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Abstract: In this paper, we analyzed and tested a nonlinear implicit compact finite difference scheme
for the pseudo-parabolic Burgers’ equation. The discrete conservation laws and boundedness of the
scheme were rigorously established. We then proved the unique solvability of the numerical scheme
by reformulating it as an equivalent system. Furthermore, using the energy method, we derived an
error estimate for the proposed scheme, achieving a convergence order of O(r> + h*) under the discrete
L*-norm. The stability of the compact finite difference scheme was subsequently proven using a
similar approach. Finally, a series of numerical experiments were performed to validate the theoretical
findings.
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1. Introduction

In this paper, a nonlinear compact finite difference scheme is studied for the following the pseudo-
parabolic Burgers’ equation [1]

u,:,uuxx+7uux+82uxx,, O<x<L, O0<t<T, (1.1)
subject to the periodic boundary condition

ulx,t)=u(x+L,t), 0<x<L, 0<t<T, (1.2)
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and the initial data

u(x,0) =p(x), 0<x<L, (1.3)

where u > 0 is the coefficient of kinematic viscosity, y and £ > 0 are two parameters, ¢(x) is an L-
periodic function. Parameter L denotes the spatial period. Setting € = 0, Eq (1.1) reduces to a viscous
Burgers’ equation [2]. Equation (1.1) is derived by the degenerate pseudo-parabolic equation [3]

= W + vPu, + szu’((uyu,)x)x, (1.4)

where @, (3, k, y are nonnegative constants. The derivative term {u“(u”u,).}, represents a dynamic cap-
illary pressure relation instead of a usual static one [4]. Equation (1.4) is a model of one-dimensional
unsaturated groundwater flow.

Here, u denotes the water saturation. We refer to [5] for a detailed explanation of the model.
Equation (1.1) is also viewed as a simplified edition of the Benjamin-Bona-Mahony-Burgers (BBM-
Burgers) equation, or a viscous regularization of the original BBM model for the long wave propagation
[6]. The problem (1.1)—(1.3) has the following conservation laws

L
Q@) = f u(x,ndx = Q(0), >0, (1.5)
0

L
E@) = f [t (x, 1) + &%’ (x, )] dx + Zuf f u(x, s)dxds = E(0), t>0. (1.6)
0
Based on (1.6), by a simple calculation, the exact solution satisfies

max { [lull, &llusl, ellulle } < co,

where ¢p = (1 + #) VE(0).

Numerical and theoretical research for solving (1.1)—(1.3) have been extensively carried out. For
instance, Koroche [7] employed the the upwind approach and Lax-Friedrichs to obtain the solution
of In-thick Burgers’ equation. Rashid et al. [8] employed the Chebyshev-Legendre pseudo-spectral
method for solving coupled viscous Burgers’ equations, and the leapfrog scheme was used in time
direction. Qiu al. [9] constructed the fifth-order weighted essentially non-oscillatory schemes based on
Hermite polynomials for solving one dimensional non-linear hyperbolic conservation law systems and
presented numerical experiments for the two dimensional Burgers’ equation. Lara et al. [10] proposed
accelerate high order discontinuous Galerkin methods using Neural Networks. The methodology and
bounds are examined for a variety of meshes, polynomial orders, and viscosity values for the 1D
viscous Burgers’ equation. Pavani et al. [11] used the natural transform decomposition method to
obtain the analytical solution of the time fractional BBM-Burger equation. Li et al. [12] established
and proved the existence of global weak solutions for a generalized BBM-Burgers equation. Wang et al.
[13] introduced a linearized second-order energy-stable fully discrete scheme and a super convergence
analysis for the nonlinear BBM-Burgers equation by the finite element method. Mohebbi et al. [14]
investigated the solitary wave solution of nonlinear BBM-Burgers equation by a high order linear finite
difference scheme.
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Zhang et al. [15] developed a linearized fourth-order conservative compact scheme for the BBMB-
Burgers’ equation. Shi et al. [16] investigated a time two-grid algorithm to get the numerical solution
of nonlinear generalized viscous Burgers’ equation. Li et al. [17] used the backward Euler method
and a semi-discrete approach to approximate the Burgers-type equation. Mao et al. [18] derived a
fourth-order compact difference schemes for Rosenau equation by the double reduction order method
and the bilinear compact operator. It offers an effective method for solving nonlinear equations. Cuesta
et al. [19] analyzed the boundary value problem and long-time behavior of the pseudo-parabolic Burg-
ers’ equation. Wang et al. [20] proposed fourth-order three-point compact operator for the nonlinear
convection term. They adopted the classical viscous Burgers’ equation as an example and established
the conservative fourth-order implicit compact difference scheme based on the reduction order method.
The compact difference scheme enables higher accuracy in solving equations with fewer grid points.
Therefore, using the compact operators to construct high-order schemes has received increasing atten-
tion and application [21-29].

Numerical solutions for the pseudo-parabolic equations have garnered widespread attention. For
instance, Benabbes et al. [30] provided the theoretical analysis of an inverse problem governed by a
time-fractional pseudo-parabolic equation. Moreover, Ilhan et al. [31] constructed a family of trav-
elling wave solutions for obtaining hyperbolic function solutions. Di et al. [32] established the well-
posedness of the regularized solution and gave the error estimate for the nonlinear fractional pseudo-
parabolic equation. Nghia et al. [33] considered the pseudo-parabolic equation with Caputo-Fabrizio
fractional derivative and gave the formula of mild solution. Abreu et al. [34] derived the error es-
timates for the nonlinear pseudo-parabolic equations basedon Jacobi polynomials. Jayachandran et
al. [35] adopted the Faedo-Galerkin method to the pseudo-parabolic partial differential equation with
logarithmic nonlinearity, and they analyzed the global existence and blowup of solutions.

To the best of our knowledge, the study of high-order difference schemes for Eq (1.1) is scarce.
The main challenge is the treatment of the nonlinear term uu,, as well as the error estimation of the
numerical scheme. Inspired by the researchers in [15] and [20], we construct an implicit compact
difference scheme based on the three—point fourth-order compact operator for the pseudo-parabolic
Burgers’ equation. The main contribution of this paper is summarized as follows:

e A fourth-order compact difference scheme is derived for the pseudo-parabolic Burgers’ equation.

e The pointwise error estimate (L*-estimate) of a fourth-order compact difference scheme is proved
by the energy method [36,37] for the pseudo-parabolic Burgers’ equation.

e Numerical stability, unique solvability, and conservation are obtained for the high-order difference
scheme of the pseudo-parabolic Burgers’ equation.

