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Abstract: We derive a Liouville-type theorem for positive ancient solutions to a weighted semilinear
parabolic equation with a Dirichlet boundary condition on complete noncompact weighted manifolds
with a compact boundary. This result can be viewed as an extension of Dung et al.’s work on a linear
heat equation.
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1. Introduction

Let (M", g, e "dv) be a weighted manifold, which is in fact an n-dimensional complete Riemannian
manifold endowed with a weighted measure e~dv, where A is a smooth function on M” and dv is the
volume element of the metric g. The associated weighted Laplacian is defined as A, := A —Vh -V,
where A and V, respectively, denote the rough Laplacian and the Levi-Civita connection. The Bakry-
Emery Ricci curvature is given by Ricy, := Ric + Hessh, where Ric and Hess, respectively, are the Ricci
curvature of M" and the Hessian operator with respect to g (see [1]).

Recently, many authors have devoted themselves to studying Liouville-type theorems of parabolic
equations on weighted manifolds with or without a boundary, and there have been plenty of results
obtained (see [2—4] and the references therein). For example, Wu [5] proved elliptic gradient estimates
for positive solutions to the linear heat equation

U, = Ayl (1.1)

on (M", g, e”"dv) without a boundary and obtained Liouville theorems for positive ancient solutions
(i.e., solutions defined in all space and negative time) satisfying some growth restriction near infinity.
Abolarinwa [6] showed Souplet-Zhang gradient estimates for positive solutions to the weighted
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semilinear parabolic equation

u; = Apu + q(x, Hu® (1.2)

on weighted manifolds without a boundary, where a € R and the function g(x,?) is C! in x and C° in t.
In particular, he obtained the following Liouville-type theorem.

Theorem A. Let (M", g, e”"dv) be a complete noncompact weighted manifold (without a boundary)

withRic, > 0. Assume that q(x,t) = q(x) # O, that is, it is time-independent and satisfies ||q" || =B, (x)) =

0(p™ D) and |\Vqll=s,00n = 0™ * V) as p — oo. If u is a positive ancient solution to Eq (1.2)
. 1 1 .

satisfying u(x,t) = o(r2(x) + |t|) as r(x) — oo andt — —oo, then u is a constant, where q* =

max{q(x), 0}, B,(xo) is a geodesic ball with the center at xy and a radius p.

For further generalization of the result above, see also [7] and a recent paper [8]. Inspired by the
works of Kunikawa and Sakurai [9], Dung et al. [10] gave elliptic gradient estimates for positive
solutions to Eq (1.1) on weighted manifolds with a compact boundary. They also showed the
following result.

Theorem B. Let (M",g,e™"dv) be a complete noncompact weighted manifold with the compact
boundary M, Ric, > 0 and H), > 0. Assume that u is a positive ancient solution to Eq (1.1) with a
Dirichlet boundary condition (i.e., the solution is constant on the boundary). If u,, > 0, u; < 0 over
OM x (=c0,0], and u(x,t) = e’an@+ (g5 r,-(x) = oo and t — —o0, 0(ryy(x) + |t]) is an infinitely
small quantity), then u must be constant.

Here and below, Hj, stands for the weighted mean curvature on AOM and is defined as H;, := H —
Vh - 57, where H denotes the mean curvature of the boundary dM, 7 is the outer unit normal vector to
oM, u, stands for the derivative of u along the direction 71, and r,;(x) is the distance function from
the boundary.

In this paper, on weighted manifolds with a compact boundary, we study the Liouville property of
positive ancient solutions to Eq (1.2). On the basis of Souplet-Zhang gradient estimates for positive
solutions to Eq (1.2) with a Dirichlet boundary condition, we obtain the following Liouville-type
theorem, in the spirit of Theorem 3.3 of Souplet and Zhang in [11].

Main theorem. Let (M", g, e "dv) be a complete noncompact weighted manifold with the compact
boundary M, Ric, > 0 and H;, > 0. Assume that q(x,t) = g(x) # 0 satisfies ||q*|| LB, = o(p~@ )
and |\Vqllpsg,@imy = 0™ @™") as p — oco. Let u be a positive ancient solution to Eq (1.2) with a
Dirichlet boundary condition. If u, > 0, u;, < qu® over M x (—c0,0] and u(x,t) = e*Van™* (gg
Yai(X) = 00 and t — —oo, o(ry;(x) + |t]) is an infinitely small quantity), then u must be constant, where
B,(0M) := {x € M"|d(x,0M) < p}.

