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Abstract: We proved that on every Stiefel manifold V,R" = SO(n)/ SO(n — 2) with n > 3 the
normalized Ricci flow preserves the positivity of the Ricci curvature of invariant Riemannian metrics
with positive Ricci curvature. Moreover, the normalized Ricci flow evolves all metrics with mixed
Ricci curvature into metrics with positive Ricci curvature in finite time. From the point of view of the
theory of dynamical systems, we proved that for every invariant set X of the normalized Ricci flow
on V,R”" defined as x’l"zxg‘z)@, = ¢, ¢ > 0, there exists a smaller invariant set X N %, for every n > 3,
where %, is the domain in Ri responsible for parameters xy, x,, x3 > 0 of invariant Riemannian metrics

on V,R" admitting positive Ricci curvature.
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1. Introduction

One of powerful tools to study the evolution of Riemannian metrics on a given Riemannian
manifold .#¢ is the normalized Ricci flow equation

0 ) A
2-8(1) = ~2Ric, +2g()—", (1.1)

introduced by Hamilton [1] for a family of a Riemannian metrics g(¢) on .#, where Ricg and S, are
the Ricci tensor and the scalar curvature of a metric g, respectively. Many papers are devoted to a
class of Riemannian manifolds .# called homogeneous, on which the isometry group Isom(.#) acts
transitively, see [2—5]. Any Riemannian homogeneous manifold . can be identified (is diffeomorphic)
to some homogeneous space G/H with G = Isom(.#) being a Lie group according to the Myers and
Steenrod theorem and H = G,, the isotropy subgroup at a given point m € .# . A large class consists
of reductive homogeneous spaces G/H, where G is a compact and semisimple Lie group and H is a
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connected closed subgroup of G. Let g and b be the corresponding Lie algebras of G and H, and g =
h@p be a reductive decomposition of g orthogonal with respect to the Killing form B defined on g so that
Ad(H)p c p. Since B is negative definite, —B defines an Ad(G)-invariant inner product -, -) = —B(:, )
on g. Assume that p admits a decomposition p; @ - - - @ p; into pairwise inequivalent irreducible Ad(H)-
modules of dimensions d; = dim p; such that d; + --- + d, = d = dim(G/H). Then, any G-invariant
symmetric covariant 2-tensor on G/H can be written as ¢;{-, )|, + -+ + c(-, )l,,» Where ¢y, ..., ¢, are
some real numbers. In particular, so is any G-invariant metric g(-,-) = x;{, )|, + -+ + x(-, )|, on
G/H, where x; € R,,i = 1,...,k. The Ricci tensor of this metric has the form Ricg(-, ) = xiri(:, 9)l,, +

o+ 0, Oy, Where r; = ri(xq, . .., x;) are components of the Ricci tensor [6]. The decomposition
P=7p®- - @ p;allows (1.1) to split into a system of k nonlinear autonomous differential equations
k
-1 diT; .
xi:—zxi(ri—z’—kl ) i=1,...,k (1.2)
2ic1 di

In particular, an interesting question is finding if the normalized Ricci flow preserves the positivity
of the curvature of Riemannian metrics on a given manifold. In [7, 8] some results were obtained
concerning this question on the Wallach spaces SU(3)/T2, Sp(3)/ Sp(1) x Sp(1) x Sp(1), F4/ Spin(8).
The case of generalized Wallach spaces with coinciding parameters a; = a, = a; € (0,1/2) was
considered in [9]. Some extensions of the results of [9] can be found in [10, 11]. Recently, in [12] the
results of [9] were generalized to the general case a;,a»,as € (0,1/2) according to the classification
of [13]:

Theorem 1 (Theorem 5 in [12]). The normalized Ricci flow (1.1) evolves certain invariant
Riemannian metrics with positive Ricci curvature to metrics with mixed Ricci curvature on every
generalized Wallach space with a; + a; + az < 1/2.

Theorem 2 (Theorem 6 in [12]). The following assertions hold for generalized Wallach spaces with
ar+ax +az > 1/2:
1) The normalized Ricci flow (1.1) evolves all invariant Riemannian metrics with positive Ricci
curvature to metrics with positive Ricci curvature if @ > max {0y, 6,, 65},
2) The normalized Ricci flow (1.1) evolves certain metrics with positive Ricci curvature to metrics
with positive Ricci curvature if 0 > max {6, 6,, 05} fails,
1 1 [1-2a

where 0 == a; +ar +az — 1/2 and 6; ::ai—§+§ 1424 i=1,2,3.