In particular, our numerical scheme for the special cases reduces to several other ones in this existing
paper (see e.g., [38,39]).

The remainder of the paper is organized as follows. In Section 2, we introduce the necessary
notations and present some useful lemmas. A compact difference scheme is derived in Section 3 using
the reduction order method and the recent proposed compact difference operator. In Section 4, we
establish the key results of the paper, including the conservation invariants, boundedness, uniqueness
of the solution, stability, and convergence of the scheme. In Section 4.4, we present several numerical
experiments to validate the theoretical findings, followed by a conclusion in Section 5.

Throughout the paper, we assume that the exact solution u(x, f) satisfies u(x, t) € C**([0, L]1x [0, T]).
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2. Notations and lemmas

In this section, we introduce some essential notations and lemmas. We begin by dividing the domain
[0, L] X [0, T']. For two given positive integers, M and N, let h = L/M, v = T /N. Additionally, denote
xXi=ih, 0<i<M, t, =kt, 0 <k <N;V,={v|v=1{v}, view = v; }. For any grid function u, v € V),
we introduce

T | 11 1
v = E(Vf +oE, eyt = ;(Vf” -, (MZ% = E(Vﬁl )
1 1 1
AWE = E(vj;l —Vi), o= E(axvj;% - 6xvf_%), Ylu,v); = §[u,-Axv,- + A(uv);].

Moreover, we introduce the discrete inner products and norms (semi-norm)
M M
) =h ) uvi vy =h Y GOy,
i=1 i=1
el = @), uly = VS, uw), - lullo = max Jui.

The following lemmas play important roles in the numerical analysis later, and we collect them here.
Lemma 1. [15,40] For any grid functions u, v € V;, we have

Vlleo < gIVh, Ivll < %IVh, (u,67v) = =(u, v),  (Y(u,v),v) = 0.

Lemma 2. [40] For any grid function v € V), and arbitrary & > 0, we have
I 1

— + = )IMP.

& L

Lemma 3. [20] Let g(x) € C°[x;_1, Xi+1] and G(x) = g"(x), we have

2 2 2
h< 2Vl I < évif +

h2
8(x)g' (x) = Y(g,8)i — EIP(G, Q)i + O(h™).

Lemma 4. [15, 18] For any grid functions u, v € V, and S € V), satisfying

1 1 W 1 1
v = 6k - E(sivf“ +877, 1<i<M, 0<k<N-1, 2.1)
we have the following results:
D

2,0 2) = 3} - %nv"*%n2 + %w’”%ﬁ + %(SH"’H) +(SuE, 2

1 1 1 hz 1 hz 1 1 1 1
G2,y < ke - ﬁllvk“ll2 + E(S'”Z,vk*z) + (S5, 0, (2.3)

G = AR = ) = A < I0AIR) + SR - AR
2T 2471 28871
h2

+ (5,873, M) + E(d,v’”%,s’”%). (2.4)
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I
k+4 2 k+4 k+1 k+3 n k+12 4 k+d n k+4
™20 < a2 1AW 21+ IST2 1D, Ellv 2| Sgllu 2|I+gllS 2|1, (2.5)

1 18 1 9 1
V2P < ﬁlu’”zlf + EIIS"“IIZ. (2.6)

Proof. The result in (2.2)—(2.3) has been described in [15], and (2.5) has been proven in [18], we only
need to only prove (2.4) and (2.6). Using the definition of the operator, we have

2
(5,vk+2 l/t ) (51‘(62 k+2 _ h_5ivk+% + Sk+%), uk+%)

12
= _i(luk+1|2 _ |uk|2) _ h? (5 vk+% vk+% + h? 62 k+d Sk+2) + (5 Sk+2 I/tk )
27 T 12"
1 k+1)2 k+1 k2 4 k+1
= = - +
2T(Iu 7= ) - (IIV 117 = V1) 288T(I 7=

+ (6,543, uk+2)+ (5,v’<+z Sk,
Taking the inner product of (2.1) with W+ we have

h? |
(52 k+2 Vk+2)+(Sk+2 Vk f)

1 1 1
||vk+§||2 — (5iuk+§,vk+§) 12

2 d+d k+1 h krip2 kel ia
< o 21 V2] + Tl A NS T

| TSR FC R ST NNS S SRS I SIS PR
< VI 4 S8 T 4 S VR + <V 4+ ]IS
< 6||v I 2|| w2l 3||v I 6||v l 2|| I
20 b2, O kit 3kt
< gllv T2+ ﬁlu T2+ EIIS e
Therefore, the result (2.6) is obtained. O

Remark 1. [18] Denote1 = (1,1,--- ,1)T € V,. If S = 0in (2.1), then we further have

W, u),1)=0, @O,u),1)=0
3. Construction of the compact difference scheme

Let v = u,,, then the problem (1.1) is equivalent to

ut:uv+yuux+82vt, O<x<L, O0<t<T, (3.1
v=u,, O0<x<L, 0<t<T, 3.2)
u(x,0) =¢p(x), 0<x<IL, (3.3)
ux,t)=u(x+L,t), 0<x<L, 0<t<T. (3.4)

According to (3.2) and (3.4), it is easy to know that

vix,)=vix+L,t), 0<x<L, O0<t<T. 3.5
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Define the grid functions U = {U¥|1 <i < M, 0 < k < N} with U¥ = u(x;, ), V = {VF|1 <i <
M, 0 <k < N} with Vl." = v(x;, t;). Considering (3.1) at the point (x;, tk+%) and (3.2) at the point (x;, ),

respectively, we have

2
ul‘(xi’ tk+%) = /lv(xi, lk+%) + Vu(xi’ tk+%)ux(xi7 tk+%) +& Vt(xi, lk+%)a

1<i<M, 0<k<N-1,
V(X 1) = up(xity), 1<i<M, 0<k<N.

Using the Taylor expansion and Lemma 3, we have
k+1 k+ L kel kel h? kel kel
6:U; 7 =pV; 2+7’(w(U »U 2)5—5w(V LU 2)1‘)
1 1
vV AP 1 <i<M, 0<k<N-1,

hZ
V{‘:diUf—Eaiv,.’wa, 1<i<M, 0<k<N.

