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Abstract: Strong HH-tensors have many important applications in practical problems. In particular,
strong H-tensors play an important role in the positive qualitative determination of multivariate even-
order homogeneous polynomials. Therefore, research in this field is of great theoretical and practical
value. This paper focuses on introducing a novel class of tensors, termed S DD, tensors, which are
derived from S DD, matrices and constitute a subclass of strong H-tensors. Furthermore, we also
investigate the relationships among S DD, tensors, strong H-tensors, S DD, tensors and S DD tensors.
Additionally, we extend the concept of S DD, tensors to B-tensors, thereby defining a new tensor class
called B,-tensors and analyzing their fundamental properties.

Keywords: H-tensor; S DD, tensor; B,-tensor; real symmetric tensor; even-order homogeneous
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1. Introduction

In 2005, Qi studied the eigenvalues of a real supersymmetric tensor [1], and this work gave us a
more profound understanding of the tensors. Indeed, in mathematics, tensors are a generalization of
matrices; a first-order tensor is a vector, and a second-order tensor is a matrix. Tensors play a crucial
role in numerous scientific fields, including signal and image processing [2], continuum physics,
high-order statistics [3], and magnetic resonance imaging [4]. As multilinear functions, tensors can
express linear relationships among vectors, scalars, and other tensors. Recent research on tensors has
primarily focused on several key areas, for example, establishing criteria for identifying strong
H-tensors [5]; generalizing H-tensors to B-tensors using matrix theory [6]; analyzing the positive
definiteness of H-tensors [7]; investigating whether newly defined tensors retain the properties of
‘H-tensors; and deriving bounds for the infinity norm of tensors. Consequently, the structural
properties, identification criteria, and iterative algorithms for strong -tensors have garnered
substantial attention from researchers recently. In 2015, Song et al. discussed relationships among
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higher-order tensors, positive semi-definite tensors, and some other structured tensors. They
demonstrate that every principal sub-tensor of such a structured tensor is still a structured tensor in the
same class, with a lower dimension [8].

The positive definiteness of homogeneous polynomials plays a crucial role in numerous scientific
fields, such as multivariate network realizability theory [9], a test for Lyapunov stability in
multivariate filters [10], and polynomial problems [11]. And the H-eigenvalues of tensors are widely
used in data analysis, high-order Markov chains, and positive definiteness of even-order homogeneous
polynomials [7, 12, 13]. Given the broad applications of even-order homogeneous polynomials in
areas such as medical imaging and the stability study of non-linear autonomous systems via
Lyapunov’s direct method in automatic control [6, 7, 14, 15]. Determining whether an even-order
homogeneous polynomial is positive definite has become increasingly significant. In this paper, we
investigate whether S DD, tensors retain the properties of strong JH-tensors and explore their
application to the positive definiteness of even-order homogeneous polynomials. The definitions of
homogeneous polynomials and positive definiteness are provided below.

For positive integers n and m, N = {1,2,---,n} and C(resp. R) denotes the set of all
complex(resp. real) numbers. Let C™"(resp. R™")(n > 2) denotes the set of all n by n complex
(resp. real) matrices and let C"" (resp. R™)(m,n > 2) be the set of all complex (resp. real)
mth-order n-dimensional tensors. A tensor A = (a;,;,..i,) 1 called a complex(resp. real) mth-order
n-dimensional tensor if a;,;,..;, € C(resp. R), where i; = 1,2,--- ,nfor j = 1,2,...,m. A tensor A is
called symmetric if its elements are invariant under any permutation of indices {iy, i, - ,i,} [1]. An
mth-degree homogeneous polynomial of n variables, f(x), can be usually denoted as

f(x) = Ax" = Z AiyimiygXiy Xiy = ** Xipys

=
=

i1ismrim€N
where x = (x1, X2, ..., x,)T € R" and A = (q; iyeiy,) € Clmnl is a symmetric tensor [7]. An mth-order n-
dimensional tensor is denoted by A = (a;,,..;,) € C"™"(m,n > 2), an n-dimensional vector is denoted
by x = (x1, X2, ..., x,)7, and the ith of Axn components are
-1
(A = Z AijyveigXiy * " Xy
iz imeN
and
-1 -1
(1, = X
If there exists a A such that the following homogeneous polynomial equation holds:

Axm = pplm-1

where Ax"! and Ax""!! are vectors, and 1 € C, x = (x1,x2,...,x,) being a nonzero complex

vector, then A is referred to as an eigenvalue of (A, and x is its corresponding eigenvector [1, 16, 17].
Specifically, if A, x, and all entries of A are constrained to the real field, then A is termed an H-
eigenvalue of A, and x is its corresponding H-eigenvector [1]. If m is even, and

f(x) >0, forall xeR", x+0,

then we say that f(x) is positive definite. The symmetric tensor (A is called positive definite if f(x) is
positive definite [7].
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Definition 1.1. [I8] Let A = (a;,;,..;,) € C"™". If there is a positive vector x = (x1, X, ...,x,)] € R"
such that
-1 .
laji..i|x]" > Z |aiiy...i, | Xi, =+ Xi,,, Yi € N,

i, im€N
0,

iinim
where |a| is the modulus of a € C, then A is called a strong H-tensor.