Theorem 3 (Theorem 7 in [12]). The following assertions hold for SO(k+1+m)/ SO(k)xSO(l)xSO(m),
k>1>m>1 (denoted by GWS 1 according to [13]). Under the normalized Ricci flow (1.1)

1) All invariant Riemannian metrics with positive Ricci curvature can be evolved into metrics with
positive Ricci curvature if either k < 11 or one of the conditions 2 < 1+ m < X(k) or | + m > Y(k) is
satisfied at each fixed k € {12,13, 14, 15, 16};

2) At least some invariant Riemannian metrics with positive Ricci curvature can be evolved into
metrics with positive Ricci curvature if k > 17 or if X(k) < [+ m < Y(k) for k € {12,13, 14,15, 16},

3) The number of GWS 1 spaces on which any original metric with Ric > 0 maintains Ric > 0 is
finite, whereas there are infinitely (countably) many GWS 1 on which Ric > 0 can be preserved at least
for some original metrics with Ric > 0,

2k(k -2 2k(k -2
where X(k) := ( ) —k+2 and Y(k) = ( ) —k+2.

k+2+ VK2 - 12k + 4 k+2—- Vk? - 12k +4

Electronic Research Archive Volume 33, Issue 3, 1858—1874.




1860

Since (I,m) # (1, 1), the case of the space SO(n)/ SO(n — 2) x SO(1) x SO(1) cannot be covered by
Theorem 3. In the present paper we study the above question on the preservation of positivity of the
Ricci curvature for the homogeneous space SO(n)/ SO(n — 2) diffeomorphic to the Stiefel
manifold V,R". In general V;R", k < n, can be defined as the set of n X k matrices A with real entries
such that A’A = [, where A" means the transpose of A and [ is the k X k identity matrix. V;R”
becomes a compact smooth manifold in the subspace topology inherited from the topology of R™. It
is known that for k < n, the group SO(n) acts on V;R" transitively and V,R" is diffeomorphic to the
reductive homogeneous space SO(n)/ SO(n — k). In the case of these spaces there are equivalent
submodules which may cause a complicated decomposition of the Ricci tensor. Although the
decomposition of p admits two equivalent submodules p; and p, causing the dependence of an
SO(n)-invariant metric of SO(n)/ SO(n — 2) on four parameters, it was proved in [14] that
SO(n)-invariant metrics on SO(n)/ SO(n — 2) can be reduced to a diagonal form and described by an
Ad(SO(n — 2))-invariant inner product

(" ) = xl(" '>|p| + x2<'9 '>|p2 + .X3<', '>|p3 ’ X € R+a (13)

on p = p; & p, @ p3 (see also [15]). The corresponding Ricci tensor is Ricg(-, ) = xiri€, ), +
x2r2(~,~)|p2 + x3r3(-,~)|p3. Clearly, dl = dim Pr=n-—- 2 = dim P = d2 and d3 = dim P3 = 1 with
d=2n-3.

The main result of this paper is contained in the following theorem.

Theorem 4. On every Stiefel manifold SO(n)/ SO(n — 2) with n > 3, the normalized Ricci flow (1.1)
evolves any metric (1.3) to a metric with positive Ricci curvature.

2. Results

The following expressions were found in [16] for the components of the Ricci tensor of the
metric (1.3):

1 1 X3 X2 X1
ro= 5—- +— - :
2)C1 4(1’1 - 2) X1 X2 X1X3 X2X3
1 1 X3 X1 X2
rn = — — + — , 2.1
2 2x, 4(n-2) (xlxz X2X3  X1X3 1)
1 1 x X X3
ry = -—-—— + - )
2X3 4 X2 X3 X1X3 X1X2

Then, the scalar curvature S = d r; + dor; + dsrs takes the form

1 1( x; Xy X3 n—-2(1 1
e = 7 — + + + —+—]. (2.2)
2x3 4 \xxs  xix3 x1x 2 \x1 x

Substituting (2.1) and (2.2) into (1.2) the following system of ordinary differential equations can be
obtained on SO(n)/ SO(n —2), n > 3:

X1 = fi(x1, x2, x3), Xy = folxy, X2, x3), X3 = f3(x1, x2, x3), (2.3)
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where

(n= D3 +x3) = Bn = 5)x} = 2(n = 2)|x1x2 + (1 = 2331 — (n = Dy |

ho= 201 — 2)(2n — 3)x213 ’

(n= D3 +x3) = Bn = 5)x3 = 2(n = 2)|x1x2 + (1 = 2332 — (n = Dixsxy |
ko= 2(n - 2)(2n - 3)x113 :
= (n—2)(x1 — %)% + (n = 2)(x1 + X2)x3 — (n — 1)x3

2n - 3)x1x,

2.1. The set Z, and its structural properties

Denote by Z, the set of metrics (1.3) which admit positive Ricci curvature
Ry ={(X1,%2,X3) € Ri | r; >0, r,>0, r; >0}

Observe that r; = 0 is equivalent to (x; — x, + x3)(x, — x1 + x3) = 0 for every n > 3. Therefore, %, is
bounded by two planes —x; + x, + x3 = 0 and x; — x, + x3 = 0 in any case, where xi, x,, x3 > 0. Denote
them by II; and II,, respectively. Let I'; and I'; be those components of the conesr; = 0 andr, = 0
defined by the equations (see Figure 1)

= (1=2m+ B+ (- D-3)8 and x5 = (-2 + 2+ (- D=3 (24)

respectively. We denote the other components

= (=20 — A2+ (1= D=3 and x = (n-2x — A2+ (1= Din—3)2
by I'] and I';, respectively (the lower surfaces in Figure 1 in magenta and aquamarine). Let I3 be the
plane x; + x, — x3 = 0 and L be the ray (p, p, 2n — 4)p), p > 0 (depicted in blue color in Figure 1).

