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Abstract: An optimized potential formula for the m × n apple surface network has been introduced
in this paper. Compared with the original potential formula, this method significantly enhances
the efficiency required for rapid and large-scale numerical simulations. Based on the optimized
potential function, we proposed a metaheuristic algorithm suitable for apple surface environment
path planning. Chebyshev polynomials of the first class were employed to represent the potential
function. Subsequently, a fast algorithm for calculating the potential utilizing the first kind of discrete
sine transform (DST-I) was devised. We proposed potential formulas for several cases to visually
present the distribution of the potential and illustrated them using three-dimensional graphs. We
also conducted simulation experiments on the computational efficiency of the original and optimized
formulas at different data scales, verifying the superiority of the optimized formulas. These findings
provided new perspectives and tools for the computation of resistor networks and the design of path
planning algorithms. Experiments were conducted to analyze the efficiency and availability of various
techniques for computing potential.
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1. Introduction

The method of constructing resistor network models to simulate problems has been applied across
various fields. Many studies have shown that establishing a resistor network model can effectively
solve numerous complex problems [1].

Since the introduction of Kirchhoff’s laws [2], significant progress has been made in the study of
resistor networks. Subsequently, many research methods emerged based on this. These include the
Lattice Green’s functions method [3] for solving infinite networks, Perrier and Girault use elementary
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methods for solving symmetric bracelet resistor networks [4] and rotational invariance in resistor
networks [5], and Wu’s Laplacian matrix method [6] for solving arbitrary networks. Tan [7] creatively
came up with the innovative recursive transformation (RT) method, which is essential for figuring out
the equivalent resistance and potential of resistor networks. Among the RT methods are the branch
current-based RT-I method and the node voltage-based RT-V method. Tan’s approach, which differs
from the Laplacian matrix method, is simpler and more accurate, making his RT method the
foundation for most studies of resistor networks. Furthermore, Luo and Luo [8] conducted in-depth
research on LC networks and cascade circuit networks. It can be seen from the literature that the
tridiagonal Toeplitz matrix and the perturbed tridiagonal Toeplitz matrix play a key role in the
modeling of resistance networks. To date, tridiagonal matrices have been undergoing extensive
research [9, 10]. Moreover, the resistance distance is another name for the equivalent resistance in
graph theory [11]. As resistor networks demonstrate high value in various scientific fields, applying
them in engineering will be particularly important and significant. To advance this work, achieving
rapid computation of large-scale resistor networks is necessary. Jiang et al. [12, 13] have been
dedicated to this work.

Furthermore, planning optimal paths [14, 15] has been consistently a challenging task. Path
planning is widely used today in fields like autonomous driving [16], robot path planning [17], and
UAV trajectory optimization and control [18]. Extensive research on path planning for particular
forms has produced ongoing new findings. For instance, Kulathunga [19] and Mazaheri [20] have
studied path planning in the 3D environment, Xue et al. [21] has studied path planning on cylindrical
storage tanks, and UGUR has studied path planning on cuboids [22]. The significance of path design
for special shapes has been amply illustrated by these studies.

In 2023, Tan proposed an apple surface network [23], which connects the two poles of a sphere to
one pole. Due to the shape of this structure resembling an apple, Tan [23] named this model the apple
surface network, as shown in Figure 1. In this paper, the original potential formula is reformulated with
the first kind of Chebyshev polynomials to enhance computational efficiency along with numerical
algorithms developed for calculating the potential in large-scale resistor networks. Figure 1 is called
an arbitrary m × n apple surface network model, where m (excluding the pole 0) and n are the number
of nodes along the longitude and latitude directions (the circular lines latitude), and r1 and r are the
resistances in the respective longitude and latitude directions. Assuming the current J is constant, it
flows from the input point d1(x1, y1) to the output point d2(x2, y2), where the voltage in the local area of
the network are shown in Figure 2. The potential formula of any point d(x, y) in an m× n apple surface
network is as follows

Um×n(x, y)
J

=
2r

m + 1

m∑
i=1

g(i)
x1,x sin(y1θi) − g(i)

x2,x sin(y2θi)

λn
i + λ

n
i − 2

sin(yθi), (1.1)

where θi = iπ/(m + 1) and

g(i)
xs,x = Fn−|xs−x| + F|xs−x|, s = 1, 2 (1.2)

F(i)
k =

(λk
i − λ

k
i )

(λi − λi)
, (1.3)
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λi = 1 + ν − ν cos θi +
√

(1 + ν − ν cos θi)2
− 1,

λi = 1 + ν − ν cos θi −
√

(1 + ν − ν cos θi)2
− 1.

