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Abstract: A nonlinear correction finite volume scheme preserving the discrete maximum principle
(DMP) was presented to solve diffusion equations with anisotropic and discontinuous coefficients. It is
well-known that existing cell-centered finite volume schemes for the diffusion problem with the gen-
eral discontinuous coeflicient often impose severe restrictions on the mesh-cell geometry to maintain
the DMP. We proposed a nonlinear method for modifying the flux to obtain a new scheme which elimi-
nated the requirement for nonnegative interpolation coeflicients at the midpoint of cell-edge unknowns
while still preserving the DMP. That is, our new scheme satisfied the DMP unconditionally and can be
applied to the diffusion problem with the discontinuous coefficient on arbitrary distorted meshes. We
then provided a priori estimation under a coercivity assumption and proved that the scheme satisfied the
DMP. Numerical results were presented to demonstrate that our scheme can handle diffusion equations
with anisotropic and discontinuous coefficients, satisfied the DMP, and, in some cases, outperformed
existing schemes which preserved the DMP in terms of accuracy.

Keywords: maximum principle; nonlinear correction; finite volume scheme; discontinuous
coeflicient; diffusion equations

1. Introduction

A discrete scheme that satisfies fundamental properties such as conservation, positivity, and the
discrete maximum principle (DMP) for the diffusion equations is of great significance. The finite
volume framework can ensure local conservation of mass, an essential physical property, and is a
commonly used method in constructing the discretization system (see [1—4]). There is a lot of research
on the monotonicity of scheme, as it guarantees the positivity of the approximate solution (see [5—
10]). However, a monotone scheme can only maintain the lower bound and cannot simultaneously
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keep the upper bound. A discrete system preserving the DMP can ensure that there are no spurious
oscillations in the numerical solutions and can preserve physical bounds. Therefore, researchers have
recently turned to constructing schemes that preserve the DMP (see [11-15]). A scheme having a
specific structure ensures the DMP is developed in [16], which provides some theoretical analysis
under the coercivity assumption. In [17], a nonlinear finite volume scheme preserving the DMP for the
anisotropic diffusion equations on distorted meshes is presented. They give a proof of the coercivity of
the scheme under some constraints on cell deformation and the diffusion coefficient.

It is challenging to design a precise and dependable scheme on distorted meshes for the diffusion
problem with anisotropic and discontinuous coefficients to satisfy the DMP. As is well-known, the ex-
isting cell-centered finite volume schemes for the diffusion problem with general discontinuous coeffi-
cients on general meshes cannot unconditionally satisfy the DMP. The validity of the DMP for continu-
ous piecewise linear finite element approximations for the Poisson equation with the Dirichlet boundary
condition is verified in [18]. A nonlinear stabilized Galerkin approximation of the Laplace operator,
which preserves the DMP on arbitrary meshes and in arbitrary space dimension without the help of
the well-known acute condition or generalizations thereof, was derived in [19]. A mesh condition
is developed for linear finite element approximation of the anisotropic diffusion—convection—reaction
problem to satisfy the DMP in [20]. A weak Galerkin discrete scheme preserving the DMP for the
boundary value problem of a general anisotropic diffusion problem is created in [21]. From all of the
above methods, we find that there are invariably certain restrictions on the geometry of mesh-cell or
the location of discontinuity in order to preserve the DMP. Desirably, our new scheme can satisfy the
DMP unconditionally.

For constructing a scheme satisfying monotone or the DMP, many researchers take a measure of
making a correction on flux. In [22], a nonlinear method to correct a general finite volume scheme for
the anisotropic diffusion problem, which preserves the DMP, was presented. A monotonicity correc-
tion was applied to second-order element finite volume methods, obtaining a second-order monotone
finite volume scheme for the anisotropic diffusion problem in [23]. In [24], a new nonlinear method is
constructed to preserve the DMP for the diffusion problem with the heterogeneous anisotropic coeffi-
cient. Following this idea, we propose a nonlinear correction for the finite volume method to obtain a
scheme that preserves the DMP, where the interpolation coefficients of the cell-edge unknowns are not
required to be nonnegative. This is an advantage of our scheme.

