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1. Introduction

Wuhan, China, first reported COVID-19 in December 2019. It is an infectious respiratory disease
caused by a novel Coronavirus. The disease swiftly disseminated worldwide, resulting in a multitude
of fatalities. Numerous factors, such as close contact, coughing, and respiratory emissions from
individuals infected with COVID-19, played a significant role in its swift spread. Given its
unpredictable nature, containing the disease proved to be challenging [1]. Researchers worldwide are
dedicated to devising practical strategies aimed at combatting the COVID-19 pandemic. To unravel
the intricate dynamics of the current pandemic, diverse methodologies have been employed.
Vaccination is a powerful preventative method that guards against infectious diseases. In order to
reduce the global incidence of individuals infected with COVID-19, vaccination is crucial, as is the
stringent application of non-pharmaceutical therapies. Currently, a surge of research papers has
emerged in the literature, presenting mathematical models across diverse scientific domains [2, 3].
Fractional calculus (FC) and fractional order differential operators are essential tools when modeling
a wide range of systems developed in various fields of science and technology [4—6]. The successful
formulation and analysis of these models underscore their significance in advancing understanding
and innovation across multiple scientific and engineering domains. In recent decades, mathematical
modeling has found applications in predicting the future dynamics of diverse emerging and
re-emerging infectious diseases. The results obtained from these model-driven evaluations have been
extremely helpful in directing policymakers and public health administrations.

The power of fractional calculus to depict and capture phenomena that traditional integer order
calculus is unable to sufficiently capture is one of its main advantages. FC enables more precise
modeling and analysis of systems using fractional derivatives and integrals. Presently, an abundance
of mathematical frameworks have emerged within the realm of FC, encompassing diverse models for
Chikungunya [7], malaria [8], dengue [9], ebola [10, 11], lassa [12], HIV/AIDS [13], tuberculosis
(TB) [14], Hepatitis B and E [15, 16], population dynamics [17], cancer epidemiology [18], and
predator—prey population model [19]. At present, fractional optimal control problems (FOCPs) have
surfaced as a formidable asset in the domain of epidemiological control. These strategies can
ultimately contribute to disease eradication by controlling the spread within individuals. FOCPs aim
to optimize a cost functional within a dynamic system governed by fractional differential equations.
FOCPs extend classical optimal control problems, offering a versatile framework for systems with
memory effects or non-local interactions [20]. Notably, researchers have employed FOCPs to model
and design control strategies for diseases such as HIV/AIDS [21] and TB [22]. FOCPs have also been
successfully applied to model and control a variety of other diseases (see [23—28]) and the references
cited therein.

In this context, numerous researchers have recently crafted a plethora of models to explore the
transmission dynamics of COVID-19. Many scholars have delved into COVID-19 modeling, utilizing
data from various countries to refine their analyses. Among these, mathematical models stand out as
formidable tools, effectively elucidating various facets of the COVID-19 phenomenon. As the disease
emerged, nations worldwide implemented a spectrum of measures to curb its transmission, resulting in
a notable reduction in its spread.
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1.1. Motivation

Motivated by the successful application of fractional order differential equations in modeling real-
world problems, particularly infectious diseases’ transmission dynamics, this study extends the existing
epidemic model [29] by incorporating the well-established Caputo derivative operator to capture the
memory effects present in real-world phenomena. Notably, this work builds upon our prior research
conducted in [30-32].

1.2. The novelty and significance of this study

In this study, we extend the conventional integer order framework by integrating a fractional order
model for COVID-19, utilizing the Caputo fractional derivative. We utilize authentic data from
Trivandrum city, the capital of Kerala, from January 1, 2022, to February 24, 2022. The aim was to
construct an adequate model that enhances comprehension of the virus’s dynamics. This article
focuses on assessing a mathematical framework designed to control a COVID-19 epidemic. To better
reflect the real-world complexity of COVID-19 transmission, our study adopts a model based on the
Caputo fractional derivative, which provides enhanced accuracy and a more nuanced understanding of
the effects of different vaccination approaches. The model integrates vaccination strategies and
incorporates the concept of time expansion to evaluate their efficacy within a public health context.
Our study aims to bridge the gap between classical epidemiological modeling and real-world
complexity, offering valuable insights into disease control measures. The originality of the proposed
endeavor include the following aspects:

e We investigate the interplay between partial and full vaccination and COVID-19 disease
transmission, utilizing a Caputo fractional SEIR framework.

e We establish the existence and uniqueness results of the model, utilizing the context of a fixed-
point approach.

e We delve into the stability of the DFE and EE points using the BRN and perform a detailed
sensitivity analysis of the proposed model.

e Using a fractional ABM-PCS along with a FBSM, we solve the FOCP.