(1.4)

ν =
r
r1
. (1.5)

Figure 1. An arbitrary m × n apple surface network model, in which the resistance values
on the longitude and latitude lines are r1 and r, respectively, and the nodal numbers at the
longitude (apart from pole O) and atitude are m and n [23].

Figure 2. Segment of apple surface resistor network with potential parameters [23].

2. Optimized potential formulas using Chebyshev polynomials

In this section, we give an optimized potential formula for the apple surface resistor network. The
potential formula optimized by the first-class Chebyshev polynomial reduces CPU runtime.

Assume the current J is input at d1(x1, y1) and output at d2(x2, y2). The optimized potential formula
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of any point d(x, y) in the m × n apple surface network is

Um×n(x, y)
J

=
2r

m + 1

m∑
ι=1

µ(ι)
x1,x sin(y1θι) − µ

(ι)
x2,x sin(y2θι)

T (ι)
n − T (ι)

n−2 − 2
sin(yθι), (2.1)

where
θι =

ιπ

m + 1
, (2.2)

µ(ι)
xs,x = T (ι)

n−|xs−x|−1 + T (ι)
|xs−x|−1, s = 1, 2, (2.3)

ωι = 2 + 2h − 2h cos
ιπ

m + 1
, (2.4)

h =
r
r1
, (2.5)

T (ι)
n =

sinh(nρι)√(
ωι
2

)2
− 1
, cosh ρι =

ωι
2
. (2.6)

Assuming that the voltage at the origin, O, is zero, i.e., V (0)
0 = 0 the potential at any node concerning

the origin can be expressed using Ohm’s law:

Um×n(x, y)
J

=
V (y)

x − V (0)
0

J
, (2.7)

where V (y)
x is the node voltage.

3. Horadam sequence and the first-class discrete sine transform

In this section, we employ the Chebyshev polynomials of the first kind to represent the Horadam
sequence, improve the efficiency of calculating the potential of large-scale resistor networks.

Horadam sequence [24] is defined by the following recurrence relation

Wn = pWn−1 − qWn−2,W0 = a,W1 = b, (3.1)

where p, q, a, b ∈ C, n ∈ N, n ≥ 2, C is the set of all complex numbers, and N is the set of all natural
numbers.

The analytical expression of the Horadam sequence [24] in Eq (3.1) is as follows

Wn =
Aβn − Bβ̄n

β − β̄
, (3.2)

where A = b − aβ̄, B = b − aβ, β and β̄ are the roots of the associated characteristic equation for
β2 − pβ + q = 0.

The expression of Eq (3.1) can be represented using the Chebyshev polynomials of the first
kind [25], resulting in the following equation

Wn =
2
√

Eq
n
2√

p2 − 4q
cos(nτ + ϕ), (3.3)
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where

E = pab − qa2 − b2, cos τ =
p

2
√

q
, cos ϕ =

a
√

p2 − 4q

2
√

E
, τ, ϕ ∈ C. (3.4)

Remark 1 The derivation of Eq (1.3) using the Chebyshev polynomial of the first class will
be presented.

F(ι)
ν = ωιF

(ι)
ν−1 − F(ι)

ν−2, F
(ι)
0 = 0, F(ι)

1 = 1. (3.5)

Based on Eqs (1.3), (3.1) (3.3) and (3.5), the following is obtained

F(ι)
n = T (ι)

n =
2
√
−1√
ω2
ι − 4

cos(nτι +
π

2
), (3.6)

cos τι =
ωι
2
. (3.7)

After taking into account the physical background of the resistor network, Eq (3.6) is written as

F(ι)
n = T (ι)

n =
sinh(nρι)√(
ωι
2

)2
− 1
, (3.8)

where
cosh ρι =

ωι
2
, iρι = τι, (3.9)

and ωι is given in Eq (2.4).
Remark 2 The derivation of λn

ι + λ̄
n
ι using the Chebyshev polynomial of the first class will be

provided.
Let

B(ι)
n = λ

n
ι + λ̄

n
ι , (3.10)

where B(ι)
0 = 2, B(ι)

1 = ωι.

After that, the expression for the recursive relation of B(ι)
n is

B(ι)
n = ωιB

(ι)
n−1 − B(ι)

n−2, B
(ι)
0 = 2, B(ι)

1 = ωι, (3.11)

where ωl and B(ι)
n are expressed in Eqs (2.4) and (3.10), respectively.