Noticing the initial-boundary value conditions (3.3)—(3.5), we have

{U?:go(x,-), 1<i<M,
Ub=Uby, Vi=Vh, 1<isM, 1<k<N.

There is a positive constant ¢; such that the local truncation errors satisfy

1
P <o (@ +hY), 1<i<M, 0<k<N-1,
0 <cih®, 1<i<M, 0<k<N,

6,0 < e+ %), 1<i<M, 0<k<N-1.

(3.6)

(3.7)
(3.8)

Omitting the local truncation error terms in (3.6) and combining them with (3.7) and (3.8), the differ-

ence scheme for (3.1)—(3.5) as follows

6,uf+% :uvar% +y(w(uk+%’uk+%)i B h;w(v"*é,uk*é)i)+826,vf+%,
1<i<M, 0<k<N-I,

G- 1<isM 0sksw,

w=g(x), 1<i<M,

ub =ul,,, Vi=vi,, 1<i<M, 1<k<N.

(3.9)

(3.10)

(3.11)
(3.12)

Remark 2. As we see from the difference equations (3.9) and (3.10), only three points for each of them
are utilized to generate fourth-order accuracy for the nonlinear pseudo-parabolic Burgers’ equation
without using additional boundary message. This is the reason we call this scheme the compact dif-
ference scheme. In addition, a fast iterative algorithm can be constructed, as shown in the numerical

part in Section 4.4.
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4. Numerical analysis

4.1. Conservation and boundedness

Theorem 1. Let { uf.‘, vf.‘l 1 <i< M, 0 <k < N} be the solution of (3.9)—(3.12). Denote
0" = D).

Then, we have
Q=0 0<k<N.

Proof. Taking an inner product of (3.9) with 1, we have

G2, 1) = A2, 1) + (w3, u2) - %zw(v’“%, W), 1) + 26043, 1),

0<k<N-1

By using Remark 1 in Lemma 4, the equality above deduces to
@ 1) - @, 1) =0,

namely
o' =0 0<k<N-1.

Theorem 2. Let { uf.‘, vi.‘l 1 <i<M,0<k< N} bethe solution of (3.9)—(3.12). Then it holds that
E'=E°, 1<k<N,
where
grnt

21,2
E* =P + 2P + S e — S e
12 144

k=1 . ! 1 ok
+ ZTﬂ(Z W2+ D IVRE = > |v“2|%).
1=0 1=0 1=0
Proof. Taking the inner product of (3.9) with u**7, and applying Lemma 1, we have
(6tuk+%’uk+%) — ’u(vk+%’uk+%) n 82(6tvk+%’uk+%).

With the help of (2.2) and (2.4) in Lemma 4, the equality above deduces to

P ) = - LAVETN h—4|vk+%|2)
2T T a4 1

& k1,2 kp2 h? k+12 kp12 h* k1,2 k2
- ;((Iu [{ = lu')) + E(IIV 1= = IV = m(lv T = VD).
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Replacing the superscript k£ with / and summing over / from O to k — 1, we have
274 272 274

h? h &h &h
(1P + 1l + =P = S W) = (P + &2+ =P = S hr)
k—

Yoo, RS AR =L
+ 2w( D+ 5 P IV = e > |v“2|%) =0,
=0 1=0 =0

which implies that
E'=E° 1<k<N.

O

Remark 3. Combining Lemma 1 with Theorem 2, it is easy to know that there is a positive constant c,
such that

||Mk|| < ¢y, 8|Mk|1 <cy Eulle < 1<k<N. 4.1)

4.2. Existence and uniqueness

Next, we recall the Browder theorem and consider the unique solvability of (3.9)—(3.12).

Lemma 5 (Browder theorem [41]). Let (H, (-,-)) be a finite dimensional inner product space, || - || be
the associated norm, and 11 : H — H be a continuous operator. Assume

da>0, VzeH, |dl=a R{(z),z)=0.

Then there exists a 7* € H satisfying ||Z*|| < a such that TI(z*) = 0.
Theorem 3. The difference scheme (3.9)—(3.12) has a solution at least.

Proof. Denote
k k
u :(u]7u25".’uM)’ v :(V],VQ,"’,VM), OSkSN-

It is easy to know that u° has been determined by (3.11). From (3.10) and (3.11), we can get +°
by computing a system of linear equations as its coefficient matrix is strictly diagonally dominant.
Suppose that { ¥, v* } has been determined, then we may regard { 1"z, v**2 } as unknowns . Obviously,

k+1 k3 :
Wt =2u  —uf, VT =207 -, 1<i<M, 0<k<N-1.

Denote
k+3 k+3

Xi:u[ , Yi:Vl. , 1SZSM, 0<k<N-1.

Then the difference scheme (3.9)—(3.10) can be rewritten as
2 h? 2
=(X; - uf) = ;= y(Y(X, X); = (Y, X)) — =&Y =) =0,
T 2 T
1<i<M, O0<k<N, 4.2)

h2
Yi= 60X - 50.Y, 1<i<M. 4.3)
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Define an operator II on V;:

2
H(X)_—(X—uk) uY; = y(W(X, X); - " (YX)) gZ(Y,-—vj.‘), 1<i<M, 0<k<N.

Taking an inner product of I1(X) with X, we have
2 2
(I1(X), X) = ;(IIXII2 - (W, X)) ~ u(Y.X) - ;82((Y, X) - (05, X)). (4.4)
In combination of the technique from (2.2) in Lemma 4 and the Cauchy-Schwartz inequality, we have

>
(6.Y,6.X) = (6.(6°X — 125§Y) 5.X)
= —|lo2X|I* + —(52Y, 62X)

h?
= —|lo2X]I* *7 (62Y Y + —6%Y)

12 x
:—52X2——6Y + 52y
llo3 X1l ll6. Yl 144|| I
and
1 1
(6., 6,X) < [I6.2d]| - 116, X]I < lec?xukllz +l6.XI° = Z”(qukHZ + X[}
Correspondingly,
1
—(6,u",6.X) > —leéxukllz - IXI7.
Then
—(Y,X) + (F, X) = (62X - h—52Y X) + (6% I —60k,X)
’ ’ X 12 X x 12 X
h2

= X[} — (6., 6.X) - E(((SXY, 0,X) + (52vk,X))

S T h_2(||52X”2 + h—2||6 VP - e - X))

=T * 144 A

> L liP + ( P - e - ||v’<||2)

=4 12 ¥ 144

1 h?

