1) + 022(r(1)))d By ().

Integrate both sides of Eq (3.1) from 0 to 7, we can obtain oy
1115(1) < lnI(O) N lft[,B(r(u))S(u) Sty (0'21("(”))[(2"' Uzz(r(u))z)]du N @
It (O) f B @)Nw) — (i +y 22(;(”))2 )ldu + @ as. (32)
<t (O) f 1B (w) — (u +y 22(;(”))2)]du + @ a.s

where O(t) = fo (021(r(w))l + 02(r(u)))dB>(u) is a continuous real-valued local martingale and its
quadratic variation is

(D, D), = f (21 (ru)I + o (r(w)))*du.
0

Applying the exponential martingale inequality of [18, Theorem 7.4], one gets
2 1
P{ sup [@(t) - = f (o2 (r(u)l + Jzz(r(u)))zdu] > —In k} 2
0<t<T 0

wherein 0 < € < 1, k is arandom positive number. Utilizing the Borel-Cantelli’s lemma [18, Lemma 2.4]
for every w € Q, there exists a integer k, such that all £ > k),

!
2
O(1) < gf(O'ZI(r(u))I + 0 (r(u))*du + = Ink. (3.3)
0 €
Combining (3.2) and (3.3) for all r € (k — 1, k], and letting € — 0, one has

on(r (M))2 2Ink

I Ini0
nt(t) < ( ) | f 1Br(w) — (u+y + 2 1+ £ f (01 (FT + 0 (H(10))) 2t +

In/ (0) 1 o (r(n))? 2Ink
< ; +;LW(r(u))_W+7+;LT)]dque(k—l)'
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If k > +o00, then t — +o00, one obtains that w - 0, % — 0. By combining the dominated

convergence theorem and the ergodic properties of Markov chains, one can gain

1 i 2 N i .
lim sup ;f on(r(u)) du = Z T 0'22(l)’
0

t—o00 2 i—1 2
l;, (3.4)
. 1 :
lim sup A(r(10)du = Zl miBG).
Combining (3.4) and R, < 1, we have
In/ 1 [ 2
lim sup n /) < limsup — f B-(u+y+ M)]du
) t t—o L Jo 2
YT ORI o U
i=1 l = 2 (3.5)
N . N . .
m00(1 i1 B30
:(”+7+Z ;z())[ ity Nﬁ D___y
i=1 (H+y+ 25 75)
5 mioan(i)
_ 02 5
—(ﬂ+7+;—2 )Ry — 1) < 0,
which shows lim,_,., I(¢) = 0. O

Remark 3.1. In Theorem 3.1, we utilize the property of S (#) < N(7) almost surely during stochastic
perturbations. When the external environment remains stable and the transmission coefficient does not
undergo sudden changes N = 1, R, will be a threshold result common to deterministic system (2.1) and
stochastic system (2.5). Based on R, the measures of isolating close contacts and wearing masks can
effectively reduce transmission rate and curb the spread of pertussis.

4. Ergodic stationary distribution

Whether a disease will persist is a hot topic of current research [23-25,36-38]. Based on the
Has minskii theorem [22], an endemic equilibrium does not exist in the stochastic epidemic model, but
an ESD can still exist. The ESD reflects the persistence of disease transmission within the community

[16,39].
- N nk(r%z(k) N 3[ 2 N 2
Denote ) = pu+ 20 —5— + 2\ Yoy mo11(k)o1a(k) + 2 /u* Yoy moy, (k),

2 2 2 Aae
_ N monk)  — N oz, (k) _ N oy, (k) _ pse
Mo =p+y+ 20— = +n+ 20— Ha=p+n+ 2 —5—, RS—#—Z-

Theorem 4.1. Suppose that R > 1. Then the solution (S (t), (1), W(t), R(?), r(t)) of system (2.5) has a
distinct invariant distribution regardless of the initial state (S (0), 1(0), W(0), R(0), r(0)) € Ri x N.

Proof. The diffusion matrix related to system (2.5) is illustrated by

(11(k)S? + 12(k)S )? 0 0 0
A= 0 (Uz](k)Ez + 0'22(]()E)2 0 0
B 0 0 (31001 + o3(k)])? 0

0 0 0 (041 (K)R* + o4o(k)R \/)?
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Opt for M = ming ; wriep.cr: {(T11(K)S? + 012(k)S ), (021(K)E* + 0 (K)E)?, (31(K)I + 3,(k)I)?,
(041(K)A% + 045(k)A)?} > 0, ensuring

4

Z aii(S, L, W,R)¢; =(o11(k)S? + 0 12(K)S LT + (a1 (R + 0 (KIS + (031 (RW? + 030 (k)W)*L3

i,j=1
+ (01 (KR + 0 (KRY* L3
>M||Z|P,

wherein ¢ := ({1, (, (3, 4,). Inspired by [25], we will employ the generalized 6-stochastic criterion
method. To verify condition (ii), we have the following four steps.

Step 1. For all 7 € (0, 1), here are some continuous 7-stochastic Lyapunov functions to consider:

N
=+ moy®) o B men®en®) | e S me, k)
k=1 2 -7 (1-1)?
N 2 2 .2 5
moy(k) oy k), S¢
= pEn s ) o Re(7) =2

=l M2

We observe that y; i = 1,..., 4) are all functions of the given variable 7 € (0, 1) that increase monotoni-
cally. Furthermore, it is found that

inf ;= limw; =p;, i=1,3.

7€(0,1) -0t
sup Ry(r) = lim Ri(1) = K.
7€(0,1) 0%

It should be pointed out that lim,_o+ §¢ = Se.

Step 2. To counteract the effects of nonlinear perturbations and Markov switching, we propose the
following Lyapunov functions:

2
(S +&)
Vi=-InS + E M+wl(k), Vo = —Inl + wy(k),
T
j=1

Viz —mw+ 2W D"
T

+ w3k), Vi=—-InR+ ws(k), Yk e N,

where {1, {5, 5, and &1, &, are determined by (4.2), (4.10), and (4.5). w;(k),i = 1,2, 3,4 are determined
subsequently.