By Eqs (3.8) and (3.11), B(ι)
n as follows,

B(ι)
n = λ

n
ι + λ̄

n
ι = ωιT

(ι)
n−1 − 2T (ι)

n−2 = T (ι)
n − T (ι)

n−2. (3.12)

Based on Eqs (1.1), (1.2), (3.8), and (3.12), we re-express the potential formula using the Chebyshev
polynomial of the first kind, resulting in Eq (2.1).

To obtain a quick method for the potential in large-scale resistor networks, we diagonalize the
tridiagonal Toeplitz matrix Am using the first kind of discrete sine transform.

Am =



2 + 2h −h 0 · · · · · · 0

−h 2 + 2h −h . . .
...

0 −h . . .
. . .

. . .
...

...
. . .

. . .
. . . −h 0

...
. . . −h 2 + 2h −h

0 · · · · · · 0 −h 2 + 2h


m×m

, (3.13)

Electronic Research Archive Volume 33, Issue 3, 1836–1857.



1841

h =
r
r1

(3.14)

Based on the node voltage and Kirchhoff’s laws, Tan [7] provided the following matrix
equation model

V⃗k+1 = Am×mV⃗k − V⃗k−1 − rI⃗xδy,i, (3.15)

where
V⃗k =

[
V⃗ (1)

k , V⃗
(2)
k , · · · , V⃗

⃗(m)
k

]T
, (3.16)

I(i)
x = J(δx1,k − δx2,k), (3.17)

δk,x =

{
1, x = k.
0, x , k.

(3.18)

We are going to conduct a matrix transformation.
Let

SI
m =

√
2

m + 1

(
sin

jkπ
m + 1

)m

k, j=1
. (3.19)

The matrix SI
m is clearly an orthogonal matrix, representing the first kind of discrete sine transform,

with both its transpose and inverse equal to SI
m, and it possesses the following property:

(SI
m)−1 = (SI

m)T = SI
m. (3.20)

For Eq (3.13), perform the following orthogonal diagonalization

(SI
m)−1Am(SI

m) = diag(λ1, λ2, . . . , λm) (3.21)

i.e.,

Am = (SI
m)diag(λ1, λ2, . . . , λm)(SI

m)−1, (3.22)

where
λι = 2 + 2h − 2h cos

ιπ

m + 1
, ι = 1, 2, . . . ,m, (3.23)

From Eq (3.21), the eigenvalues of matrix Am is λι.
By left-multiplying Eq (3.21) by SI

m, the following equation is obtained

AmS
I
m = (SI

m)diag(λ1, λ2, . . . , λm), (3.24)

i.e.,
Am

(
ζ(1), ζ(2), · · · , ζ(m)

)
=

(
ζ(1), ζ(2), · · · , ζ(m)

)
diag(λ1, λ2, . . . , λm), (3.25)

where ζ( j) = (ζ( j)
1 , . . . , ζ

( j)
m )T ,

ζ
( j)
k =

√
2

m + 1
sin

jkπ
m + 1

, j = 1, 2, . . . ,m, k = 1, 2, . . . ,m, (3.26)

Eq (3.25) can be written as follows

Amζ
(i) = λιζ

(i), ι = 1, 2, . . . ,m. (3.27)
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According to Eq (3.27), we get the eigenvector ζ( j) = (ζ( j)
1 , . . . , ζ

( j)
m )T corresponding to λι.

Let
Ck = S

I
mVk, (3.28)

i.e.,
Vk = S

I
mCk, (3.29)

Ck is a column vector of m × 1,

Ck = [c(1)
k , c

(2)
k , ..., c

(m)
k ]T , (0 ≤ k ≤ n). (3.30)

In order to design a fast algorithm, it is necessary to compute V0 and V1. For this purpose, we
present the following conclusion.

Remark 3 The node voltage formula for the apple surface network was provided by Tan [7]
as follows.

V (y)
k = J

2r
m + 1

m∑
i=1

g(i)
x1,x sin(y1θi) − g(i)

x2,x sin(y2θi)
λn

i + λ
n
i − 2

sin(yθi), (3.31)

where g(i)
x1,x is expressed in Eq (1.2), λn

i and λ̄n
i in Eq (4.16), θi = iπ/(m + 1), k = 0, 1. Using the

first-class Chebyshev polynomial, we re-express the point voltage formula as follows using Eqs (1.2),
(3.8), (3.12), and (3.31).