In this paper, we propose a new nonlinear correction finite volume scheme to preserve the DMP
for diffusion equations with anisotropic and discontinuous coefficients. First, two linear and non-
conservative fluxes are given on two sides of the cell-edge, respectively. Meanwhile, cell-edge un-
knowns(auxiliary unknowns) are introduced. When eliminating these cell-edge unknowns by using a
weighted combination of their neighboring cell-centered unknowns, we no longer require the weighted
coeflicient to be nonnegative, but just require the approximation to have second-order accuracy. This
idea allows our scheme to adapt to solving the diffusion problem with discontinuous coeflicient on
universal distorted meshes. Second, the conservative flux is constructed by using a nonlinear weighted
combination of these two one-sided edge linear fluxes. Due to the appearance of negative weighted
coeflicients in the first step, the scheme does not preserve the DMP so far. Then, we come up with a
new nonlinear method to transform the conservative flux into a new one which possesses the structure
of preserving the DMP. This is one of the key ideas of our work.

The remainder of this article is organized as follows. In Section 2, the construction of the nonlinear
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finite volume scheme is described. In Section 3, a prior estimation and the proof preserving the DMP
of our scheme are proposed. In Section 4, some numerical results are presented to test the accuracy
and verify the DMP. Finally, some conclusions are given.

2. Construction of scheme

Consider the following stationary diffusion problem:

-V -&Vu)=f in Q, 2.1
ulx) =g on 0Q, 2.2)

where the diffusion tensor « is a positive-definite matrix, f € L*(Q), and g € C(8Q) are given functions.
Let Q be an open bounded polygonal domain in R?> with boundary <.
2.1. The one-side edge flux

In this subsection, we present the expression of the one-side edge flux with both cell-center un-
knowns and cell-edge unknowns. Denote the cell by K or L, which also stand for the cell-center, and
o = K]L is the common cell-edge of cell K and L. Then, integrate (2.1) over the cell K to get

D Fro = | fax, 2.3)

where Ey is the set of all cell-edges of K and Fk is the continuous flux on the edge o- whose expression
is as follows:

Fro = — f Vu(x) - k(x) ngdl. (2.4)

The unit outer normal vector on the edge o of cell K(resp.L) is denoted by ng,(resp.n;-), and the unit
tangential vector on the line KM;(resp.LM;)(i = 1,2) is denoted by tk,(resp.t.y;). These notations are
shown in Figure 1.

K e
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Figure 1. Notations.
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Since KM, and KM, are two edges of triangle KM, M,, the two vectors tgy, and tgy, cannot be
collinear (see Figure 1). Then, there is

k'ng,  sinbg, sinb,

= + ——txum,- 2.5
KTng,|  sinfx 7 singe <2 2.5)

Similarly, there is

«'n;,  sindp, sinfy,

= + ——tru,. 2.6
KTng, | sinf, " sing, ™ (2.6)

Substituting (2.5) and (2.6) into (2.4), respectively, we obtain

ing 0
Freo = — f |KTnKU|(S’" K2 T0(x) - tiowr, + S’,”HK‘ Vau(x) - tKMz)dl

Sinfg sSinfx
sinfg, u(M;) — u(K) N sinfg, u(M,) — u(K)
sin@K |KM1| Sil’l@]{ |KM2|

- —|KT<K)nKa||a|( ) 1O,

ind inb
Fro= - f Kol S22V -t + S () -t
’ - sinfy, sindy,
sinfr, u(M3z) —u(L)  sinfr, u(My) — u(L)

+
Sil’l@L |LM3| Sil’l@L |LM4|

- —|KT(L>nL(,||a|( ) + O,

1

where h = ( sup m(K ))2 and m(K) is the area of cell K. Let
KeT

Sinbx, uy, —u Sinbx, uy, —u
Fi = =W (Rongflor( S d2 S22 2200 T 2L, 2.7)
sinfg  |KM,| sinfg  |KM,|
T SinOrp, up, —up,  Sinfp, uy, — ug,
Fo = = Wl ¢ ) 2.8)
sin6;  |LMj;| sinf;  |LM,|

The above two expressions (2.7) and (2.8) contain the cell-edge unknowns, which are auxiliary
unknowns in this scheme. Then, we will eliminate those cell-edge unknowns. According to experience,
those cell-edge unknowns can be locally approximated by some neighboring cell-center unknowns.
Therefore, the approximation expression of cell-edge unknowns u,,, can be usually written as

JM,',n

= ) Wi ik, (2.9)
j=1

where Uk, ; are some cell-center unknowns, wy, ; are some corresponding coeflicients and Jy, , is the
number of cell-center unknowns involved in the approximation of u,,. The method for selecting the
interpolation mainly depends on two aspects in this scheme. On the one hand, the approximation
order is required to be second order to preserve the accuracy of the scheme, which is relatively easier
to achieve. On the other hand, the interpolation coefficients are allowed to be negative to enable the
scheme to be applied to diffusion equations with anisotropic and discontinuous diffusion coefficients on
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any arbitrary distorted mesh. As is well-known, it is a challenge to realize this goal when constructing
a scheme preserving the DMP.
Rewrite the expression (2.7) to