> (16 = — VI

> 4|| u| 48||v I
and

1 1
IXI1? = (@, X) = 1XI* - E(Ilukll2 + X1 = §(||X||2 — [l I1%).
Substituting the equality above into (4.4) and according to (2.3) in Lemma 4, we have

h2

M0, %) = 20X ~ 1)+ 25 (= Lo = i)
R - T 4 48
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1 2 k2 & k(2 & k2
> —(IIXIF = 1P = 8.1 = - IVIP).

Thus, when [[X|| = o*, where o* = \/Ilukllz + £16. k2 + SE|VI?, then (TI(X), X) > 0. By Lemma 5,

there exists a X* € V), satisfying ||X*|| < o* such that I[I(X*) = 0. Consequently, the difference scheme

(3.9)—(3.12) exists at least a solution u**' = 2X* — u*. Observing, when (X7, X3, -+, X},) is known,
(Y;,Y;,---,Y;,) can be determined by (4.3) uniquely. Thus, we know vi*! = 2Yr =i, 1 <i < M
exists. O

Now we are going to verify the uniqueness of the solution of the difference scheme. We have the
following result.

Theorem 4. When y = 0, the solution of the difference scheme (3.9)—~(3.12) is uniquely solvable for
any temporal step-size; When y # 0 and T < min{ czly?(iﬂ)’ 3L,2|72|g oD } the solution of the difference
scheme (3.9)—(3.12) is uniquely solvable.

Proof. According to Theorem 3, we just need to prove that (4.2)—(4.3) has a unique solution. Suppose
that both {uV, vV} € V,, and {u®,v?} € V,, are the solutions of (4.2)—(4.3), respectively. Let

=D @

U, ; P vi:v(.l)—v(.z), 1<i<M.

] 1

Then we have

2 h?
Sty = v = YW = @, 1)) + ) - w0, i)
2 2
=0, 1<i<M, (4.5)
T
hZ
Vi = 6il/l, - Eéivi, 1<i<M. (46)

Taking an inner product of (4.5) with u, we have

%IIMII2 — uv, 1) =y, D) — g @, u®), u)

82

h? 2
+ oo ) = g0 i), 10) = =) = 0.

With the application of Lemma 2 and (2.3) in Lemma 4, it follow from the equality above that

2 252 h?
=l ® 4+ (e + —)(lul} + 5V
T T 18
h2
S)’(l//(u(l), uy =y u®, u®), u) - %(lﬂ(v(l), uy =y (v, u?), M)- 4.7)
By the definition of (-, -) and (4.1), we have
hz 1 1 2 2
- E(Al'(v( L u®y — (@ u?), u)
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h? h?
——Eﬁmw%w%—wwm—vwm—uxm=——{Mww%m)

=% Vit + A ou®);|u == Z |V A + o)A i

1
[+ 3 inrvien = wimyvic) + )i

M-

1l
—_

1
ul) - E(Vm(um — i) + ui(Vigy — vicy) + vie (W — ui)) + (Vu(l))iAxui]

M-

1
VisiGulti | + 5Vi1y i) + u)A ]

o3 T o=

[ m(u A + ;

'ME

1l
—

h2
< —(IVI1 lleelleo + 2lIVIleo - [ee]1)-

Using the Cauchy-Schwarz inequality, Lemmas 1 and 2, we have

h2
— —(l//(v(l), u(l)) _ l//(v(2)’ M(Z))’ u)

4
YL T S S YAV R I
< S+ i) + (A I, + )

]’12
C
ﬂ(L+2)| I+ 2 ——(1+2L)|vI*.

Similarly, we have

(w(u(l), u(l)) _ w(u(Z)’ M(Z))’ u)
= (Ll’(u(]) u) = —u,u — ), u) = (W, u'), u)

M
3 Z u; A, u( )+ A (), ] g Z [ul(.l)Ax(uu)i + (uu(l))iAxui]
i= i=1

h & 1 1
= -3 2 (1) uA Ui+ 2ul+15 i1+ 2u, 10, u,_%) + (uuV)A, u]

1
smwwwus%wm+mn<30+JWW+mm.

Substituting (4.8) and (4.9) into (4.7), we can obtain

2 262\ L W, 28\

~llulf + @+—ﬂm+§@+—mw

Iyl Iyl 2yl
«ﬂwlmﬁ+”@2wh Uulwm

: 4L 267 :
When 7 < min{ VT 302Mf2L+1) },wehaveu; =0, 1 <i< M.

4.8)

4.9)

O
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4.3. Convergence and stability
Let hy > 0 and denote

3c3y*h .\ 3c3y?

3= L pemax {luCe, O, lux(x, 01}, ca =3 +cslyl+ 4 u
3uh?:  &2h3. 13 3
Cs = C%LT(l +ut + et + ?60 + 1—20) + Es2h(2)c%L, Ce = ECSC%C‘J,

and error functions

f=U—uf, ff=VE-Vt, 1<i<M, 1<k<N,

we have the following convergence results.

Theorem 5. Let { u(x,t), v(x,t)} be the solution of (3.1)—(3.5) and { uf, vf.‘ [0<i<M,0<k<N}be

the solution of the difference scheme (3.9)—(3.12). When ¢4t < % and h < hy , we have

Co \/Z
2

Proof. Subtracting (3.9)—(3.12) from (3.6)—(3.8), we can get an error system

k)l < ce(t? + B,  elét|y < ce(? + 1Y), el < (> +h*, 0<k<N.