V(y)
x =

2rJ
m + 1

m∑
ι=1

µ(ι)
x1,x sin(y1θι) − µ

(ι)
x2,x sin(y2θι)

T ιn + T ιn−2 − 2
sin(yθι), (3.32)

where θι = ιπ/m + 1, µ(ι)
xs,x, and T (ι)

n are same as Eqs (2.3) and (2.6), respectively.
According to Eqs (3.28)–(3.30), and (3.32), we can get the exact formula of c(ι)

k as

c(ι)
x =

√
2rJ

√
m + 1

µ(ι)
x1,x sin (y1θι) − µ

(ι)
x2,x sin (y2θι)

T (ι)
n − T (ι)

n−2 − 2

 , (0 ≤ x ≤ n). (3.33)

4. Displaying the potential formulas for some special cases

Based on the derived resistor network potential formula (2.1), the potential formula is analyzed
from two aspects. Corresponding variables are assigned based on specific conditions, and 3D views
are used to demonstrate them.

Influence of current input node on potential formulas
Case 1. In the event when the current J enters at d1(x1, y1) and exits at d2(x2, y2) = O(0,0), the apple

surface network’s optimized potential formula may be recast as

Um×n(x, y)
J

=
2r

m + 1

m∑
ι=1

µ(ι)
x1,x sin (y1θι)

T (ι)
n − T (ι)

n−2 − 2
sin (yθι) , (4.1)

µ(ι)
x1,x = T (ι)

n−|x1−x|−1 + T (ι)
|x1−x|−1, (4.2)

T (ι)
n =

sinh(nρι)√(
ωι
2

)2
− 1
, (4.3)
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cosh ρι =
ωι
2
, (4.4)

ωι = 2 + 2h − 2h cos
ιπ

m + 1
, h =

r
r1
, (4.5)

θι = ιπ/m + 1. (4.6)

Let m = n = 60, J = 1, x1 = y1 = 20, x2 = y2 = 0 and r1 = r = 1 in Eq (4.1). The following is the
special potential formula for the apple surface network.

U60×60(x, y) =
2

61

60∑
ι=1

µ(ι)
20,x sin (20θι)

T (ι)
60 − T (ι)

58 − 2
sin (yθι) , (4.7)

where

µ(ι)
20,x = T (ι)

59−|20−x| + T (ι)
|20−x|−1, (4.8)

T (ι)
60 =

sinh(60ρι)√(
ωι
2

)2
− 1
,T (ι)

58 =
sinh(58ρι)√(
ωι
2

)2
− 1
, (4.9)

cosh ρι =
ωι
2
, (4.10)

ωι = 4 − 2 cos
ιπ

61
, (4.11)

θι = ιπ/61. (4.12)

The 3D potential distribution view of Eq (4.7) is depicted as shown in Figure 3.

Figure 3. The 3D distribution view of U60×60(x, y)/J in Eq (4.7).
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Case 2. If the input point of current J is d1(x1, y1) and the output point is d2(x2, y1), a novel potential
formula for the apple surface network can be rewritten as.

Um×n(x, y)
J

=
2r

m + 1

m∑
ι=1

(µ(ι)
x1,x − µ

(ι)
x2,x) sin (y1θι)

T (ι)
n − T (ι)

n−2 − 2
sin (yθι) , (4.13)

µ(ι)
xs,x = T (ι)

n−|xs−x|−1 + T (ι)
|xs−x|−1, s = 1, 2, (4.14)

T (ι)
n , ρι, ωι and θι are given by Eqs (4.3)–(4.6), respectively.

Let m = n = 60, J = 1, x1 = y1 = y2 = 20, x2 = 40, and r1 = r = 1 in Eq (4.7). After that, the apple
surface network’s idiosyncratic potential formula is presented by

U60×60(x, y) =
2

61

60∑
ι=1

(µ(ι)
20,x − µ

(ι)
40,x) sin (20θι)

T (ι)
60 − T (ι)

58 − 2
sin (yθι) , (4.15)

λi = 1 + ν − ν cos θi +
√

(1 + ν − ν cos θi)2
− 1,

λi = 1 + ν − ν cos θi −
√

(1 + ν − ν cos θi)2
− 1.

(4.16)

µ(ι)
20,x = T (ι)

59−|20−x| + T (ι)
|20−x|−1, µ

(ι)
40,x = T (ι)

59−|40−x| + T (ι)
|40−x|−1, (4.17)

T (ι)
60 and T (ι)

58 , ρι, ωι, and θι, are given by Eqs (4.9)–(4.12).
The 3D potential distribution view of Eq (4.15) is depicted as shown in Figure 4.

