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Abstract: We explored the phenomenon of finite-time synchronization for coupled complex-valued 

neural networks that were subject to mixed-variable delays. To address this challenge, an impulsive 

pinning control strategy was proposed. The method presented entailed the dynamic adjustment of 

specific nodes at distinct impulsive intervals, contingent upon the magnitude of the errors observed in 

those nodes. Furthermore, an enhanced technique utilizing the sign function was employed to 

simultaneously manage the real and imaginary components of the complex-valued neural networks. 

By applying finite-time stability theorems and utilizing complex-valued inequalities, sufficient 

conditions for achieving finite-time synchronization and determining stability time under the influence 

of delayed impulsive effects were established. A comprehensive discussion on the interaction between 

impulsive effects and pinning strategies was also included. It was noted that integrating impulsive 

effects with pinning ratios enabled precise control over nodes exhibiting significant errors, thereby 

promoting rapid convergence within finite time frames. Our findings highlight the effectiveness of 

impulsive pinning control in enhancing synchronization stability, providing significant insights into 

the practical applications of complex-valued neural networks, particularly in image processing. 

Keywords: finite-time synchronization (FTS); complex-valued neural networks (CVNNs); impulsive 
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1. Introduction  

In recent years, neural networks (NNs) have gained significant attention across various 

disciplines [1,2]. There has been considerable interest in examining the stability and convergence of 

real-valued NNs [3,4]. Research on NNs has expanded to include dynamic behaviors such as 

synchronization, contagion, and cooperative evolution. In reference [5], the authors examined 

delayed competitive NNs under the framework of progressive synchronization. Subsequently, the 

focus shifted towards other NNs [6,7]. Researchers have increasingly prioritized finite-time methods 

due to their advantages, including faster convergence, robustness against disturbances, and resilience 

to uncertainties. In this context, the authors in [8] introduced a prescribed time control approach for 

high-order nonlinear systems. The authors in [9] established that a prescribed-time output feedback 

control algorithm under output constraint occurs in any finite time interval and malicious attacks. The 

appeal study designs a finite time control algorithm from the point of view of real-valued networks but 

ignores the importance of complex-valued networks. Therefore, in order to enhance the ability to 

capture and process phase information from data, complex or complex-valued functions are used in 

this paper to represent connection weights, activation functions, and state vectors, and the research on 

complex-valued neural networks (CVNNs) [10] is completed. 

Given that most parameters in CVNNs are expressed in complex form, their enhanced 

performance compared to real-valued NNs positions them to serve distinct functions in specific 

domains. For instance, a CVNN characterized by orthogonal decision boundaries can effectively 

address issues related to XOR and symmetry detection [11,12]. In the domain of electromagnetic wave 

research, phenomena such as wave transmission, phase advancement, delay, reflection, and field 

superposition can be more intuitively interpreted through the lens of complex numbers [13]. To 

facilitate the analysis of complex-valued networks, a separation method has been proposed for 

complex-valued problems [14,15]. Consequently, further investigation into the dynamic evolution of 

CVNNs is of utmost importance. In the implementation of NNs, the occurrence of time delays is an 

unavoidable reality. To study the stability and synchronization of CVNNs, many researchers have 

proposed introducing time delays into the dynamic equations of neural networks [16,17]. Time delay 

issues are considered critical factors affecting the performance of neural networks, as different types 

of delays such as discrete delays, time-varying delays, and distributed delays can significantly impact 

the network’s behavior. Research has shown that delays can lead to oscillatory behavior, instability, 

and even chaotic phenomena, which can adversely affect the synchronization and stability of the 

network [3,4]. In order to more accurately reflect the time-delay characteristics of real systems and 

provide a more accurate analysis basis for studying the synchronization, stability, and control strategy 

design of networks, it is crucial to consider the mixed delay in CVNNs. Therefore, the integration of 

time delays into CVNNs, along with an examination of their dynamic behaviors to achieve stability 

within finite time frames, is critically significant. As far as current knowledge extends, methods aimed 

at enhancing the FTS of CVNNs with mixed-variable delays remain under exploration, which 

constitutes the primary motivation for this study. 

The synchronization dynamics among neurons in NNs play a crucial role in determining the 

functionality of the network. Different control methods exhibit distinct performance characteristics in 

relation to synchronization behavior [18,19]. It is noteworthy that impulses act as an effective control 

mechanism by enabling the relinquishment of continuous monitoring, focusing instead on exerting 

control at specific moments defined by predetermined impulsive gains. The presence of impulsive 
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effects is a significant factor influencing impulsive control issues. However, not all impulsive effects 

contribute positively to synchronization; certain effects present within the network or the controller 

may destabilize the network, while judiciously applied impulsive effects can enhance network 

convergence [20,21]. Consequently, it is pertinent to investigate the influence of impulsive effects on 

network stability. Furthermore, pinning control is favored for its ability to selectively manage specific 

designated nodes rather than imposing control on all nodes across the network. Nonetheless, the 

adjustability of pinned nodes and the selection criteria for these nodes present challenges within 

pinning control strategies. Both impulsive and pinning control methods have been extensively utilized 

in prior research [22]. We propose an impulsive pinning control strategy that integrates the benefits of 

both pinning and impulsive control, applying it to CVNNs to achieve FTS. Drawing on the insights 

presented in reference [22], we expand the concept of impulsive pinning control to CVNNs. 