Lemma 1. For all n > 3, the set %, has the boundary

HIUH2UF1:1UF1:2, lfl’l24,

0Z,) = )
II, U I, U II;, lfl’l:3,

withfl = {(/Jt,vt,t)|t>0, 0< VSV} cTI; andfz = {(vt,,ut,t) | t>0,0< vS?} c Iy, where u =

\/v2 —2(n =2+ 1andv = 2n—-4)"'. Moreover, I1, N 11, =I1; N, =TLNT, =0andT,NT, = L
foralln > 3.

Proof. Let us consider I'; N I',. The system of equations
X —x5— x5 +2(n—2)xx; =0,
X -x+x5-2n—-2)xx; =0

is equivalent to the system of ry = 0 and r, = 0. It is easy to see that x3 = (n — 2)(x; + xp) is a
consequence of the system corresponding to I'; NI',. Substituting this expression for x3 into the second
equation in the system, we obtain

(n = D(n = 3)(x + x)(x; = x2) = 0.
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If n > 4, then x; = x,. Hence, the straight line x; = x, = p > 0, x3 = 2(n — 2)p denoted by L is a
common part of the cones I'y and I';. If n = 3, then (2.4) implies that I'} =T, = I15.

The system above also admits the extra solution x; = x,, x3 = 0. Obviously, it corresponds to
I nry;.

The component I'; of the cone r; = 0 can be parameterized as

X| =ut, Xxp=vt, Xx3=1, t>0, O0<v<l,

where u = V2 —2(n—2)v + 1 and
l=n—-2~-+(n-1)n-3) (2.5)

is the smallest root of the quadratic equation v> —2(n—2)v+ 1 = 0 (by symmetry, for the component I'
of r, = 0, we have x, = ut, x; = vt, x3 = t).

For all n > 4 the conic components I'; and I', have extra pieces not relating to the set Z,. Since
I, NI, = L then necessarily 4 = v, implying the critical value v = (2n — 4)~!. It is easy to see that
the useful part T, of I'; can be parameterized by values r > 0 and 0 < v < v. The extra part of I’
corresponds to the values ¢+ > 0 and ¥ < v < [. The description of T, is obvious from symmetry. The
equality fl ﬁfz = L is obvious too. The system of the equations —x; +x, + x3 = 0and x; —x, +x3 =0
implies that x3 = 0. Analogously, it follows from I1; NI"; and [T, NI’ that x, = 0 and x; = 0. Therefore,
I NIL =1, NIy =1L, N1, =0 for x; > 0 implying IT; NI, = I, NT; =, N T, = 0. O

i
il
Wl it
Ul
iyl
il

YU U
il

(a) (b)
Figure 1. The case n = 4: the surfaces I'y, I'; and II;, I1, (left panel); the curves X N Iy,
X NI5and £ NII;, £ NII, (right panel).

2.2. The vector field V on the boundary (%)

Introduce the vector field

Vix o (i), HX), (X)), X = (x1, X2, x3) € R,
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associated with the differential system (2.3).

Lemma 2. For every n > 3, the vector field V associated to the system (2.3), when restricted to its
boundary 0(%,) takes values in the domain X ..

Proof. By Lemma 1 the planes IT; and I, bound the domain %, for every n > 3. Denote by n; and n,
their normals (—1, 1, 1) and (1, —1, 1). We claim that the inner product (V, n;) is positive at every point
of I1; for all n > 3. Indeed, I1; can be parameterized as x, = u, x3 = v, x; = u + v with u, v > 0. Then,

2

>0
n—2

(V,n)) = —f1|1-[1 "‘f2|n1 "'f3|n1 -

on I1; for n > 3, where

n=2)n-3)w-0CBn-5u

h 1|H1 2n - 3)(n - 2u ’
f| (n—1D(u—-(m-3)w)
2, (2n—3)n—-2)(u+v)’
v 2m—=2u+ (n—3)v
f3|H1 (2n - 3) (u+vu '

The same inequality (V,n,) = ﬁ > 0 holds on the plane II, for all » > 3. Indeed, II, can be

parameterized as x; = u, x3 =V, x = u + v and f1|Hz = f2|l‘[1’ f2|H2 = f]|H1’ f3|H2 = f3|H1'
The case n = 3. According to Lemma 1, we have one more plane I1; that bounds the domain Z..
Note that f;, f>, and f; take the following forms on I15:

4

f3|H3 -3

u

f1| = fz|n3 =

Iy 4y’

1%

u+v

Then, we obtain (V,n3) = f1|m +fz|m —f3|n3 =2 > 0onll;, where ny = (1, 1, —1) is the normal of I15.
Since the normals ny, n, and n; are directed inside the domain 2, the inequalities (V,n;) > 0 imply
that the vector field V is directed towards %, on every point of the boundary d(%,) = I1; U I1, U I1.