Theorem 1.1. [19] Let A = (a;,;,..;,) € R"™" with ayy.., > 0 for all k € N and m be even. If Ais a
strong H-tensor, then A is positive definite.

Based on this theorem, to determine the positive definiteness of an even-order real symmetric tensor,
one can first verify whether the given tensor is a strong H-tensor. Numerous criteria for identifying
strong HH-tensors have been extensively proposed in the literature; for example, using algorithmic
criteria [20-22] and direct criteria to determine strong H-tensor [23-27]. In the following sections,
we will give the highlights of this article and present a new class of tensors, called S DD, tensors.

This paper is organized as follows: In Section 2, we introduce a new class of tensors, named S DD,
tensors, which extend the concept of S DD, matrices. And we demonstrate that this new class of
tensors is a subclass of strong H-tensors. Furthermore, we use some numerical examples to illustrate
these new results. In Section 3, we propose B,-tensors inspired by S DD, tensors. Meanwhile, some
properties of B,-tensors are introduced. Finally, in Section 4, give a conclusion of this article.

2. SDD, tensors

In this section, we proposed a new class of tensors, which was inspired by the S DD, matrices,
and named it S DD, tensors. First, let us begin by reviewing the concept of S DD, matrix. For the
convenience of discussion, now some notations, definitions, lemmas, and theorems are given, which
will be used in the sequel.

The calligraphic letters A, B, - - - , represent tensors; the capital letters A, B, - - - , denote matrices;
the lowercase letters x, y, - - -, refer to vectors. A tensor 7 = (6;,4,..;,) € Clmnl is called the unit tensor,
where

5 _ 19 i1:i2:"':im’
itigiy = )
" 0, otherwise.

For a given matrix M = (m;;) € C™", we denote

n

ri (M) = Z |mij

JENj#i
Ny = {illmy| < ri (M)},
Ny = {il|my| > r; (M)} .

b

For a given tensor A = (a;,;,..;,) € C™", we denote

ri(A) = Z |aii2~-~im|: Z |aii2~-~im|_|aii--~i|a

iz...imeN’"—] i2"‘im€N’77_]
(5,’,’2“,1”1 =0
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Ny = Na(A) ={i € N :|a;..;] < ri(A)},
Ng = Np(A) ={i € N :|a;..| > ri(A)},
S = Aiy-ip:ij€S8,j=2,...,m}, S CN,
N™NS™ N = Aiyiz iyt iz i € N™ ' and iyiz iy & S™'),

NEU o= Nt U N,

where r;(A) denotes the weight of the off-diagonal entries in the ith row of the flattening A. Ny is
the set of indices where the modulus of the diagonal entry is less than or equal to the corresponding
off-diagonal weight. Conversely, Np is the set of indices where the modulus of the diagonal entry is
greater than the corresponding off-diagonal weight. The set of S”~! includes indices where i, to i,
belong to S and S C N. The set N~ '\S"~! refers to the difference set between N"~! and §™~!, where
i» to i,, belong to N but not to S. And N*~' denotes the difference set between N~ and (N} UNp™),

where i to i, partially belong to N4 and partially to Np.
Definition 2.1. /28] Given a matrix M = (m,- j) € C™"(n = 2) is called an S DD, matrix, if

lm;| > q; (M), Vi€ Ny (M),

where

(M
q: (M) = Z |mij|+ Z M|mij|,

JENI\i} JENI\i) |mjf|
(M

Pi(M): Z |mij|+ Z L)|Wll]|
JENI\i} JEN\i} |ij|

Definition 2.2. [1] Let A = (a;,;,..i,) € Clmnl - A is called a diagonally dominant tensor if
la;;...| = ri(A), YieN.
A is called a strictly diagonally dominant (S DD) tensor if all inequalities hold strictly.
Definition 2.3. [29] Let A = (a;,i,.;,) € C"™" and X = diag(xy, xa, ..., x,). If
B = (biyiiy) = AX",

where
biliz“'im = AjigerigXiy « + » Xipys ij € N, ] S {1, 2,... ,m},

then B is referred to as the product of the tensor ‘A and the matrix X.

Definition 2.4. [6] A tensor A = (a;,i,...;,) € C"" is called an S DD, tensor if

|a...| > pi(A), i € Ny,

where
ri(A)
pi(A) = Z laii,...;,| + Z _max |aiiy...;,| + Z |aii,...i,,|-
o o o » Jeliz, im} |ajj-~j| o »
ip i ENY iz im €Ny 12---1,,16N’C”
6,-i2..,,-m:0 5,'1'2.4.,',”:0 (5112“.1,”:0
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Through [6], it is established that S DD, matrices can be extended to S DD, tensors. Furthermore,
we further attempt to generalize S DD, matrices to S DD, tensors. Specifically, we will demonstrate
that S DD, tensors are a subclass of strong HH-tensors.

Definition 2.5. A tensor A = (a;,;,..;,) € C"" is called an S DD, tensor if

|a....| > qi(A), i € Ny,

where o
Pj
qi(A) = Z |ai,...i, | + Z ~max |ai,...i, | + Z |iiy-..i,, |,
A 1 A 1 J€li, - im} |a]]]| L -1
iy i €N iy-im €Ny i imENG
6ii2“~izn:0 5,‘,‘2...,'"1:0 61-,-2,%-,,,:0

and p;(A) is defined as the Definition 2.1.
Lemma 2.1. [I8] If A = (a;,;,..;,) € C'"™" is an S DD tensor, then A is a strong H-tensor.