Additionally, we conduct a thorough analysis of the impulsive and pinning effects on the network. In 

contrast to the research outlined in reference [14], we incorporate the elements of time delays and 

impulsive effects into CVNNs. 

With respect to control methodologies, the incorporation of a pinning ratio within the impulsive 

control framework facilitates the dynamic regulation of nodes exhibiting significant errors at discrete 

time intervals.  

(1) The conditions for FTS under mixed delays have been established, and the stability duration 

corresponding to various types of impulsive gains has been computed. 

(2) In the analysis of CVNNs, the use of the sign function method has been proposed, improving 

the approach of handling real and imaginary components separately. Applying the sign function to both 

the real and imaginary parts simultaneously simplifies the analysis and enhances the ability to capture 

the overall behavior of the network. 

(3) The moment point of impulsive control is chosen, and the error of the system’s state variables 

is calculated. An algorithm is then used to sort and select nodes with significant errors, with the basis 
for adjustment determined by the impulsive pinning control ratio 

k . Introducing this pinning ratio 

within the impulsive control scheme allows for dynamic control of nodes with large errors at discrete 

instants.  

The structure of this paper is organized as follows: In Section 2, we present a detailed introduction 

to the research topic. In Section 3, we derive the necessary conditions for achieving FTS and 

calculating the stabilization time by employing the proposed theorems, hypotheses, and methodologies. 

In Section 4, we offer multiple simulations to evaluate the effectiveness of synchronization, the 

adaptability of impulsive gains, and the number of pinned nodes. Finally, in Section 5, we summarize 

the key conclusions of the study. 

2. Model and method 

2.1. Problem description 

A class of CVNNs with mixed-variable delays, composed of N identical nodes exhibiting linear 

diffusive couplings, is considered. The network is described: 

( ) ( ) ( ) ( )( )( ) ( ) ( )( ) ( )1 21 1
, ,

N N

m m m m mj j mj j mj j
t t f t t t c a t c b t t t 

= =
= + − + + − + x Dx x x x x u    (1) 
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where ( )
H

1 2, , , n

m m m mnx x x= x  represents the matrix of the mth complex-valued neuron variable, 

which has n dimensions. 1 2diag{ , , } n n

nd d d = D   and 
md   denote the neuronal self-inhibition 

coefficient. c  is the neuronal coupling strength. ( ) ( ) ( ) ( )( )
H

1 2, , , n

nf f f f =      is the complex-

valued activation function. ( )1 t  refers to the neuronal internal delay, and ( )2 t  denotes the coupling 

delay between neurons. mja  and mjb  represent the complex-valued connection weights for non-time-

varying and time-varying delays, respectively, and both satisfy the dissipative coupling condition. The 

internal coupling matrix is 1 2diag{ , , } n n

nh h h =   . ( )m tu   is the designed impulsive pinning 

control strategy. 

The leader node system ( )ts  is considered as follows: 

 ( ) ( ) ( ) ( )( )( )1, ,t t f t t t= + −s Ds s s  (2) 

where ( ) ( ) ( ) ( )( )
H

1 2, , , nt s t s t s t=s   represents the synchronous trajectory. The matrix D is defined 

identically to the previously mentioned description. ( ) ( )( )( )1,f t t t−s s  and ( ) ( )( )( )1,m mf t t t−x x  

share the same expression.  

Remark 1. Equation (1) proposed in this paper is a simplified version of a more complex model. 

Depending on the field of application, it can be adapted to different terminologies and forms. For 

example, understanding the impulsive synchronization in brain networks is crucial for improving 

diagnostic tools, as it can provide insights into brain disorders [23]. In the engineering field, the 

same equation can be applied to simulate communication networks, where it plays a vital role in 

network synchronization and stability analysis [24]. By studying how different layers of the network 

synchronize, it is possible to optimize communication systems, thereby improving the performance 

of these networks. In hardware implementations of neural networks, the presence of delays is an 

inherent issue. 

Remark 2. Research indicates that these delays can considerably lead to oscillations, instability, or 

chaotic behavior [3,4]. Furthermore, the incorporation of delays complicates the analysis of CVNNs, 

presenting a critical challenge that many researchers are keen to explore [14,18]. Unlike other 

researchers, we introduce an innovative approach by incorporating a compensation mechanism within 

the controller to handle delays in the network. By carefully integrating the delay into the control 

strategy, we effectively compensate for its impact on the system, reducing the interference caused by 

the delays. 

2.2. Preliminaries 

Some fundamental requirements, such as definitions, lemmas, and assumptions, are presented 

below to prepare for the implementation of FTS.  

Definition 1. [25] If the network is Lyapunov stable and there exists T1 > 0 (T1 depends on the initial 

values), for any 1,2,...,m N=   such that ( ) ( )
1 1

1
lim 0

N

m
t T

m

t t
N →

=

− = x s  and when t > T1 then 

( ) ( )
1

0
N

m

m

t t N
=

−  x s , the network achieves FTS. Here, T1 is defined as the settling time. 
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Definition 2. [26] Consider ( ),N T t   which shows the impulsive count of impulsive sequence 

 1 2, ,t t   within a time interval of ( ),t T  . If there exist two constants 
0N   and 

aT   such that the 

inequalities 0T t    and 

( )0 0,
a a

T t T t
N N T t N

T T

− −
−   +  

hold, then it is proposed that the impulsive interval of  is less than Ta. 

