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Abstract: This work deals with the dynamical features of the system for three-dimensional difference

equations
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where the initial values u;, v;, w; € (0,00),i € {—1,0}, and the parameters @ > 0,g > 1. In detail, the
local asymptotical stability of the positive equilibrium point, boundedness, persistence, and oscillation
behavior of the positive solution for the systems are obtained. Furthermore, using Matlab software, we
give some examples to show the validity of theoretic analysis.
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1. Introduction

Difference equation, or discrete dynamical system, is a useful mathematical tool describing natural
phenomena in economics, population dynamics, genetics, computer science, control theory,
etc. [1-4]. It has been an important research topic that affects every aspect of mathematics and
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applied mathematics. In the past decades, there has been many results on the dynamical behavior of
solutions such as asymptotic stability of equilibriums, oscillation, and periodic solutions for the
nonlinear difference system (see [5—-8]).

For instance, in 1998, Papaschinopoulos and Schinas [9] explored the following system.

<
yn+]:B+ n, Zn+1:B+ yn’ n:O,l,"',

n—s Zn—t

here B € (0, c0) and the initial values are y; € (0,00),i € {-s,---,0},z; € (0,00),j € {~t,---,0},
s,t € Z*(positive integer).
In 2000, Papaschinopoulos and Schinas [10] considered the following two-dimensional system.
ul‘l+1:6+un_la vn+1:5+vn_l9 nENa
n ul’l
here 6 > 0, and the initial values are u; € (0, 00),v; € (0, 0),i € {—1, 0}.
In 2012, Zhang et al. [11] discussed the qualitative feature for a rational difference system.

Uy Vn-2

Upy] = ———————, 1=
O+ Vp2Vp1Vn Y+ Upoly_ iUty

where the initial values u; € (0, ), v; € (0, 0),i € {-2, -1, 0}, and the parameters ¢, y € (0, o).

In 2015, Bao [12] considered boundedness, oscillation, and the local stability of the system.

m n

1%
n—1 n—1
M}’l+1:6+ m Vn+1:6+ m n:O’l9..',
n n

where the parameters ¢ € (0, c0), m > 1, and the initial values u; € (0, o), v; € (0, 0),i € {-1,0}.
In 2018, Inci and Yiiksel [13] investigated the boundedness, persistence, periodicity, and the global
asymptotic features of the three-dimensional system

@y n— n—
et = 1 + ——, ,8n+1=r7+'8 L 7n+1:n+y L
Yn Y B
where 17 € (0, o0) and the initial values a;, 8;, y; € (0, 0),i € {—1,0}.
In 2023, Abdul et al. [14] considered the persistence, boundedness, and local and global features of

a second-order system.

neN,

Vn

Upe1 = a+ bu,_1 + cu,_1e7"",
Vpel =@+ PV +yv,e7, neN,

Wail =1+ OWyog + OWy_ge7,
where the parameters a, b, ¢, a, 3,v, 1, 9,9 are positive real numbers, and the initial values u;, v;, w; €
(0, 00),1 € {—1, 0}. Readers can refer to other works [15, 16].
Inspired by the above-mentioned publications, in this paper, we will extend the system ( [12,13]) to

a three-dimensional system
q
u'
ul’l+1 =a+ ;L_ql,

n

v =a+ il =01, (1.1)

wi >

qu
Wn+1 =a+ ;q >

n
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where the initial values u;, v;, w; € (0, 00),i € {—1, 0}, and the parameters g € [1, o), a € (0, 00).

The main aim of this article is to discuss the boundedness, persistence, and asymptotic features of
positive solutions for (1.1). The organization of this article is as follows. Section 2 gives
preliminaries and some definitions. In Section 3, we explore theoretical results, including the
boundedness, persistence, oscillation, and asymptotic features of system (1.1). Section 4 presents
some examples to show the validity of theoretic findings. In Section 5, we draw a general conclusion
and give our future works.