Lemma 2.2. [29] Let A = (a;,i,..,) € C"™". If there exists a positive diagonal matrix X such that
AX" is a strong H-tensor, then A is a strong H-tensor.

In the following, we will give some properties of the S DD, tensor.

Theorem 2.1. If a tensor A = (aj,.;,) € C"™" is an SDD, tensor and Ny # @, then we have
> laiy.i,| #0, i € Ny.

i i €N
6ii2~~im =0

Proof. For a tensor A = (a;,;,;,) € C" if Y lay,... | =0, i € Ny, then there is ri(A) = q;(A).
ip--im€Ng!
2(5,‘,'24..,')" :BO
Since A is an S DD, tensor, by definition we have |a;..;| > q;(A) = r;(A) for all i € N,, it contradicts
the definition of N4. The proof is complete. O

Theorem 2.2. A tensor A = (a;,;,.;,) € C"™" is an S DD, tensor if and only if |a;...| > q(A) for all
ieN.

Proof. Let A = (aj,;,..;,) € C"" be an S DD, tensor. From Definition 2.5, we have |a;..;| > ¢i(A) for
any i € N4. For any i € Np, from the definition of Nz and ¢;(A), we have |a;.;| > ri(A) = qi(A).
Therefore, we obtain |a;..;| > ¢g;(A) forall i € N. O

Next, we will prove the S DD, tensor is a strong H tensor.
Theorem 2.3. If a tensor A = (a;,i,..;,) € C'"™" is an S DD, tensor, then A is a strong H-tensor.

Proof. Let a tensor A = (aj,i,.i,) € Clmnl be an S DD, tensor; according to Theorems 2.1 and 2.2,
|la;..;| > q:(A) for all i € N. Hence, we have

|Cl,‘...,‘| - ql(ﬂ) >0, Vi e N,

and

1- @ >0, Vi€ N.
Ajj...i
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Then there exists a positive number & > 0 such that

qi(A)  lai...l — qi(A)

|aji..i| 2 laiyi,l
i imeND!

0O<e<minil -

) 2.1

6,‘,‘2.“,',":0
if > lai..i,| =0, i € Np, then the corresponding fraction is defined to be co. Next we construct
i im €N
(5,‘,‘2...,‘m:0

a diagonal matrix X = diag(x;, xp, ..., X,), where

1, I € Ny,
X;i = 1
qi(A) m—1 .
(laii---il + 8) ’ i € Np.
From inequality (2.1) we can obtain thatq’(ﬂ) +e< q’(ﬂ) +(1 =29y = 1,50 x; # +00, which shows that

Ajj. lI Iau l |aii~«i|

X is a positive diagonal matrix. Let B = (b;,;,..;,) = AX™'; then we have b, ,..;, = @iy Xiy *** Xi, »
foranyi; €N, je{l,2,...,m}.
Next, we will prove that B is an S DD tensor.

PB) = D it D i+ D bl

i2 €N i2 i eND! i i €N
112 i = 0 112 sim = 0 6[i2~«-[m:0
e 1
Qi (ﬂ) m—1 ql (ﬂ) m—1
= Z |ty | + Z |aiiy i, (2— te el te
i NI i N -] iy i
m A m B
5,‘,‘2,..,'"7:0 (5,‘,‘2...,‘m:0
+ Z |aiiy..., | %3y -+ - X,
iz imeN""
112 0
e 1
qi,(A) e qi,,(A) el
< Z |Cl,‘,‘2...,‘m| + Z |Cl,'l'2...,'m| (2— + £ [+
ip- i €N ip-imENp! | i
mS<iV 4 m B
6ii2"'im:0 (5ii2.uim:0
+ Z |aii2---i,,,|
iz i €N
112 i = 0
1 1
LA T (Pl )
< Z |ai,'2...,'m| + Z |aii2...,~m| (plz— + & v plm— + &
i i €N ip-rim €N iy iz iy
m A m B
6ii2---im=0 (5,‘,‘2...1'”1:0
+ Z [
i iy eNE!
6[,-2m,-m:0
pi(A)
< Z |aii-..i,| + Z max {—— +e& |aiiy-..i,,| + Z |aiiy-..i,|
iz i N i2 N etz laj.. | ineeeipg €N l
m ttm C
112 i = 0 112 sim = 0 6ii2‘~~im:0
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=qi(A) + & Z |aiiy-.iy, |-
i2'“im€Ng_l
(5,‘,’2...,',":0

For any i € Ny, according to inequality (2.1) and Theorem 2.1, we have

ri(B) < qi(A) + & Z |aiiy...;,| < qi(A) + la...il = gi(A) = laji...| = |bj...l.
i imeN!
6,-,-2...im:0
And for any i € Np, from definition of Np, we have

FB) <G A +e D i, < qi(A) + slaiil = il
i im NP
5,‘,‘2...,'m:0
Thus, we obtain |b;;..;| > ri(8B) for any i € N. This indicates that B is a strictly diagonally dominant
(SDD) tensor, and by Lemma 2.1 we conclude that 8 is a strong H-tensor. Furthermore, applying