Definition 3. [27] For any ( ) ( )iz z z= +e m , the function   ( )( ) ( )( )isgn sgnz z z= +e m  denotes 

the sign function of z. Similarly, for any complex vector ( )
H

1 2, , , n

nw w w= W  , 

  ( )( ) ( )( ) ( )( ) ( )( )( )
H

1 1sgn sgn ,.. i.,i sgn sgnn nw w w w= + +W e m e m   represents the sign function 

vector of W. 

Assumption 1. The neuron’s delay ( )1 t  and the coupling delay ( )2 t  between neurons are bounded, 

i.e., ( )1 1̂0 ,t   ( )2 2
ˆ0 ,t   where 

1 2
ˆ ˆ,   are positive constants. 

Assumption 2. For any ( ) ( ), nt t x y , there exists 
1 20, 0l l   such that the nonlinear function ( )f

satisfies ( ) ( )( ) ( ) ( )( )( ) ( ) ( )( ) ( ) ( )( )( )
H

1 1 1 1, , , ,f t t f t t f t t f t t   − − − − − − x x y y x x y y  

( ) ( )( ) ( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )
HH

1 2 1+ .l t t t t l t t t t t− − − − −x y x y x y x y  

Lemma 1. [22] If 
0V V   and satisfies ( ) ( )( ) ( ) ( )( ), , , , , , , ,k k it t D V t x g t V t x t t V t x x V t x+  = +   , 

then there exists the following comparison system: 

( ) ( )( )

( ) ( )( )
( ) ( )

, , 0,

,

0 0 .

k k

k i k

v t g t V t x t t t

v t v t k

v V

 −

 =  



= 


=

N

, ,

,  

Lemma 2. [14] For any z , the following equation holds true 

( ) ( ) ( ) ( ) ( ) ( )
H H

1 2
2 2 ,t t t t t t  +   =    z z z z z z  

where for any ( )1 2, , , n

nz z z z =   H

1 1 2
1

, ,
n

m

m

z
=

= =z z z z    which represent the 11 norm and 12 

norm of the vector z  respectively  and for i , .m mz x y z x y= + = +  

2.3. Control method and analysis 

Denote ( ) ( ) ( )( )1,2, ,m mt t t m N= − =e x s  , for mja   and mjb   satisfying the dissipative coupling 

condition, that is ( ) ( )( )21 1
0

N N

mj mjj j
a t a t t

= =
= − = s s   . Then, the error system can be simplified as  

 ( ) ( ) ( ) ( )( )( ) ( ) ( )( ) ( )1 21 1
, ,

N N

m m m m mj j mj j mj j
t t f t t t c a t c b t t t 

= =
= + − + + − + e De e e e e u   (3) 

where ( ) ( )( )( ) ( ) ( )( )( ) ( ) ( )( )( )1 1 1, , ,m m m mf t t t f t t t f t t t  − = − − −e e x x s s . 

Consider the simultaneous requirement for meeting the impulsive conditions and achieving finite-
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time objectives. Then, our control strategy is bifurcated into two aspects ( ) ( ) ( ) ( ) ( )1 2

m m mt t t= +u u u . 

One aspect is to integrate the principles of impulsive effects into the control strategy, and the other 

aspect is dedicated to accomplishing finite-time goals. There are many methods for finite-time 

synchronization, such as achieving synchronization in neural networks through the use of the 

maximum value method [28] or by applying integral inequality methods [29] alone. Inspired by the 

approach in reference [30], we extend the finite-time stability theorem, combining inequality methods 

and various analytical methods, to investigate impulsive control in complex-valued neural networks. 

The control strategy is outlined as follows: 

 

( ) ( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( )

( )

1

1

2 2

,

, 0,

0, 0,

m k m kk

m m m m m

m

m

t t t t

t t t t
t

t

 

 



=
= −

− −     
= 

=

u e

e e e e
u

e

 (4) 

where 
k  is the impulsive gain, and ( )1 2 3, , ,t t t  is the impulsive sequence, satisfying lim k

k
t

→
=  , 

m  

is the control gain, ( )
2m te is the 12 norm of the vector ( )m te , and   is a constant greater than 0. 

We establish the impulsive control framework to integrate the concept of pinning, i.e., consider

( )kP t  as the set of nodes pinned at the moment of the impulse 
kt t= , and sort these nodes based on 

the magnitude of synchronization error during the impulsive instance 
kt . Subsequently, the top 

kl  

nodes exhibiting higher control errors are selected and included in the set of controlled nodes ( )kP t . 

In pinning control, more attention is given to the nodes with large errors, while the remainder of the 
nodes rely on the self-regulation of the nodes’ coupling relationships. The number of pinned nodes 

kl  

is determined by the impulsive pinning control ratio 
k  , defined as 

( ) ( )( )( ) ( ) ( )( )H H

1
=

k

N

k m k m k m k m ki P t m
e t e t e t e t − − − −

 =  .  

Remark 3. Numerous scholars have approached the synchronization issues in CVNNs by considering 

the real and imaginary components as real-valued systems. Although this method is straightforward 

and yields effective results, it causes increased computing costs. Therefore, inspired by [14,21], we 

investigate non-separation techniques that refrain from partitioning the system. Unlike the two 

referenced articles, we extend the research to delayed neural networks and improve the control method 

by employing impulsive control, effectively achieving network synchronization. 

Remark 4. In the analysis of CVNNs, the use of the sign function often results in oscillations or 

shaking phenomena due to its discontinuity, which can negatively affect synchronization and stability. 