Utilizing the 1t6’s formula to V;, combining

1 1
a > (a- 5)((12 + 1) and a* > 1(3612 - (@ + 1.

Electronic Research Archive Volume 33, Issue 5, 2736-2761.



2744

and (a + b)* < 2(a* + b*), we get

1 2
LYy == Slu =) = (u+BEODS + W1+ 3 S + &) w1 = v) = (u + DS + W]

=1
* (m(k)s + (k) - Z 2(5—5)2)4 1(S? + 1 (k)S) + ; G (1)
LW ok
< - 'LS—I + ’% +u+pI - UT + T + op1(k)oa(k)S + “( )S2 Z 515]7
2 fT 2( _ ) , )
Z L Sy 55 (0SS +onk)s) +ZQk1w1(l)
j= ) - leN
LW ok
<- BB apepr- T4 2 20 | L ®oa0s + “( ATIOREN Zé’fﬁ "
L0 —nonmon®S® L4730 - Do, (kS .
(+5p 21+ 5y + ;lewl(l)
W ook
<- Gl BT 720 | o o + “( ATICREN Z é’f’T
L€ - T)Uu(k)cﬁz(k)(é:—,)3 LE(1 - T)ffll(k)(&)4
- > 52 2] qulwl(l)
[1+(5)%] 41+ () i~
YR LW o (k) o, (k) ML
S-g et Pl T I (e kS + %S%;f}—’
fls””(l ~ Donk)ornk)(G - 3 §2§§+2(1 - )0, (BB3(2) - 1]
3 16 + ;lewl(l)
Choosing
2 8
_ L= 42
“TU-og ©T0-0g “
we gain
[T oW ol (k) 2u Eron(k)oa(k)
£V1S—§+§ /J+,BI—T+ > +(1_T)§1+ 3 s
8u 201, (k) .
+ 30 =05 =% * ;lewl(l)
Let Z;(k) := 7,0 2y fon®on® | 8 +§20“() Motivated by [38], due to I being irreducible,

2 (1-1)é 2 3(1-1é
for—Z)l = (Z,(1),Z,(2),...,Z,(N))", we can get a vector D1 = (wi(1),w1(2), ..., w(N)) so that the
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) ) N = .
following Poisson system Q= 2ey mZi () = Z is true, which indicates

Zik) + ) quon(l) = Z mZy(k), ke N. (4.4)

leM

Combining (4.3) and (4.4), it is clear that

N 2 N
w k 2 _ k k
LVIS_%"‘% ﬂ+ﬁl—n— Zﬂkalz()+ M +§1Zk_17TkU11( )o12(k)

s T4 T 2
+ 8u + & P ﬂko—%l(k)_
31 - )& 6

N o a 2 3N T, 0'2 o« .
In order to ensure ; 1_2’: ot SRV z“(k) p® 4 3(1§’i ):fz S 2 = 1% reaches a minimum value, we opt for
i T
, E&=23 . 4.5)
(1 =) %L mon (o) (1 =) T mo, (k)
We obtain W
By

Vif—=+—+pl—— +u. 4.6
LV, T3 B 5 tH (4.6)

Employing the Ito’s formula to V, and referring to the similar methods described earlier, we get

1
LV, = —[Bk)S — (u+y)]+ 5(0'21(101 + on(k))® + Z Graw> ()

leN
5
<-BS+u+y+ 71 + 021001 2 + Z Graw> (1) “4.7)
leN

32
1= =S + Tl + Zy(k) + == 21 2+ Z Graw>(1).

2 [eN
where Z)(k) = u+ vy + 22( ) a vector @, = (wr (1), wr(2),...,wy(N))" is chosen to meet the Poisson
system ['@, = Y, n,z2(l) — 7y, wheteZ, = (Z5(1), Z5(2), ..., Z»(N))". Therefore

T
LVZ < —,BS + 0210221 + 71 + . (48)

In light of the similar steps mentioned in (4.7), we can derive

(@51 (OW +0k)?  &nR &L -t 203, (W
31 3 32 + :I—T - 2(1 N (V_V))z . qulw3(l)

R 9

LV, S—%+u+n+/<ﬁl+
leN

2 2
oyk) o5 (k) 4R

2 + 2 W=+ =

51 -1 o3, ((E)!
- 211 (T + Z Graws (1)

R v
S—%+/,l+7]+KﬁI+5'315'32W+

leN
4.9)
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We select g
= 4.10
B30 -or (4+10)
and then derive
2 2
nR T opk) o5k, 8nR
Vi<——+u+n+«pl+ W + + w
LV; < W H+n+ KB+ 53103 2 ) 3t - 1)
03, (0BE)? - 1]
- 6 + Z gruws () (4.11)
leN
nR . 8nR o,(k) 703, (k)
<——+kpl+ W+ —m——+pu+n+ + + D).
=" W KBI + 73103 371 — 1) mrn 5 6 ;qkzm( )
L L a'%z(k) ‘rza'%l(k) - - .
etZs ;= p+n+ —5— + ——, avector d; = (w3(1), w3(2),- -+, w3(N))" can be found that satisfies
the Poisson system FD>3 = Zﬁl mZ3(l) —73, wherein _Z)3 = (Z3(1),25(2),--- ,Z3(N))". Hence
R . 8nR N omod (k) ol (k
£V3S—UW+KﬂI+5'315'32W+—3 ln +,u+n+z k;()+ 21()
(1-7) k=1 (4.12)
R, BI + 53,73, W + SR _,
=—-—+K 0310 — .
W 310732 37(1 - 1) H3
Applying the Ito’s formula to V,4, we can get
KBIW  yI  pv (41 (k)R + 0 42(k))>
£V4S—ﬁT—%—%+/l+7]+ i 3 12 + +qu1(u4(l)
leN
BIW Yl v k) &2 (4.13)
< - U+ FaFpR+ L+ ARy D).
< R R R Mt 1]+ 041042 5 ) ZkaﬂM()
leN
Define Z, = u+n+ # Using the same method mentioned in (4.4), one can obtain
BIW I 2 Mmoo, (k
£V4S—K’%—%—%+&41&42R+%R2+ﬂ+n+2 k ;2( )
k=1 (4.14)
KBIW  yI uv 52
= —ﬁT — % - % +O'410'42R+ %Rz + Uy.
Step 3. Define two Lyapunov functions Yy, Y, : R} X N’ — R that play important roles
1
Y, = CL’]Sevl + §V2 + Q’QWeV_", + Q3R6V4, Y=Y+ ¢W + ¢R, (415)

wherein the constants (a, @;, @3) and ¢, which are positive, are derived from (4.25) and (4.28), respec-
tively. Suppose S¢, I¢, W¢, R¢ satisfy the following equations:
—nR® + usWe =0,
— KBIWE = yI¢ — v + R = 0, (4.16)
— 4y — W+ 1,8 + IS¢ = 0.
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Let I = 1, meanwhile, we can get

:ﬂ+77W V—ﬂv>0’ We — T](MV+’}/)A>O, Re:p3(pv+’y2>0.