Lemma 2.2, it is straightforward to deduce that A is also a strong JH-tensor. The proof is completed.
m]

Remark 2.1. From the Definitions 2.2, 2.4, and 2.5, it can be readily deduced that q;(A) < p;(A) <
ri(A). Consequently, S DD tensors constitute a subclass of S DD, tensors, and S DD tensors, in turn,
form a subclass of S DD, tensors. Furthermore, from Theorem 2.3, we conclude that S DD, tensors
are strong H-tensor. This establishes the following inclusion relationship:

{S DD-tensors} C {S DD-tensors} C {S DD,-tensors} C {strong H-tensors}.

Utilizing the following chart, we illustrate the relationships among these tensors.

Strong H-tensor
SDD, tensor

SDD, tensor

SDD tensor

Figure 1. Relationships among some tensor classes.

Example 2.1. Let us consider tensor A = (a;j) = [A(1,:,:),AQ2,:,:), A3, :,:)] € CB2L where

91 0 1 1 0 1 0 05
A(l,;,H)=10 1 2], AQ2,;,:)=|1 05 10 0 |, AG3,;,H=|1 2 0
010 05 0 1 0 05 2
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Obviously,
laiil =9, rn(A) =35, layn| =10, ry(A) =4, lazss| = 2 and r3(A) =5
so Ny = {3}, Ng = {1,2}. By calculation, we obtain p;(A) = % and p,(A) = %6, then
pi(A) 37
max = —,
JENB |ajjj| 81

when i € N4, we obtain

pi(A)
q3(A) = § |azi,i,| + g max |asi,i| + § |3,
L= = Jeliaiz) |Cljjj| =
1213€NA lzlgGNB 1213€NC

03i5i3=0

37 229
:8—1(1+0+1+2)+1:8—1>2:|a333|.

By Definition 2.5, A is not an S DD, tensor. However, there exists a positive diagonal matrix

D = diag(d,,d,,d;), where d; =0 7%, d, = 0.6%, d; = 2.2 such that AD is an S DD tensor, by Lemma

2.2, that tensor A is a strong H tensor.

Example 2.2. Let us consider tensor A = (a;j) = [A(1,:,1),AQ2,:,:),A3,:,:)] € CBPL where

910 1 1 0 I 0 05
A(l,;,;))=10 1 2], A2,:;,:)=] 05 10 0 |, AG,:,)=1 0 1 0 |[.
010 05 0 1 0 05 2

Obviously,

lain| =9, n(A) =35, lax| =10, r(A) =4, |aszs| =2 and r3(A) =3

so Ny = {3}, Ng = {1,2}. By calculation, we obtain

Gt =5
max =5

JENB Iajjjl

when i € Ny, we obtain

PS(ﬂ) = § |a3i2i3| + E |a31213| + § |a312m
Je{lz 13 |a”]|
N

i2i3€N§ iriz€ 1213€N2
03ipi3=0

5 19
——(1+O+O+1)+1:3>2:|a333|.

By Definition 2.4, we obtain that A is not an S DD, tensor. Moreover, through computation we find

pi(A) = 3, po(A) = X, then

max
JENB

pi(A)\ 37
- 81’

lajjl
Electronic Research Archive Volume 33, Issue 4, 2433-2451.
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when i € Ny, we obtain

pi(A)
@3 (A) = Z |azi,i,| + Z Jg{ll?ls{ jn_ }|a3i2i3|+ Z |,

a
irizeN? i2i3eN? ] i2i3EN2

03i5i3 =0

37 55
=—((1+0+0+2)+1=—<2= .
81( ) 31 < |as33]

From Definition 2.5, we conclude that A is an S DD, tensor.
Next we give the application of the S DD, tensor from Theorems 1.1 and 2.3 as follows.

Theorem 2.4. Let A = (a;,,.,) € R be an even-order symmetric tensor with ay.., > 0 for all
ke N. If Ais an S DD, tensor, then A is positive definite.

We give an example to illustrate how the definition of an S DD, tensor can be applied to determine
whether a given tensor is a strong JH-tensor.

Example 2.3. Let us consider tensor A = (a;) = [A(1,:,:),A(2,:,:),A(3,:,:)] € CB31 where

10 03 O 300 20 0
A(l,:,:)—[ 0 3 0 ),A(2,:,:)—[0 30 O],A(B,:,:)—[O 30 ]