To address this, one approach is to replace the standard sign function with a smooth sign function like 

tanh or sigmoid, which reduces sharp jumps and minimizes oscillations [31]. Additionally, 

incorporating delay compensation mechanisms such as model predictive control (MPC) can help 

mitigate the impact of time delays on synchronization [32]. Adjusting the system’s gain can also reduce 

the amplitude of oscillations, while robust control methods offer a way to handle discontinuities and 

ensure stability [33]. The aforementioned work has significantly contributed to our improved 

understanding of the tremor phenomenon observed in the running trajectory resulting from symbolic 

functions. This issue will also serve as a central focus for our future investigations. 
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3. Theoretical results 

In this section, according to the model and method proposed above, the conditions are provided 

for achieving the FTS of CVNNs under different impulsive gains. 

Theorem 1. Based on Assumptions 1 and 2  if there exists 0  such that 

 ( )
2 H H H2

max 12

1 2

1
1 2 0.

ˆ ˆ1 1
l l N l l

l
d d c l ch ch

 

 
+ +  + + + + + −  

− − 
BB I + A A   (5) 

Therefore  it can be derived that: 

(i): When ( )0,1    the network can reach a stable state within a finite time frame under the influence 

of synchronous impulses  and the stabilization time is denoted as: 
( )0

1 2
ln

ln 0 ln

a a

N

a

T NT
T

NT v



   −

 
=   − 

. 

(ii): When 1 =   the network operates without impulsive effects  yet it can still attain stability within 

a finite time frame  with the stabilization time denoted as: 
( )

1

0v
T

N
= . 

(iii): When 1    the network experiences the influence of desynchronized impulses. After meeting 

certain conditions  it can still reach a stable state within a finite time: 
( )0

1 2
ln

ln 0 ln

a a

N

a

T NT
T

NT v



   

 
=   − 

  

where 
ld and 

lh  are  respectively  the diagonal elements of the matrices D  and    and ld  lh   and 

c denote their complex conjugates. 
1 2=diag{ , ,..., }N     ( )=1+ 2k k k   +   

11 12 1 11 12 1

21 22 2 21 22 2

1 2 1 2

;

N N

N N

N N NN N N NN

a a a b b b

a a a b b b

a a a b b b

   
   
   = =
   
   
   

A B . 

Proof. Consider the following Lyapunov function:  

 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( ) ( )
( )

1

2

1 2 3

H

1 1

H2
2 1

1

H

3 1
2

.

,

,
ˆ1

1
.

ˆ1

N

m k m km

tN

m mm t t

tN

m mm t t

V t V t V t V t

V t t t

l
V t y y dy

V t y y dy









=

= −

= −

= + +

=

=
−

=
−



 

 

e e

e e

e e

 (6) 

For  )-1, , ,k kt t t k N  take the derivative and substitute it into the error system (3), 

 ( ) ( ) ( ) ( )1 2 3 .V t V t V t V t= + +  (7) 

By incorporating the impulsive control strategy (4), we have 
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( ) ( ) ( ) ( )

( ) ( )( )( ) ( )

( ) ( ) ( )( )( )

( )( ) ( )

( ) ( )

( )( )( ) ( )

( ) ( )( )
( ) ( )( ) ( ) ( ) ( ) ( )( )

H H

1 1

HH

1

1 1 1H H
1

H

H
2 2 2H

1 1 1H

2

,
+ +

,

 + + .

N

m mm

m m mN N N mj j m

m m j

m m m m mj j

N N Nmj j m

m m m mm j m

m mj j

V t t t

f t t t t ca t t

t f t t t t ca t

cb t t t
t t t t

t cb t t









=

= = =

= = =

= +

   −
   
   + − +  

 −
  +
 + − 



  

  

e D D e

e e e e e

e e e e e

e e
u e e u

e e









 (8) 

According to Assumption 2 and 
H H H Hx y y x x x y y+  + [26], one obtains 

 

( ) ( )( )( ) ( ) ( ) ( ) ( )( )( )( )
( ) ( ) ( ) ( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( ) ( )( )

H H

1 11

H H H

1 2 1 11 1 1

HH

1 1 2 11 1

, ,

+

1 .

N

m m m m m mm

N N N

m m m m m mm m m

n n

l N l l N ll l

f t t t t t f t t t

t t l t t l t t t t

t l t t t l t t

 

 

 

=

= = =

= =

− + −

 + − −

= + + − −



  

 

e e e e e e

e e e e e e

e I e e I e

 (9) 

Applying the same approach along with the operational rules of the Kronecker product, we can derive 

 

( )( )( ) ( ) ( ) ( )( )( )
( )( ) ( )( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( ) ( )( )

( ) ( )( ) ( ) ( )( ) ( )( )

H
H

2 21 1

HH H

2 21 1 1 1

2 H H H H

max 2 22 1 1

H2H H H

max 2 221 1

= +

+

= .

N N

mj j m m mj jm j

N N N N

m j m jm j m j

N N

m j m jm j

n n

l N l l N ll l

cb t t t t cb t t

t c t t t c t t

c t t t t t t

t c t t t t t

 

 

  

  

= =

= = = =

= =

= =

− + −

 −  −

  − −

 + − −

 

   

 

 

e e e e

e B e e B e

BB e e e e

e BB I e e I e

 

 





 (10) 

According to the devised control strategy and Lemma 2, the equation can be further transformed into 

 

( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( )
( ) ( ) ( ) ( )( )

( )

( ) ( ) ( ) ( )

H
2 2H

1

H

H

1 1

2

HH

1 1

2

2 2 .