Remark. If g(x,t) = 0, Eq (1.2) reduces to Eq (1.1), and hence our result generalizes the
corresponding result of Dung et al. in [10]. When q(x,t) = =1, @ = 1, and M = (=c0,0], h = x. It can
be checked that u = e is a positive ancient solution to Eq (1.2), where u, > 0, u, < qu® over
AM x (—0,0] and its growth rate is e"*". The example shows that our growth condition is necessary
and sharp in both the spatial and time directions. Hence, it is better than the condition
u(x,t) = o(r%(x) + |t|i) (as r(x) — oo andt — —o0) used in [6].
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2. Basic lemmas

In this section, we present some definitions and results. On a weighted manifold (M”, g, e~ "dv) with
the compact boundary dM, the distance function from the boundary is given by

r(x) := ryp(x) = d(x,0M), xe M".

This is a smooth function outside of the cut locus for the boundary (see [12]). We introduce the
weighted Laplacian comparison theorem for the distance function on weighted manifolds with
a boundary.

Lemma 2.1. [13] Let (M", g, e ”"dv) be an n-dimensional weighted manifold with the compact boundary
oM. IfRic, > —(n — 1)K and H;, > —L for some non-negative constants K and L, then
Apr(x) < (n—1)Kp + L 2.1)
for all x € B,(0M).
We give the following useful derivative equality, which is called the Reilly’s formula.

Lemma 2.2. [14] Let ¢ be a smooth function on a weighted manifold (M", g, e™"dv) with the compact
boundary M. Then

1
§(|V90|2),, =@yl 200 = Do Plog) = eaHn] + 8am(Vair(@loxs)s Vasren)
— H(Vau(Plaw)s Vo (Plow))s

(2.2)

where I1 is the second fundamental form of OM.
Next, we introduce a smooth cut-off function originally developed by Li-Yau. It is very useful in
the proof of elliptic gradient estimates.

Lemma 2.3. [15] Let (M",g,e"dv) be an n-dimensional weighted manifold with the compact
boundary OM. A smooth cut-off function ¥ = Y(x,t) supported in Qp,T(aﬂ;I) = Bp(aM) x [-T,0]
exists such that

(i) ¢ = Y(rp (0, 1) = Y, 03 Y(r, ) = 1in Quorp@M), 0 <y < 1 )

(ii) ¢ is decreasing as a radial function in the spatial variables, and ¥, = 0 in Q2 7(OM);

(iii) |y, < chl/Z’ | < CT‘/’ and |y,,| < C;ff, where C > 0 is a universal constant and C, > 0 is a
constant depending only on 0 < € < 1.

According to Souplet and Zhang’s idea in [16], by introducing the auxiliary function /1 + log(N/u)
instead of log(u/N) used in [6], we prove a derivative inequality, which plays an important role in the
proof of Proposition 3.1.

Lemma 2.4. Let u be a smooth solution to Eq (1.2) and 0 < u < N for some constant N. Let
v = +/log(P/u), where P = Ne and w = |Vv[>. We then have

Apw — w; 22002 + 2)w? = [2(a = 1) + v 2]qu® ' w + 2Ric,(Vv, Vv)

-1 —1. a-1 (23)
+2Q2v —v XV, Vv) + v u""(Vg, Vv).
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. 2
Proof. Since u = Pe™, we compute