1+ B Hapls — KB Haps — TIKB

Se

Take a standard transformation of variables (S, I, W, R)

A s . I W
S =—, I:=—, Wi=—, R:=—. 4.17
Se I¢ We R¢ “417)
Considering that
A M2 Mo ﬁse H2
— B4+ = =-"= - D= -—""=(R -1). 4,18
B =G D= R - D (4.18)

From the inequality Ina < a -1 (Ya > 0), using the formulas (4.6), (4.16), and (4.17), we get
ooy o W
SV)<S(—=+—+pl——+
L( 1)_(SSﬁS/11)
+j(0 4 - W

SeS

Sse(_ M,\ + IJVA
Se§ 5§

+ 1)
4.19)

e

nWw
Se
= —p+ulnS +uv—puvinS +BS°+BSInl — W —gWeln W + gWéInS + 1, S¢
=ulnS +BSInl +npWInS — uvInS —yWeln W.

u 1. uv 1 vy W
<S[-—(+In=)+—{+In=)+B+B8Inl - 1+In—)+
[—ge+In )+ G+ Ing)+ (1410 20) + ]

Using the same method as above, together with formula (4.8) and (4.18), we can obtain

L(IV)<1[,8S+V o I+5%‘IZ+ ]
ge 'Y= ge 21022 3 H2
1 73
Aae & « 21 2

S_e[—ﬁS (1+11'1S)+0'210'221+71 +/12]
S s B (4.20)
021001 9210, K2

Se 28e Se
0210221 9o

Se AN

_ _B3-pBInS +

:—g‘—i(ﬂg—l)—mnﬁ +

Based on (4.12) and (4.16), we derive

nmR 8nR
WeVs) < W= 4 Bl + W ot
L( 3) [ W KBI + 03103 30— 1) H3]

A

nR R L 8nR
1 +1In—)+«kBI+ W+ ———
We( n W) KBI + 673103 371 - 1)

=R’ — R InR + nREIn W + 317 WW* + kBIW® +

e

< We[-

+ 3]
“4.21)

e

8nRW
3r(1 - 1)
8nRW*
3r(1 -1)°

+ IU3W€
= R InR + R In W + &3, 75 WW* + «BIW® +
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According to (4.14) and (4.16), we have

KBIW I pv ot
L(RVy) SRE(—'BT - % - ﬁ;{, + T4 0nR + TRZ + Ma)
IW T
<R‘[- ’8 +1 + Ha]
=- KﬁWe — kBW*1In W - KﬁWe Inl+ KﬁWe InR—vy- ylnl +yInR—puv+pvinR
52 (4.22)
+ 5'416'42RR€ + %RzRe + /.14Re
= —kBWInW — kBW°InI + kBW¢InR — yIn 1
2
+yInR + uvInR + 41 FRRE + 2‘“ R’R°.
Substituting (4.19)—(4.22) into Y;, we obtain
I &
Y <——7<e D-ping + 72020 T p
Ly, (R~ 1) - Bln ot ot
+ aq(ylnS +BS¢Inl +nWeInS —puvInS —ypWeIn W) + an[-7RInR + nR* In W
. 8nRW* a o N N N
+ 5'315'32WW6 + KﬁIWe + %] + 0’3(—KﬂWe InW — KﬁWe Inl+ KﬂWe InR
(l—-71
2
—yInl+yInR+uvInR + &4 F4RR + Ta pRey
p 2 (4.23)
== G (Ri = 1) + lar(u + W< = )~ B1In§
+ [1BS¢ — az(y + kBWO)]In 1 + [@anR® — aynW¢ — a3kBW¢]In W
+ [asGBWE + v +9) — aonRTIn R + [Z292 4 0 BS¢ + ankBWEIT
v 8nW* 5'42;1 2 ‘5'%1 2
+ WW + [@30410R + p————]R+ —R‘R" + ——1I".
@203103 3041042 23 _T)] > X
Let
a(u+nWeé—-puv)y-p=0,
BS¢ — as(y + kBW¢) = 0
B as(y + kB )A (4.24)
anRé — ainWe — azkW*e =0
a3 (kBW + v + ) — annR® = 0.
We derive through calculation
BS ¢ BW® + pv +
_ B 0, = g g, WAy (4.25)
u+nWe —puv Y + kBW¢ nRe

For the sake of convenience we define y; = ”2“”2 + a1BS¢ + akBWE, xr = axF3FnWe, x3 =
30410 0R + oy —— 3 Comblnlng (4.23) and (4. 24) we get

x2
g
LY <- —(7{e — D+ x1l +x2W + x3R + 241ReR2 2521@12- (4.26)
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By (4.15) and (4.26), we have

LY, <- %(Rg D)4 xil + xaW + x3R + SR — (u + 1 + KBHW]

~2 ~2

T4 pep2 , 921 2
+ ¢kBIW +yI +uv — (u+ )R]+ —R°R"+ —1
B 2 28¢ 4.27)
=~ GRS = 1)+ (01 + 69 + [ = B+ MIW
2 32
— ¢u)R ARR+ AP
+ 03 — QR + puv + — +ogel
wherein ¢ fulfills the following two equations:
- +1n7)=0
X2 = ¢(u+1) (4.28)
X3 —op=0.
Substituting (4.27) into (4.28), we obtain
Ha 53 53
LY, < =Ry = D+ (1 + @)1 + guv + %RER2 + gﬂeﬂ. (4.29)

Step 4. Define the following two functions Y3, Y;:

_(GuS +omn) N (6ol +60)° N (631 W+ F3) N (GCuR+6p)"

Y; , Ys=—InS —InW-1nR.