2. Preliminaries

In this section, firstly, we give some definitions and a basic theorem that are applied in the next
section.
Consider the following abstract discrete dynamical system

Up+1 = ¢(un7 Un-15Vns V-1 Wh» Wn—l)a
Vn+] = ¢(un’ un—l, Vn’ vn—] ’ Wl’l’ Wn—l), ne N’ (2‘1)

Wpel = h(un’ Un—15Vns V-1 Wns Wn—l),

where ¢ : I x [ X I3 = I,y : [ x ;X I; = L and h : I; X I; X I5 — I are C'—continuous and
differentiable functions, and [;(i = 1,2, 3) are some real intervals. It is well known that the solution
{(u, v, wy)} of (2.1) is ascertained by the initial values (u;, v;,w;) € I X I, X I5 for i € {0, —1}.

Definition 2.1. A point (i, ¥, w) is said to be an equilibrium of system (2.1) provided that

Also, let F = (¢, h), then (i, v, w) is said to be a fixed point of F.

Definition 2.2. [3] Suppose that (i1, v, w) is an equilibrium of system (2.1) and [;,i € {1,2,3}, is a
real interval.
(1) (u, v,w) is stable, provided that Ve > 0, 3y > 0, for any initial value (u;, v;,w;) € Iy X I, X I3,i €

{—1, 0}, with
0 0 0
Dlu—il<y, Y lvi=vl<y, Y Iwi—wl<y,

i=—1 i=—1 i=—1
deducing | u, —u|< & | v, —VI<e&|w,—wl|<easn>1.
(11) (&, v, w) 1s LAS (locally asymptotically stable), provided that it is stable, and also do- > 0 satisfying

0 0 0
Zlui—ﬁ|<cr, Zlvi—ﬁl<m lef—kam

i=—1 i=—1 i=—1
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and (u,, v,, w,) — (4,V,w) as n — oo.
(iii) (&, v, w) is a global attractor if (u,, v,, w,) — (i1, v, w) as n — oo.
(iv) (i1, v, w) is GAS (globally asymptotically stable), provided that it is stable and a global attractor.
(v) (u, v, w) 1s unstable, provided that it is not stable.

Let U = (i1, v, w) be an equilibrium of F = (¢, ¢, h), here ¢, ¥, h € C . The associated linearized
system of (2.1) at the equilibrium U is written as

Un1 = F(U,) = GU,,

where U, = (U, Up_1, Vs Va1, Wn, Wn_1)!, and G is a Jacobian matrix of (2.1) at the equilibrium U =
(@i, v, W).
Theorem 2.1. [3] Let

Ui = F(U,) =GU,

be a linear system of (2.1) at the equilibrium U.

(i) If all the characteristic values of the Jacobian matrix G at the equilibrium U lies inside the open unit
disk, i.e., | A|< 1, then U is LAS.

(ii) If at least one of the characteristic values of the Jacobian matrix G at the equilibrium U lies outside
the open unit disk, 1.e., | 4[> 1, then U is unstable.

(o)
n=-1

Definition 2.3. A positive solution {(u,, v,,, w,)}
that 4V > 0, W > 0 satisfying

of system (2.1) is persistent and bounded, provided

V<u,<W V<v,<W V<w,<W n>-1.

3. Main results

In this section, we will explore qualitative features of the positive solution of system (1.1).

Theorem 3.1. Consider system (1.1): the following assertions hold true.

(i) There is a positive equilibrium (i,v,w) = (@ + 1, + 1, + 1) for system (1.1).

(ii) The positive equilibrium (o + 1, + 1, + 1) of system (1.1) is LAS provided that a > 2q — 1.
(iii) The positive equilibrium (a+1,a+1, a+1) of system (1.1) is unstable provided that 0 < a < 2q—1.

Proof. (i) Suppose that u, v, w are positive numbers satisfying

u=a+%,
vd
— ve
v=a+ i, (3.1
w=a+2.

ud

From this, one has the positive equilibrium (iz, v, w) = (@ + l,a + L,a + 1).
(i1) The linearized equation of system (1.1) at the positive equilibrium (¢ + 1, + 1, + 1) is

Up1 =GU,, (3.2)
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in which . .
Uy, 0 P 0 0 0
Uy_1 1 0 0 0 0 0
B VY B 0 0 0 aqj —ﬁ 0
Un = Vaer | G= 0 0 1 0 0 0
w, —ﬁ 0 0 0 0 ﬁ
W1 0 0 0 0 1 0

Let v;,i € {1,---,6} be the characteristic value of matrix G, and L = diag(/,,---,ls) is a diagonal

matrix, where [y =l =ls=1,[, =1 —-keg, k=2,4,6, and

1 q
- —1 ).
0<s<6( 1 )

Since L is invertible, calculating LGL™', we obtain

qlil qlil
0 (Z+21 (1/1+31 0 0 O
lle1 0 0 0 0 0
qll;! gllc!