u, = —2Pve‘v2v, = —2uvy, 2.4)
and
Vu = —2Pve™" Vv = —2uvVv.
Further, we get
Au =VVu
= — 2u|Vv[* = 20(Vu, Vv) — 2uvAy
= — 2u|V)® + 4|V = 2uvav,
hence
Ay =Au — {Vu, Vh)
) e 0 (2.5)
= = 2uvARv — 2ulVv|~ + 4uv|Vv|~.
If we substitute (2.4) and (2.5) into Eq (1.2), it follows that
1
Ve = Ay — (2v — v |V — Eqv_lu"_l. (2.6)
Using the Bochner formula (see [5]) for w, we have
A :Ah|VV|2
=2[Hessv|* + 2(VA,v, Vv) + 2Ric,(Vv, Vv)
>2(VA,v, Vv) + 2Ric,(Vv, Vv).
Hence
Apw — w; =2(V ALY, V) + 2Ric,(Vv, Vv) — w;
1
>2V(v, + v — v IV + Eqv_lu“_l), Vv)
+ 2Ric,(Vv, Vv) — w;,,
where we used (2.6) in the second inequality.
A direct computation shows that
Wy = (lVV|2)t = 2%(Vy,, Vv),
VIQ2v — v )V =2 + v VPV + Qv — v HV VP
=2 +vHwVv+ 2v-v HVo
and
Vigv 'u™") =v Vg + (@ = Dgv ' u®*Vu — gv2u'Vy
=y Vg — 2(a = Dgu®'Vv — gv2u®'Vy,
We then arrive at
Apw — @ 222 + Vv )W + 22y — v ){(Vw, Vv)
+v N (Vg, V) = 2(@ - Dqu*'w
— v 2u®'w + 2Ric,(Vv, Vv),
which is the desired inequality (2.3).
O

This completes the proof of Lemma 2.4.
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3. Elliptic gradient estimates

In this section, on the basis of the key derivative inequality, by applying maximum principle, we
establish Souplet-Zhang gradient estimates for positive solutions to Eq (1.2) with a Dirichlet boundary
condition. In particular, we need to use Reilly’s formula to deal with the boundary case. In fact, we
obtain the following result.

Proposition 3.1. Let (M", g, e "dv) be an n-dimensional weighted manifold with the compact boundary
OM. Assume that Ric, > —(n — 1)K and H, > —L. Here K > 0, L > 0 and N > 0 are some constants.
Let u < N be a positive solution to Eq (1.2) with a Dirichlet boundary condition on Qp,T(BM ). Ifu, >0
and u, < qu® over dM x [~T, 0], then a constant C depending on n and « exists such that the following

estimates hold.

(1) If @ > 1, then

1+ VD 1
( D VR4 VaNz*Dq|I?

[Vl
< N
Sup = 0 L=(@,7 (1)

Qu2.1/2(0M) u

(3.1
1 1 1 N
o 3 (a—1) 3 —_
R (AP RS
where D = 1 +log N —log( inf u).
Qp.r (M)
(i) If @ < 1, then
v 1+ VD o 3
Qu/2,72(0M) u p . (3 2)

1 _ | 1 N
3(a—1) 3 s
+ —\/7 + N3 ”Vq”m(czp,r(anﬁl))) 1 /1 + log e

where N = influ(x, H)|(x, 1) € Q,7(OM)).

Proof. Let Yw reach its maximum at (x;, ) € Qp/z,T/z((')M), where ¢ denotes the cut-off function in
Lemma 2.3 and w is the function in Lemma 2.4. We divide the arguments into two cases.

Case 1. When x; ¢ OM, without loss of generality, we may assume that x; ¢ Cut(9M) by Calabi’s
argument [17]. At (xy,#;), we know that

Ap(Yw) <0, (Yw), 20,

and
Viyw) =0
That is w
Vo = -—=Vy.
w " s
A direct computation shows that
Ap(Yw) = (Yw)r = Y(8pw = wp) + WAy = Y1) + 2(Vw, Vi), (3.3)

Electronic Research Archive Volume 33, Issue 4, 2312-2324.



2317

Combining (2.3) with (3.3), and using the condition of Ric;, > —(rn — 1)K, then at (x;, #;), we get

20072 + 2pw? <22y — v Hw(V, V) — v ly(Vg, Vv)
+[2@—-1)+ v‘z]qua_ll//w +2(n — DKyw

2
— (W — ) + VP

1/
) < ¥
2524—1 = 2v21+1 = then
W < — v (Al — ) + (n - DKyw + 2 Vg
Y ! W
20(2v? - 1) V2 -
S (VU Ve + = VgVl

+ (@ = Dglu*"yw + gl yw.

Next, we estimate every term on the right-hand side of (3.4) at (xy, #;).
2 W2
————wWARY = AT+ U |V

(n—l)K + L
S———JL—M%HEM%A

(n=DKp+L 1, W,
2 l’b wwl/Z

Sllﬁwz*'c[(lflr/g')z"'(Kz 2 Ll)(llfl;z)Z
CL?