T T T T

L(Y3+Yy) <6165 u+ 6005 wv + 3u + 2 + 51,5158 + (G155 y + B+ kB)I

A AT—1 v v A AT—1 v v A AT—1
+ (01107, 1+ 03100)W + (63105, 1+ T4100)R+ 62165, BSI

v “2 “2 ) ) )
A ATl % O O3 O Oy O3, 04, 4 nR vyl
+ G0 KBIW + —= + =2 4 =4 92 Wiy R
104 KB 2 "2 T2 T2 2 2 S W R

L A-0FTSTT (- nei T (- 00w (L= R

2 2 2 2
1 1 5'%2 5%2 5'4212 u  nR vyl
SO0, U+ 00 pw+3u+2n+ 01+ —+ —+ —-= - — - —

2 "2 72 S W R
L =DETSTT (=R (1= DETWET (- e TR

4 4 4 4 ’

where

v v A AT—1 ~ A AT—1 v v
Q1= sup {01012S + (GG, Yy +B+kB) + (61161, n+ F3103)W
(S,I,W,R)eR%
) ) )
A ar-l S FR 4+ G T BS T + G0 6T KBIW 0'1152 073 e 0'41R2
+(O'310'32 7]+O’410’42) +O'210'22,8 +O'410'42 K,B +7 +7 +7
(1 =062 (1 =032 (1=102TWH (1 - 1)32 R

1 ) ) ) } < +o0.
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Constructing the following form
VS, LW,R k) = (MoY> + Y3 + Yy) - Y,

wherein M, > 0 is large enough to fulfill the following inequality:

~2 X2 ~2

M, o o
- 5?’:2(7%3 — 1)+ Moy + 61105 i+ 55 v + 3u + 20 + Q1 + % + % + % < -2, (431)
H2 e 572&1 e p2 5%1 2
LV SMO[_S_e(RO =D+ (1 + oI + guv + TR R* + FZ ]
_ _ Fh 0% OhL u nR vl
+O'1]O'121/1+0'4]O'421,UV+3/,[+2T]+Q] +¥+7+¥—§—W—E
_ (1-1)677 s> _ (1 -85 1 _ (1 -3 W ~ (1-1)65 R (4.32)
4 4 4 4
o 73 Ryl
<=2+ Mol + o) + -2 RR? + —2Lp - £ _1° 7
< olOx1 + ¢y) > XY, ] S~ W R
~ (1-1)6377 8+ ~ (1 -1)657 1 ~ (1 -1)635 W ~ (1 -1)635 R
4 4 4 4
We define the following compact set:
1 1 5 1, 1
D=AS,ILW,R)eR|e<S <—,e<I<—, e <W<L<—, <R =},
€ € € €?
where € < 1 is a small enough positive constant that satisfies the following inequalities:
1 — Dmin{627, 627} 1
EP R ; L2 }(E)2+T+Q2 <-1, (4.33)
1-71)62" 1
- —( 4) 31 (2)6”7 + Q) < -1, (4.34)
(1 _ T)6'2+T 1 .
-2- T‘“(;)4+2 + 0 < -1, (4.35)
Ly iyt o <, (4.36)
6'2
— 2+ Mo(x1 + ¢y + 53R + gﬂe)e <-1, (4.37)

72 52 .. . . .
where Q) = sup; gyez2 {Mol(x1 + ¢y)I + SLR°R* + 2 I]}. Next, we partition R} \D, into eight domains.

1 1
DS ={S,LW,R)eR]|S > =}, D5={(S,I,W,R)eR|I> -},
€ €

. 1 ‘ 1
D5 ={(S.LW,R) €R} |W> =), D5={(S,I,W,R) R} |R> =},
€ €

DS ={(S,LW,R) eR] |S <e}, Dg={(S,.LW,R)eR}|I<€ R>€Y,
D5={S,LW,ReR |[W<e R>€), Dy={S,LW,R)eR]|R< €, [>¢€).
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It is clear that D¢ = U? D¢, After this, to demonstrate LV < —1.
Case 1. Suppose (S, I, W,R) € D¢, in consideration of (4.32) and (4.33), we gain

1 —71)5% 1 — Dmin{6>7, 637} 1
Lvs—z—%ww&s—z—( ) ; 172l }(Z)Z+T+Q2S_1'
Case 2. If (S, 1, W,R) € D5, combining (4.32) and (4.33), we have
1 - 1) 1 — D)min{é>7, 627} 1
.EV < -2 _ ( 8) 21 12+T + Q2 < -2 _ ( ) {8 11 21 }(E)Z-H' + Q2 < -1.

Case 3. If (S, I, W,R) € D¢, in consideration of (4.32) and (4.34), we obtain

1 -1)6%" 1 -1)65
LV <-2- %W”T +0y<-2- %(E)W +0, <-1.

Case 4. If (S,1, W,R) € D, given (4.32) and (4.35), we get

1-1)62 1-1)637 1
LV<-2- %RZH + Q< -2- %(2)4* + 0 < -1

Case 5. If (S,1, W,R) € D¢, by (4.32) and (4.36), we gain

£Vs—2—§+Q23—2—"i+st—1 3—2—w+Q23—1.
€ €
Case 6. If (S, 1, W,R) € D¢, combining (4.32) and (4.36), one gets
5_2 6.2 5'2 5_2
LV <=2+ Mo[(x1 + o) + —LRR* + =22 171 < =2+ My[(x1 + ¢y)e + —~R°e* + —2L€7]
2 28e 2 25¢
5’2
<=2+ Mo(yi + ¢y + 53 R+ o) <~ 1.
Case 7. If (S§,1, W,R) € D¢, in view of (4.32) and (4.36), we acquire
R 2 ]
T . L SN S LN NP I S L[5 S NP
w e €
Case 8. If (S,1, W,R) € ¢, based on (4.32) and (4.36), we have
/ .
LVS—Z—%+Q23—2—7—§+Q23—1 S—Z—M+Q2s—1.
€ €