LGL™! = 0 0 0 a3+41 - a3+51 0
0 0 l‘;lg1 0 0 0
-1 -1
g0 0 o

0 0 0 0 l6lg1 0

It is clear that
LY <1, L' < 1, Il5' < 1.

Furthermore, from (3.3), one has that

LI LI
@, s 4 1+l: 7 (14 ! <1,
a+l1l a+1 a+1 l a+1 1-2¢
gl qhl! q 1 q 1
+ = I+—|= 1+ <1,
a+1l a+1 a+1 Iy a+1 1-4e
qlsl;t  glsly! q 1 q 1
+ = I+—|= I+ <1
a+l1l a+1 a+1 lg a+1 1 -6¢
Since G has the same eigenvalues as LGL™', one has
max | v;| < |ILGL™||
1<i<6
1
- LI LY el —2— 1+ —
maX{21,43,65 ,a+1 lz ’
1 1
9 1+, 4 (14—
a+1 l4 a+1 l6
< 1.

It implies that the fixed point (@ + 1, + 1, @ + 1) of system (1.1) is LAS.

(3.3)

(3.4)
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(ii1) It is true from the proof of (ii).

Remark 3.1. In [12], Bao studied the dynamical behaviours of two-dimensional difference equations.
In [13], Inci Okumu and Yiiksel Soykan investigated the global asymptotic stability of
three-dimensional difference equations. Compared with some literatures [12, 13], the results obtained

in this paper are an extension of existing results.

Theorem 3.2. Let « € (0, 1), and suppose that {(u,, v,, w,)} is a positive solution of system (1.1). Then

the following assertions hold true.

(i) If
1

0., €(0,1), O € (m, +°°), O € {u,v,w},

then
lim @y, = co, lim Oy,,; =, O € {u,v,w}.
(i) If
1

®—1 € (ma +OO) ) ®0 € (O’ l)’ @ € {u5 v, W}’

then

lim ©,, = @, lim ®,,,; =00, O € {u,v,w}.
n—o00

Proof. (i) Since @ € (0,1), so (1 —a)?> < 1,and 1/(1 — @) > 1 + «. It implies
up>1+a, vi>l+a, wi>1+a.

From (3.5) and (1.1), it has

Q

u

a<u=a+—<a+4 <1,
Yo Yo
v 1
a<vi=a+—=GF<a+-5<1,
Yo o

W
¥<w=a+ 7 <a+- 1.

u

o»al’_‘
IA

Thus
(u],V],W]) € (CY, 1] X (CZ, 1] X (a’ 1]
Similarly, it has

l/lq q
Uy =a+ = 2a+u,
Vi

Vq q
V2:a+W—%ZCZ+VO,
1

Wq q
wa=a+ g 2a+w,
Lo

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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and .
_ uj 1 1 1 o
a<u3—a+v,2,<a/+vg$a+(a+vg)q§a+a+v3§a+l a =1,
q
v
v<viza+FLe+glatom et p<atl-a=l, (3.11)
wi 1 1 1
a<W3:a+g£a+zSa+(a+u3)qSa+a+u330z+1—a:1.
So
(u3,v3,w3) € (@, 1] X (@, 1] X (e, 1]. (3.12)

Also similarly, it has

q
u4:a+z—§ch+(a/+ug)qZa+(a/+ug):2a/+ug,
3

q

v4:a+%2a+(a+vg)‘f2a+(a+vg)=2a+vg, (3.13)
3
q

w4:a/+v;—,3§Za+(a+wg)qZa+(a+wg):2a+wg.

By mathematical induction, one has

(Uap, Van, Wapn) € [na + ug, +00) X [noz + vy, +o<>) X [na +we, +oo) ,
(3.14)

(U2n+15 Vons1, Wons1) € (a, 1].