C

l//(,() +—4+CK2+—2
Y Y
C

Yo' + — +CK* + CL*,
0

e

where we used (2.1) in the first inequality.
By the Cauchy-Schwarz inequality, we have

v 1 1 |¢|
_ /2 !
2V2 + lwwl‘ < Ewllr//t| - lr// 2[//1/2

1 ‘
o+ (2}

<

IA
N = Q|

Yw? + £
%

1
(n - DKyw < ﬁwaﬂ +CK?,

(3.4)

(3.5)

(3.6)

(3.7)
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and
IVl/II2

: IVz//IZ)

(//3/2
4

= ")

By the Young’s inequality, we get

2v(2v ) |2v 1]

IVwIIV |w
< 2v|w|w3/2

(lvd/l )(W R (3.9)

where D = 1 +log N —log( inf u).

Q.1 (OM)
We now estimate the terms that contain the parameter @ and divide the arguments into two cases.

Case (i). If @ > 1, then by using the Young’s inequality

V2 V2
<YVl = T Vgl
2
< %N Vglpw'?
_\2 (3.10)

1 (dll/4w1/2)(|vq|¢/3/4Na—1)

IA

W' ) + (Vg N

IA
| = -

wwz + Clvq|4/3N4(a—l)/3’
and the Cauchy-Schwarz inequality

(@ = Dglu*™ pow + gl yw < alglu*™ Yo
< (W' w)(algIN""y'"?) (3.11)

< %tﬁaﬁ + Ca’¢* NV,
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Combining (3.5)—(3.9) with (3.10) and (3.11), for all (x,¢) € Qp,T(ﬁﬂ), we have

l/’wz(x, t) Sl//wz(xl’ tl)

L+D> o 4, o
(a—1) 2
_ )
_C( 02 + K+ L+ Nl g oy
1 4
1 (a=1)/3 4/3
+ 2 + N ||V‘]||Loo(ap,T(aM)))’

Noting that ¢(x,7) = 1 in Qp/z,T/z(ﬁﬂ ) and w = |[Vv|]>, where v = +/log(Ne/u). It follows that
1/2

Vul 1+ VD o
sc( + VK + L+ NaN“ g2

u p
1 N
BNV SN VE! N
PN Va1 g iy ) 1+ 102~

Namely, we get the desired estimate (3.1).

Case (ii). If @ < 1, then by using the Young’s inequality

—Uu

2 2 _
‘f “YIVglIVv] < %N“‘llvmww”z

\/E 1/4 1/2 3/4 xra—
_ Vol Nt
) "W )IValy ) 3.12)

(‘//1/40)1/2)4 + C(IVquJ/3/4N°‘_1)4/3

IA

| = ==

< ww2 + Clvq|4/3N4(a—l)/3’

where N = inf{u(x, £)|(x, 1) € Q,7(OM)}.
Using the Cauchy-Schwarz inequality
(@ — Dglu*"yw + lglu*"Yw < 2 - @)lglu® Yo
< CY'"Pw)(gIN*""y'"?) (3.13)

< %d/wz + CPAN2@ D,

Combining (3.5)—(3.9) with (3.12) and (3.13) for all (x, ) € Qp,T(éU\?I ), we get

YW (x, 1) <Yw*(xy, 1)
1+ D?
p?

1 NE
_ (a-1)/3 4/3
+ T2 + N ||VQ||LM(QPT(6M)))'

Using Y(x,t) = 1in Q, /2]/2(61\2 ) and the definition of w, we obtain

IVul 1+ VD e
SC( + VK + L+ N 1)/2||61||2{,.?(QPT(5M»

u p
- N

(@=1)/3 1/3 N

" g NI i) 1+ Tog

Volume 33, Issue 4, 2312-2324.
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which is the desired estimate (3.2).

Case 2. When x; € OM, we only consider the case @ > 1 because @ < 1 is similar. In the case, the

estimate (3.1) still holds. Moreover, at (xy, t;), we get

Yw), =0,

namely,
Ypw + Yw, = Yw, > 0.
Hence

wy > 0.

Since w = |Vv|>, where v = +/log(P/u), by assumption, we know that w also satisfies the Dirichlet

boundary condition. It follows from Lemma 2.2 that
0 < w, = (IVvP), = 2v,(av — Hyv).

Because u satisfies the Dirichlet boundary condition, then

[Vu| = u,.
Since
Vu
VWw=—-——--—
2u +/log(P/u)
3 1 3 [Vu| 3 12

T ouog Pl ! 2u~og Pl

We directly compute

Ay =Av —(Vv, Vh)

Vu
__ v(—) — (Vv. V)
2u /log(P/u)
At IVl Vul?

