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Abstract:  This paper establishes the global well-posedness of strong solutions to the three
dimensional damped Boussinesq magneto-micropolar system with zero heat diffusion for large initial
data. We prove that the nonlinear damping term |u[’~'u, for 8 > 4, ensures sufficient regularity to
establish the global well-posedness of the system.

Keywords: global well-posedness; Boussinesq magneto-micropolar system; strong solutions

1. Introduction

This paper establishes the global well-posedness of the three dimensional (3D) nonlinearly damped
Boussinesq magneto-micropolar (BMM) system without heat diffusion:

Ou+ - Vyu—u+x)Au+aulf'u+Vp=yVxw+b-Vb+esb,

ow+ (u-Vyw—yAw +2xyw —kVV -w = yV X u,

ob+u-Vb—vAb—-b-Vu =0, (1.1)
00+u-vVe=0,

V-u=V-b=0, (u,w,B, 0| = (g, wo, by, 6)), x € Q=R31recR",

where (u,w, b, )(t,x) € R? x R? x R? x R is the unknown which represents the fluid velocity, micro-
rotational velocity, magnetic field, and temperature, and p is the scalar pressure of the flow. The
parameter ¢ > 0 is the kinematic viscosity, y is the micro-rotation viscosity, v and k are the angular
viscosities, v > 0 is the magnetic diffusion coefficient, e3 = (0, 0, 1) is the unit vector, and e36 represents
the role of the buoyancy force in fluid motion. The nonlinear damping term a|ul’~'u arises from the
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Darcy-Forchheimer law, which models the resistance to fluid motion in porous media [1-3]. This term
plays a crucial role in high velocity flows, as the linear drag (Stokes flow) fails to adequately account for
the nonlinear effects that arise from inertia and turbulence. Moreover, this system is a combination of
the incompressible Boussinesq equation with the magneto-micropolar system modeling the dynamics
of electrically conductive micropolar fluids under the influence of a magnetic field, where the heat
diffusion is set to zero.

When the temperature is not considered (i.e., 8 = 0), the system reduces to the magneto-micropolar
system to study interesting phenomena in fluid motion, such as in liquid crystals and dilute aqueous
polymers [4]. Liu et al. [2] proved the existence and uniqueness of a strong solution for 3D magneto-
micropolar equations with damping. When the micro-rotational velocity is zero, the system becomes
the Boussinesq equation for magnetohydrodynamic convection (Boussinesg-MHD) system, which has
been also extensively studied in recent years. The global well-posedness and decay, the reader can refer
to [5,6]. When both 8 and w vanish, the system becomes the famous magnetohydrodynamic (MHD)
system of velocity and magnetic field. In particular, Titi and Trabelsi [3] obtained the global well-
posedness of the MHD model in porous media.

For system (1.1), to the best of our knowledge, there are no results on the existence of the global
weak solutions in the lower regularity spaces. In the following theorem, we first state the existence of
global weak solutions for system (1.1).

Theorem 1.1. Let 8 > 0 and a > 0. Assume that (uy, wo, by, 0y) € L>XL*XL*XL? with V-uy = V-by = 0,
then there exists a global weak solution (u(t), w(t), b(t), 0(t)) of the BMM system (1.1) satisfying

u €L°(0,00; L*) N L2 (0,005 H') N LL71(0, 005 IP*),
(w, b) €L™((0,00); L*) N L} ((0,00); H'), and 6 € L™((0, c0); L?).

loc

(1.2)

In [7], Shou and Zhong obtained a unique strong solution using the energy method under the H' x
H'xH'xL? framework. We shall extend the result to the global strong solutions in the higher regularity
spaces. To obtain the closed energy estimates, we need to carefully analyze the dissipative effect of
the nonlinear damping term a|uf’'u to control the nonlinear term. The main result is stated in the
following theorem.