Figure 4. The 3D distribution view of U60×60(x, y)/J in Eq (4.15).

Effect of resistivity h(h = r
r1

) on potential formulas.
In this section, the potential formula is affected by h, as depicted in 3D.

Electronic Research Archive Volume 33, Issue 3, 1836–1857.



1845

Let m = n = 60, J = 1, x1 = y1 = 20, x2 = y2 = 40, and r = 1 in Eq (2.1). Then a special potential
formula of the apple surface network is expressed by

U60×60(x, y) =
2

61

60∑
ι=1

µ(ι)
20,x sin(20θι) − µ

(ι)
40,x sin(40θι)

T (ι)
60 − T (ι)

58 − 2
sin(yθι), (4.18)

µ(ι)
20,x = T (ι)

59−|20−x| + T (ι)
|20−x|−1, µ

(ι)
40,x = T (ι)

59−|40−x| + T (ι)
|40−x|−1, (4.19)

T (ι)
60 =

sinh(60ρι)√(
ωι
2

)2
− 1
,T (ι)

58 =
sinh(58ρι)√(
ωι
2

)2
− 1
, (4.20)

cosh ρι =
ωι
2
, (4.21)

ωι = 2 + 2h − 2h cos
ιπ

m + 1
, h =

1
r1
, (4.22)

θι = ιπ/61. (4.23)

The change in h affects only ω and T ; therefore, in the following idiosyncratic potential formulas 3,
4, and 5, only the variations in ω and T are considered.

Case 3. When r1 = 1, h = 1, ωι and T (ι)
n are obtained as follows.

U60×60(x, y) =
2

61

60∑
ι=1

µ(ι)
20,x sin(20θι) − µ

(ι)
40,x sin(40θι)

T (ι)
60 − T (ι)

58 − 2
sin(yθι), (4.24)

ωι = 4 − 2 cos
ιπ

61
, (4.25)

µ(ι)
20,x and µ(ι)

40,x, T (ι)
60 and T (ι)

58 , ρι, and θι, are given by Eqs (4.19)–(4.21), and (4.23).
The 3D potential distribution view of Eq (4.24) is depicted as shown in Figure 5.

Figure 5. The 3D distribution view of U60×60(x, y)/J in Eq (4.24).
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Case 4. When r1 = 10, h = 0.1, ωι and T (ι)
n are obtained as follows.

U60×60(x, y) =
2

61

60∑
ι=1

µ(ι)
20,x sin(20θι) − µ

(ι)
40,x sin(40θι)

T (ι)
60 − T (ι)

58 − 2
sin(yθι), (4.26)

ωι = 2.2 − 0.2 cos
ιπ

61
, (4.27)

µ(ι)
20,x and µ(ι)

40,x, T (ι)
60 and T (ι)

58 , ρι, and θι, are given by Eqs (4.19)–(4.21), and (4.23).

The 3D potential distribution view of Eq (4.26) is depicted as shown in Figure 6.

Figure 6. The 3D distribution view of U60×60(x, y)/J in Eq (4.26).

Case 5. When r1 = 0.1, h = 10, ωι and T (ι)
n are obtained as follows

U60×60(x, y) =
2

61

60∑
ι=1

µ(ι)
20,x sin(20θι) − µ

(ι)
40,x sin(40θι)

T (ι)
60 − T (ι)

58 − 2
sin(yθι), (4.28)

ωι = 22 − 20 cos
ιπ

61
, (4.29)

µ(ι)
20,x and µ(ι)

40,x, T (ι)
60 and T (ι)

58 , ρι, and θι, are given by Eqs (4.19)–(4.21), and (4.23).

The 3D potential distribution view of Eq (4.28) depicted as shown in Figure 7.
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Figure 7. The 3D distribution view of U60×60(x, y)/J in Eq (4.28).

5. Numerical methods for potential computation

Combining the DST-I and Eqs (2.4), (2.6), (2.7), (3.15), (3.29), and (3.33), we present a numerical
algorithm for fast algorithm of large-scale potential in the resistor network. We use a fast algorithm to
obtain the numerical values of the potential at each point of the resistance network.