_ The case n > 4. Then, d(Z#,) = 11, UII, U fl U Fz by Lemma 1. It suffices to consider the surface
[y ={(ut,vt,t)| t >0, v € (0,7]}, where v = (2n — 4)7L.

The components of the normal m = Vr; = (g%, g—;lz, g—;) to the conic component I'; have the forms
61‘1
— = 2x; >0,
8x1 o
0
i = 2(1’1 - 2))63 - 2)62,
8)62
0
M -2 -2
6)(?3
It is easy to check that ﬁ <n-2-+Vmn-1Hn-3) < ﬁ for n > 3. Then, the inequalities
0<v<V<l<- <n-2yield that
0 0
Mo 2tn-2-v>0, L 2(n-2w-1)<0
0x, dx3
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on I'; and, in particular, on Fl implying that m is directed inside the donElin X, foralln > 4.
We claim that the inner product (V, m) is positive on every point of I';. Indeed, by calculations in
Maple, we obtain that sign(V, m) = sign(F — G), where

F=F®)
G=G®)

~(n=D(n-2-v)((n-2v-1),
(n=2)n-3)v+ D2 =2(n-2)v+1.

Since F > 0and G > O for all n
the polynomial

\%

4 and all v € (0,V] the sign of F — G coincides with the sign of

p(v) = F? = G* = 4(n - 2)>»* = 2(n — 2)(51° = 31n* + 67n — 49))°
+ (n® — 6n° — Sn* + 1361 — 453n° + 630n — 327)V*
—2(n—2)(5n° = 31n* + 67n — 49)y + 4(n — 2)°.

We claim that p(v) > 0 for all v € (0,v] and all n > 4. It is more convenient to consider the interval
[0, 1] © (0, V] instead of (0,v]. Since the discriminant

n-2*n-3°m-1D"Un* - 13n + 11)? [8 +20n=3)+ 12(n =3+ (n— 3)3]

of the polynomial p(v) is positive for every n > 4 then p(v) has no multiple roots in [0, 1]. Therefore, we
can use Sturm’s method for our goal. Construct the sequence of Sturm polynomials py = p, p; = p|,
piv1 = —rem(p;_1, p;), where rem(p;_;, p;) is the remainder of the division of p;_; by p;,; i = 1,2,3.
Then, for v = 0 we obtain using Maple that

po0) = 4n-2) >0,

pi(0) = 2n-2)a; <0,
_ (n=1D(n=9)(n = 3)*(5n* = 18n +17)
p2(0) = 160 =) >0,
PO = 32n-1)n -2 - 3)@n* - 130+ 1) =2 >0,
@3

_1\6( _2\3 2
ppy = Bz D@D (Oﬁ) s > 0,

16 a4

where

@ = Sn=31+14m -3 +16(n-3)+8 >0,

@ = =3P +10n-3)>+20(n-3)+12>0,

a3 = 8n*—83n° +285n> — 413n + 219 # 0 (the divisor 73 of 219 is not a root),

as = n’—5n®—24n" +256n° — 802n° + 930n* + 6921 — 3268n> + 3589n — 1401 # 0,
@ = m-31+12n—-3+20n—-3)+8>0

for n > 4, where a4 # 0 for n > 4 since the unique acceptable divisor n = 467 of 1401 does not satisfy
4 = 0.
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Evaluate now p; atv = 1:
po(l) = (n-3)’as >0,
pi() = 2(n—-3)as >0,
(n—1D(n—-73)%05n>-18n+ 17)as
1 _
pa(1) TP <0,
-32(n - 1)(n—2)(n - 3)*4n* — 13n + 11)

s

2
a;

6
<0,

p3(1)

where ag = 24 + 60(n — 3) + 63(n — 3)> + 35(n — 3)* + 10(n — 3)* + (n — 3)°> > 0.

It follows that the Sturm sequence has the same number of sign changes, namely 1, for both v = 0
and v = 1 under the condition n > 4. Therefore, p(v) has no real roots in the interval [0, 1] for all
n > 4. Since p(0) > 0 we have p(v) > 0 for all v € [0, 1], in particular, this is true for all v € (0,V].
Therefore, (V,m) > 0 on fl. Since the normal m is directed into the domain Z%., as shown above the
vector field V is directed towards Z, on the surface T';. By symmetry, the analogous assertion holds
for V on the surface fz cIs. O

2.3. Invariant sets and singular points of the system (2.3)
Let X be the surface defined by the equation Vol(xy, x,, x3) = ¢, ¢ > 0, where
Vol(x1, x2, x3) = x’l’_Zx’Z’_z)@

is the volume function for the metric (1.3). Introduce the following subsets of X (curves on X) as well

I, = {(CHITZT%,T,T)ERi|T>O},
]2 = {(T,CJTZTL%;,T)GR3_|T>O},
L = {(T, T, CT4_2n) € Ri | T> 0} .