Theorem 1.2. Let (ug, wo, by, 6y) € H* X H* X H* X H® for s > 3, such thatV - uy = V - by = 0 and
B > 4, then there exists a unique strong solution (u, w, b, 0) for the system (1.1) satisfying
(u, w,b) € L.([0, 00); H') N L2, ([0, 00); H**), and 6 € L5,([0, co0); HY). (1.3)
In the above results, the nonlinear damping term a|ulf’~'u acts as a dissipative mechanism that
controls the growth of the fluid velocity u. This term is sufficiently strong to ensure that the velocity u
remains bounded in I#*! and H* spaces for weak and strong solutions, respectively. It may prevent the
formation of singularities, where the lack of sufficient dissipation can lead to blow-up in finite time.
Moreover, our research may provide a rigorous theoretical foundation for certain astrophysical
plasmas or industrial processes that involve rapid cooling. The nonlinear damping mechanism (8 > 4)

could inspire new approaches to stabilize turbulent flows in MHD systems. Future work may explore
the critical case where § = 3. Additionally, we will extend this analysis to domains with boundaries.
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2. Global weak solutions

First of all, by taking the inner product of (1.1)4 with |9|"=26, it is easy to show that if 6, € L' N L*,
then

10Ol = 16ollr, 1< p < oo, ¥t 20. (2.1)

Indeed, for any 1 < p < oo, we have

d
7 fIH(T)I”dx =0,

which implies the estimate (2.1). Given that the estimate does not depend on p, we can obtain (2.1)
when taking p — co.

Lemma 2.1. Let (uy, wo, bo, 6) € L?, then there exists some constant C = C(t, uy, wo, b, 8p) > 0, such
that

G, w, YOI < €'ll(uto, wo, DI + te'160] %, (2.2)
and
! ! !
f I(Vee, Vw, Vb,V - w)(D)|Pd7 + f (I dr + f IwlPdr
0 0 0

< Ce“||(ug, wo, bo, 00) (D> + Cte®" < C(t, uy, wo, bo, 6).

(2.3)
Proof. Applying the L2-inner product to the equations with (u, w, b) and using integration by parts
yields

1d
5 71w, DIF + (u+ )IVull + PIVwI +IVBIP + allull);, + €IV - wiP + 2wl

(2.4)
:)(f(wa)-udx+Xf(qu)-wdx+f9u3dx.

By Holder inequality, we directly have
+'f(V><u)-wdx

f(V X W) - udx
1 1
< §(||¢9||2 + [lull?) < 5(”90”2 + [lul®).

‘f@mdx

d
21w, DI + 2ulIVull” + 211V + 2IIVBIP + 2adudlf;), + 2«11V - il + 2lIwll® < 1160l + llul.

2 2
< [IVull” + [lwll*,

and

Therefore, we have

15+1
By integrating in time, we finish the proof of Lemma 3.2. O

Based on the above estimates (2.1) and (2.3), the global existence of weak solutions to the BMM
system with zero heat diffusion can be established through the classical Faedo-Galerkin approximation
method and the Aubin-Lions Lemma. This procedure is standard, so we omit the details here. For a
detailed explanation of similar techniques, we refer the reader to [8] for the application of the Faedo-
Galerkin method and the Aubin-Lions Lemma in the context of Navier-Stokes equations.
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3. Global smooth solutions-Proof of Theorem 1.2

This section is devoted to establishing higher order a priori energy estimates for the solutions of the
BMM system (1.1); henceforth, we assume that the solution is smooth on [0, T'].

Lemma 3.1. Let 8 > 4 and (uy, wo, by, 6y) € L* such that uy and by are divergence free. Additionally,

if by € L“g%ll), then there exists some constant C, > 0 such that
! 3D
sup [[bO|| seen + f IVIb(D)|17# 0 ||"dT < Gy, Vre[0,T]. 3.1
1€[0,T] LAt 0
The proof is similar to that in [5]. We need to take the inner product of the magnetic equation (1.1);
+5
with Iblgfl b, by integrating by parts and using Holder inequality, Gagliardo-Nirenberg interpolation
inequality [9] and Gronwall inequality [10].
3.1. First order estimates
In the following, we give the H' estimates for the solutions.