To summarize, we establish that LV < —1 for all (S, 1, W,R) € D%. Thus, the second condition of
Has’minskii theorem is met. Given that R > 1, the solution of system (2.5) possesses a unique ESD
(). O

Remark 4.1. We can calculate Rf < Ro. Theorem 4.1 implies that as the noise intensity approaches zero,
there is not infection and N = 1, system (2.5) transforms into system (2.1), and the basic production
number R, serves as a common threshold. We obtain that when the noise intensity is relatively low,
pertussis still prevails. Integrating the aforementioned Theorems 4.1 and 3.1, it is sensible to strengthen
external intervention, wear masks, and appropriately control the number of students in the classroom to
mitigate the spread of pertussis.
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5. Numerical simulations

In this section, numerical simulations are utilized to validate our conclusions. Using Milstein’s
higher-order method [40], the discretization equation associated with system (2.5) is given by:

S = ST 4 [u(1 = v) = (u+ BK)DST + WAL + (o711 (k)S7 + 0 12(k))S | VAL,
+3[20%,(k)(S7)* + 3011 (K)o 12(k)(S ) + 02, (k)(S f')](ff- - DA,

U= D+ [BSIU — (u+ )AL + (02 () + oo (k) VA,
+1[203,(K)(I)? + 30721 (K)o (k) (I7)? + 073, (k)1 )107; = DAL,

Wil = Wi+ [gR = (u + 0 + kBUD WAL + (073, ()W + o3,(k)WI VAL
+3[20%, ()(WP)? + 3031 (K)o (k) (W) + TR (W) — DAL,

R = R+ [kBR)IWI + vyl + uv — (u + nR/At + (041 ()R’ + 0 42(k))R’ \/Eﬁj
+1[202, (R + 3041 (kK)o (k)(R))? + 03, (k) (W )13 = DAL,

of which k € N, At > 0 represents the size of a single iteration step and random variables &, n;, {;
and ¢}; are four independent variables that adhere to a Gaussian distribution N(0, 1) for j = 1,2,...,n,
respectively. We consider r(¢) as a right-continuous Markov chain defined on the state space N = {1, 2},
with the corresponding generator

r= (—0.4 0.4 )

0.5 =05

By solving nil" = 0 and 7y + m, = 1, the stationary distribution of I is obtained as 7 = (m, 1) = (g, g .

The initial values are chosen as (S(0), 7(0), W(0), R(0)) = (0.45,0.35,0.15,0.05) and the primary
parameters in system (2.5) are set as follows:

Table 1. Specific values of model parameters with citations.

Parameters Biological meaning Values Citations
u Death rate 0.02 [2,10]

v Vaccination probabilities 0.8 [10]

K Coefficient for boosting  0.03 estimation
n Loss of immunity rate 0.16 [2]

Yy Recovery rate 0.5 estimation

It is worth noting that, we estimate the parameters of model (2.1) by using the least squares method,
and take the year as the unit of measurement. Based on [2] and [10], x = 0.02, v = 0.8, 7 = 0.16 can be
chosen, respectively. Then, by analyzing the data of pertussis infections from 2006 to 2019 (selected
from the National Health Commission of the People’s Republic of China, see Figure 1), k = 0.03 and
v = 0.5 have been selected. In Figure 1, the susceptible initial value is set to 1030, the infectious initial
value is set to 2100, the waning initial value is set to 3000, and the recovered initial value is set to 3000.

By direct calculation, Ry = 3.2004 > 1. We focus on three aspects, as follows:

e The system (2.5) shows both a stationary distribution and ergodic behavior when Kj > 1.
e The dynamical characteristics of system (2.5) for Rf < 1.
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e The effect of stochastic perturbations on the disease dynamics within system (2.5).

%10%

——Real Data
©  Simulated Data

3.5

population

0 | I I | | |
2006 2008 2010 2012 2014 2016 2018 2020
t

Figure 1. Data on pertussis infection and simulation of the model.

Example 5.1. We opt for the transmission rates (31,5,) = (1,2) and the stochastic noises
(oi(1),0;(2)) = (2 x 10746 x 10™) forany i = 1,2,3,4; j = 1,2, respectively. The calculations show
that 738 = 1.6654 > 1. Moreover, since Ry > 1, we can obtain the existence of an endemic equilibrium
for deterministic system (2.1). Figure 2 illustrates that the stochastic system (2.5) admits a unique
global positive solution, which follows a unique ESD n(-), signifying the persistence of the disease in
a community. On the other hand, we notice a slight difference between the stochastic solution and
the solution without randomness. Meanwhile, Figures 3 and 4 depict the corresponding fitting density
function and frequency histogram, as well as the movement of Markov chain, respectively.

Example 5.2. Let the noises (o;j(1),0:;(2)) = (2% 107,6 x 107" foreach i = 1,2,3,4; j = 1,2. By
means of direct derivation, we get R = 0.4512 < 1. Therefore, we cannot determine the existence of
an ESD of system (2.5). As shown in Figure 5, we can obtain that disease of system (2.5) will become
extinct in the long run. Figure 6 shows the corresponding fitted density functions.

Example 5.3. To demonstrate the influence of stochastic perturbations, we have selected three distinct
noise levels oy = (o;(1),0:;(2)) = (0.002,0.006), o = (0;;(1),0:;(2)) = (0.040,0.080), o3 =
(0i(1),0(2)) = (0.300,0.500), wherein i = 1,2,3,4,j = 1,2. Figure 7 shows the trajectories of
S (), I(t), W(t), R(t), respectively. It is evident that the values of S (t), I(t), W(t), R(t) exhibit significant
volatility as the noise intensity increases. Moreover, combining Figures 2, 5, and 7, we can observe that
larger perturbations will drive the disease to extinction, whereas smaller perturbations may lead to its
persistence within the community.
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Figure 2. The simulations of (S (¢), I(¢), W(¢), R(¢)) in system (2.5) are conducted under two
conditions: without stochastic noise and with stochastic noise (c;(1), 0;(2)) = (2 X 1074, 6 x

107%) foreachi =1,2,3,4; j = 1,2.
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Figure 3. When the noise intensity is (07;(1), 07;(2)) = (2x107*,6x107*) foreach i = 1,2,3,4;
Jj = 1,2, the fitted density functions and frequency histograms associated with individuals

S, 1, W and R, respectively.
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Figure 4. The movement of the Markov chain r(7).
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Figure 5. The simulations of (S (¢), I(¢), W(¢), R(¢)) in system (2.5) are conducted under two
conditions: without stochastic noise and with stochastic noise (c07;;(1), 07;(2)) = (2 x 107!, 6 X
107" foreachi =1,2,3,4; j = 1,2.