In Figure 1 the curves Iy, I,, I; are depicted in gold for ¢ = 1 and n = 4.

Lemma 3. The following assertions hold for the system (2.3):
1) The algebraic surface X is invariant for every n > 3 and every ¢ > 0;
2) The curve I is invariant for every n > 3 and every ¢ > 0;
3) The curves I, and I, are also invariant for every ¢ > 0 if n = 3.
4) For all n > 3 the following inclusions are true:

L, C %_,_, lf T>T = 22_nC,
1
2n—4)3—2ﬂ

C

L Cc%,, ifT>Tz:=(

Proof. 1) Actually the first assertion can easily be proved for system (1.2). Put Vol = xfl e ka and
U := Vol —c. Then, the invariance of X is equivalent to the inner product (VU, V) vanishing on it.
Indeed

50U S d; : S
(VU,V):ZEﬁ:(U+c)ij,-:—2(U+C)Zd,-(r,-—7g)=0
=1 1 i=1 ! i=1
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dueto §q = Zf-‘zl dr;and d = Zle d; (see also Lemma 2 in [17]).

2) The invariance of /5 is equivalent to the vector field V being parallel to the tangent of /5 at its
every point. Direct calculations confirm this property:

d

d A
dr

h

_ 5
I f2

(67'4_2") = 2¢(n—-2)r 3 =

I

3) It suffices to observe that I}, I,, and I3 can be obtained by cyclic permutations in (7, 7, c7~2) in the
case n = 3. Moreover, x’ = (~/c, v/c, v/c) by Lemma 4. However, for n > 4, the curves I, and I, cannot

pass through the point x° and hence cannot be invariant.
) ) )
4) Choose I;. Substituting x; = cn-27n-2, x, = 7 and x3 = 7 into I1; and I1, we obtain

1 1 1 n-l
m|, = T(z - crzr-m), I, = ciar ns 2.6)
Analogously r; and r, take the following forms on /;:
| 1 (2( 3 2 2\ nl 1
r = n-— + cn—ZT_n—Z)Tn—zc_n—Z,
A -2 @2.7)

1 S
r2|11 = W(Z(H—Z)—C"—ZT n—2)_

Then, H2|11 > 0 and l'1|ll >0 fort>0andn > 3. Butll;

I
the single root of the equation 2 — ¢n-27 n-2 = 0.

Note that r2|11 >0foralln>3ifr > 1q:

|1 > 0 only for T > 7|, where 7, := 2> "c is
1

a L1

1
2(m—2)—cn27 2 =2(n-3)+2—-cn27 n2 > 0.

By symmetry, for I, we have

H1|[2 = H2|[1’ 1_[2|12 = H1|11, r]|12 =I I r2|12 — r1|11. (28)
Now consider /5. Then,
M, = M|, = x> 0,
I'1|I3 = I'2|I3 = m (2]1 —4— CT3_2n) )
_1
Therefore, I'1|13 - I'2|,3 >0forn>3and 7> 1) := (2nc— 4)3_2n. -

1 —-n

Remark 1. As follows from (2.7), I, intersects the cone r, = 0 at the point (cﬁ 76“2 , T0, To), where T,

1 L
n—2

is defined from the equation cn-2 7,, = 2(n — 2) for all n > 3. However, this point does not belong
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to the set %, since 1'[1|]1 = T(2 - chlZ T_"%Z) <0att =1y Indeed, 2 —2(n—-2) =6-3n <0 for
n > 3. Actually, here we deal with the intersection of I, with another component I'; of the cone r, = 0,
establishing that I'; is the extra component which has no relation to the set %, (the lower surface in
aquamarine in Figure 1). Thus, I, does not intersect the useful component I'; of r, = 0 (see (2.4)). A
similar conclusion can be obtained for I,, by interchanging the indices by symmetry.

Lemma 4. The following assertions hold for the system (2.3) at a fixed ¢ > 0:
1) For every n > 3 the system (2.3) has the unique family of one-parameter singular (equilibrium)
points given by the formula

x=(q,q,kq) € Z., where k:=2n-2)n-1"" geR,.

The actual value q = qq of the parameter q at which x° belongs to X is
g0 = Ve,

2)Ifn = 3, then X is the stable manifold of X° with the tangent space E* = Span{(-1, 1,0), (=1, 0, 1)}
and, hence, xX° € X is a stable node. Moreover, 1,1, and I; are one-dimensional stable submanifolds
for x°.

3)Ifn > 4, then X° is a saddle with the tangent spaces E° = Span {(1, 1, —4(n—-2)>*(n - 1)‘1)} and
E* = Span{(—1, 1, 0)} of corresponding manifolds (separatrices) on X. Moreover, the stable separatrix
is exactly I for all n > 4.