0.7 2 30 0O 0 4 4 0 30
Obviously,
laiii] = 10, ri(A) = 36, |axns| = 30, rn(A) =7, |aszs| = 30 and r3(A) =9

so Ny = {1}, Ng = {2,3}. By calculation, we obtain

{ I’j(ﬂ) } 3
max = —

JENB |ajjj| 10°

when i € N, we obtain

ri(A)
A = > il + ), max il + D larig]
Jeliz,iz} |(lj/','|

ii3eN3 ihi3eNZ . iizeN%
O1ipiz=0
105 23
=0+ —+1=—.
10 2
pZ(ﬂ) = Z |a2i2i3| + Z |a21213| + Z |a21213
A2 ) je{lz ”} |aj]]| 2
12136NA lzl3€N 1213EN
52i2i3=0
12 21
=3+ —=+0=—.
10 5
pAA) = ) lazil+ Y ma lasiisl + D lasi]
L L Jelia, ”} |a_/jj|
1213€Nf‘ 1213€N2 1213€N2
53i2i3=0
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=2+ 2 +4 = 6—9
10 10
Furthermore, we obtain
max p—j(ﬂ) = ﬁ
JENB |ajjj| 100’

when i € Ny, we obtain

pi(A)
qi(A) = Z |,y + Z jfel{li%}{ ! }|a1i2i3|+ Z a1y
 Jelin,

a P
irieN? irizeN? ;i i2i3EN2
O1ipiz=0

23 181
:O+ﬁ(3+2+30)+1:E<10=|am|-

Hence, A satisfies the conditions of the S DD, tensor. By Theorem 2.3, we can get that A is a strong

H -tensor.

Additionally, another example is provided to demonstrate the positive definiteness of an even-degree

homogeneous polynomial.

Example 2.4. Consider the following 4th-degree homogeneous polynomial
f(x) = Ax* = 14x7 + 1225 +20x3 + 19x3 — 8x7 x4 + 12x1 334 — 12x2x3x] + 24x X2 X3.X4,
where x = (X1, X2, X3, X3)'. Then we can obtain a symmetric tensor A = (a; ki) € R*4 ywhere

ayn = 14, axnn = 12, as333 = 20, agqs = 19,
aing = Ay = dian = dgin = =2,

1334 = Q1343 = A1433 = d4133 = A4313 = Ag331 = 1,
a3314 = A3341 = A3413 = A3143 = 43134 = A3431 = 1,
(344 = (3044 = (2443 = Q3442 = Q3424 = Qo434 = —1,
(4423 = Q4432 = 4234 = Q4324 = Q4342 = Aaoa3 = —1,
(1234 = Q1243 = A1324 = A1342 = Q1423 = Q1432 = 1,

araz = 1,

a134 = A2143 = A2314 = A2341 = A2413
a3124 = 43142 = A314 = A3241 = A3412 = Q3421 = 1,

A4123 = A4132 = Aa213 = 4231 = Aa312 = dazn = 1,
and others are zeros. Then,

laiinl = 14, r(A) = 15, laxnn| =12, r(A) =9,

lasssz| = 20, r3(A) = 15, |agaaal = 19, ra(A) = 17,
hence Ny = {1}, Ng = {2, 3,4}. By calculation, we obtain

max =

JENB |ajjjj| - 19°

Electronic Research Archive Volume 33, Issue 4, 2433-2451.
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when i € N, we obtain

r j(ﬂ)
pZ(ﬂ) = Z |a2i2i3i4| + Z . maX |a2i2i3i4| + Z |a2i2i3i4|
5 JEli2,3.04)

a ss e
i2i3is€N3 i2iziseN} 5 i2i3is€N.
02iyiziy =0
51 165
=0+ —+6=——.
19 19
ri(A)
p3(A) = |asiyiyi,| + “max |asi,iyi | + a3, i, |
e~ e elizisial  agjijl e
121314ENA lzl3l4ENB lzl3l4€NC
03iiziy =0
51 279
=0+ —+12=——.
19 19
ri(A)
pa(A) = |@4iyisiy| + ~max iz | + iz, |
= e etinisia)  ajjjl =
121314ENA ’2’3’4€Ni3 ‘ 12’3’46Nb
O4ininiy =0
102 311
=2+ —+9=—.
19 19

Furthermore, we obtain

{pj(ﬂ)} 311
max{ ——p = —,
JENB Iajjjjl 361

pi(A)
qQi(A) = Z |a1yiziy| + max { ! }|a1i2i3i4|+ Z a1y, |

when i € Ny,

anaX e
iniziseN? bisigend i i2i3i4 €N}
Oliniziy =0
2799 4965
=0+ ——+6=—— <14 = |aj |
361 361

Therefore, by the definition of an S DD, tensor, A is an S DD, tensor. According to Theorem 2.3, ‘A
also is a strong H-tensor. Moreover, all its diagonal elements are positive. Furthermore, by applying
Theorem 2.4, we conclude that A is positive definite, and consequently, f(x) is positive definite.

3. B,-tensor and its properties

In this section, we first introduce a new class of tensors, termed B,-tensor, which is based on the
SDD, tensor. This new class of tensors encompasses B-tensors and Bj-tensors as its subclass.
Subsequently, we present several properties of B,-tensors. For convenience, some notations,
definitions, theorems, and lemmas are provided as follows:

Given a tensor A = (a;,;,..;,) € RI™", for each row i, we denote

rf (A) = max{0, a;j,..;,, : Gas---s jm) # G-, D)} 3.1
Let 8" = (b;,;,..i,) be the tensor defined as

bi1i2'~'im = Aijiyeiy, — r:(ﬂ), (32)
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clearly, B* is a Z-tensor. A tensor A = (a;,;,..;,) € C™" is called a Z-tensor if and only if a; ;,..;, <0
forall (iy,...,7,) # (i,...,0) [15].