5" = T 4y (UM, UMDY, — gl i) y7}’2(w(vk+5, R T CAERTAE))
v, /TP 1<i<M, 0<k<N-1, (4.10)
ff:éﬁef—g&ﬁhgf, l<i<M, 0<k<N, (4.11)
=0, 1<i<M, (4.12)
ei=eiy fi=fiy 1<i<M, 1<k<N. (4.13)

Taking an inner product of (4.10) with ¢4*2, we have
(6tek+%,ek+%) _ ﬂ(fk+%’ek+%) + 7/(w(UkJr%’ Uk+%) _ w(uk+%’uk+%),ek+%)
_%hz(w(vk+;, Uk+%) _ w(vk+%’uk+%)’ ek+%) + 82(5[fk+%’ek+%) + (Pk+%,ek+%). (4.14)
Applying (2.3) in Lemma 4, we have
(F3, ¢2) < 3 - %uf"*%nz + f—;(Q’”%,f"*%) (02,6, (4.15)
Similar to the derivation in (4.8) and (4.9), we have

(¢(Uk+%’ Uk+%) _ ¢(uk+%, uk+%)’ ek+%)
— (w(ek+%, Uk+%), ek+%)

M
h k+1 k+1 1 1 k+l
=3 § |2 AU + A2 UR ) e,
i=1
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h < 1 1 1 1

= §Z [(€f+2)2AxUk+2 —€k+2 Ulk*'zAxej“'sz
i=1
k+1 k+ 1

h < k+ kel h < U,’'-U; ki k+
== ) (¢ VAU, +— ’ e e

5 2, 62 :
< %”em%”z (4.16)

and
_ (l/,(vk%’ Uk+%) _ l//(vk%, uk+%), ek%)

M
= _('vll(fh%’ UkJr%) ek+%) = _ﬁ [fk+2A UkJr2 + Ax(fk+2 Uk+2)]

k+2

hM k+%k% +1
:_ngi €; ka U

1
< <asll - ||ek+2||+363||fk+2|| 1Al (4.17)

Substituting (4.15)—(4.17) into (4.14), and using (2.3)—(2.4) in Lemma 4, we obtain

1
Z(Ilek”ll2 —[le"11%)

1 h2 1 h2 1 1 1 1
<,U( _ |€k+2|% _ 1_8||fk+£||2 + E(Qk+£’f‘k+2) + (Qk+2,€k+2))

1 1 csh*ly| 1 | . .
+ seatyl- e + R (1 ek + ||f"+%|| JIAH)
- SR 1R+ I ) - R - ) - 2,07 0
: t )
2t 12

&’ k+1 o Akt e+l ket
+—12 O f72, 07 )+ (P72,e72).

Then, we have

h2
||ek“||2—||e"||2+sz(|e’<“|2—|ek|2+—<||f"“||2 A1) = (|f"“|2 D)
S_zﬂTlek+%|% ||fk+f|| + (Qk+2 fk+2)+2/»lT(Qk+2 €k+2)
1 c3Th?ly|
ety e P + = ||f’<+z|| le "+2||+ 3 LRI

K+ k+%)

1 1 1 1
+2167(5,0"2, € 7) + 21(P 2, 2 +

Using Cauchy-Schwartz inequality , we can rearrange the inequality above into the following form
&2h

2 h2
k+112 k2 201 k+1 k|2 kl k+12 k12 k|2
€517 = 11H1P + &2 1 = let ) + == [(||f+ 2|f+ ) = (198 = 5 178)
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k+12 k k k k k
< =2utle" 2] - IIf )P + B IIQ S|+ 20Tl Q42 - [l 2|
k+ip2 C3|7’|Th k k C3|7’|Th k k
+ostlyl - e 2R + R e + 3 A R W |

1 TE h 1 1
+27%16,02 || - IIe’”fII + 2T||P"+f|| ek + (&f’”f, 0"?)

k+dp  HT h k+102 k+12 k12 k+112 k+12
—2urtle +2| E 2P+ IIQ 2|2 4 ||f 2P 4 121l QNP + 1l 2|
k+2 e+ 37’ wh? k+2 L 37’ e+t
+ cslylrlle™ 2] +—||f 2| +—|Ie 2| + £ ||f P+ ——l" 2|
27 4u u

1 1 1 1 TS 1 1
+ 786,02 |7 + 7l 2P + 7| P2 + Tl + T(&f’”f, 07)

3c2 2h2 3C2 2
ST(%+ calyl + 3Y 4 3V

WWWHMﬁHU+%QWHW
2 8u 2u H 6

4 K+ L2 k+102 e’ K+l Akt
+ 76,0217 + T||PT|7 + (02, 0772).

Replacing the superscript k£ with / and summing over / from O to k, we get

k+1 k+1 k1) PR _ 82h2 02 _ h_2 012

e 117 + £le mf Vh) 5 (I7°1P = 517°F)
3 alyl 037’2h2 3c2 - RETLRYE
_T(§+ 7 et § (le"* 1> + 1le'|) + 7k + D) T )Lcih

=0

th 1 1
+ 784k + DLAE + b + 1k + DLAT + h*)? + 786 Z(5f o, 0<k<N-1.
=0

(4.18)

For the last item on the right-hand side of (4.18), we have

k k k
Do = [ - Y o)
=0 =0 =0

1 1 L
= [0 — (.00 - Y (. 60)
=1

IA

Lol e 3 k+112 1 2 12 1k ) 12
;(gllf 1" + EIIQ 2] )+ ;(IIJ‘OII +1102117) + Eg(llfll +116,0°11).  (4.19)
Substituting (4.19) into (4.18) and using Lemma 2, we get

||€k+1 k+l ||fk+l

|| +8|€

alyl 3y’ 3037 I+1)2
< 17 - |f°|2 +27(5 + + lle™" I
12( 12 1) (2 2 8u 2u )Z

=0
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3uh
+ 7w + )(k + DLAR + 168k + DLAE + b + 1k + 1)L + h*)?

T82h2
+

anfn% SKLEH(T + Y + ( LR + chhg) T(||f0||2+Lc%h8>].

We can rearrange the inequality above into the following form

||ek+1 k+l ||fk+1

|| +8|€

3C 2h2 CZ 2 k 2h2
sT(3+c3|y|+ o ) 2 (IellP + &1+ = IF1F) + et
=0

||f°|| +7(u + Suh )(k+1)Lc2h8+Ts (k + DLA@ + B + 1k + LA + b)Y

Tsh

e*h? h
kLcl(T +h*? + n “——Lcth + || oI+ Lc2h8 (4.20)
Denote
g2h?
FE= 1P + &1l + S 1<k <N,
In combination of (2.6) in Lemma 4 with (4.12), we have

IIJ‘QII2 IIQOII2 cig’h'°L. (4.21)

Substituting (4.21) into (4.20), when i < hy and ¢47 < %, (4.20) can be rewritten as

_3,

F < 7¢y ZF + 7 F 4 os(? + B2,
1=0

which implies that

According to the Gronwall inequality, we have
3
FH1 < E(:5e%C4T(T2 +h*Y =A@ +hY?, 0<k<N-1.