Example 5.4. (Sensitivity analysis) Under the conditions of satisfying 3.1 and 4.1, we can find that the
basic reproduction number Ry is a crucial value for the eradication and persistence of pertussis disease.
Therefore, Figure 8 shows sensitivity analysis on the reproductive number Ry of the disease. It is evident
that transmission rates 3 and loss of immunity rate n are positively correlated with Ry. Meanwhile,
there is a negative correlation between recovery rate 7y, vaccination probabilities v, death rate u, and
Ro. Physical exercise to enhance immunity and increase vaccination rates are beneficial for controlling
the spread of pertussis.
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Figure 6. When the noise intensity is (07;;(1), 07:;(2)) = (2x107",6x107") foreach i = 1,2, 3,4;
Jj = 1,2, the fitted density functions and frequency histograms associated with individuals

S, 1, W, and R, respectively.

2.5 0.6
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Figure 7. The paths of (S(?),1(t), W(¢),R(t)) for system (2.5) with stochastic noises

(0ii(1),0i(2)) = (0.002,0.006), (ci;(1),0;i(2)) = (0.020,0.060), (o;;(1),0(2)) =

(0.300, 0.500), respectively.
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Figure 8. Sensitivity analysis for key parameters associated with Ry.

6. Conclusions

In this paper, we primarily focus on the dynamics of pertussis in nature. By integrating natural
immune enhancement and long-term immune waning, a stochastic pertussis system with Markov
switching (2.5) is constructed and analyzed. Following the ideas of papers [24,25], the existence and
uniqueness of the global positive solution are proven. Next, the exponential extinction of pertussis
is shown in Theorem 3.1. Moreover, inspired by [25], 8—stochastic Lyapunov functions are used to
establish the sufficient condition R > 1, which guarantees the existence and uniqueness of an ESD for
system (2.5) in Theorem 4.1. Finally, several examples are provided to confirm our theoretical findings
(Figures 2-7). Based on these examples, we infer that stochastic noise is negatively correlated with the
persistence of the disease. Furthermore, some questions deserve further study, for example, considering
a stochastic pertussis model with semi-Markovian switching and impulses. The density function of a
stochastic delay pertussis model with semi-Markov switching and Ornstein-Uhlenbeck process [41]
may also be analyzed.

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.
Acknowledgments

The research was supported by the National Natural Science Foundation of China (Nos.12161068,
12261069, 12301630).

Conflict of interest
The authors declare there is no conflicts of interest.

Electronic Research Archive Volume 33, Issue 5, 2736-2761.



2758

References

1.

10.

1.

12.

13.

R. M. Jena, S. Chakraverty, S. K. Jena, Analysis of the dynamics of phytoplankton nutrient and
whooping cough models with nonsingular kernel arising in the biological system, Chaos, Solitons
Fractals, 141 (2020), 110373. https://doi.org/10.1016/j.chaos.2020.110373

G. Rozhnova, A. Nunes, Modeling the long-term dynamics of pre-vaccination pertussis, J. R. Soc.
Interface, 9 (2012), 2959-2970. https://doi.org/10.1098/rsif.2012.0432

D. M. Skowronski, G. D. Serres, D. MacDonald, W. Wu, C. Shaw, J. Macnabb, et al., The
changing age and seasonal proflie of pertussis in Canada, J. Infect. Dis., 185 (2002), 1448-1453.
https://doi.org/10.1086/340280

H. E. D. Melker, J. E. P. Schellekens, S. E. Neppelenbroek, F. R. Mooi, H. C. Riimke, M. A.
E. Conyn-van Spaendonck, Reemergence of pertussis in the highly vaccinated population of
the Netherlands: observations on surveillance data, Emerging Infect. Dis., 6 (2000), 348-357.
https://doi.org/10.3201/eid0604.000404

A. Mughal, Y. F. Kazi, H. A. Bukhari, M. Ali, Pertussis resurgence among vac-
cinated children in Khairpur, Sindh, Pakistan, Public Health, 126 (2012), 518-522.
https://doi.org/10.1016/j.puhe.2012.02.001

T. Tan, T. Dalby, K. Forsyth, S. A. Scott, U. Heininger, D. Hozbor, et al., Pertussis across the globe:
recent epidemiologic trends from 2000 to 2013, Prediatr Infect Dis. J., 34 (2015), e222—-e232.
https://doi.org/10.1097/INF.0000000000000795

J. Zhang, J. Deng, Y. Yang, Pertussis vaccination in Chinese children with increasing re-
ported pertussis cases, Lancet Infect. Dis., 22 (2022), 21-22. https://doi.org/10.1016/S1473-
3099(21)00752-0

C. R. Maclntyre, J. C. D. Sousa, U. Heininger, P. Kardos, A. Konstantopoulos, D. Middleton, et al.,
Public health management of pertussis in adults: Practical challenges and future strategies, Hum.
Vaccines Immunother., 20 (2024), 2377904. https://doi.org/10.1080/21645515.2024.2377904

K. H. T. Yeung, P. Duclos, E. A. S. Nelson, D. R. C. W. Hutubessy, An update of the global burden
of pertussis in children younger than 5 years: a modelling study, Lancet Infect. Dis., 17 (2017),
974-980. https://doi.org/10.1016/S1473-3099(17)30390-0

J. S. Lavine, A. A. King, O. N. Bjgrnstad, Natural immune boosting in pertussis dy-
namics and the potential for long-trem vaccine failure, PNAS, 108 (2011), 7259-7264.
https://doi.org/10.1073/pnas.1014394108