N

m m m mm

T

m m m mN N

m m mm m
m

N n

m m m l lm l

t t t t

t t t t
t t

t

t t N t t N

 

  

=

= =

= =

+

  +     
= − −

 − − = − −



 

 

u e e u

e e e e
e e

e

e e e e

 (11) 

Substituting Eqs (9)–(11) into Eq (8), one has 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )( ) ( )

( )( ) ( )( ) ( )( ) ( )( )

H H H

1 11 1 1

2H H H H H

max21 1

H H

2 2 1 2 11 1

1 2

.

n n n

l l l N l l N l l ll l l

n n

l l l l l N ll l

n n

l N l l N ll l

V t t d d t t l t N t t

t ch ch t t c t

t t t t t t l t t





   

= = =

= =

= =

 + + + − −

+ + + 

+ − − + − −

  

 

 

e I e e I e e e

e A A e e BB I e

e I e e I e



  (12) 

Under Assumption 1, simplifying ( )2V t  and ( )3V t  is also straightforward, i.e., 
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( ) ( ) ( ) ( )( ) ( )( )

( ) ( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( ) ( )( )

( ) ( ) ( )( ) ( )( )

H H2
2 2 1 11 1

1

HH 2
1 2 11 1

1

H H

3 2 21 1
2

HH

2 21 1
2

ˆ1

,
ˆ1

1

ˆ1

1
.

ˆ1

N N

m m m mm m

n n

l N l l N ll l

N N

m m m mm m

n n

l N l l N ll l

l
V t t t l t t t t

l
t t t t l t t

V t t t t t t t

t t t t t t

 


 


 


 


= =

= =

= =

= =

 − − −
−

= − − −
−

 − − −
−

= − − −
−

 

 

 

 

e e e e

e I e e I e

e e e e

e I e e I e

 (13) 

Substituting ( )1V t , ( )2V t  and ( )3V t  into ( )V t , in conjunction with Theorem 1, yields  

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )( ) ( )

( )( ) ( )( ) ( ) ( ) ( ) ( )

( )( ) ( )( ) ( ) ( )

H H

11 1

2H H H H H

max21 1

H H H

1 11 1 1
2

H H 2
2 2 21

1

1

1
2

ˆ1

ˆ1

n n

l l l N l l N ll l

n n

l l l l l N ll l

n n n

l N l l l l N ll l l

n

l N l l N ll l

V t t d d t t l t

t ch ch t t c t

t t t t t t N t t

l
t t l t t t t



  


 


= =

= =

= = =

= =

 + + +

+ + + 

+ − − − − +
−

+ − − +
−

 

 

  



e I e e I e

e A A e e BB I e

e I e e e e I e

e I e e I e


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1 2
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l l
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l l

t t l t t t t t t

l
d d l

t t N N
c

ch ch

   

 
 



= =

=

− − − − − −

  
+ + + + +  

− −  
= −  −  + 

  
 
+ + − 



 



e I e e I e
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e e

BB
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

 (14) 

where ( ) ( ) ( ) ( )( )
H

H H H

1 2= , , , .l l l Nlt t t te e e e  

When ( )1,2,kt t k= = , one obtains ( ) ( ) ( ) ( )1 2 3k k k kV t V t V t V t+ + + += + + . 

Hence, according to the pinning rule in Section 2.3, it can be inferred that 

 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )

( ) ( ) ( )( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( )

( )( ) ( )

H H H
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=

= 1+
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
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=  
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 
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+
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= +

  

 

 
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e e e e

 (15) 

In the same way, one has 

 

( ) ( ) ( )
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ˆ1

1
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k

k
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k

tN
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k m m k k k km t t
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



  


  


+

+

+

+

+ −
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+ −
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= +
−

= +
−

 

 

e e

e e

 (16) 
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Hence, 

 ( ) ( ) ( ) ( ) ( )( ) ( ) ( )1 2 3 = 1+ 2 = .k k k k k k k k kV t V t V t V t V t V t   + + + + − −= + + +  (17) 

Next, From Eqs (14) and (17), it can be seen ( )V t N −  , and ( ) ( )k kV t V t+ −=   then design the 

comparison system as: 

 

( ) ( )

( ) ( )
( ) ( )

, 0,

, ,

0 0 .

k k

k k

V t v t N t t t

v t v t k

v V



 −

  = −  


= 


=

N

,

 (18) 

According to the comparison theorem, it can be found that ( ) ( )V t v t , where ( )v t  can be obtained 

from the formula of parameter variation, which has been rigorously demonstrated in this article [34] 

 ( ) ( ) ( ) ( )
0

,0 , ,
t

v t W t v t N W t d   −   (19) 

where ( ),W t  , 0 t   satisfies 

 ( ) ( ),
, = .

r

N t

s t t

W t


  
 

=  (20) 

Substitute Eq (20) into Eq (19) to obtain 

 ( ) ( ) ( ) ( ),0 ,

0
= 0 .

tN t N t
v t v N d


   −   (21) 

According to ( )=1+ 2k k k   + , as can be seen from the formula, this variable is affected by two 

parts, namely 
k  and 

k . The 
k  is the intensity of the impulsive control that determines the impact 

of the impulse on the system, and 
k  is the pinning control ratio that determines the number of nodes. 