Therefore, we have
lim u,, = oo, lim v,, = co, lim w,, = oo,
n—o0 n—oo

n—oo
and
q

. . ul -
lim, e Uppe1 = @ + 1M, ‘2)5 L= a,
2n

. . .
hmn—>oo Vopr1 = @ + hmn—mo # =a,
2n

li _ li Wgn—l _
My Wape1 = @ + lim,, o 24 =
2n

R

(i1) The proof of (ii) is similar, so we omit it.

Theorem 3.3. Suppose that {(u,,v,, w,)} is a positive solution of system (1.1), if one of the following
conditions is true, for S > 0,

Us 1 <a+1<ug, vsgor<a+1<vg, we_1<a+1<wyg, (315)

or
MS_1>C¥+12145, VS_1>CL’+1ZVS, WS_1<Q’+1ZZS, (316)

then all the coordinate components of the solution {(u,, v,, w,)} are oscillatory.
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Proof. If condition (3.15) is true, then

and

It follows from (3.17) and (3.18) that

Usy <a+1<ugp,, v <a+1<vg,, wey <a+1<wgys.

If condition (3.16) holds true, then

and

It follows from (3.20) and (3.21) that

Usy >a+1>usgpn, v >a+1>vg0, wey >a+1>wgy.

This implies that all the coordinate components of the solution {(u,, v,, w,)} are oscillatory.

q
u
u5+1:a+%<a+l,

N
V5+1:CZ+;—§1<Q’+1,

Wi
WS+1:Q’+%<CU+1,

ul

u5+2:a+vgsl >a+1,
+

W

v5+2:cy+wzf1 >a+1,
+

q
w
=~ >a+ 1.

Ugi

Wsy2 = @ +

q
u
u5+1:a+%>a+l,

N
V5+1:CZ+;—§]>G’+1,

Wq
Wi =@+ ;g" >a+ 1,

ul

Ugyp = a + gsl <a+1,
+

vl]

v5+2:a+w§1 <a+l,
+

Wi
w5+2:a+ugsl <a+l.
+

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

Theorem 3.4. Suppose that {(u,,v,, w,)} is a positive solution of system (1.1), if one of the following

conditions holds true

Wo>Vo>Ug>W_1 >V >u>a+1

Electronic Research Archive
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or
U_1 >V >W_p>Uy>Vvyg>wy>a+1,

then all the coordinate components of the solution {(u,,v,, w,)} are oscillatory.
Proof. If condition (3.23) holds true, then we have

q q q

u, v, W
u1:a+—q<a/+l, v1:a/+—q<oz+1, w1:01+—q<0/+1.
Yo Wo Wo
It follows from (3.25) that
q q q
0 Yo 0
u2:01+—q>a/+1, v2:a/+—q>0/+1, w2:01+—q>a/+1.
Vi Wy Uy

By induction, suppose that for n = k,
Uy <a+ Lvyg <a+ 1, wy <a+1,

and
u2k>a+l,v2k>a+l,w2k>a+l.

Then, for n = k + 1, one has

q
Uy
U(k+1)-1 = @ + % <a+1,
2%k
Vi
Vok+1)-1 = U + w_q_ <a+1l,
2%
Wt
Wok+1)-1 = @ + i <a+l,
2%k
and .
u
U+1) = U + quk >a+ 1,
2kl
v
vz(k+1):a+wqi>a+l,
2k+1
e
Wz(k+1):a+uq >a+ 1.

2k+1

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

It follows from (3.29) and (3.30) that all the coordinate components of the solution {(u,,v,, w,)}

are oscillatory.
If Condition (3.24) holds true, the proof is similar to the above. So it is omitted.

Theorem 3.5. Every positive solution (u,, v,, w,) of system (1.1) is bounded and persists if a? > 1.

Proof. From system (1.1), it has, forn > 1,
U, 2 @, v, 2 a, w,=«a.
On the other hand, we have

q
u a 1
2 2
"2 <o —+ —ul
y aP al @

(3.31)
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104 a Iy
< @ —+—+—u
al an a,3q n—
1
< a+—+—=+-- — + —u!
al o ak=Dg — qkq =2k
k
g+l |1 _ L)
a [1 (aq 1,
= + —u
a,q _ 1 a,kq n—2k
a,q+]

q _
T tuy, n= 2k,

IA

(3.32)

aq+1 q _ _
g tul, n= 2k —1.