Based on the scale presented in this paper, the algorithm’s computational complexity is analyzed.
As is widely known, the computational complexity of the matrix vector multiplication with the
modified tridiagonal Toeplitz matrix is O(m), which is equivalent to the computational complexity of
Algorithm 1. Moreover, the computational complexity of DST-I is O(mlog2m). Additionally, during
the process of recursive computation, Algorithm 1 is nested, resulting in a computational complexity
of O(mn) for this stage. Taking into account the aforementioned analysis, the computational
complexity of the potential calculated by the Algorithm 2 is mlog2m + O(mn).

Algorithm 1: Fast matrix-vector multiplication Amq = y
Step1: Compute y1 by Eq y1 = (2 + 2h)q1 − hq2;
Step2: Cycle computing yι by Eqs yι = (−h)qι−1 + (2 + 2h)qι − hqι+1, ι = 2, . . . ,m − 1;
Step3: Compute ym by Eq ym = (−h)qm−1 + (2 + 2h)qm.

Algorithm 2: Algorithm for calculating Um×n(x, y)/J
Step1: Compute ωι by Eq (2.4), ι = 1, 2, . . . ,m;
Step2: Compute ρι by cosh ρι = ωι2 , ı = 1, 2, . . . ,m;
Step3: Compute T (ι)

n by Eq (2.6), n = n − |xs − x| − 1, |xs − x| − 1, n, n − 2, s = 1, 2, ι = 1, 2, . . . ,m;
Step4: Compute c(ι)

0 and c(ι)
1 by Eq (3.33), ι = 1, . . . ,m;

Step5: Compute Vk by Eq (3.29), and DST-I, k = 0, 1;
Step6: Compute AmVk by Algorithm 1, k = 1, 2, . . . , ;
Step7: Multiple recursive calculation Vk by Eq (3.15), k = 2, 3, . . . , ;
Step8: Compute Um×n(x, y)/J by Eq (2.7).
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Example1. When the scale is m = 1000 and n = 10, Algorithm 2 yields the potential distribution
depicted in Figure 8, where the current enters at node (x1, y1) (x1 = 3, y1 = 200) and exits at node
(x2, y2) (x2 = 7, y2 = 800), r = 1, r1 = 100, and J = 10.

Example2. When the scale is m = 1400 and n = 10, Algorithm 2 yields the potential distribution
depicted in Figure 9, where the current enters at node (x1, y1) (x1 = 5, y1 = 400) and exits at node
(x2, y2) (x2 = 9, y2 = 1000), r = 1, r1 = 100, and J = 10.

Figure 8. A 3D image display of U1000×10(x, y)/J by the fast Algorithm 2.

Figure 9. A 3D image display of U1400×10(x, y)/J by the fast Algorithm 2.

6. Efficiency of calculation method

In this section, examples are shown that demonstrate the computational efficiency of the potential
computed by formulas (1.1), (2.1), and Algorithm 2. In the m×n rectangular resistor network, d1(x1, y1)
and d2(x2, y2) represent the current input and output nodes, respectively. The horizontal axis represents
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the scale of the resistor network. The CPU processing times t1, t2, and t3 represent the time required
to calculate the formulas (1.1) and (2.1), and Algorithm 2. The time is measured in seconds, and “−”
signifies that the calculation scale or time exceeds 1200 seconds.

The AMD R7-4800H laptop used for these tests has a CPU clock of 2.9 GHz.
Remark 4 In Tables 1–4, it is obvious that the calculation efficiency of potential function (2.1) is

much faster than that of potential function (1.1) for a square and rectangle with different resistivity.
Furthermore, the experimental data from Tables 5 further suggest that as the value of r/r1 decreases,
the computational efficiency of both the original and optimized formulas will be enhanced to some
degree when processing resistor networks of the same scale.

Remark 5 The significantly improved efficiency of the fast Algorithm 2 in calculating the potential
is evident from the data presented in Table 6. Compared to the analytic potential functions (1.1) and
(2.1), the fast Algorithm 2 demonstrates significantly higher efficiency. Furthermore, both the fast
Algorithm 2 and the analytic potential function (2.1) can handle larger calculation scales compared to
the analytic potential function (1.1)).