Thus, it holds that

I
%(72 +i, 0<k<N.

k 2 4 k 2 4 k
lle*|| < ce(r” + h™), ele’]) < cs(v”+h7),  &llelo <
O
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Below, we consider the stability of the difference scheme (3.9)—(3.12). Suppose that {ﬁf.‘, ﬁf |1 <
i <M, 0 <k< N}is the solution of

2
e kel el el h* o1 gl kel
Ot = puv; ? +7(lﬁ(uk+2,uk+2)i—7¢(Vk+2auk+2)i)+825tv,- 2

1<i<M, 0<k<N-1,
h2
7= 8% - —6%, 1<i<M, 0<k<N, (4.22)
i) = @(x)+r(x), 1<i<M,

~k o~k ~k _ ~k .
W =iy Vi =Viy 1<i<M, 1<k<N.

1

Denote
= —u, nf=v -V, 1<i<M, 0<k<N.

1°

Subtracting (3.9)—(3.12) from (4.22), we obtain the perturbation equation as follows

! K+ l Wl gl yh? 1 1 1 1

6 ! 2 _ ) 2 +5 i‘t 3 uk+2 l/lk+2 i‘}k+2,ﬁk+2 P Vk+2,uk+2 ;

&7 =, + vy )i — W( )il = > —[uw( )i — W( )il 423)

+825ﬂ] 2 1<i<M, 0<k<N-1,
h?

nt = 6%k~ . zéxn,, 1<i<M, 0<k<N, (4.24)
&=r(x) 1<i<M, (4.25)
‘fzk = ‘le'(+M’ 77? = 775'(+M’ l<i<M, 1<k<N. (4.26)

Theorem 6. Let {f{.‘, nfl 1 <i<M,O0<k< N} be the solution of (4.23)—(4.26). When c,7 < % and
h < hy, we have
C7 \/Z
2

k k k
IEl < cqlrli,  &léh < cqlrli,  ellé o <

|71,

where ¢; = % \/e%“T(LZ + 1582).
Proof. Taking an inner product of (4.23) with §k+%, we have
(G2, €5) = 2, 800) + y (@2, 2) — g2, 1), 84%)
th (l//(f}kh ~k+2) w(vk+2 uk+2) §k+2) t e (6tnk+2 §k+2)

Similar to the analysis technique in Theorem 5, we obtain

h2
L e e e e AR [(Iln"”llz In"“l) (1P = 5 1) |

uth? 1 1 c3thly| 1 1 c3thly| 1 1

< - Tun"*zn2 +c3tlyl - 1€ + Tlln"”ll g+ TIIU"“II A
2 2.2 2 2

1 3 Th™y Y 1
<estiyl - JEHIE + B kb oSBT ek

C%|7| csy*h? C% 12 2
<t e+ .
(5 4# . )P+ 1E1P)
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Replacing the superscript k£ with / and summing over / from O to k, we get
kg2, 2t SR e PP 0112 _ 521012 e’h LA
+ + + +
P + 2+ = (0P = ) — 1P — 1 (||n P = 5 1n°R)

k

a3yl C§72h2 C§7’2 n2 k+1)12

<2t + + NEN + 11ET117)-
( D) 4u 1 )(; )

Using Lemma 2 and when s < hy, we can rearrange the inequality above into the following form

k112 21 ph+112 &’h’ k112
+ + +
NE 17 + &1 1y +—||77 I

c%yzh2 2¢2 37

<t(cslyl + o ZII§||2+II§"”II)+II§ P+ &k + ||77 1P
k

<teq( ) IENR + IEIP) + VIR + %8 + ||77 P (4.27)
=0

Denote

5 k2 | 2142, € n k2

FE=IE°° + &71& |1+1—8||77 I, 0<k<N.
Combining (2.6) in Lemma 4 with (4.25), we have

&2h?
EIIUOII2 < |§ = —I rl;. (4.28)

Substituting (4.28) into (4.27), (4.27) can be rewritten as
e2h? £ L? 3&?
P+ e+ =l < e ; IE1E + IEIE) + 1 + 21l + =1l

Then, we have

k
- . 58 L?
k+1 l
(1 = c,0)F*! < 1¢y goF 7+€)|r|1, 0<k<N-1.

According to the Gronwall inequality, when c47 < %, we have

FE<alrll, 0<k<N,

where ¢; = % \/e%"‘*T(L2 + 1532).
Therefore, it holds that

|7];.

k k k C7 ﬁ/
1711 < calre, &le™h < ealrlh, lléll < —5

O
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4.4. Numerical experiments

In this section, we perform numerical experiments to verify the effectiveness of the difference
scheme and the accuracy of the theoretical results. Before conducting the experiments, we first in-
troduce an algorithm for solving the nonlinear compact scheme. Denote

k k k k \T k k k \T T T
u :(ul’u2’“. ’uM) ’ Vk:(vl’VZ’“. ’VM) 5 W:(WhWZa"' 7WM) ’ Z:(ZlaZZa"' ’ZM) s

where 0 < k < N. The algorithm of the compact difference scheme (3.9)—(3.12) can be described as
follows:

Step 1 Solve u° and 1" based on (3.10) and (3.11).
Step 2 Suppose u* is known, the following linear system of equations will be used to approximate the
solution of the difference scheme (3.9)—(3.12), for 1 < i < M, we have

2 I+1 I+1 [ I+1 h2 ) I+1 2 2. (I+1 k
;(WE+) Lt)—,l,lZ(+) [W(W(),W(+))i_Ew(Z()’W(Jr))i]"';S (ZE+)_V~),

1

A = 20 _ 5 7 g2,

12 i
() ()] ) 0]
Wz - W1+M’ Zi _Z1+M’
until
max W' —wP <€, 1=0,1,2,....
1<isMm

Let
k+1 = 2w (l+1) ulg Véc+1 — 2Z§l+l) _ Vf, 0<i<M.