1.3. Structure of the paper

The following is an overview of the paper’s setup: The basic concepts and preliminary studies on
fractional derivatives in the Caputo sense are presented in Section 2. In Section 3, we describe the
Caputo fractional SEIR model for COVID-19. The existence and uniqueness results, as well as the
positivity and boundedness of the model, are established in Section 4. The equilibrium points of the
model and their basic reproduction number are given in Section 5. Section 6 delves into an exploration
of the stability analysis and the stability criteria of the model. We conduct a sensitivity analysis for
the suggested SEIR model in Section 7. We analyze the optimality of the system in Section 8 using
Pontryagin’s maximum principle. Section 9 utilizes MATLAB to perform numerical simulations and
analyze the results. The conclusion of our work is finally included in Section 10.

2. Preliminaries
This section presents some definitions necessary for the subsequent discussion.
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Definition 1. [33] The Riemann—Liouville fractional derivative of order n for a continuous function
f(¢) is defined by

D'f(1) =

T —1) (%) Of(f—s)n_"_lf(s)ds, t>0,n—1<np<neN.

Definition 2. [33] The Riemann-Liouville fractional integral of order n for the function f : J - R
is defined as

Tf(t) = %ﬁ) f (t— )" f(s)ds, t>0, Tel0,b],
0

wheren — 1 <n <n,n € Nand I'(.) is the Euler gamma function.
Definition 3. [33] The Caputo fractional derivative for function f(t) € C" of order n is defined as

1

CDn —
f@® =

f (t = )" f'(s5)ds,
0

where n € N is such thatn —1 <n < n.
Definition 4. [33] The Laplace transform of the Caputo fractional differential operator of order
n € (n—1,n]is given by,

n—1

LISDf(®)] = S'LLF@] = ) s 1O w).

k=0
Definition 5. /33, 34] The Mittag-Leffler function E, ; is defined by the power series

i k
Z
E = —_— eR, >0,5>0,
np(2) ;:O rok+p) © n>0,p
and satisfies the equality given by [34]
1
E = —
nsp (2) ZEn,r,+,B(Z) + F(,B)’
where 1'(.) is the Euler gamma function.

3. Formulation of the Caputo fractional SEIR model

In this article, we extend the study in [29] with the Caputo fractional model. Here the total
population is denoted by N(t) is partitioned into four distinct groups, namely: susceptible individuals
S (1), exposed individuals E(¢), infectious individuals /(¢) and recovered individuals R(¢) at time ¢. The
SEIR model of the Caputo derivative of fractional order 0 < n7 < 1 is as follows:

Cp1S(t)= B-pBSI-P,S—F,S —uS,
CDVE(f) = BSI+ P,S —SE — uE,
D) = OE — (i + ) — ul,
CD'R(t) = F,S +yI — uR.

3.1
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Here, S(0) = Sy > 0,E0) = Ey > 0,1(0) = I, = 0, and R(0) = Ry > 0. In the abovementioned
model (3.1), B denotes the recruitment rate and u is the death rate in all compartments. The parameter
[ represents the effective contact rate, ¢ is the rate of transmission from the exposed to the infected
population, P, denotes the partially vaccinated individuals, F, is the completely vaccinated individuals,
uy is the death rate due to infection, and v is rate of recovery from infection. Figure 1 represents the
schematic diagram for the SEIR model.

P S FUS
B/ BSI %\ OE () R
S \ﬁ; k& -
ul pial

Figure 1. Schematic diagram for SEIR model.

4. Qualitative study of the proposed model

4.1. Uniqueness results

The unique solution to the system (3.1) is proven in this part. The model (3.1) is expressed
as follows:

DSty = Gy,
CD'E(t) = G,
@ ? 4.1)
D)= Gs,
CD'R(t) = Gy.
where
G, = B-BSI-P,S—F,S —uS,
= I+ P,S —06E - uE,
Gy= pBSI+P,S—0E—pu W)
Gy = OE—(ui+yI—p,
Gy = F,S +vyl—uR.
Now (3.1) is given by
‘D) =«ktu@®), teJ=[0,b],0<n<1,
4.3)
v(0) = vp.
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Only if
S So G,
_|E _|Eo |G
U(t) - I i U(O) - I() s K(t’ U(t)) - G:’, . (44)
R Ry Gy

By the integral representation of (4.3), which is equivalent to the model (3.1), is expressed as follows:

() = vy + Lok, v(D)),

u(t) = vﬁﬁ fo (t — )7 'k(8, v(0))d6.