In view of its impact on the network, from the numerical value, we divided it into three parts for 

theoretical discussion and analysis. Going deep into its components, we discuss and analyze the pulse 

intensity and the number of holding nodes in the numerical simulation section. 

(I) When ( )0,1   , or equivalently 0k−   , the CVNNs are affected by the synchronous 

impulses. One has: 

( ) ( ) ( )
0 0

0 0 0

0
0 0 exp ln .

ln ln

a a

t t
N NtT T N N Na a

a

T Tt
v t v N d v N N

T



         
 

   −
− +       −   

  
 − = − +  

   
  (22) 

When setting ( ) 0v t → , the stabilization time is denoted as: 
( )0

1 2
ln

ln 0 ln

a a

N

a

T NT
T

NT v



   −

 
=   − 

. 

(II) When 1 = , or 0k = , the CVNNs experience no impulsive effects. Hence, its stabilization 

time remains independent of the impulsive gain and pinning ratio, with the stabilization time denoted 

as 
( )

1

0v
T

N
= . 
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(III) When 1  , and 1k   , there exist desynchronized impulses. In this case, it is provided 

that when ( ) ( )02
0 ln /

N

aT v N   , the CVNNs can attain a stable state within the stabilization time 

( )0
1 2

ln
ln 0 ln

a a

N

a

T NT
T

NT v



   

 
=   − 

. 

4. Numerical results 

In this section, multiple numerical simulations employing the impulsive pinning strategy are 

conducted. Initially, the potential for achieving synchronization through this approach is assessed. Building 

on the findings from the initial analysis, various parameters, including impulsive gain and the number of 

pinned nodes, are examined in detail. Furthermore, an analysis of the optimization of synchronization 

performance within networks influenced by impulsive and pinning effects is presented. Ultimately, a 

chaotic encryption mechanism is developed to validate the applicability of the proposed method. 

4.1. FTS of CVNNs with delays 

An NN consisting of twelve complex-valued two-neuron systems [35] is considered the network 

(1) to be controlled. With the same complex-valued two-neuron, the leader system (2) is formed. Then 

in the network (1) ( ) ( ) ( )( )
H

1 2, , 1,2,...,12m m mt x t x t m= =x  and in the system (2) ( ) ( ) ( )( )
H

1 2,t t t=s s s . 

The other parameters of the controlled network are as follows: ( ) 21 i= − +D I , 1 ic = + , ( ) 21 i= − I , 

and B=A/10. The node coupling matrix of the controlled network is written as 

2 i 1 i 0 0 0 0 0 0 0 0 0 1

1 i 5 i 1 i 0 1 i 1 0 0 0 0 0 1

0 1 i 2 1 i 0 0 0 0 0 0 0 0

0 0 1 i 3 i 0 0 1 0 1 0 0 0

0 1 i 0 0 3 i 0 0 1 0 0 0 1

0 1 0 0 0 3 i 1 i 1 0 0 0 0

0 0 0 1 0 1 i 3 2i 0 0 1 i 0 0

0 0 0 0 1 1 0 3 i 0 0 1 i 0

0 0 0 1 0 0 0 0 2 i 1 i 0 0

0 0 0 0 0 0 1 i 0 1 i 2 0 0

0 0 0 0 0 0 0 1 i 0 0 2 2i 1 i

1

− − +

+ − − − +

− − +

+ − −

+ − −

− − +
=

+ − − +

− − +

− + −

+ − −

+ − − +

A

1 0 0 1 0 0 0 0 0 1 i 4 i

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 + − − 

. 

The nonlinear function of the controlled and leader system is defined as 

( ) ( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )( )
H

1 1 2 2, tanh isin , tanh isinf m n g m g n m m m m= + = + + +M N M e m e m

( )( ) ( )( ) ( )( ) ( )( )( )
H

1 1 2 2tanh isin , tanh isin ,n n n n+ +N e m e m
1.8 3.6i 0.6 1.5i

0.85 0.1i 1.5 2i

− − + 
= =  

− − 
M N . 

Furthermore, consider the following settings for time delays: the internal delay within each 

neuron, denoted as ( )1 0.02t =  , and the inter-neuronal coupling delay, denoted as 
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( )2 0.1 0.05sint t = + . It is noteworthy that the time delays are bounded, i.e., let 
1 2
ˆ ˆ0.5, 0.5 = = , and 

Assumption 1 is considered reasonable. 

After calculation, the nonlinear function ( ),f m n   is consistent with that of Assumption 2. 

Subsequently, the control parameters have been set as 
m  = 60 to ensure CVNN stability, and ζ = 0.01 

to satisfy Theorem 1. To select the pinned nodes, the errors across all nodes have been reorganized to 

yield the sequence: ( ) ( ) ( )1 2 ...m k m k mN ke t e t e t     at each impulsive time 
kt  . The impulsive 

pinning control ratio 
k  is selected with the goal of controlling only the eight nodes with larger errors 

at each impulsive moment. 

To ascertain the evolution of the network (1) with different impulsive gains, the simulations are 

carried out in terms of both synchronous and desynchronized impulses. 

When synchronous impulses are imposed on the network, the impulsive gain 0.5k = − , N0 = 3, 

and the average impulsive interval Ta = 0.01 are opted for simulation purposes. According to Theorem 1, 

the error curves are depicted in Figure 1. 