1°

In the following numerical experiments, we set the tolerance error € = 1 x 107!2 for each iteration
unless otherwise specified.
When the exact solution is known, we define the discrete error in the L*-norm as follows:

Eo(h,7) = max IUf - uf-‘l,
1 M,0<k<N

<is<M, 0<k<

where Uf and u} represent the analytical solution and the numerical solution, respectively. Addition-
ally, the convergence orders in space and time are defined as follows:

Eo (2h,7)
2 Eo(h,1)’

E. (h,27)

Ord", =1 —_— .
I o Og 2 Em(h,T)

Ord, = log

When the exact solution is unknown, we use a posteriori error estimation to verify the convergence
orders in space and time. For a sufficiently small 4, we denote

F..(2h,1)
_ k _ ok ho_ ’
Fo(h,7) = lsisrnrf},%)éksN |u;(h, T) — uy(h/2,7)|, Ord, = log, —Fm T

Similarly, for sufficiently small 7, we denote

Goo(h,27)
_ k _ 2% T _
Go(h, 1) = lsisl;\lfll,%)ékleui (h,7) = u;"(h,7t/2)|, Ordy =log, G
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Example 1. We first consider the following equation

Uy = Uy +Ully + Uy + f(x, 1), O0<x<2, 0<t<1,
u(x,0)=sin(rx), 0<x<2,
u@0,H=u,t), 0<r<l,

where

f (x,1) = ¢’ sin (mx) + 27%€’ sin (mx) — me? sin (x) cos(mx).

The initial condition is determined by the exact solution u (x,t) = ¢’ sin(mx) with the period L = 2 and
T=1.

The numerical results are reported in Table 1 and Figure 1.

Tablel, we progressively reduce the spatial step-size A half by half (h = 1/2,1/4,1/8,1/16,1/32)
while keeping the time step-size 7 = 1/1000. Conversely, we gradually decrease the time step-size 7
half by half (r = 1/4,1/8,1/16,1/32,1/64) while maintaining the spatial step-size & = 1/50.

As we can see, the spatial convergence order approaches to the four order approximately, and the
temporal convergence order approaches to two orders in the maximum norm, which are consistent with

our convergence results. Comparing our numerical results with those in [42] from Table 2, we find our
scheme is more efficient and accurate.

Table 1. Convergence orders versus numerical errors for the scheme (3.9)—(3.12) with re-
duced step-sizeunder L=2and 7 =1.

7= 1/1000 h=1/50

h Eo(h, 7) Ord", T Eo(h, T) Ord’,
12 6.1769¢-02 * 1/4 6.7342e-03 *

1/4 7.4321e-03 3.0550 1/8 1.6884¢-03 1.9959
1/8 4.8805¢-04 3.9287 1/16 4.2259-04 1.9983
1/16 3.1790e-05 3.9404 1/32 1.0587e-04 1.9970
1/32 2.0894e-06 3.9274 1/64 2.6669¢-05 1.9890

Table 2. Convergence orders versus numerical errors for the scheme [42] with reduced step-
sizeunder L=2and T = 1.

7 =1/1000 h =1/200

h Eo(h,7) Ord", T Eo(h, 7) Ord’,
12 5.0747e-01 * 1/4 6.7850e-03 *

1/4 1.1891e-01 2.0935 1/8 1.7378¢-03 1.9651
1/8 3.0838e-02 1.9471 1/16 4.7159¢-04 1.8816
1/16 7.6531e-03 2.0106 1/32 1.5477e-04 1.6074
1/32 1.9208¢-03 1.9943 1/64 7.5545e-05 1.0347

By observing the first subgraph in Figure 1, the evolutionary trend surface of the numerical solution
u(x,t) with 7 = 1/1000, h = 1/50, L = 2 and T = 1 is illustrated. This figure successfully reflects

Electronic Research Archive Volume 33, Issue 3, 1763-1791.



1782

the panorama of the exact solution. In order to verify the accuracy of the difference scheme (3.9)—
(3.12), we have drawn the numerical error surface in the second subgraph in Figure 1 with 7 = 1/1000,
h=1/50,L=2and T = 1.

We observe that the rates of the numerical error in the maximum norm approaches a fixed value,
which verifies that the difference scheme (3.9)—(3.12) is convergent. It took us 2.03 seconds to compute
the spatial order of accuracy and 0.37 seconds to determine the temporal order of accuracy.

Error Surface

[U-ul

—

06 / 16
04 . 1.2
02 0 :

t 0 o

X

Figure 1. The numerical solution u(x, ¢) and the numerical error surface |U(x,t) — u(x,t)|
with7t=1/1000,2h=1/50,L=2and T = 1.

Example 2. We further consider the problem of the form

U = Uy + Uity + 1y, —-25<x<25, 0<t<T,

1
1 (x,0) = Esech(z), 25 < x <25,

u(=25t)=u25,1), 0<t<T,
where the exact solution is unavailable.

Casel ¢ = 1:
The numerical results are reported in Table 3 and Figure 2. The two discrete conservation laws of
the difference scheme (3.9)—(3.12) are reported in Table 4. In the following calculations, we set
T = 1. First, we fix the temporal step-size 7 = 1/1000 and reduce the spatial step-size h half by
half (h = 50/11,50/22,50/44,50/88). Second, we fix the spatial step-size 7 = 1/2, meanwhile,
reduce the temporal-step size 7 half by half (v = 1/2,1/4,1/8,1/16).
As we can see, the spatial convergence order approaches to four orders, approximately, and the
temporal convergence order approaches to two orders in the maximum norm, which is consistent
with our convergence results. It took us 6.74 seconds to compute the spatial order of accuracy,
and 0.30 seconds to determine the temporal order of accuracy.
From Table 4, we can see that the discrete conservation laws in Theorems 1 and 2 are also satisfied.
In the first graph of Figure 2, we depict the evolutionary trend surface of the numerical solution
u(x,t) with r = 1/1000, h = 1/2, L = 50 and T = 1, and this figure successfully reflects the
panorama of the exact solution.
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Table 3. Convergence orders versus numerical errors for the scheme (3.9)—(3.12) with re-
duced step sizes under L =50 and 7" = 1.

7 =1/1000 h=1/2

h Foo(h, T) Ord’, T Goo(h,T) Ord,
50/11 4.5583e-03 * 12 2.7427e-05 *
50/22 5.0140e-04 3.1845 1/4 6.8356e-06 2.0045
50/44 4.0505e-05 3.6298 1/8 1.7076e-06 2.0011
50/88 4.6251e-06 3.1305 1/16 4.2681e-07 2.0003

Figure 2. The numerical solutions u(x, t) with 7 = 1/1000, h = 1/2, L = 50 (Left: £ = 1 and
T = 1;Right: e =0.1 and T = 10).