4.5)

Consider the Banach space y = C ([O, b],R4) , which implies that |[v|| = sup|v(?)|, where |u(?)| =

S|+ |E@®)| + |[I(®)] + |R(¢)|, and S, E, I,R € C([0, b]). Similar to [28], we uéeejKrasnoselskii’s fixed-
point theorem to prove the existence of the solution for the model (3.1). To apply the assumptions (A1)
and (A2) in [28], to the nonlinear functions « € C([t € J,R*]) and x : t € J x R* — R*, which is
continuous and bounded.

(A1) There exists a constants € C ([0, 5], R¥) > 0, such that k(t, v)| < (1), for all (t,v) € J X R*.
(A2) A constant £, > 0 exists such that for V 7 € J and every v,(¢), v,(t) € C, the following holds:

|k(t,v1) — k(t,v2)| £ LiJv) — vl

Lemma 1. [35] Let T be a closed, convex non empty subset of a Banach space x, and let B, and B,
be two operators satisfying the following conditions:

(i) Blu+BveT, forallveT,
(ii) By is compact and continuous,
(iii) B, is a contraction.

Then there s € T exists such that s = B1s + B,s.

Theorem 1. Under the assumption (A1), the abovementioned model (3.1) has a solution provided, that
Llvi (7o) —va ()l < 1.

Proof. Consider sup |y/(1)] = ||y, with £ > |luoll + Qll|l, where Q = b"[['( + 1)"']. We define C, =

teJ
{v ey :|lvll £} The two operators By, B, on C; are given by

Bv) (1) = %ﬂ) f (t — 0" 'k(0, v(0))do, teJ,
0

and
Bw)(t)=v(ty, tel

For any vy, v, € C;, it follows that
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1 !
(Byv1) (1) + (Bowz) (D] < lwoll + T Js (t = 6)"|Ik(8, v1(0))]|d6

< [lvoll + QY| < £ < oo.

Therefore, Biv; + By, € C,.
We now prove that B, is a contraction operator. For any v, v, € C,, we obtain

I(Bovy) (1) — Bowa) (Dl = L llvi(10) — va (0ol (4.6)

which implies that [|(Bov1) (1) — (Bov2) (] < L llvi(to) — va(to)ll -

Here, £, is a Lipschitz constant and £, < 1. Hence, B, is contraction operator.

Since « is continuous, this implies that the operator B; must also be continuous. Moreover, for any
t€ Jandv e C;, we have

IB1v| < Q| < +oo, 4.7

which implies that B, is uniformly bounded.

We now establish the compactness of the operator B;. Consider sup [«(z, v(f))| = «*.
(tv)eJxCy
Given any t, 1, € J such that , > t;, we have

1 2
(B v)(12) — (Brv)(1)] :‘@L (2 = 6)"' (6, v(6))d6 ~ mf (t, — 6y

f a2 = 077" — (11~ 06, v(6))d0 + f (12 = 6)" (@, w(e»dej,
0 151

< “
)

Thus, B, is equicontinuous and relatively compact on C,. As aresult, by the Arzela—Ascoli theorem, B,
is compact on C,, since the operator has already been shown to be uniformly bounded and continuous.
Hence, the model (3.1) has at least one solution on ¢t € J according to the fixed point theorem of
Krasnoselskii’s.

(2(t2 — 1)+ (1) - t’f)) — 0, as 1, — 1.

Theorem 2. Under the assumption (A2), the model (3.1) has a unique solution whenever QL, < 1,
where Q = b"[I'(n + 1)7'].

Proof. Define the operator B : y — y defined by

!

Bv)(t) =vo + =—— f (t — 0)T' (6, v(6))db. (4.8)
L' Jo

Here, B is well defined, with the unique solution of model the (3.1) being its fixed point. Consider

sup ||k(¢,0)|| = Qq and k > [jvo|| + QQy, where Q = b'[['(n + 1)7']. Here, P, = {v € y : ||| £ «} is

teJ
closed and convex.

For any v € P,, we obtain,
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Bu(9)| = vl + m f (t — 0)"'|k(8, v(8))db),

<wo+ s f (t — 6)" l['K(@ () — k(6,0) + (6, 0)'

Svp+ % (t = )" [LJv(6)] + Quldb,

<y + (L ||1111|;Q1)f(t oy1dg,
(Lk + Qp)b"
I'n+1) ’
< vy + QL + Qy)
Bu(t)| < k.

<yp+

For any vy, v, € y, we get

1 !
|(Buy)(1) = (Bu2)(0)] =‘m f (1 = O)" [k(6, v1(6)) — (6, v2(6))]|d6,

<5 )f (t = 0)" ' [v1(0) — v2(6)Id6),
<QL|v1(0) — v2(6)],

which implies that ||(Bv,) — (Bv,)|| < QL |jv; — val|.
Hence, the model (3.1) has a unique solution by Banach’s contraction principle.