 

Figure 1. The errors of CVNNs under synchronous impulsive modulation. 

From Figure 1(a),(b), both the real and imaginary parts exhibit a noticeable reduction in the 

synchronization error under the influence of synchronous impulses every 0.01 s. After four impulsive 

interventions, the synchronization errors gradually converge, stabilizing around t = 0.05 s. 

When desynchronized impulses are imposed on the network, the impulsive gain 0.5k = , N0 = 3, 

and the average impulsive interval Ta = 0.02 are opted for simulation purposes. Then, the error curves 

can be obtained, as depicted in Figure 2.  

Figure 2 shows that the network (1) can achieve the FTS under desynchronized impulses. 

Synchronously, the network can achieve stability in both the real and imaginary parts after 

approximately 5 impulsive applications, with a stabilization time of approximately 0.15 s. Unlike the 

effects of synchronous impulses, the error at the desynchronized impulsive moment initially exhibits 

an upward jump followed by a significant decay. It is a hindering effect that makes the network need 

a longer time to attain synchronization under the influence of desynchronized impulses. The conclusion 

is similar to previous research findings [26]. The simulation analysis demonstrates that under the 
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proposed impulsive pinning strategy, controlling the eight nodes with large errors enables the CVNNs 

to attain the FTS in both synchronous and desynchronized impulsive scenarios. 

 

Figure 2. The errors of CVNNs under desynchronized impulsive modulation. 

4.2. Performance analysis of pinning and impulsive selection 

Both pinning and impulsive selection are essential mechanisms that influence the stability and 

convergence of dynamic systems. Pinning control directs the system towards a predetermined target 

state, thereby ensuring stable convergence. In contrast, impulsive control enhances system 

responsiveness through intermittent adjustments, facilitating rapid adaptation. While pinning control 

effectively maintains stability, excessive reliance on it may diminish the system’s flexibility; impulsive 

control addresses this drawback by enabling the system to better accommodate sudden changes. 

Furthermore, impulsive interventions can rectify deviations when pinning control is insufficient, while 

pinning control serves to mitigate oscillations that may arise from impulsive actions. Together, these 

two approaches contribute to achieving both stability and adaptability in dynamic environments. By 

considering the effects of pinning and impulsive selection, it becomes possible to design systems that 

are more robust, adaptive, and efficient, thus enhancing their performance across a variety of real-

world scenarios. 

Here, varying impulsive gains from synchronous impulses to desynchronized ones are applied 

with intervals of 0.02 s. The observed metric represents the norm summation of errors across nodes 

(differentiated into real and imaginary parts). The heatmap below illustrates the real and imaginary 

stable values under varying impulsive gains. 

Figure 3(a),(b) exhibit a consistent trend, i.e., as the impulsive gain transitions from the 

synchronous state to the desynchronized state, there is a continuous increase in the network’s error at 

identical time points. This change is particularly noticeable between 0.02 s and 0.04 s. This robustly 

confirms the viewpoint that synchronous impulses can facilitate the FTS, whereas desynchronized 

impulses have the opposite effects. 

Furthermore, according to Theorem 1, the network’s convergence is associated with  , where 

  is correlated with k . This can be proved by the value of k , as the impulsive pinning control 
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gain designed in this paper can be transformed into the number of control nodes, given by round 
(

kN  ). The number of control nodes directly affects the network’s convergence. In other words, the 

value of    indirectly influences the network’s dynamical properties, which is referred to as the 

pinning effects. To further observe the influence of the pinning effects on convergence, the resultant 

approximate time to reach the stable state when controlling the number of different nodes is shown in 

the blue part of Figure 4, while the change of control time after adding one control node is shown in 

the orange part.  

 

Figure 3. The stability under varying impulsive gains. 

 

Figure 4. The distributions of stability times under varying numbers of pinned nodes. 

The left plot of Figure 4 depicts the stability time variation concerning the alteration in the number 

pinned nodes under synchronous impulsive conditions. Notably, the stability time decreases as the 
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number of pinned nodes increases when the system applies with positive impulses. As the pinned nodes 

approach the total nodes, the time variation becomes level-off. Consequently, determining an optimal 

number of pinned nodes is critical to further investigations.  

Different from the left plot, under the desynchronized impulsive condition, a growing trend in the 

stability time is observed with the increase in the number of pinned nodes. This difference is due to 

the counteractive effects of desynchronized impulses on the network stability, unlike the promoting 

effects of synchronous impulses. Thus, due to the presence of nodes affected by desynchronized 

impulses, the network necessitates more time to attain stability. 

Finally, the error magnitude at a fixed time point as a metric is used to investigate the impact of 

synchronous impulsive gains and the number of pinned nodes on the stability. The synchronous 

analysis results are exhibited in Figure 5.  

When considering synchronous impulses, the analytical results are depicted in Figure 5. From 

Figure 5(a),(b), when the absolute value of impulsive gain is higher, particularly within the range of 

(–1, –0.7), the network stability is contingent upon the number of pinned nodes. As the number of 

pinned nodes increases, the CVNNs converge to stability more rapidly.  