Table 1. The computation time and by formulas (1.1), (2.1), respectively, for r/r1 = 1.

m × n (x1, y1) (x2, y2) r/r1 t1 t2

100 × 100 (1, 1) (10, 10) 1 0.132 0.074
300 × 300 (1, 1) (10, 10) 1 2.099 1.440
500 × 500 (1, 1) (10, 10) 1 12.240 5.031
1000 × 1000 (1, 1) (10, 10) 1 81.067 33.812
2000 × 2000 (1, 1) (10, 10) 1 600.351 199.650

Table 2. The computation time and by formulas (1.1), (2.1), respectively, for r/r1 = 1.

m × n (x1, y1) (x2, y2) r/r1 t1 t2

1000 × 10 (1, 1) (10, 10) 1 0.964 0.621
3000 × 30 (1, 1) (10, 10) 1 11.319 3.314
5000 × 50 (1, 1) (10, 10) 1 52.217 13.579
10000 × 100 (1, 1) (10, 10) 1 830.103 310.639
20000 × 200 (1, 1) (10, 10) 1 - -

Table 3. The computation time and by formulas (1.1), (2.1), respectively, for r/r1 = 0.1.

m × n (x1, y1) (x2, y2) r/r1 t1 t2

100 × 100 (1, 1) (10, 10) 0.1 0.121 0.065
300 × 300 (1, 1) (10, 10) 0.1 1.753 0.980
500 × 500 (1, 1) (10, 10) 0.1 10.050 4.121
1000 × 1000 (1, 1) (10, 10) 0.1 76.707 31.185
2000 × 2000 (1, 1) (10, 10) 0.1 580.363 183.071
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Table 4. The computation time and by formulas (1.1), (2.1), respectively, for r/r1 = 0.1.

m × n (x1, y1) (x2, y2) r/r1 t1 t2

1000 × 10 (1, 1) (10, 10) 0.1 0.132 0.074
3000 × 30 (1, 1) (10, 10) 0.1 2.099 1.440
5000 × 50 (1, 1) (10, 10) 0.1 12.240 5.031
10000 × 100 (1, 1) (10, 10) 0.1 81.067 33.812
20000 × 200 (1, 1) (10, 10) 0.1 600.351 199.650

Table 5. The computation time and by formulas (1.1) and (2.1) when r/r1 change.

m × n (x1, y1) (x2, y2) r/r1 t1 t2

1000 × 1000 (1, 1) (10, 10) 100 90.894 38.053
1000 × 1000 (1, 1) (10, 10) 10 85.682 36.683
1000 × 1000 (1, 1) (10, 10) 1 80.067 33.812
1000 × 1000 (1, 1) (10, 10) 0.1 77.034 29.682
1000 × 1000 (1, 1) (10, 10) 0.01 75.352 26.795

Table 6. The computation time and by formulas (1.1), (2.1) and fast algorithm 2, respectively,
for r/r1 = 1.

m × n (x1, y1) (x2, y2) r/r1 t1 t2 t3

1000 × 10 (1, 1) (10, 10) 1 0.964 0.621 0.065
3000 × 10 (1, 1) (10, 10) 1 6.591 2.278 0.226
5000 × 10 (1, 1) (10, 10) 1 17.391 7.573 0.499
10000 × 10 (1, 1) (10, 10) 1 136.673 51.536 1.639
20000 × 10 (1, 1) (10, 10) 1 430.672 150.130 7.491

7. Application in path planning

In this section, based on the potential formula, a path planning algorithm suitable for apple surface
environment is preliminary designed.

Algorithm 3: This algorithm is a heuristic method that completes path planning by simulating a
potential drop. Compared with the traditional artificial potential field method, the potential formula
algorithm is more suitable for path planning on the apple surface environment, especially since it can
adapt to the periodi characteristics of the horizontal direction on apple surface environment. The path
planning algorithm is described as follows.
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Algorithm 3: Path Planning Algorithm

Step1: Establish robot working environment maps based on grid-based methods (determine
obstacles and the starting point and target point of the robot);

Step2: Let the starting point and target point correspond to the input point and output point of
the current in apple surface network, respectively, and calculate the potential U(x,y)

J of
each node in the apple surface resistor network according to formula (8);

Step3: At the corresponding position of the obstruction in the apple surface resistor network, a
set increment is applied to the potential. After the fixed increment is added, the potential
is U(x,y)

J + 0.3U(x1,y1)
J (where (x1, y1) is the potential of starting point);

Step4: Use min{Ux+1,y+1,Ux+1,y,Ux+1,y−1,Ux,y−1,Ux−1,y−1,Ux−1,y,Ux−1,y+1,Ux,y+1} to select the
corresponding node with the smallest potential;

Step5: The autonomous mobile robot moves to the corresponding node according to the node
found in Step 4 and updates the present position. Repeat Step 4 until the current node
reaches the goal point;

Step6: Determine whether the current position of the robot is the target point, and if so,
terminate; otherwise, execute Step 4;

Step7: The algorithm ends.