4) For all n > 3, the singular point X° also admits the center manifold with the tangent E¢ =
Span{(1, 1, x)}.

Proof. Fix ¢ > 0 and use ideas of [17].

1) Every singular (equilibrium) point of the system (1.2) is also an invariant Einstein metric of a
considered space G/H. Conversely, every Einstein metric of G/H is a singular point of (1.2). Such a
conclusion easily follows from the observation that the equalities f; =--- = fy =0andr; =--- =1 =
d'S ¢ are equivalent. In particular, according to [14, 18], the Stiefel manifold SO(n)/ SO(n — 2) admits
the unique SO(n)-invariant Einstein metric (1, 1, ) up to scale for every n > 3 which is also the unique
singular point of the system (2.3). The actual value g, providing x’ € X can easily be found from the
condition

Vol(q, q,kq) = c.

To establish that x° € Z, for all n > 3, it suffices to check the definition of the set %,
2n-2)-«x  n-2

I‘l(XO) = 1‘2(X0) = 4qn—2) = 24— 1) >

0, rx%)=—>0.
4q

Denote by x(4, x) the characteristic polynomial of the Jacobian matrix J(x) of the vector field V(x)
associated with the differential system (2.3), X = (xy, x, x3). Then, the cubic equation

n-1 ., n*-5n+5

0y _ 33
X(A,x7) =4 +q(n—2)2 q*(n —2)?

1=0

admits three real roots

=@ -5n+5n-22¢", l=-¢' 13=0
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forx = x° = (g, ¢, kq).

2)Ifn = 3,then A; = A, = —q~' < 0. Therefore x° is a stable (attracting) node on every X with
the stable manifold W* = X admitting the tangent space spanned by the eigenvectors (-1, 1,0) and
(=1,0, 1) corresponding to the eigenvalue A, of multiplicity 2.

In addition, /;, I, and I5 are invariant for n = 3 by Lemma 3. Moreover, I, I, and I5 are also subsets
of the stable manifold X and hence each of them is stable.

3) For n > 4, we have 1,1, < 0. Therefore, x° is a saddle on X with one dimensional stable and
unstable manifolds (separatrices) both contained in X. The tangent space E* of the stable separatrix is
spanned by the eigenvector (1, 1, —4(n—2)*(n—1)7!) corresponding to 1, = —¢~! < 0. The eigenvector
(=1, 1,0) corresponds to 4; > 0.

In addition, I3 maintains the property of invariance for all n > 4 by Lemma 3 and in fact it is the
stable manifold of the saddle x°. Indeed, since X,(7) = 1, %2(7) = 1, %3(7) = (4 — 2n)c>2" we have

X1(qo0) X2(qo) = 1,
%3(q0) = 4-2n)cqy™ =@ -2n)k=—-4n-2n-1)"

for 7 = g corresponding to the saddle point X’ = (qo,qo,kqo) € I3 C X. Therefore, the vector
(1,1,-4(n — 2)>(n — 1)7!) is tangent to I3 at x°. On the other hand, this vector spans the stable
eigenspace E* of X’ as shown above. Therefore, the stable manifold (separatrix) W* of x° coincides
with /5 for every n > 4.

4) Finally, A5 = 0 is responsible for the center (slow) manifold with the tangent space spanned by
the eigenvector (1, 1, ) for all n > 3. |

Remark 2. Actually, we are interested in the special case ¢ = 1 which corresponds to the
metrics (1.3) of unit volume and, therefore, has a purely geometric meaning. Studies of (2.3) on X
with an arbitrary ¢ > 0 can easily be reduced to the “geometric” case, ¢ = 1, by the change of
variables x; = X;\/c and t = t~/c in (2.3) based on homogeneity of the functions f; and autonomy of
the system (2.3) (see also [17]). Thus, in the sequel we assume that ¢ = 1 without loss of generality.

2.4. Structural properties of the set ¥ N\ %,

We need the sets y; = XN fl, Y2 =2N fz (the curves in red and teal respectively in Figure 1) and
m = XN I, m = X N 1II, (the curves in blue color there).

Lemma 5. For all n > 3, the set ¥ N\ %, is bounded by the smooth and connected curves my, 7,y
and vy, such that:
I)m Nmy =m Ny, =m, Ny, = 0 and the components in the pairs (my, m,), (m1,y1) and (m2,2)
approach each other arbitrarily closely at infinity (which we denote by my — m,, 1y — vy and my — y3);
¢ \ms
2n — 4)

2) The curves y, and y, have a single common point P,(p, p, 2n — 4)p), where p = (

Proof. Intersections and long time behaviors of the curves m;,y;, i = 1,2. Since y; Ny, = T, NN
andT, NI, =L by Lemma 1, the set y; N y, consists of the single point P;,, where p is defined as the
unique root of the equation p"2p"2(2n — 4)p = c, for a given n > 3.