Similarly, we have

! q _
TtV n= 2k,

a<v,< (3.33)

= +v!, n=2k-1,

ai—-1

and
q+1 q _
S twy n=2k,
a<w,< (3.34)
q+1 q _
g twl, n=2k-1.
Let
a,q+1
M = 1 + max{ug, U_1, Vo, V_1, Wo, W_1 }. (3.35)
a p—

So, from (3.31)—(3.35), one has

a<uy,vy,w, <M, neN".

The proof of this theorem is completed.

4. Numerical examples
To show the validity of theoretic results, using Matlab software, we give some numerical examples
in this section.

Example 4.1 Consider system (1.1): suppose that the initial values are u_; = 0.6,v_; = 1.2,w_; =
0.9,up = 2.6,vy = 2.7,wy = 2.9, and the parameters are @ = 1.5,¢g = 1.1, it is clear that @ > 2q — 1.
Then the positive equilibrium (2.5, 2.5, 2.5) of system (1.1) is LAS (see Figure 1).
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3.5

05 : : : :
0 20 40 60 80 100
n
Figure 1. The stability of positive equilibrium (2.5,2.5,2.5) for system (1.1) under @ >
2g - 1.
Example 4.2 Consider system (1.1): suppose that the initial values u_; = 0.6,v_; = 1.2,w_; =
0.9,up = 2.6,vy = 2.7,wy = 2.9, and the parameters are @ = 1.5, = 1.28. Itis clear that 0 < a <

2g — 1. Then the positive equilibrium (2.5, 2.5, 2.5) is unstable (see Figure 2).

0 Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40
n

Figure 2. The instability of positive equilibrium (2.5, 2.5, 2.5) for system (1.1) under 0 <
a<2q-1.

Example 4.3 Consider system (1.1): suppose that the initial values u_; = 1.2,v_; = 1.5,w_; =
1.7,uy = 1.9,vy = 2.2,wy = 2.5 and the parameters @ = 0.8, = 1. It is clear that the conditions of

Theorem 3.3 are satisfied. So all the coordinate components of the positive solution {(u,, v,, w,)} are

Electronic Research Archive Volume 33, Issue 4, 2352-2365.



2363

oscillatory (see Figure 3).

25

Il
—_

Figure 3. The oscillatory solution of system (1.1) with ¢

Example 4.4 Consider system (1.1): suppose that the initial values u_; = 3.6,v_; = 3.7,w_; =
3.8,up = 4.0,vy = 4.3, wy = 4.5 and the parameters @ = 2.5, = 1.8. It is clear that the conditions of
Theorem 3.4 are satisfied. So all the coordinate components of the positive solution {(u,, v,, w,)} are
oscillatory (see Figure 4).

0 5 10 15 20 25 30 35 40

Figure 4. The oscillatory solution of system (1.1) with g = 1.8.
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5. Conclusions and future works

In this work, we utilize a linearized equation at the equilibrium point to study the local dynamics
of a three-dimensional discrete system. The qualitative features of the systems are the main results of
this article. Some sufficient conditions guarantee the asymptotic feature of system (1.1). The theoretic
findings are stated below.

(1) The positive equilibrium (@ + 1, + 1, + 1) of the system (1.1) is LAS if the parameters satisfy
a > 2¢g — 1. The positive solution is unstable if the parameters satisfy 0 < @ < 2¢g — 1.

(i) The positive solution is oscillatory under different initial conditions. Moreover, the positive
solutions are bounded and persistent under certain parametric and initial conditions.

Open problem: To find a sufficient condition, the positive equilibrium (o + 1, + 1, @ + 1) is GAS.

In the future, we will continue to explore high-order difference system

ul W q
n—m n—m n—m
Up) =X+ ——, V1 =@+ — Wy =@+ — ,n=0,1,---.
v}’l n u}’l
where @ € (0, ), g € [1,+0o0) and u;, v;,w; € (0,0),i € {0,—1,--- ,—m}.
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