When the pinned nodes surpass half of the total nodes, their impact on the stability tends to reach 

a saturation point. In other words, for impulsive gains within a range of (–1, –0.7), the optimal number 

of pinned nodes approximates half of the total nodes. With the increasing impulsive gain, however, the 

number of pinned nodes no longer remains the sole determining factor for stability. The relationship 

between the number of pinned nodes and impulsive gains no longer adheres to a proportional 

association with stability. For instance, at an impulsive gain of –0.6 with 12 restrained nodes, the 

stability is notably compromised, whereas around an impulsive gain of –0.4 with 6 restrained nodes, 

the stability is noticeably improved. Consequently, when the absolute value of synchronous impulsive 

gains is lower, simply increasing the pinned node number may not guarantee expedited stabilization. 

Instead, a specific analysis is required to ascertain an optimal choice. 

 

Figure 5. Stability comparison of both synchronous impulsive and pinning modulation. 
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4.3. Application in image protection 

In this section, leveraging the outcomes derived from Theorem 1, we design a chaotic encryption 

mechanism to demonstrate the practicality of this study in secure image communication. The key 

details are outlined as follows. 

(I) Handling color images requiring encryption and decryption involves extracting its pixel matrix, 

denoted as ( )
3p q  

ç ç= . Here, 1,2, , p =  represents the rows in the matrix ç , and 1,2, ,q =  

represents the columns in the matrix ç , 1,2,3 = . For each value of   a new matrix is generated, 

with three matrices representing the pixel matrices for R, G, and B, respectively. 

(II) Using the synchronized state of a specific node within Eq (1) (which possesses 2 dimensions) 

generates a chaotic sequence, resulting in the signals ( )1

R x , ( )1

I x , ( )2

R x , ( )2

I x . The matrices 

( ) ( ) ( )( )1 1 2, 0.5 R R   = +Έ x x , ( ) ( ) ( )( )2 1 2, 0.5 I I   = +Έ x x  are obtained by taking elements in a 

row-major order ( 1,2, , pq = ). 

(III) Image encryption: let ( ),    denote the pixel matrix of the encrypted image. The 

encryption rule, denoted as ( ) ( ) ( )( )( )8

1 2, mod round , , , 10 ,256 ,0.1     =    Έ Έ ç , is derived 

according to the original pixel matrix ç  and chaotic signals ( )1 , Έ  and ( )2 , Έ . Here, ,a b  

represents the arithmetic mean, ( )mod ,a b   denotes modulo operation, ( )round ,a b   stands for 

rounding operation, and ,a b    indicates the Euclidean norm operation. 

(IV)  Image decryption involves the inverse operations of encryption, utilizing synchronized 

sequences to obtain signals ( )1

R s  , ( )1

I s  , ( )2

R s  , and ( )2

I s  . Similarly, consider the matrices

( )1 1 20.5 R R= +s s€  and ( )2 1 20.5 I I= +€ s s , and let ( ),   represent the pixel matrix of the decrypted 

image. The decryption rule is denoted as 

( ) ( ) ( ) ( )( )( )( )8

1 2, 10diff 2 , ,mod round , , , 10 ,256       =      € €  , where ( )diff ,a b   signifies 

the subtraction operation. 

(V) According to the aforementioned algorithm, the simulated results of the encrypted and 

decrypted color images, along with their respective histograms, are illustrated in Figures 6 and 7. It 

can be seen that the algorithm can effectively implement color image encryption and decryption and 

has high security. 

 

Figure 6. Encryption and decryption of “Lena.tiff”. 
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Figure 7. Histograms of “Lena.tiff”. 

As mentioned, the choice of the number of pinned nodes and the impulsive gains is crucial for 

achieving effective synchronization performance. Variations in these selections directly influence the 

complexity of both the encryption and decryption processes. Thus, modifying the control parameters 

during decryption can be viewed as a strategy for simplifying the key. The issue of key optimization 

will be explored in greater detail in future research. 

Remark 5. The adoption of complex numbers and matrix-based weights in neural networks has the 

potential to improve their representational abilities. However, this transition also presents several 

challenges, including increased computational complexity, difficulties in optimization, and diminished 

interpretability. In domains such as signal processing and communications, where the use of complex-

valued data is intrinsic, these modifications can prove to be particularly advantageous. Consequently, 

the decision to implement such changes should be guided by the specific requirements of the problem 

at hand and the resources that are available. 

5. Conclusions  

We investigate the finite-time synchronization issue associated with complex-valued mixed-delay 

neural networks. By utilizing the comparison theorem and applying the the Lyapunov function theory, 

we calculate the time required for networks with mixed delays to achieve stability under both 

synchronous and desynchronized impulses. To validate the theoretical analysis, several numerical 

examples and an application in image encryption are provided. In addressing complex-valued 

problems, we consider non-separable methods as effective approaches. The impulsive pinning strategy 

proposed here selectively targets nodes exhibiting higher error rates to enhance FTS. The analysis 

indicates that suitable impulsive gains can promote synchronization, while inappropriate gains may 

obstruct it. Specifically, when synchronized impulses are applied to the network, an increase in the 

number of pinned nodes correlates with a reduced time frame to attain stability, whereas 

desynchronized impulses yield the opposite effect. Last, we analyze the effects of varying impulsive 

gains and the number of pinned nodes on the overall stability of the network. 

The controller described in this paper will cause the tremor phenomenon of the running trajectory 

due to the use of symbol function, which will affect the synchronous selection, and the effective 

strategy to solve this problem needs to be studied. In addition, the number of pinned nodes and the 

change in impulsive gain selection directly affect the complexity of the encryption and decryption 

process, and we will explore the strategy of simplifying the key in more detail in future research. 
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