Lemma 3.2. Let B > 4, (ug, wo, by) € H', 6y € L? and (u, w, b, 0) be a smooth solution, then there exists
a constant C > 0 such that the following estimate holds

t
A1
sup [|(Vu, Vw, Vb)||? +f I(Au, Aw, AD)I* + lllul = V[, d7 < C(2, |, wo, bo)llr, 160llz2). (3.2)
0

0<7<t

Proof. Multiplying the first equation in (1.1) by Au yields

1d -1
EEIIVMII2 + (u+ AUl + apBlllul = Vull?,

(3.3)
= f(u-Vu)-Audx—f(b-Vb)-Audx—)(f(wa)-Audx—f@Augdx,
Q Q Q Q
where we used
—a f P u - Audx = alllul = Vull,. (3.4)
Using Holder and Young’s inequalities, we have
2 £-3
f(u - Vu) - Audx| <[[lul|Vul 5T || -1 [[Vul 71 IIL% Aull;2
Q (3.5
Q Bl B-1
S%IIAulliz + 7'8|||u| = Vull}, + Cur=||Vull7,
and
H 2 % 2 2
(b-Vb) - Audx| < ”AuHLz + —|bl| 38+1) VDl 6(8+1)
Q 8 TR = L Fs
M 2 2. 5 sy e (3.6)
SgIIAulle + l—lllbll %IIVHILZ ABIl 5 :
5=

12°

4
S%IIAMII%Z + gllAbll2 + C3|IVbI[;

Electronic Research Archive Volume 33, Issue 4, 2285-2294.



2289

thanks to the estimate (3.1). Similarly, for the last two terms in (3.3), we have

'Xf(V X w) - Audx + f OAusdx
Q Q

thanks to (2.1). Applying the L*-inner product to (1.1); with Ab and using integration by parts yields

= 12°

4y 4
<§||Au||iz + 29w + 612 (3.7)
7 7

1d
——||VDI* + y||AD|? :f(u-Vb)-Abdx—f(b-Vu)-Abdx
2dt Q Q
= f (O;u - VO;b) - bdx — f (b - Vu) - Abdx (3.8)
Q Q
)4
S%‘IIAMII2 + §||Ab||2 + C||Vull?,

owing to the divergence-free condition. Putting the estimates (3.3) and (3.8) together, we obtain

12°

1d Q -1
EE”(V”’ Vb)II* + (g + llAull* + T’BIIIMI T Vull, + gIIAbII2 < Cll6oll* + ClI(Vu, Vw, VD)II7

from which we have by Gronwall inequality [10] that

0<r<t

t
aff, a1
sup ||(Vu, VB)|*+ f (% +lAull® + Tﬁlllul = Vully, + %IIAbllsz < C(t, uo, wo, bo, bh), (3.9)
0

thanks to the estimate (2.3). Now, we treat the estimate for w. Multiply the second equation with —Aw
to obtain

1d
EEIIVWII2 + VAW + 21Vl + VY - wi = f

(u-Vw)-Awdx—)(f(VXu)-Awdx
o

y Q (3.10)
SEIIAWII2 + ClIVulllAulll VWl + ClIVulf.

Therefore,

1d
iallVWII2 + %IIAWHz + 2 VW + VYV - wi? <CIVulllAullllVwl? + ClIVul?, (3.11)

which implies from Gronwall inequality and (3.9) that

!
sup [[Vw(D)|> + f AW + IVV - w(D)IPdT < C(t, uo, wo, bo, 60).- (3.12)
O<r<t 0
This completes the proof of Lemma 3.2. m|

A direct corollary of these estimates implies that

!
f [, w, Bl7dt < C(||(st9, wo, bo)llzzt [160ll2).
0
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3.2. Time derivative estimates
Now, we estimate the time derivatives of the solutions.