4.2. Positivity and boundedness

For the fractional order model (3.1) to maintain biological validity, it is anticipated that its solution
will remain both positive and bounded throughout all time intervals.

Theorem 3. For all t > 0, the state variables are non-negative, and the region ® = {(S,E,I,R) € R} :
O0<S+E+I+R< g} is positive invariant for the model (3.1).

Proof. From the model (3.1), we have

‘D'S(t)|,_, = B=20,
CD'E(t)|,_,= BSI+P,S >0,
‘D'It)|,_, = OE >0,
‘D'R(®)|,_,= F.S+yI>0.

4.9)

We also have *D'N(¢t) = B — uN(t) — u11(t) and I(t) > O for all ¢ € [0, T]. Knowing that x; > 0, it
follows that p;I(t) > 0. Therefore, —u1(f) < 0. Thus, B — uN(t) — 1 1(t) < B — uN(t). Consequently,
CD'N(t) < B — uN(t). The inequality *D'N(f) < B — uN(z) is valid if and only if I(r) > 0 for all
t € [0, T]. Since the term (—u;1(?)) is non positive, it follows that the inequality can be written as:

“D'N(t) + uN(t) < B.
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—

Using Laplace and inverse Laplace transforms (see [33]), we have

STLIN(H)] = s" 'N(0) + uL[N(1)] <

o« |

= LIN®)) (s" + p) S N(0)s™!

B N N(0)s"!
S(s7 + W) ST+ u
N(t) SN(O)EU,I(_/HU) + BtnEn,(n+1)(_Ntn)-

= LIN@®)) <

If we apply the equality given in [34], similar to ( [28], Theorem 4.1), the described model (3.1) is
bounded by f. In conclusion, all state variables are non-negative, and hence © is positively invariant.

5. Equilibrium points and BRN

In this part, we evaluate the equilibrium points of the model (3.1). Here, the DFE is E’=

B F.B
(SO, E% I R%) = | 0,0, |
u+P,+F, up+ P, +F)
We apply the next-generation matrix method from [36] to evaluate the BRN for (3.1). The BRN,

represented by Ry, is determinedd from the principal eigenvalue of the matrix V!,

Here 5
0 —— u+o 0
— p+Py+F, d — .
d (O 0 )an v ( -0 (u+u1+7))

Hence, the BRN of the model (3.1) is

B BBS
(:u+6)(/~1+/11 +’y)(:u+Pv+Fv).
The EE of the model (3.1)is E* = (S*, E*, ", R*), where

L WAt A

Ro

S

oBI* + P,) ’
P +,Uis+ 7)1*’
il
where [ is the positive solution of the equation
XP+YI+Z=0, (5.1)

where X = (u+0)(u+u +y)B,Y =W+ 8)u+pu +y)u+F,+P,)— BB, and Z = —P,Bé. Here, Y
can be written in terms of R
Y= (et )+ + )+ Fy+ P[1=Rol.

I” is obtained by solving the quadratic Eq (5.1). Substituting the value of I* in the endemic equation
S*,E*, R, the EE is determined. Clearly, the value of EE is based on the sign of B, which can found
by the value of R, in B, whether Ry > 1, Ry = 1 or Ry < 1. Hence, by Descartes’ rule of signs, only
one unique positive EE point exists.
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6. Local stability analysis

Theorem 4. The DFE point E° is locally asymptotically stable (LAS), if Ry < 1 and is unstable if
RO > 1.

Proof. The Jacobian matrix J of the system (3.1) is obtained as follows:

—~BI+pu+P,+F) 0 -BS 0
BI+ P, —(u +90) BS 0

0 5 —urm+y 0
F, 0 Y —H

Here, ‘J(EO) — /U| =0 is given by

—(u+P,+F)-2 0 T 0

P, ~(u+0)-41 e 0 1-0

0 0 -+ +y) -1 0

F, 0 0% —u—Aa
Here, 1, = —u which is negative, whereas the other eigenvalues can be derived from the cubic equation
as follows:

B +s 2 +51+85=0,

where

s1=(u+P,+F)+Wu+06)+Ww+u +vy)>0,
BBo
S5 :(,u+6)(y+ﬂ1+7)—Fﬁ+(ﬂ+f)v+ﬂ)(}l+ﬂ1+7)
+u+o)u+P,+F,) >0,
P,BBS

—>0.
u+P,+F,

and s3=(u+ P, + F,)(u+0)(u+u +v)— BB +

By the Routh-Hurwitz condition, the DFE point, E°, is LAS if s; (i = 1,2,3) are non-negative and
s152 > s3 when Ry < 1 if and only if (u + &) (u + gty +y) — —2— > 0 and (u + P, + F,)(u + 6)(u + p1 +

u+P,+F,

¥) — BB6 > 0. Therefore, E® is LAS if Ry < 1 and is unstable if Ry > 1.