By analogy, my N, = my Ny = my Ny, = O easily follows from [T, NI, = [T, ﬂfl =11, ﬂfz =0,
also known from Lemma 1, for all n > 3. To prove that 7; and vy, approximate each other at infinity
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we use the approach developed in [12]: we will show 7y — I, and y; — I, instead of directly showing
that m; — vy, (note that it is quite difficult to derive it directly from the corresponding systems which
define 7; and ;). According to Lemma 3, we know that I, I, I; € %, for sufficiently large 7 (more
precisely, for all 7 > max{ry, 72}).

Moreover, Lemma 3 also implies the following limits for every fixed n > 3 (see formulas (2.6)—
(2.8)):

e

Jim rl, = TEmem(ﬂ”‘”—f )=,
n—1

lim ITy|, = lim 77n2 =0,

T—+00 2 T—+00

Therefore, m; — v, at infinity as close as we want. Then, 1, — 7, is clear from symmetry. Finally,
H1|h = H2|1; =17720"2 — (0 as T — +oo, implying that 1, — 5.

Smoothness and connectedness of the curves n;,y;, i = 1,2. Substituting x, = tx;, where ¢ > 0, into
r; = 0, we easily get that (r — 1)’x7 — x3 = 0. Taking into account the condition x/~2x3"2x3 = ¢ (the
equation of the surface X), we obtain the parametric equations

=) =TT S - 175, x =) =1¢i(), x5 =) = |t — 1]¢,(0)

for ; and 7, with ¢ € (0, +00) \ {1} so that the interval (0, 1) corresponds to r; and (1, +00) corresponds
to m,. By analogy, putting x, = fx3 in r; = 0, the equations

X3 = Ys(1) = 7S A W R, xp = gn() = tgs(0), X1 = U () = ys (D), 1€ (0, 1),

can be obtained for the curve X N I'; with W(¢) = \/t2 —2(n—-2)t+1 and [ is given in (2.5). The
representation x; = ¥, (1), x, = ¥1(¢), x3 = Y3(t) is clear for the curve XN T, due to symmetry, ¢ € (0, [).
It is clear that y; ¢ N T and y, € £ NI, and hence y; and y, can be parameterized by the same
functions 1, ¥, Y3, but with r € A, where A is some interval such that A c (0, /). To clarify A, recall
Lemma 1, according to which the curves X N I'; and X N I, leave tails (extra pieces) not related to the
set X N %, after their intersection in the case n > 4, and coincide if n = 3. So to eliminate those extra
pieces, take into account x; = x; at the unique point P, € y; N y,, which implies the equation W¥(r) = ¢
with the unique root 1= (2n—4)"". Thus, in what follows we assume that A = (0,7].

Now it is easy to see that the functions ¢, ¢,, and ¢5 are differentiable on the sets (0, 1) and (1, +00).
Therefore, the curves m; and 7, are smooth. The curve m; must be connected, as it is the image of
the connected set (0, 1) under the continuous function ¢ — (¢(2), ¢2(1), ¢3(1)), t € (0,1). So is 75,
being the continuous image of the connected set (1, +00). Smoothness and connectedness of y; and
v» follow analogously from the differentiability of the functions ¢ + ((2), Y(¢), ¥3(t)) and ¢t +—

(W2 (2), (1), Y3(1)), where t € A. .

Proof of Theorem 4. Step 1. Any trajectory of (2.3) originating in %, remains there forever. Indeed,
by Lemma 2, the vector field V associated with the system (2.3) is directed into %, on every point
of (Z,), for all n > 3. Therefore, no trajectory of (2.3) can leave Z,: if x(0) € Z#, then x(t) € #,
for all # > 0. According to the definition of the set %, , this means that (1.1) preserves the positivity of
the Ricci curvature of metrics (1.3) on SO(n)/ SO(n — 2): metrics with positive Ricci curvature can be
evolved only into metrics with positive Ricci curvature.
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Step 2. Any trajectory originating in the exterior of %, enters %, in finite time. To prove this
assertion we use Lemma 4. It suffices to study (2.3) on £ N %,, where X are the invariant surfaces
of (2.3) responsible for dominant motions of its trajectories corresponding to nonzero eigenvalues A;
and A,, according to Lemmas 3 and 4. Any movement caused by A3 = 0, for all n > 3, can be neglected
because it can only occur within the domain %, itself, along the eigenvector (1, 1, k) (as slow transitions
between different invariant surfaces):

n—2
2n-1)