Lemma 3.3. Let 8 > 4 and (u,w, b, 0) be a smooth solution, then there holds

t
f 18,4, 8w, 8;bl*dT < C(t,|I(uto, wo. bo)llgr1» 16ol12)-
0

Proof. Multiply the first equation in (1.1) with u, and then integrate over R? to obtain

+vd 2
10l + EEX Z vl + == = ]

4 luel
—||u
2 dt B+ 1dt "V
= f(b-Vb)-atudx—f(u-Vu)-atudx+)(fV><w-6,udx+f@e3-6,udx
Q Q Q Q
1
< leﬁzullz + Ml - Vull® + 4llb - VBIP + 47Vl + 41161,
For the equation of magnetic field b, we have
, vd 2
l0:b]|” + ==Vl = | (b-Vu)-90,bdx— | (u-Vb)-0,bdx
2dt Q Q
1
Szllatbllz + 2116 - Vull* + 2lju - Vb,
By Gagliardo-Nirenberg interpolation inequality [9], one has

lee - V| < Nll=NIVBI < CllullAullF|IVB] < CllAull + Cllull VB

A similar treatment can be applied to other nonlinear terms; then, we have

d d 4a d
10l + WP + G +00) IVl + v VBIF + =l

< CllAu, ABIP* + Cllu, bIP|Vu, VBIIS, + C(IVwI? + [161%).

Then, Gronwall inequality [10] implies the following estimate

!
sup (lu(@)I}; ), + 11(Vu, Vb)lliz)+f 18,ll® + 10,bIPdT <C(uo, wo, o, 6o),
0

15+!1
0<r<t

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

where the constant C depends on ||(zg, wo, bo)llg1, [|6oll2 and ||upl|zs+1, thanks to Lemma 3.2. Then, we

multiply (1.1), for w in (1.1) and integrate by parts to obtain

vd , kd 5 d -
owll* + =—|IV ——|IV- —
[0” + 5 VW™ + S —lIV - wil™ + =i
:Xf(V><u)~<9,wdx—f(u-Vw)'(9twdx

Q Q
1

< EIIGtWII2 + CllAull® + CIIVull® + Cllul PIVwll®.

Integration in time, together with (3.17) implies the results, thanks to Lemma 3.2.

(3.18)

O
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Lemma 3.4. Let (u,w, b, 0) be a smooth solution, then there holds

!
sup ||0,u, d,w, 8,b|* + f \Vu,, Vb,, Vw,|*dr < C. (3.19)
0

0<r<t

Proof. Differentiating (1.1); with respect to ¢ and then applying L*-inner product with d,u yields

1d _
5 710, AbIP + (u+ )IVul? + VIIVhIP + f(lulﬂ "), - udx
Q

_ L(b -Vb), - u,dx — f(;(u -Vu), - udx + L(b - Vu), - bydx — L(u - Vb), - bdx (3.20)

*
+x f VXw, - udx+ fH,u&,dx.
Q Q

By integration by parts, the first four integrals on the right hand side (RHS) can be bounded by

f(bt -Vb) - u,dx — f(u, -Vu) - udx + f(bt -Vu) - bdx — f(u, -Vb) - b,dx
Q Q Q Q
<N(Vu, VOl (et BOIZ < CliCuas, bOIZs < Cll s, NNV, VDI (3.21)

L2 L2
4
S%IIVMIII2 + E”Vbtllz + ClI(us, b)IP,

| %[ =

and the last two integrals can be bounded by

',yfVXw,wt,dx
Q

f(u'VG)ug’tdx f@u-Vu3,tdx
Q Q

d
PG DI + (e + )OIVl + VIVB? < Cllug, by, will® + C, (3.22)