Theorem 5. The EE point E* of the COVID-19 model is LAS if Ry > 1.

Proof. The Jacobian matrix of the system (3.1) at E* is obtained as follows:

-BI*+u+P,+F) 0 —BS* 0
BI* + P, —~(u+0) BS* 0

0 5 ~urm+y O
Fy 0 Y —H
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Here, 'J(E*) - A ‘ =0 is given by

BI'+u+P,+F,)—A 0 BS”* 0
Bl + P, —(u+0)—-A1 BS* 0 _0
0 0 —(u+pu +y)—A4 0 ’
F, 0 0% —u—Aa
Here, obviously, one of the eigenvalue is 4; = —u which is negative, whereas the other eigenvalues can

be derived from the cubic equation.
/13 + I’l/lz + r2/l+r3 = O,
where

ri=pl'+Wu+P,+F)+u+30)+Wu+pu +vy) >0,
ry =+ 0)u+ i +y) + B+ 06)+ Bl (u+p +y)
+Ww+P,+F)u+u+y)+Ww+P,+F)u+0d)—BoS™ >0,
and r; =Bu+ )+ + VI +LOS™ + (u+ P, + Fo)(u+0)(u+u +vy)
—Bé(u+ P, + F,)S* > 0.
By the Routh—Hurwitz condition, the endemic equilibrium E* is LAS if r; (i = 1, 2, 3) are non-negative

and ryr, —r; > O when Ry > 1 if and only if (u + P, + F,)(u+ 6) —B6S* < O0and (u+ P, + F,)(u +
O)u+u+vy)—Bo(u+ P, + F,)S* <0. Therefore, E* is LAS if Ry > 1.

7. Sensitivity analysis

Here, we analyzed the sensitivity analysis on the basis of the BRN R, by delving into the different
aspects of its first derivative across diverse parameters. This strategy determines the extent to which
each parameter’s value contributes to the Ry. Thus, finding the appropriate actions to stop the spread
of COVID-19 can be facilitated by performing a parameter sensitivity analysis. The sensitivity index

of Ry to the parameters is represented mathematically as follows:
* ox ﬂo
Table 1 represents the sensitivity indices of R, with respect to the various parameters.

Table 1. Sensitivity analysis.

Parameters Value Sensitivity index value
B 33595 1

B 0.00001 1

u 0.143 -0.50442

P, 0.2522 -0.46114

F, 0.1517 -0.27738

0 1.01 0.1240

7 0.1595 -0.13264

Y 0.9 -0.74844
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The sensitivity indices presented in Table 1 show that as the values of B, 5, and ¢ rise, and while the
values of the other parameters remain constant, the value of R, rises as well. Given that the indicators
are showing signs of progress, this suggests that the disease is becoming more endemic. However,
the value of R, falls when the parameter values y, P,, F,, u;, and y are reduced while the values of
the remaining parameters remain unchanged. The fact that the indices are showing negative indicators
indicates a decline in the disease’s endemicity.

8. Optimal control analysis

To eradicate an illness from the population, mathematical models with control are frequently
employed. In the present section, a FOCP is formulated for the COVID-19 model (3.1) by introducing
time-dependent control u(¢). Here, u(¢) is used to mitigate the transmission potential arising from
interactions between susceptible individuals and those who are exposed or infected. The primary
objective of the suggested section can be to increase the number of recovered individuals while
perhaps reducing infections in exposed and infected compartments.

In order to do this, we determine the ideal control specification using Pontgrain’s maximum
principle [37,38]. The required findings for this procedure are provided. The objective functional for
the model (3.1) is

Tf C3 5
Jw) = f [CIE(t)+C2I(t)+ S (t)]dt. (8.1)
0
Subject to (S.to)

CD'S(f) =B - BSI(1 — u(t)) — P,S — F,S — uS,

CD"E(t) =BSI(1 — u(t)) + P,S — 6E — uE,

“D'I(1) =6E — I(uy +7y) — p,

CD'R(t) =F,S +yI — iR, (8.2)

with the initial conditions S (0) > 0, E(0) > 0, 1(0) > 0, and R(0) > 0.
In (8.1), Cy, C, represents the positive weights and C; represent the relative cost measure of the
control variable u(¢). We focus on determining the control parameter u* such that