Let x1 = 5, y1 = 3, x2 = 7, y2 = 9, r = 1, r1 = 1, and J = 1. According to function (2.1),
the potential distribution views of the apple surface resistor network, including only the starting and
ending point, can be obtained with a potential distribution diagram, as shown in Figures 10 and 11.

Figure 10. 15 × 15 apple surface environment with obstacles.

The potential value at the location of an obstacle is increased by a fixed increment when the
obstacle is present in the environment. With this modification, the robot may successfully avoid
obstacles during pathfinding by navigating around them. Moving from high-potential to low-potential
locations is therefore the best way to plan a course. Figures 12–15 depict the robot’s path planning in
a node-weighted potential distribution map that corresponds to the actual apple environment.
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Figure 11. Potential distribution diagram.

Figure 12. 15 × 15 apple surface environment after adding obstacles.

Figure 13. Potential distribution diagram after node-weighted adjustments for obstacles.
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Figure 14. Robot path planning in 15 × 15 apple surface environment.

Figure 15. Path planning in a node-weighted potential distribution diagram.

Algorithm 4: Next, we use the potential function and gradient descent method to give an optimal
path algorithm. This algorithm differs from Algorithm1 robot navigation approaches that can explore
only in eight directions, as it is based on gradient descent, with each step taken in the direction of the
steepest gradient descent, thus achieving both obstacle avoidance and path planning for the robot. The
weighting potential function in path planning is expressed as follows

F(x, y) =
Um×n(x, y)

J
+ fOBS(x, y), (7.1)

where fOBS(x, y) is the obstacle function, defined as

fOBS(x, y) =
4

5π
(

No∑
i=1

exp(−Pi[ x − Xi y − Yi ]A−1[
x − Xi

y − Yi
])), (7.2)

where No is the number of obstacles, A = [
15 0
0 15

], Pi and (Xi,Yi) represent the size and coordinate
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position of the ith obstacle, respectively.
Let x1 = 5, y1 = 3, x2 = 7, y2 = 9, r = 1, r1 = 1, and J = 1. According to Algorithm 4, path

planning in a node-weighted potential distribution diagram are shown in Figure 16, and a robot path
planning in 15 × 15 apple surface environment is shown in Figure 17.

Algorithm 4: Path Planning Algorithm

Step1: Extract the necessary information of the robot and obstacles, i.e., No, S x, S y, Gx, Gy, Pi,
Xi, Yi, i = 1, ...,No, where (S x, S y) and (Gx,Gy) are the starting point and target point
coordinates of the robot, respectively;

Step2: Construct an environment occupancy map;
Step3: Let the input and output points of the current be (S x, S y) and (Gx,Gy), respectively;
Step4: Calculate F(x, y) by Eq (2.1), (7.1) and (7.2);
Step5: Initialize robot position (Rx,Ry) = (S x, S y), and set a threshold value ε
WHILE norm((Rx,Ry), (Gx,Gy)) >ε DO

a = 1/2(norm(∇F(Rx,Ry)))
(Rx,Ry) = (Rx,Ry) − a × ∇F(Rx,Ry)
END
Go to Step 6;

Step6: Map the obtained path in the apple surface environment;
Step7: Stop.

Figure 16. Path planning in a node-weighted potential distribution diagram.

Remark 6 As we know, the path obtained by gradient descent method must be optimal. Therefore,
Algorithm 4 gives the optimal path. Algorithm 3 is used to find the path using the law of natural
decline of potential from high to low; however, at present, we cannot prove that this path is optimal, as
it merely represents an exploratory application of the potential function.
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Figure 17. Robot path planning in a 15 × 15 apple surface environment.

8. Conclusions

The potential formula for the m × n apple surface network is altered in this paper. Unlike
traditional methods for solving resistor networks, we use the Horadam sequence represented by
Chebyshev polynomials of the first kind to derive explicit formulas for potential. Moreover, a fast
algorithm for solving the potential is developed using the current recursive formula and DST-I. We
also present 3D views of the discrete distribution of potential in several special cases and compare the
calculation efficiency of the precise potential formula with the fast algorithm. Last, an algorithm for
path planning is created based on the apple surface network’s potential energy formula.

Formulas (1.1) and (2.1) and Algorithm 2 are applicable only to this particular type of resistance
network and is not a universal algorithm for general resistance networks. In addition, Algorithm 2
will experience a sharp increase in error with the increase of iteration times, and when n > 10, it will
not meet the engineering requirements. In the future, we will continue to explore better
numerical algorithms.
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