Table 4. The discrete conservation laws of the difference scheme (3.9)—(3.12) with reduced
step sizes under 4 = 1/2 and 7 = 1/1000.

t 0 E

0 6.267721589835858 2.041650615050223
0.125 6.267721589832776 2.041650615048104
0.250 6.267721589829613 2.041650615045897
0.375 6.267721589826562 2.041650615043805
0.500 6.267721589823495 2.041650615041712
0.625 6.267721589820407 2.041650615039603
0.750 6.267721589816996 2.041650615037288
0.875 6.267721589813823 2.041650615035165
1.000 6.267721589810754 2.041650615033137

When simulating a short duration of time 7" = 1, the impact of values € = 1 and € = 0.1 on the
numerical simulation is relatively small. Therefore, in the following Case II, we take € = 0.1 and
T = 10 to observe the impact of € on the numerical simulation situation.

Casell € =0.1:

The numerical results are reported in Table 5 and Figure 2. The two discrete conservation laws of
the difference scheme (3.9)—(3.12) are reported in Table 6.
First, we fix the temporal step-size 7 = 1/1000 and reduce the spatial step-size A half by half
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(h = 25/3,25/6,25/12,25/24). Second, we fix the spatial step-size 4 = 1/2 and reduce the
temporal step size 7 half by half (v = 1/2,1/4,1/8,1/16).

As we can see, the spatial convergence order approaches to four orders, approximately, and the
temporal convergence order approaches to two orders in the maximum norm, which is consistent
with our convergence results. It took us 33.76 seconds to compute the spatial order of accuracy
and 0.33 seconds to determine the temporal order of accuracy.

In the second subgraph of Figure 2, we depict the evolutionary trend surface of the numerical
solution u(x, t) with 7 = 1/1000, h = 1/2, L = 50 and T = 10. Compared with the first subgraph
of Figure 2, smaller ¢ amplifies sharper transitions and wave-like behavior, whereas the larger
makes the solution smoother.

Table 5. Convergence orders versus numerical errors for the scheme (3.9)—(3.12) with re-
duced step-sizes under L = 50 and 7" = 10.

7= 1/1000 h=1/2

h Foo(h, 7) Ord”. T Go(h, 7) Ord’,
25/3 5.1657¢-02 2 12 9.3665¢-03 2

25/6 8.1492¢-03 2.6642 1/4 2.6282¢-03 1.8334
25/12 6.5306e-04 3.6414 1/8 5.8168e-04 2.1758
25/24 4.8822¢-05 3.7416 1/16 1.3874e-04 2.0679

Table 6. The discrete conservation laws of the difference scheme (3.9)—(3.12) with reduced
step-sizes under 4 = 1/2 and 7 = 1/1000.

1 0 E

0 6.267721589835858 2.000401671877802
1.25 6.267721589837073 2.000401671878745
2.50 6.267721589838247 2.000401671879621
3.75 6.267721589839301 2.000401671880389
5.00 6.267721589840338 2.000401671881143
6.25 6.267721589840971 2.000401671881638
7.50 6.267721589841729 2.000401671882164
8.75 6.267721589842555 2.000401671882761
10.0 6.267721589843263 2.000401671883252

Example 3. In the last example, we consider the problem

Uy = Uy + UL+ Uy, 0<x<30, 0<t<20,
u,)=u30,r), 0<r<?20.

with the Maxwell initial conditions u (x,0) = e_("_7)2, 0 <x<30.

Figure 3 reflects the behavior of the solutions to the pseudo-parabolic Burgers’ equation. During the

propagation process, we observe that the pseudo-parabolic Burgers’ equation exhibits characteristics
of both diffusion and advection. As we can see, the peak gradually spreads out and flattens as time
progresses. Additionally, the solution moves to the right, indicating propagation direction.
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The numerical scheme ensures stability, convergence, and the preservation of physical properties,
which can be observed from the smooth transitions over time. This phenomenon indicates that the
numerical scheme preserves the physical properties, ensuring stability and convergence.

t=0 t=3
0.9900 - - - - 0.9900
0.7920 1 0.7920
_ 0.5940( 1 059407
0.3960 1~ 0.3960¢
0.1980f 1 0.1980}
o 6 12 18 24 30 0o 6 12 18 24 30
X X
t=6 t=9
0.9900 - - - - 0.9900
0.7920f 1 0.7920}
_ 0.5940( 1 059407
0.3960 1~ 0.3960¢
0.1980 1 0.19807
o 6 12 18 24 30 0o 6 12 18 24 30
X X
t=12 t=15
0.9900 - - - - 0.9900 - -
0.7920f 1 0.7920}
0.5940 1 0.5940¢
5 =]
0.3960 1~ 0.3960¢
0.1980] 1 0.1980
0 6 12 18 24 30 0 6 12 18 24 30
X X

Figure 3. The numerical solution u(x, t) with 7 = 1/500, A = 3/10, L = 30 and T = 20.

In Figure 4, we observe that the pseudo-parabolic Burgers’ equation exhibits propagation charac-
teristics coupled with gradual damping.

From Table 7, we can see that the discrete conservation law agrees well with Theorems 1 and 2.
The value of Q remains almost constant throughout the simulation, which is crucial for maintaining
the physical integrity of the solution. Similarly, the phenomenon is suitable for the energy E, and these
results further verify the correctness and reliability of the high-order compact difference scheme.

5. Conclusions

We propose and analyze an implicit compact difference scheme for the pseudo-parabolic Burg-
ers’ equation, achieving second-order accuracy in time and fourth-order accuracy in space. Using the
energy method, we provide a rigorous numerical analysis of the scheme, proving the existence, unique-

ness, uniform boundedness, convergence, and stability of its solution. Finally, the theoretical results
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Figure 4. The numerical solution u(x, t) with 7 = 1/500, h = 3/10, L = 30 and T = 20.

Table 7. The discrete conservation laws of the difference scheme (3.9)—(3.12) with reduced

step sizes under 2 = 3/10 and 7 = 1/500.

1 0 E
0 1.772453850905516 2.505978912117327
2.50 1.772453850935547 2.505978912141013
5.00 1.772453850964681 2.505978912152665
7.50 1.772453850994238 2.505978912161075
10.0 1.772453851021927 2.505978912167129
12.5 1.772453851052832 2.505978912173078
15.0 1.772453851083987 2.505978912178467
17.5 1.772453851115895 2.505978912183606
20.0 1.772453851148868 2.505978912188604

are validated through numerical experiments. The experimental results demonstrate that the proposed
scheme is highly accurate and effective, aligning with the theoretical predictions. As part of our ongo-
ing research [42-48], we aim to extend these techniques and approaches to other nonlocal or nonlinear

evolution equations [49-55].
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