JW*) = min{J(u) : u € U}. (8.3)
Here, the control set is defined as
U= {u/u is Lebesgue measurableon [0, 1]: 0 <u <1, 7 € [0, Tf]}. (8.4)
Remark 1. Here, we assume the control function
u(t) € L=([0, T¢]), (8.5)

which means that the control function is Lebesgue-integrable and essentially bounded over the given
time interval. The control function u(t) is assumed to be in L*([0, T¢]), with the L*-norm defined as:

llullz> = sup |u(®). (8.6)
1€[0,T/]
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This ensures that the control function remains bounded and does not lead to unbounded interventions.
The state variables S, E, I, and R belong to the Banach space L*([0, T¢]) with the standard L*-norm

given by
Tf %
X112 = (f IX(t)Izdt) ) (8.7)
0

where X(t) represents any of the state variables.

8.1. Existence of an optimal control

For the existence of an optimal control, we take the optimal system (8.2) with the associated initial
conditions at ¢ = 0. Our analysis reveals that the state system possesses positive bounded solutions
whenever the initial conditions are non-negative and the controls are bounded and Lebesgue
measurable. This finding on existence is formalized in the following theorem.

Theorem 6. An optimal control u* € U such that

J') = min J(u). (8.8)
S.to the systems (8.2).

Proof. As both the control and state variables are non-negative, the objective function (8.1) satisfies the
convexity condition. Here, the control set is convex and closed, which shows that the optimal system
satisfies the property of boundedness, thereby confirming the essential compactness necessary for the
existence of optimal control. The integrand in the objective functional (8.1) is convex on U, which
shows that an optimal control u* € U exists for the system (8.2).

8.2. Characterization of the optimal control functions

To establish the necessary conditions for optimality, we employ Pontryagin’s maximum principle.
Accordingly, consider the Hamiltonian H of the problem (8.1) as follows:

H(z, S (6), E(1), I(1), R(1), A1 (1), A2(2), A3(1), A4(1), u(t)) =CE(t) + C2I(1) + %uZ(t)
+ ,°D"S (1) + L,ED'E(1)

+ :°DI(1) + LED'R(D). (8.9)
where A;,(j = 1,2...4) represents the co-state variables, which are determined by solving the
following equations:

OH(?) OH(?)

DI (1) = ——=, D! () = ——=,
7,0 35 (1) 7,42(0) 9E()’
D" (1) = _8H(t) o) = 8H(t)
T8I0 & OR(t)’

8.3. Optimality conditions

Theorem 7. [39] Let u* be an optimal control of the problems (8.1) and (8.2) with the corresponding
states S*, E*, I, and R*. In this case, Ay, Ay, A3, and A4 exists, satisfying the following:
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O0H(r)

D} A\() = ~® =0(O(BIL = u(®) + Py + F, + 1) = L()(BI(1 - u() + P,),
D} (1) = —Z%Eg == C1 = ()6 + p) = 1:(0)(6),
D} A5(1) = _%(:)) == Cy+ L(O(BS (1 = u()) = LO(BS (1 - u(®)))
+ B+ +7) = 40(y),
D} Aq(t) = —2%8 =24(0)(u)-

With the transversality condition A,(T¢) = A4(Ty) = 0 and Ax(T¢) = —=Cy, A3(T¢) = —C,. Furthermore,
the optimal control u* is given by

(A = /11),35*(01*(0’ 1} ’ 0} .
Cs

Proof. The Hamiltonian function for our prescribed optimal control problem is as follows:

u* () = max {min {

H(t) =C,E(f) + CoI(1) + %uz(t) + A(t)(B = BSI(1 - u()) - P,S = F,S - S
+ L(t)(BSI(1 = u(®) + P,S = 6E — pE) + A3(t)(0E — (uy + y)I — I
+ A4(t)(F.S +yI - uR).

For t € [0,Ty], the adjoint equations and transversality conditions can be obtained by using the
principle in [38] such that

O0H(z)

D Ai(1) = ~® =0(O(BI(L = u(®) + Py + F, + ) = L()(BI(1 — u() + P,),
D} A1) = _ZJELEZ == C1 = L(0)(6 + p) - 1:(0)(6),
D} A5(1) = —?;I;L((:)) == Cy+ L(O(BS (1 = u(t)) = L()(BS (1 — u(t)))
+ B0+ +7) = 40(),
D} Aq(t) = —Zlil—g)) =24(0)(u)-

The transversality conditions are A,(Ty) = A4(Tf) = 0 and A,(Ty) = —Cy, A3(Tf) = —C».
The condition for deriving the optimal control u*(¢) is given by
OH(1)
ou(tr)
The optimal control u* is derived by minimizing the cost functional J, resulting in the
following expression:

=0= Gu+ 1, —)BSIT)=0.