Definition 3.1. [8] A tensor A = (a;,;,..;,) € R is called a B-tensor if and only if for all i € N,
Z Qjjy-..ipy, > 0,

and

nm- 1

1 : : : .
I [ Z aiiz...im) > Aijyevejis V(]Q, ey ]m) * (l, ey l).
2,000l

In this section, we reviewed the concept of B-tensor. Furthermore, in [8], it was also proved that a
B-tensor can be characterized by the following equivalent definition.

Definition 3.2. [8] A tensor A = (aj,i,..;,) € R s called a B-tensor if and only if for each i € N,

-1
Do il > 0" (A,

iy ipgeNm-1
Le.,
@i =rf AN > D @A) = ai,) = 1B,
Definition 3.3. [6] A tensor A = (a;,;,.;,) € R"™" is a B-tensor if for all i € N,
ai..i — i (A) > pi(B").
Lemma 3.1. [6] If a tensor A = (a;,i,..;,) € R is a B-tensor, then A is a B,-tensor:

Now, we give the definition of a B,-tensor.

Definition 3.4. A tensor A = (a;,;,..;,) € R"" is a By-tensor if for all i € N,
a..; — r:—(ﬂ) > q,(8+)
Next, we introduce some useful properties of a B,-tensors.

Proposition 3.1. If a tensor A = (a;,;,...,) € R s a B -tensor, then A is a B,-tensor:

Proof. If A = (aj,i,.;,) is a By-tensor, and we have r;(B*) > p;(B*) > ¢;(8"), then by Definition 3.3,
aj..i — 17 (A) > p(B*) 2 q(B"),
that is, A is a B,-tensor. O

Remark 3.1. From Lemma 3.1 and Proposition 3.1, it is evident that the B,-tensors encompass the
By -tensors, and the B,-tensors encompass the B-tensors; that is,

{B-tensors} C {By-tensors} C {B,-tensors}.

Proposition 3.2. Let tensor A = (a;,;,..i,) € R pe g By-tensor; then B* is an S DD, tensor.
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Proof Since biliz“'im = Qijiyeiy, — r:(ﬂ) > 4 (B+), we have |bi1i2'“im| > { (B+), so B* is an SDD,
tensor. O

Proposition 3.3. If tensor A = (a;,;,..;,) € R is a B;-tensor; then B* has positive diagonal elements.

Proof. If tensor A = (a,;,..i,,) is a By-tensor, then it follows that ag;.; — r/(A) > ¢q(B") > 0, which
implies a,..; — r; (A) > 0. The proof is complete. O

From Proposition 3.3, we can easily obtain the following corollary.
Corollary 3.1. If tensor A = (a;,;,..,) € R"™" is a B,-tensor; then there must be a;..; > ri(A).

Proposition 3.4. A tensor A = (a;,;,..;,) € R"™" is a By-tensor if and only if B* is an S DD, tensor
with positive diagonal entries.

Proof. If the tensor A = (a;;,..;,) 1S a B,-tensor, then by Propositions 3.2 and 3.3, 8" is an SDD,
tensor with positive diagonal entries. Conversely, if 8" is an S DD, tensor, then |a;..; —r} (A)| > q(B").
Since B has positive diagonal entries, i.e., g;.; — r{ (A) > 0, it follows that g;..; — 7 (A) > g(B").
Therefore, A is B,-tensor. O

Proposition 3.5. Let A = (a;,i,...;,) € R"™" be a Z-tensor with positive diagonal entries. Then A is a
By-tensor if and only if A is an S DD, tensor.

Proof. Since A = (ajj,..i,,) is a Z-tensor, we have r{(A) = 0 for all i € N, and 8" = A. Consequently,
A is a B,-tensor if and only if g;.; — [ (A) > g;(B"), which simplifies to a,..; > q;,(A). Therefore, A
is an S DD, tensor. Conversely, if A is an S DD, tensor, we have |a;..;| > g;(A). Since A has positive
diagonal entries, it follows that a,..; > ¢;(A). Thus, a,..; — r/ (A) > ¢;(B") holds immediately, which
implies that A is a B,-tensor. O

The following corollary can be obtained from Proposition 3.5 and Theorem 2.3.

Corollary 3.2. Let A = (a;i,..,) € R"" be a Z-tensor with positive diagonal entries. If A is a
B,-tensor, then A is a strong H-tensor.

Proposition 3.6. A = (a;,;,..;,) € R is a Bs-tensor if and only if B* is a B,-tensor:

Proof. By Proposition 3.4, A = (a;,;,;,) 1S a By-tensor if and only if 8% is an S DD, tensor with
positive diagonal entries. Since 8" is a Z-tensor, according to Proposition 3.5, the conclusion follows
immediately. O

Proposition 3.7. If A = (a;,j,...,) € R"™" is a By-tensor, and D € R"™" is a nonnegative diagonal
tensor of the same order and dimension, then A + D is a B,-tensor.