By Lemma 4, for every n > 3, there exists ¢ = g such that x° € £ N Z,. Therefore, every trajectory
of (2.3) originated in £ N ext %, must intersect the boundary X N d(#,) in finite time and enter the
set ¥ N Z, governed by the stable manifold W* = X (and by the stable submanifolds I, I, and /5 as
well) of the unique stable node x° in the case n = 3, and by the separatrices W* = I; C £ and W* C
of x° being the unique saddle for every n > 4 (see Figure 2). The domain £ N %, is able to receive all
trajectories due to the fact that it is unbounded, with the boundary X N d(Z#,) consisting of the curves
m,m, v, and y, in R® such that my Ny = my Ny, = m Ny, = 0, according to Lemma 5. This is
also quite consistent with the facts established above. Indeed, if £ N 9(Z,) was a bounded set, then in
order to satisfy Lemma 2, the dynamics of the system (2.3) would be different from those described in
Lemma 4 contradicting it. Another significant circumstance that causes all trajectories to enter %, and
remain there forever for all n > 4 is that the separatrices W* and W" are subsets of %, at infinity since
none of them can reach (intersect or touch) the boundary £ N d(Z, ), according to Lemma 2.

ri(l,1,k) =ry(1,1,k) = >0, r;(1,1,«x) = 451 > 0.

Figure 2. The dynamics of the system (2.3) on the invariant set X for n = 3 (left panel) and
n = 4 (right panel).

Thus, we proved that on the Stiefel manifold SO(n)/ SO(n — 2), n > 3, the normalized Ricci
flow (1.1) evolves all metrics (1.3) (of mixed or positive Ricci curvature) into metrics with positive
Ricci curvature. Theorem 4 is proved. O
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3. Planar illustrations

Clearly, the volume function Vol = x’f‘zxg‘zxg, is a first integral of (2.3). Based on this fact, the
system (2.3) could equivalently be reduced to the following planar system:

d — d ~
R, 22 = Bl ), 3.1)

dr dt
where f;(xl, x2) = fi(x1, X2, 0(x1, %)) and (X1, x2) := (x;x2)*™". The corresponding singular point
of (3.1)isX° = (g0, qo), where gy = “~/(n — 1)2n —4)~1.
On the other hand, it is well known that y(1,x°) = 23 — pA% + 64, where p = trace J(X°) and 6 =
detj(f(ﬂ) are the trace and the determinant, respectively, of the Jacobian matrix j&) of the system (3.1),
evaluated at its singular point X = X°. Consequently,

n?-5n+5 n-—1

= — - _
P= =22 ©

_ _ (2n-3)*(n-3)?
(n—2)%¢*"°

_ 2
0, o=p —46 = =2y >

According to the theory of planar dynamical systems, X° is a hyperbolic stable node of (3.1) forn = 3
since 6 > 0, p < 0, and o = 0. Clearly, X’ is a hyperbolic saddle of (3.1) for all n > 4 since 6§ < 0.
These results are illustrated in Figure 3.

2.59 \\ / 2.59
2 / 2 /
\\\ /{? | /f?
sl \\._,__// é // 154 ~— " g //
NS
! ° [ ] |
N | {
\\\ \\\ \i\
0.5 0.5
N
S~ \\\\-.
0.5 1 15 2 25 05 1 15 2 25

(@ (b)
Figure 3. The phase portrait of the planar system (3.1) for n = 3 (left panel) and n = 4
(right panel).

Using the idea in [9], the dynamics of (2.3) can be illustrated on the plane x; + x; + x3 = 1 (denoted
by Ily) preserving the dihedral symmetry of the problem. In Figure 4, the relevant results are depicted,
where the edges of the big triangle correspond to x; = 0 on Iy; the curves I, NI, I, NI, and Iy NIy,
[Ty N II, are depicted in red, teal, and blue, respectively; the yellow circle (or ellipse) represents the
curve defined by the systems of the equations x5 —(2n—4)(x; +X2)x0+ (x; —x2)* = 0 and x; + X, +x3 = 1,
where the first one is equivalent to S, = 0. These illustrations confirm the well known general fact that
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the normalized Ricci flow preserves the positivity of the scalar curvature of invariant metrics on every
compact homogeneous space (see [19,20]).

(a) (b)
Figure 4. The phase portrait of (2.3) on the plane x; + x, + x3 = 1 at n = 3 (left panel) and
n = 4 (right panel).

4. Conclusions

The geometric problem considered in the article can be of some interest from the point of view
of the dynamical systems. It is not easy to find the smallest invariant set (or minimal invariant sets)
of the flow. In Theorem 4 we proved that, for every invariant set £ of the system (2.3) defined as
x’f‘zxg‘z)@ = ¢, there exists its invariant subset ¥ N %,. Similar results were obtained in [9, 12, 17]
for (1.1) reduced to a dynamical system on generalized Wallach spaces; see for instance the case that
ae(1/6,1/4)U(1/4,1/2)in [9, Theorem 3], the case that a = 1/6 in [9, Theorem 4] and the case that
a €[1/4,1/2)in [17, Theorem 2] (see cases 4 and 5), which concern invariance of certain sets related
to generalized Wallach spaces with a; = a, = a3 = a. The case that a; + a, + a3 > 1/2 was studied
in [12, Theorem 6], where some additional conditions were found on the parameters a;, a,, as, which

provide the invariance of a set analogous to %,
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