(A — ) BS*(OI" (D) 1} 0}

u*(t) = max {min { c.

This completes the proof.
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9. Numerical results and discussion

In this section of the manuscript, we provide the numerical simulation results for the
abovementioned COVID-19 model (3.1). The objective of Subsection 9.1 is to solve the system (3.1)
by applying the ABM-PCS to the discretized form of the system. Furthermore, a description of FBSM
employing the ABM-PCS to solve the optimality system (8.2) is provided in Subsection 9.2. These
techniques provide precise numerical results over an extended period of time. For the simulations, we
utilise MATLAB with the initial conditions and settings as listed below.

9.1. ABM-PCS for the SEIR Model

For the initial values of the fractional order, the most widely used numerical method is the ABM-
PCS method (see [40,41]), and it provides precise solutions over an extended period of time.
Consider the following general form of a differential equation:

DIA®) = f (1, A1), AP(0) = AL, b=0,1,2,....m—1,0<t<T,
where Ag € R, which is equal to the well-known Volterra integral equation

-1

At) = ZAob, o f (t = )" f (5, A(s)) ds.

To compute the numerical solution of a nonlinear fractional order model (3.1), we apply the ABM-
PCS. Now consider that the time interval [0, 7] can be divided into N equal parts with a size of h =
and each node can be represented as t, = nh, n =0,1,2,...,N.

The corrector values are defined as:

hh
Sn+l :SO + m (B_IBSZ+1IS+1 - P"Sg - F SrI:+1 llSn+l)

)/ n
+—E i \B=BS:I;—P,S:—F,S;—uS;),
T +2) £ m,j, +1< B il j i M j)

m

h
Evo =Eo+ ———< (ES;[;+115+1 +PS,, —OE,,, - 'UEn+l)

I'(n+2)
P Z (BS,1; + P,S ;- OE; — uE,)
r(n2+2) = nZ,],n+1 jtj v j J M ]
W
Ly =lp + ————— (OE,+1 — (1 + V)1 — plyi)
I'(p3 +2)
W3

— it (6E; = (uy + )1 — ul;),
r(n3+2);ﬂ3,,, +1( J (,Ul 7)/ /Jj)

14

R,i1 =Ry + m (F,S w1 + vl — pRy4 1)

4 n
+ — il (FS i +vIl — uR;).
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The predictor values are given by

SZ+1:S()+F( )Zﬁljn-f-l B ﬁSI PS FVS]_IIS])’
EP, = E0+r( )Zﬁz,nﬂ BS,1;+ P.S ;- 6E; — iE;),
P _
=+ 5 )Zﬁmﬂ (6E; — (ui +9)1; - i),
P _
R =Ro+ e )Zﬁ4]n+1 FS it ,UR)
where
n—(n =+ 1), if j=0,
Mijnr1 =3(m—j+ 2T +(n— jym™ =2(m—j+ )™, if0<j<n,
1. if j=1,
and

hl
Bijmn=—[n+1-)"-(m-)"],0<j<nandi=1,...,4.
n

The initial values are S(0) = S, = 16.61989X10°, E(0) = E, = 0.16797X10°, I(0) = I, = 481, and
R(0) = Ry = 487 along with the model parameters reported in [29] as follows.

Numerical simulations of the system (3.1) were performed for the integer and for the fractional
orders n = 1,0.9,0.8, and 0.7.

Figure 2 provides a visual representation of the dynamics in each compartment. This graphical
representation emphasizes that the fractional derivative model provides complete information on
disease dynamics. In Figure 2(a), we display the temporal dynamics of the susceptible population at
various values of n = 1,0.9,0.8, and 0.7. We can observe and confirm that the proportion of the
susceptible population decreases with varying fractional orders of 7. The decrease in the susceptible
population is attributed to the vaccination rates P,, F,, and the natural infection rate, leading to a shift
of individuals to the exposed class.

Figure 2(b) represent the exposed population with respect to time, which varies for various values
of n. It can be observed that an exposed population is increased over time and slowly declines due to
the values of the parameters P,, F,, and the fractional order . The interplay between partial and full
vaccination significantly affects the rate at which individuals transition from the exposed class to the
infected or recovered compartments. Figure 2(c) shows the dynamic behavior of the infected
population versus time. The results confirm that for smaller fractional orders 7, the infection curve is
prolonged, indicating a slower rate of decline. This observation aligns with theoretical expectations,
as the fractional order introduces memory effects that delay recovery and prolong the infection’s
duration. The presence of the vaccination parameters P,, F, effectively reduces the peak infection
levels, demonstrating the critical role of vaccination strategies in mitigating disease spread.
Figure 2(d) depicts the dynamic behavior of the recovered population versus time. We can confirm
that the proportion of the recovered population increases significantly due to the parameters P,, F,,
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and the different values of the fractional order . The impact of both partial and full vaccination is
evident, as they contribute to a higher recovery rate and a reduction in the infected population. The
fractional order further influences the rate of increase in recoveries, where lower values of 1 lead to a
more gradual rise in recovered cases, reflecting the long-term memory effects.