Y. Chen, J. Li, S. Zou, Global dynamics of an epidemic model with relapse and nonlinear incidence,
Math. Method. Appl. Sci., 42 (2019), 1283-1291. https://doi.org/10.1002/mma.5439

X. Tian, W. Wang, Dynamical analysis of age-structured pertussis model with cover infection, Math.
Method. Appl. Sci., 43 (2020), 1631-1645. https://doi.org/10.1002/mma.5989

Q. Han, An age-structured model for pertussis transmission with multiple infections studying
the effects of childhood DTaP and adolescent Tdap vaccines, J. Biol. Syst., 30 (2022), 761-797.
https://doi.org/10.1142/S0218339022500280

Electronic Research Archive Volume 33, Issue 5, 2736-2761.


https://dx.doi.org/https://doi.org/10.1016/j.chaos.2020.110373
https://dx.doi.org/https://doi.org/10.1098/rsif.2012.0432
https://dx.doi.org/https://doi.org/10.1086/340280
https://dx.doi.org/https://doi.org/10.3201/eid0604.000404
https://dx.doi.org/https://doi.org/10.1016/j.puhe.2012.02.001
https://dx.doi.org/https://doi.org/10.1097/INF.0000000000000795
https://dx.doi.org/ https://doi.org/10.1016/S1473-3099(21)00752-0
https://dx.doi.org/ https://doi.org/10.1016/S1473-3099(21)00752-0
https://dx.doi.org/https://doi.org/10.1080/21645515.2024.2377904
https://dx.doi.org/https://doi.org/10.1016/S1473-3099(17)30390-0
https://dx.doi.org/https://doi.org/10.1073/pnas.1014394108
https://dx.doi.org/https://doi.org/10.1002/mma.5439
https://dx.doi.org/https://doi.org/10.1002/mma.5989
https://dx.doi.org/https://doi.org/10.1142/S0218339022500280

2759

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

M. Safan, M. Kretzschmar, K. P. Hadeler, Vaccination based control of infections in SIRS models
with reinfection: special reference to pertussis, J. Math. Biol., 67 (2013), 1083-1110.
https://doi.org/10.1007/s00285-012-0582-1

R. Aguas, G. Gongalves, M. G. M. Gomes, Pertussis: increasing disease as a consequence of
reducing transmission, Lancet Infect Dis., 6 (2006), 112—117. https://doi.org/10.1016/s1473-
3099(06)70384-x

A. Din, Y. Li, A. Omame, A stochastic stability analysis of an HBV —COVID-19 co-
infection model in resource limitation settings, Waves Random Complex Media, (2022), 1-33.
https://doi.org/10.1080/17455030.2022.2147598

Y. Zhang, H. Bambrick, K. Mengersen, S. Tong, L. Fenf, G. Liu, et al., Association of weather
variability with resurging pertussis infections among different age groups: A non-linear approach,
Sci. Total Environ., 719 (2020), 137510. https://doi.org/10.1016/j.scitotenv.2020.137510

X. Mao, Stochastic differential equations and applications, in Stochastic Differential Equations,
Springer, 77 (1997), 75-148. https://doi.org/10.1007/978-3-642-11079-5_2

G. P. Sahu, J. Dhar, Dynamics of an SEQIHRS epidemic model with media coverage, quarantine and
isolation in a community with pre-existing immunity, J. Math. Anal. Appl., 421 (2015), 1651-1672.
https://doi.org/10.1016/j.jmaa.2014.08.019

N. Gunasekaran, R. Vadivel, G. Zhai, S. Vinoth, Finite-time stability analysis and control of
stochastic SIR epidemic model: A study of COVID-19, Biomed. Signal Process. Control, 86 (2023),
105123. https://doi.org/10.1016/j.bspc.2023.105123

Q. Liu, D. Jiang, Stationary distribution and extinction of a stochastic SIR model with nonlinear
perturbation, Appl. Math. Lett., 73 (2017), 8—15. https://doi.org/10.1016/j.aml1.2017.04.021

R. Z. Has’miniskii, Stochastic Stability of Differential Equations, Springer Science and Business
Media, 2011.

B. Han, D. Jiang, H. Tasawar, A. Ahmed, A. Bashir, Stationary distribution and extinction of a
stochastic staged progression AIDS model with staged treatment and second-order perturbation,
Chaos, Solitons Fractals, 140 (2020), 110238. https://doi.org/10.1016/j.chaos.2020.110238

L. Zu, D. Jiang, D. O’Regan, T. Hayat, B. Ahmad, Ergodic property of a lotka-volterra predator-prey
model with white noise higher order perturbation under regime switching, Appl. Math. Comput.,
330 (2018), 93—102. https://doi.org/10.1016/j.amc.2018.02.035

B. Zhou, B. Han, D. Jiang, T. Hayat, A. Alsaedi, Ergodic stationary distribution and extinction
of a hybrid stochastic SEQIHR epidemic model with media coverage, quarantine strategies and
pre-existing immunity underdr diecrete Markov switching, Appl. Math. Comput., 410 (2021),
126388. https://doi.org/10.1016/j.amc.2021.126388

G. R. Ghorbani, S. M. Zahraei, M. Moosazadeh, M. Afshari, F. Doosti, Comparing seasonal pattern

of laboratory confirmed cases of pertussis with clinically suspected cases, Osong Public Health
Res. Perspect., 7 (2016), 131-137. https://doi.org/10.1016/j.phrp.2016.02.004

H. T. H. Nguyen, P. Rohani, Noise, nonlinearity and seasonality: the epidemics of whooping cough
revisited, J. R. Soc. Interface, S (2008), 403—413. https://doi.org/10.1098/rsif.2007.1168

Electronic Research Archive Volume 33, Issue 5, 2736-2761.