Proof. Let D = (d; ), where

diy i = {di, (ay . osiy) = (..., 0),

1827 im

0, otherwise,

and d; > 0. Let C = A+ D, where

Qi +diy  (loy.siy) =00, 0),
Ciiyeiyy =

ity s otherwise.
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Then, A and C have the same nondiagonal elements, so that 7/ (A) = r/(C).
Next, let us prove ¢;..;—7; (C) > q,(C*) foralli € N, where C* = (vj,j,...i,) With Vij,..i,, = Cijyeip, =17 (C).
Since A is a B,-tensor, for all i € N, we have

Ci.i— }":—(C) =aq;.;+d; — I":-(ﬂ) > Q. — I"Z-F(ﬂ) > ql(8+) > 0. (33)
Meanwhile, we have the following equation that holds:

PCY= D Wil = Y i =5 OI= D i, = (] = (B,

ip-imeN™1 in-imeN™1 ip-imeN™!
5, 5, 5

iy i = iy i = iy i =

Hence, for any i € N4(C"), we have |ci.; — 17 (C)| < ri(C"), ie., |aj.; + di — r{ (A) < ri(BY), we
can immediately obtain that |a;.., — r/ (A)| < ri(B"). Therefore, i € Ny(B"). This indicates that

NA(C*) C N4(8BY); the same method can illustrate that Ng(B*) C Np(C*).
Foranyie N,

ri(Ch)
(Ch) = iiyeriy | T : iy
pc= S bl Y m{ }wz |

Vij.i
i2"’i)116N271(C+) l'2'“l.mENg'71(C+) | JJ -]|
6ii2..,,‘m=0 6ii2---im:0
+ Z Vi |
i2"‘im€N2~1_l(C+)
6ii2"'i171=0
ri(C")
+ J :
= D eI+ > max {2, — 1 ()
inee] —1 L. 1 J€tia - sim} |Cj]] - r(C)
i imENY' e iperin €N (") j
6i12"‘im:0 6ii2m,'m:0

D DR R (o]

i2"'im€Nénil (C+)

6,','2,“,'"1:0
ri(BY)
j
= Z laiiy...;, — r; (A + Z max
iz im) | @i +dj— 1T (A
i imeNT1(C) i2~~-imeNZ'_1(C+)jE{lz b \ -5+ dj it l
Biigowig =0 Bijg-veipy =0

Gty = 1T+ Y i, = 17 (A

iy imeNBL(C)

5ii2~-im:O
ri(B%)
J
<) Mm@ D) max So— s
12,751 jjoei — T
iz"'imENzlil(B+) i2"'im€NZ71(8+)] 2 m JIJ 7]
Siig-im =0 By iy =0

Aiiy-viyy, — r;r(ﬂ)| + Z |aiiy...i,, — ”,-Jr(ﬂ)|
iy imeNIE1(BY)
6ii2-4-im:0

=pi(B").
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p;i(CY)
Qi(C+) = Z Viiy-wiy, | + Z ~Inax ! Viiy-iy,|
Jeliz,+ Jim}

Vjjuj
i2-+imeNT~1(CY) i2+imeNy~1(C") Vi
6ii2---im =0 5,‘,’2...,'”, =0

+ Z [Viiy-iy|

i2"'im€Ng~1_] (C+)

(5;[2“.;”1:0
E pi(C")
- Cityiyy = 17 (O + 2 ‘ max ¢ —————|¢|ciip..q,, — 17 (O)]
ineee] -1+ . . 1t ]6{125“' Jim} |c]]] —-r. (C)
12...LmENX’ ch ,2‘..%6]\[;;! ch j
Oiiy i =0 Biig-wipg =0

+ Z |Cii2---im - r:r(c)l

iy imeNIL(C)

6,'1'2“.,’,":0
pi(B8")
D S LD VI . Uy
ip,ee i . pt
i2"'l'm€N2"_l(C+) iz"'imGNg_l(C+)j 2 m JJJ J Jj
5,‘,‘2...im:0 6ii2<-»im:0

Gty = 1T AN+ Y iy, = 1 (A

i imeNB1(C)

5,‘,‘2,4.,‘,”:0
+
Pi(87)
; i —1 p+ . . PP ]e{l%'"»l/n} |Cl”] —r. (ﬂ)|
12-..zm€le B 12...,m€Ngn (BYH j
5ii2...,‘m:0 (5,‘,‘2..,1‘,,,:0

Aijy iy, — r;r(ﬂ)| + Z |aiiy...i,, — ”,-Jr(ﬂ)|
i imeNE1(BY)
s 0

i it =
ZQi(B+)-

Combining Eq (3.3), there is ¢;.; — 17 (C) > ¢;(C"), and this proof is completed. O
Proposition 3.8. If A = (a;,;,..;,) € R'"" is a B-tensor, then we can write A as A = B + C, where B
is a Z-tensor with positive diagonal entries, and C is a nonnegative tensor with cj,..;, = ¢, ¢; > 0, for
any i € N. In particular, if A is both a B-tensor and a Z-tensor, then C is a zero tensor.
Proof. Suppose B = (b;,j,..i,), where bj,..;, = aij,...;,, — 7 (A). According to the definition of 7 (A), it
can be inferred that bj;,..;, < 0, (i2,...,1,) # (i,...0). Since A is a B,-tensor, b;..; = a;.; — 17 (A) >
q/(8B) > 0. Then B is a Z-tensor with positive diagonal entries.