5 5
18 12 ; : : . | 7 AL
—_—=1 —_—g=1
16 n=0.9 n=0.9
—n=0.8 6 — =08
14 n=0.7 n=0.7
5
12
,-\10 ,-\4
= =
251 =

0 0
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Days Days
(@) (b)
5 5
PR 10 g = 10

—=1

0 0
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Days Days
(c) (d)

Figure 2. A visual representation of the dynamical behaviour of the population when n =
1,0.9,0.8, and 0.7.

9.2. FBSM based on ABM-PCS

This section presents a numerical simulation of the FOCP formulated in Section 8. When solving
optimality systems, FBSM is a useful iterative technique. We extend FBSM to solve our FOCP using
the following approach, which is based on the description of ABM-PCS mentioned above. The
algorithm begins with a first estimation of the control variable (see [34]).

The numerical description of the FOCP for (8.2), as detailed in Subsection (9.2), was used to solve
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the optimality system, utilizing the initial state values (S(0), E(0),1(0),R(0)) =
(16.61989X10°,0.16797X10°, 481, 487). The weight constant values were chosen as
C, =10,C, =200, and C5 = 0.001, along with the parameter values in Table 2.

Control measures lead to an increase in the susceptible population compared with the lack of
control (see Figure 3(a)). In Figure 3(b),(c) we observed that the impact of the control measure on the
populations of exposed and infected people. The implementation of control parameters significantly
reduces the number of exposed and infected individuals. As a result, this decline leads to an increase
in the recovered population, as illustrated in Figure 3(d). The results indicate that increasing u(t),
particularly under optimal control strategies, effectively decreases the susceptible, exposed, and
infected populations while enhancing the recovery rate. In conclusion, these results suggest that the
combined implementation of the proposed control measures offers a superior and more impactful
strategy. This approach effectively minimizes infection rates within the community, thereby
safeguarding against future outbreaks.

Remark 2. This study extends the model in [29] by introducing control variables and evaluating
their impact on reducing the spread of exposed and infected populations and increasing recovery.
Although our study does not directly validate the model with real-world data, it lays the groundwork
for designing optimal control strategies that can later be applied to refined and validated models. We
agree that real-world applicability is essential, and we plan to combine the insights from [29] and [42]
in future work to validate the control strategies with data from specific regions and address vaccine
unavailability scenarios as well.

Table 2. Model parameter values.

Parameters Value

B 33595
B 0.00001
u 0.143
P, 0.2522
F, 0.1517
0 1.01

y 0.1595
0% 0.9
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16 wmnnaees S with control atn = 1

S without control at 7 = 0.9
* 8 with control atn = 0.9

14 S without control at 7 = 0.8
s S with control atn = 0.8
12 S without control at = 0.7

s § with control at g = 0.7
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(a)
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25 K 4}
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Figure 3. The dynamics of all state variables with and without optimal controls for n =

1,0.9,0.8, and 0.7.

10. Conclusions

In this study, a Caputo fractional derivative model for COVID-19 is presented in the SEIR context.
As part of our study, we analyze the solution positivity as well as the boundedness of the system. Our
stability analysis shows that when the BRN R, < 1, the system exhibits LAS around the DFE point
(E®). On the other hand, the system stabilizes asymptotically around the EE point (E*) when Ry > 1.
A sensitivity analysis is conducted using R, for this model. Pontryagin’s maximum principle was
used to derive the necessary optimality conditions for the FOCP. Using the ABM-PCS, we conducted
numerical simulations, and developed the FBSM with ABM-PCS to solve the optimized system
numerically. Our findings indicate that a larger proportion of completely vaccinated people correlates
with a larger proportion of the population recovering. This suggests that comprehensive vaccination
substantially mitigates the impact of infection, swiftly transitioning individuals to the recovered class.
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The COVID-19 virus can be effectively managed and inhibited by implementing control variables. In
our study, we demonstrated that it is the most effective technique for eradicating diseases. In
comparison with the classical model, our simulations indicate that the non-integer model better
captures the dynamic behavior of the COVID-19 epidemiology model.
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