https://dx.doi.org/https://doi.org/10.1007/s00285-012-0582-1
https://dx.doi.org/https://doi.org/10.1016/s1473-3099(06)70384-x \protect \unhbox \voidb@x \protect \penalty \@M \  
https://dx.doi.org/https://doi.org/10.1016/s1473-3099(06)70384-x \protect \unhbox \voidb@x \protect \penalty \@M \  
https://dx.doi.org/https://doi.org/10.1080/17455030.2022.2147598
https://dx.doi.org/https://doi.org/10.1016/j.scitotenv.2020.137510
https://dx.doi.org/https://doi.org/10.1007/978-3-642-11079-5_2
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2014.08.019
https://dx.doi.org/https://doi.org/10.1016/j.bspc.2023.105123
https://dx.doi.org/https://doi.org/10.1016/j.aml.2017.04.021
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2020.110238
https://dx.doi.org/https://doi.org/10.1016/j.amc.2018.02.035
https://dx.doi.org/https://doi.org/10.1016/j.amc.2021.126388
https://dx.doi.org/https://doi.org/10.1016/j.phrp.2016.02.004
https://dx.doi.org/https://doi.org/10.1098/rsif.2007.1168

2760

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

X. Chen, X. Li, Y. Ma, C. Yuan, The threshold of stochastic tumor-immnue model with regime
swithing, J. Math. Anal. Appl., 522 (2023), 126956. https://doi.org/10.1016/j.jmaa.2022.126956

G. Lan, S. Yuan, B. Song, The impact of hospital resources and environmental per-
turbations to the dynamics of SIRS model, J. Franklin Inst., 358 (2021), 2405-2433.
https://doi.org/10.1016/j.jfranklin.2021.01.015

T. Caraballo, M. E. Fatini, M. E. Khaliff, R. Geriach, R. Pettersson, Analysis of a stochastic
distributed delay epidemic model with relapse and Gamma distribution kernel, Chaos, Solitons
Fractals, 133 (2020), 109643. http://dx.doi.org/10.1016/j.chaos.2020.109643

T. Khan, A. Khan, Z. Gui, The extinction and persistence of the stochastic hepatitis B epidemic
model, Chaos, Solitons Fractals, 108 (2018), 123—-128. https://doi.org/10.1016/j.chaos.2018.01.036

B. Zhou, D. Jiang, B. Han, T. Hayat, Ergodic stationary distribution and practical appli-
cation of a hybrid stochastic cholera transmission model with waning vaccine-induced im-
munity under nonlinear regime switching, Math. Methods Appl. Sci., 45 (2022), 423-455.
https://doi.org/10.1002/mma.7785

A. C. Lowen, S. Mubarecka, J. Steel, P. Palese, Influenza virus transmission 1is
dependent on relative humidity and temperature, PLoS Pathog., 3 (2007), el5l.
https://doi.org/10.1371/journal.ppat.0030151

T. D. Tuong, N. N. Nguyen, Characterization of long-term behavior of stochastic NP ecologi-
cal model under regime switching, Commun. Nonlinear Sci. Numer. Simul., 93 (2021), 105497.
https://doi.org/10.1016/j.cnsns.2020.105497

D. Greenhalgh, Y. Liang, X. Mao, Modelling the effect of telegraph noise in the
SIRS epidemic model using Markovian switching, Physica A, 462 (2016), 684-704.
https://doi.org/10.1016/j.physa.2016.06.125

X. Li, D. Jiang, X. Mao, Population dynamical behavior of Lotka-Volterra system under regime
switching, J. Comput. Appl. Math., 232 (2009), 427-448. https://doi.org/10.1016/j.cam.2009.06.021

Q. Liu, D. Jiang, T. Hayat, A. Alsaedi, Dynamical behavior of stochastic multigroup S-DI-
A epidemic models for the transmission of HIV, J. Franklin Inst., 355 (2018), 5830-5865.
https://doi.org/10.1016/j.jfranklin.2018.05.047

Y. Zhao, S. Yuan, T. Zhang, The stationary distribution and ergodicity of a stochastic phytoplankton
allelopathy model under regime switching, Commun. Nonlinear Sci. Numer. Simul., 37 (2016),
131-142. https://doi.org/10.1016/j.cnsns.2016.01.013

A. Omame, M. Abbas, A. Din, Global asymptotic stability, extinction and ergodic stationary
distribution in a stochastic model for dual variants of SARS-CoV-2, Math. Comput. Simul., 204
(2023), 302-336. https://doi.org/10.1016/j.matcom.2022.08.012

D. J. Higham, An algorithmic introduction to numerical simulation of stochastic differential
equations, SIAM Rev., 43 (2001), 525-546. https://doi.org/10.1137/S0036144500378302

Electronic Research Archive Volume 33, Issue 5, 2736-2761.


https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2022.126956
https://dx.doi.org/https://doi.org/10.1016/j.jfranklin.2021.01.015
https://dx.doi.org/http://dx.doi.org/10.1016/j.chaos.2020.109643
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2018.01.036
https://dx.doi.org/https://doi.org/10.1002/mma.7785
https://dx.doi.org/https://doi.org/10.1371/journal.ppat.0030151
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2020.105497
https://dx.doi.org/https://doi.org/10.1016/j.physa.2016.06.125
https://dx.doi.org/https://doi.org/10.1016/j.cam.2009.06.021
https://dx.doi.org/https://doi.org/10.1016/j.jfranklin.2018.05.047
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2016.01.013
https://dx.doi.org/https://doi.org/10.1016/j.matcom.2022.08.012
https://dx.doi.org/https://doi.org/10.1137/S0036144500378302

2761

41. K. Mamis, M. Farazmand, Modeling correlated uncertainties in stochastic compartmental models,
Math. Biosci., 374 (2024), 109226. https://doi.org/10.1016/j.mbs.2024.109226

) ©2025 the Author(s), licensee AIMS Press. This
A i

\ is an open access article distributed under the
@ AIMS Press terms of the Creative Commons Attribution License
o (https://creativecommons.org/licenses/by/4.0)

Electronic Research Archive Volume 33, Issue 5, 2736-2761.


https://dx.doi.org/https://doi.org/10.1016/j.mbs.2024.109226
https://creativecommons.org/licenses/by/4.0

	Introduction
	Model formulation
	Extinction of the system (2.5)
	Ergodic stationary distribution
	Numerical simulations
	Conclusions