F1 = F_l + aK(uK - ML), (210)

where F| dose not include the term u;, and ay is a constant which is negative or nonnegative. Similarly,
the expression (2.8) can be rewritten to

F2 = Fz + aL(uL — MK), (211)

where F, dose not include the term ug, and a; is a constant which is negative or nonnegative like ax.
Set a,=minf|ak]|, |a.|}, which is a nonnegative constant, and we can rewrite (2.10) and (2.11) to be

F, = F| + a,(ug — uy), (2.12)

Fy = F> + a,(ug, — ug). (2.13)
Therefore,the flux ¥, and ¥, can be rewritten as follows:

Fro = ao(ug —ur) + Fl + O(hz),

FLo = do(ur — ug) + Fp + O().

2.2. The definition of conservative flux

If |F| < & and |F,| < &, where g is a sufficiently small positive constant, &, < Ch?, and the flux
¥k and ¥, can be rewritten to be

Fro = ao(ug —ug) + O(hz),

7:L,a' = aa’(uL - MK) + O(hz)
Hence, the conservative flux can be easily obtained as follows:

FK,(J' =a,(ug —ur), (2.14)

FL,(T = a(r(uL - MK)- (215)

If |Fi| > & or |F,| > &, the construction of the conservative flux becomes complicated. We will
make a discussion in this case. Let the discrete flux on edge o to be

Fgo, = /11151 - /lzﬁz +a,(ug —ur), (2.16)
Fro= ﬂzﬁz - /11151 + a,(ug, — ug), (2.17)
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where A, and A, are some positive coeflicients satisfying 4, + 4, = 1, which will be determined later. It
is obvious that there is F, + F1, = 0, which means that the discrete flux on the cell edge o is surely
conservative.

Furthermore, there is |F| + |F5| # 0 under the circumstances. Then, we can take

_ I YR
1 — "5 . 2 > 2 = T~ A
P+ |F| Pl + |F|

Hence, the positive coefficients A; and A, have been obtained.
If F\F, <0, that is, |F|F, = —|F,|F}, then, Eqgs (2.16) and (2.17) can be rewritten as follows:

F . F .
K,O':A|2|AF1_ A|1|AF2+aU'(uK_uL)
[Fi| + |F5] |[Fy| + | F5
20F,| 4
:%Fl + a,(ux — ur)
|[Fi| + |F5]
=21, F, + a,(ug — uyr), (2.18)
= Ll F, £ Fi + ay(ug — ug)
Lo — & A~ N ~ o\l — UK
|[Fi| + |F>] |Fy| + |F5|
2AF | 4
=———F) +a,(ur — ug)
|[F1| + | F5]
=21, F, + ay(u;, — ug). (2.19)

When eliminating those cell-edge unknowns, the appearance of negative coefficients in (2.9) can
potentially lead to negative coefficients in 21, F; of (2.18). However, nonnegative coefficients are
crucial for constructing a scheme that satisfes the DMP. To solve this problem, we present a nonlinear
correction to the expression of the conservative flux. Let

Uk, = min ug,
KeJk

Ug, = Max ug,
KEJK

where J is the set of all cells which share any vertex with the cell K.
Casel: There exist two cell-centered unknowns ug- and u;’ such that

Fi(ug —ug) >0, (2.20)

Fo(uy, —u;) > 0, (2.21)

where K € Jxand L' € J;. In reality, ug can be taken to be ug, or ug,, depending on the circum-
stances. Similarly, u,’ can be treated in the same way.
Therefore, we can rewrite the Eqs (2.18) and (2.19) to be as follows:

Fro =20 (ukx —uyg) + a.(ux — ur), (2.22)
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Fro =2muy —u;) + ax(up — ug), (2.23)
where
F
m=—-————,
Ug — MK’
F
m = .
ML - LtL'

According to (2.20), we can see that there is

241m; > 0.
Similarly, there is

2Am, > 0.