<

X
EIIVuzIIiz + CliwiI7,

and

f 6;143’,61)6
Q

Therefore, we have

< %IIVua,fllz + ClI6I7 Nl

thanks to (2.1), (2.2) and the non-negativity of the a-term. Indeed,

@ f (ulP '), - udx = f P uPdx + a(B - 1) f (ulP3u - u,*dx > 0. (3.23)
Q Q Q

For the w-equation in (1.1), we have

1d
EEII&WII2 + YIVWAP + 2wl + €IV - will? =Xf

V X u, - widx — f(u -Vw), - wdx. (3.24)
Q Q

For the RHS, we have

f(u -Vw), - wdx
Q

f(uz - Vw) - widx| < |[Vwl| 2l o] w1+
Q
<Cllu M HIVu P w IV w4 (3.25)

<C()? + sl + ’g‘nwtn2 + gnwtnz,
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thanks to Lemma 3.2 and

P fg V X u, - wdx| < %((IIVutIIZ + [lw ). (3.26)
Therefore, we have
%natu, 8,b, OwlI* + IVu, Voo, Vw,I* + IV - will* < Cllus, by, will* + C. (3.27)
Then, Gronwall inequality implies the result. O
3.3. Higher order estimates
From Lemma 3.4, we immediately have
sup(||Au, Aw, AbI[2,) + fo t s, by wil2,dT <C, 1< p<6. (3.28)
t
Indeed, we only need to note that
llu - Vbl < Null+l VBl < Nl IVal PPV ull AP < SllAull + CollulllVall*, (3.29)

where 6 > 0 can be chosen to be sufficiently small. The pressure can be estimated in a standard way;
there exists a constant C > 0 satisfying

sup [[Vp(0)lls < C. (3.30)
t

Indeed, taking VA~!V- to the equation (1.1); and using the divergence free condition, we have

Vp==VA'V.-(u-Vu)+ VA'V - (b - VD) — aVA'V - (Juff ' u)

. 1 (3.31)
+YVA'V - (VX w) + VA''V - (e30),

Since VA™!'V- is a bounded operator in L?, by the above Lemmas, we have

IVA™'V - (VX W)lly < ClIVWlIp, 1< p<oo

and hence
IVA™'V - (u - V)lls < Cllu - Vaulls < Cllullz=1|Vullzs < Cllullz, < C,

where the constant C only depends on p. Similar estimates can be applied to the terms e;6 and (b- Vb).
We estimate the nonlinear damping term

- _ — -1
IVA™'Y - (™ w)llgs < Clllul"ullys < Cllullf llulls < C.

Putting these estimates together, we indeed have (3.30).
Furthermore, we can show an increased regularity of the solutions.

Lemma 3.5. Let (u, w, b, ) be a smooth solution, then we obtain (u,w, b) € L> (0, co; W*P) and

loc

! t
f IVu, Vw, Vb|| ~dT + f lAu, Ab, Aw||;,dt < C, 1<p<6. (3.32)
0 0
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Indeed, we only need to note that

t ! !
fIIM-VbIIiGdTSIIIMII%wllVbIIisdTSIII(M,b)II‘,‘pdTSC, (3.33)
0 0 0

thanks to (3.28); similar estimates holds when b is replaced by u and w, and

t t
fl””lﬂ_lu||L6dT$f”u”lz:olnullLﬁdTSC- (3.34)
0 0

Then, the result is proven by directly applying system (1.1) and the above estimates (3.19) and (3.30).
Now, we can estimate ||V|| e Taking V to (1.1)4 and then applying the L*-inner product with |V6|"Vé,
by Gronwall inequality [10], we have

IVOOI;2 < [IV6ollneh ™7 < €, r 2 0, V1 € [0.T],

which is independent of r. This implies sup,¢jo 7 VO~ < C by letting r — oo. This, in turn, implies
that

! ! !
f 16,1177 < f llu - VOl7dT < sup (V7 f lull7d7 < C.
0 0 0

7€[0,1]

Based on these estimates, we can estimate higher derivatives of the solutions such as (1.3) and
prove Theorem 1.2. Uniqueness and continuous dependence follow from the regularity of the strong
solutions by a standard estimate and the Gronwall inequality.
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