Let C = cjj,..i, With cjj,..;,, = r7(A); obviously C is a nonnegative tensor with ¢; = r/(A). In
particular, if A is both a B,-tensor and Z-tensor, we have ;" (A) = 0, then C is a zero tensor. O

Proposition 3.9. Let A = (a;,;,.;,) € R™" be a By-tensor, and let C = (c;,i,.;,) be a nonnegative
tensor of the form c;,..;, = c;; then A+ C is a B,-tensor.

Proof. Let P = A+ C, where P = (p;,;,i,,)- By Proposition 3.6, we need to prove that £* is a
B,-tensor. By definition, we can see that for all i € N,

ri(P) =ri (A) + c;.
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Hence, for all i, i»,...,i, € N, we have

iiy--ip, = Diywiyy, = 17 P) = @iiyiy, + €)= (17 (A) + 1) = @iy, — 17 (A),
then we obtain that #* = B*. Since A is a B,-tensor, by Proposition 3.6, 8" is a B,-tensor. The
conclusion follows immediately. O

Proposition 3.10. If A = (a;,;,..;,) € R"™" is a B,-tensor, then every principal sub-tensor of A is also
a By-tensor.

Proof. Let T be a nonempty subset of N with |T| = r, and let C = A € R"™" be the principal sub-
tensor of A. Since A is a B,-tensor, we have a,..; — 1/ (A) > q;(B") > 0. Consequently, a,..; > ri (A) >
r7(C). Next, we prove that g;..; — 1/ (C) > ¢;(C*) for all i € T. We have

RBY = ) i, — A= ) 6T - ai,)

i N1 i imeN™!
6,-,-2.”,-,”:0 6ii2-"im:0
> (r/(O) - aij,..i,)) = ri(C")
= i iin iy i .
i2‘“im€Tmil
iy g =

For any i € Ns(C"), we have 0 < a;., — 1/ (C) < ri(C") < r(8"), hence 0 < a,..; — 17 (A) < r{(BY).
Therefore, i € N4(B*). This indicates that Ny(C*) C No(B*). The same method can illustrate that
Np(8B") C Np(C").

ForanyieT,

ri(Bh)
i B = b,‘,‘ i | / b,‘i i
p ( ) Z | : 777| Z /e{l};a)’(’m} { |bj/j| } | : ml

i im€NIH(BT) iy imeNE-1(BY)
6,‘,'24..,'},” :0 (5,‘,‘2..,,‘m :O

+ Z 1Dty |

iy imeNE1(BT)

5,'1'2..4,',”:0
ri(B")
_ + |
- Z (r; (A) = aiiy..i,)) + g _max {——————r
[+l 1 .. 1 JEli2, e sim} a],]_] —r. (ﬂ)
i N (8 i NGB ;
5ii24..i,77 =0 5’_1,2”.’_”1 =0

A = aii)+ Y, 0T~ ai,)

iy i €ENITL(AT)

(5,‘,‘2..,,‘,,,:0
ri(C")

2 Z (17 (O) = aity.iy,) + Z max §—————
. . —1 . . 1 je{iZ,""im} a]]] —r. (ﬂ)
ir-imeNF1(C) irimeNg ™' (C*) /

Oiig iy =0 Siig-ipg =0

(’”,-JF(C) = Qjjy...iy,) + Z (’”;r(c) = Qjjy...iy,)

i im€NEH(CY)
(5,‘,‘2...,'," =0

=pi(C*).
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So,
a.; — V:—(C) >a;.; — r:—(ﬂ) > q,(B+)
pi(8BY)
= Z |biiy i, | + Z _Inax bty i, |
L. 1 . 1 JElia, sim} |b]]]|
2NN (B) 2NN (B
5,‘,‘2,..,'"1 =0 5ii2-~-im =0
+ Z 1Dty |
iy imeNE1(B)
5ii2---im:0
pi(B8")
= Z (7 (A) = aiiy.edy,) + Z ‘max (—————
o~ el | @ — T (A)
12'“1771€NX’ (-(BJr) 12“'lmENg (BJr) J
6ii2"'im =0 5,‘,‘2...,'”1 =0
A —aii)+ Y, 0FA) =~ i)
i imeNIH(AY)
5[[2m;m:()
pi(CY)
> ), (I©@-apg)+ ), max }{a..._—m
i imeNT1(C) i2~~-imeN§§“1(C+)J prm \Sgd
(5,‘,‘2A.,,'m:0 6,’,’2“.,’”1:0
(O = @)+ . (O - aii,)
ip-in€NEH(CT)
5,‘,’2u.,‘m:0
=qi(C").
In summary, we have g;..; — r(C) > ¢;(C"), and this proof is completed. O

4. Conclusions

In this paper, we mainly introduce a novel class of tensors, which we named S DD, tensors, inspired
by the S DD, tensors. We demonstrate that the S DD, tensor is a subclass of strong H-tensor and give
an application of the S DD, tensor to the determination of the positive definiteness of even-order real
symmetric tensors. The validity of our results is supported by illustrated examples. Furthermore, we
extend the concept of the S DD, tensor to the B-tensor, thereby introducing the B,-tensor. Finally, we
proposed several properties of the B,-tensor. Regarding the error bounds for the linear complementarity
problems based on strong H-tensors. In the future, we can conduct similar research on S DD, tensors
and B,-tensors.
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