" Suog (Pl | 202 log(Plu) 4 (log(Plu)}

1 N 217 -1
=—(—u, + qu®) + ( )w,
2uy %

where we used (1.2) in the fourth equality.
Substituting (3.15) into (3.14), we arrive at

1
0< —2w1/2[2—(—ut +qu®) + 2v — v Hw + 0'*H,|,
uy

that is

1
—(—u; + qu*) + 2v — v o+ w?H, <0
2uy

(3.14)

(3.15)

(3.16)
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at (xy, t1). The condition that u, < qu® over OM x [T, 0] yields

1
—(—u; + qu*) > 0.
2uy

It follows from (3.16) that
Qv -v Hw + w'?H, < 0.

Since v > 1,2v —v~! > 1, and we get
w+H,w’ <0

at (x1, t1), which implies
w(x, 1) =0 (3.17)

or
w?(x,1) <L (3.18)

on Qp,T((?A;I ), where we used the condition of H;, > —L.
If (3.17) holds, then u is constant and the conclusion follows.
If (3.18) holds, then for all (x,¢) € Qp/z,T/z(ﬁM), Y(x,t) = 1, and we have

|Vv|2(x, 1) =wx,t) =yYx, Hw(x,t) < Yxg, h)ow(x,t) < L

It also implies the conclusion by using

[Vl
V| = ————.
2u +/log(P/u)
We complete the proof of Proposition 3.1. O

4. Proof of the main theorem

In this section, applying the Souplet-Zhang gradient estimates for positive solutions to Eq (1.2) with
a Dirichlet boundary condition, we complete the proof of the main theorem.

Proof. We only consider the case @ < 1 because @ > 1 is similar. The arguments can be divided into
two cases.

Case 1. When «a < 1, by the estimate (3.2) in Proposition 3.1 for K = L = 0, we know that

IVu(x, 1)| 1+vVD 1 Ly L
EEEE < +—= + NIl
u(x, t) p \/T 0.1

= 1ig_ 1 N
+ N 1>||Vq||zm@pT(W») A1+ log s

Electronic Research Archive Volume 33, Issue 4, 2312-2324.
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Fixing (xo, #p) and using (4.1) to u on Qp,p(c')M )= Bp((')M )X[to—p, tp] and the assumption conditions,

we get
Vu(o, t0) _ q Voo + o) 1
u(xo, o) 1Y /4

; o(p%w-D)o(p‘%(“‘”)) Volp + |pl) = log(u(xo, 19)).

Letting p — oo, we have |Vu(x, t))| = 0. Because (xy, #y) is arbitrary, Vu(x, ) = 0 and # must be
constant in space, namely, u(x, ) = u(t). We now prove u(¢) is a constant by contradiction.
Let g := g(x), and thus by Eq (1.2), we have

+0(p** )o(p @)

du(r)
dr

qu’(t). 4.2)
Integrating (4.2) in the interal (¢, 0] with 7 < 0, we get
u ™) = u'"0) + (1 — @)gt.
Using the condition of § > 0 and letting t — —oo, we have u'~*(f) < 0, which is impossible, since u
is a positive solution. Hence § = 0 and u(x, 7) is a constant.

Case 2. When a = 1, by the same arguments as in Case 1, we easily find that # must be constant in
space, namely, u(x, t) = u(t). Similarly, we have

log u(0) — logu(t) < —gt

forall < O.
Hence
u(t) > u(0)e?,

which is a contradiction to the condition that u(x, t) = e+ pear infinity.
This proof is completed. O

5. Conclusions

In this paper, we prove a Liouville-type theorem for positive ancient solutions to a weighted
semilinear parabolic equation with a Dirichlet boundary condition on complete noncompact weighted
manifolds with a compact boundary. The proof technique is based on Souplet-Zhang gradient
estimates for positive solutions. This result can be viewed as an extension of Dung et al.’s [10] work
on a linear heat equation.

The weight of the equation is expressed by a smooth function g(x, ) in this paper. But for technical
reasons, a Liouville-type theorem is obtained in the subcase g(x) (i.e., it is time-independent). A natural
question is whether there is a similar Liouville-type theorem when the weight is g(x, 7).
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