Case2: There does not exist two cells K" and L' such that both Eqgs (2.20) and (2.21) hold simulta-
neously. That is,

Fl(uK - MK’) <0 (224)
for any K € Jk, or
Fy(up —up) <0 (2.25)

for any LeJ;..
Therefore, we give the following conservative flux,

Fxo = as(ug — up), (2.26)

Fro = as(ur — ug), (2.27)
If F,F, > 0, that is, |F|F, = |F,|F.then, the Eqgs (2.16) and (2.17) can be rewritten as follows:

FK,(T = a,(ug —ur), (2.28)

FL,O' = ap(uy — ug). (2.29)
When o € 0Q, we can give the following expression of flux:

Fgxo= Z agi(ug — ug;) + Z ay,j(ug — upy ),

! J

where ug; are cell-center unknowns associated with cell K and u,, ; are cell-edge unknowns located on
the boundary 0Q related to cell K.
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2.3. The finite volume scheme

The finite volume scheme is as follows:

D Fro = fimK), VK eP,, (2.30)
0'681(
Ug = gK’ VK € P0!4[7 (231)

where P;, is the set of all cell centers which are in the domain Q and #,,, is the set of all midpoints of
boundary edge.

Obviously, the scheme results in a nonlinear system. We solve it by using the Picard iteration, and
we linearize the flux as follows:

(i) when |F)| < &) and |F| < &),

F;é)o— = ao—(u(S) - M(LS))a

K
F(Lsir = a(,(u(Ls) - ”(1?))-

(ii) when |F| > & or |[F,| > &, F1F, < 0 for Case 1,
A (s—1)

F
(s) _ (s) () (s=1) 1 (s) (s)
FK’(T =as(uy —u;’) + 24, = oD (‘y—l)(”K — uK,)
K - u[(’
=a, ) — ul’) + 245"V - i),
A (s—1)
(s) _ (s) (s) (s=1) 2 (s) (s)
F,o=ac(u;, —ug)+24, = oD (s—l)(uL - uL,)
u; —u,
—a ) — ) + 225w - ).

(iii) when |F| > &, or |F,| > &, F1 F, < 0 for Case 2,
FO = a,uf) - i),

F(LSL = ag(u(LS) - u(,?)).
(iv) when |F| > &) or |F,| > &1, F1F, > 0,

() (s)
K —I/lL )’

Fily = as(u) — ).

F E;)U = a,(u

Here, s is the nonlinear iteration index.
Let A(U) be the matrix of this system, where U is the vector of discrete unknowns. The global
discrete nonlinear system reads as:

A(U)U = B. (2.32)
We choose a small value &,,, > 0 and initial vector U" in the Picard iteration, and repeat for s = 1,2, .. .,
1) solve A(U*HU* = B,
2) stop if [|A(U*)U* — B|| < €uon-

In this paper, we take &,,, = 107>,
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3. Analysis

In this section, we give the prior estimation and analysis of maximum principle. Let & be the set of
all cell-edges. Define the norms

Wllz = O vim(K)) 219l = (O (v = vi))' 2,
Keg oeb

Before giving the prior estimation, we need to give the assumption (H1) that the scheme (2.30) and
(2.31) satisfies the coercivity property. That is, the following inequality holds:

D Frolug —ug) = CilIVulP, (3.1)

oe&

where C| is a constant independent of A.

3.1. The prior estimation

For the nonlinear correction scheme in this paper, we can get the priori estimation.

Theorem 1. Under the assumption (H1), for any solution u of the scheme (2.30) and (2.31), there holds
IVull® < G5lIf11

12°

where Cj is a positive constant independent of /.

Proof. Multiply (2.30) by ug and sum up these products for all K to obtain

Z Z Fyoug = Z Jrugm(K).

KeJ oebk Keg

Noticing the conservation of the normal flux, we can get

Z Fro(ux —ur) = Z Sxugm(K).

oe& Keg

Using the assumption (H1), we can get the following inequality:

D Frolux —ur) = CilIVulP.

oe&

Hence, there is
1
IVul* < —(Ilflliz + IIMIIEZ).
Ci
Using the discrete Poincare inequality,

llull> < Cof[Vull

We can obtain the inequality as follows:

1 1
2 2 2 2
IVul|” < C—lllflle + C_1C2”VMH :

Then, it follows that
IVull® < C3lIf1E..

O
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3.2. The discrete maximum principle

From the structure of Fg, in Eqs (2.14), (2.22), (2.26) and (2.28), we figure out that the discrete
flux has the form:

NK,O'

Fgo, = Z AK,a',i(uK - MK,»),
i=1

where Nk, is the number of cell-center unknowns involved in the flux Fx,. We can easily know that
Ak i > 0. Then, the finite volume scheme (2.30) reads as:

Nk
D Axilux = ugg) = fim(K),
i=1

where Nk is the number of cell-center unknowns related to cell K, and Ag; > 0, which is the sum of
some Ak ;. So far, we conclude that our scheme satisfies the DMP.
Theorem 2. The finite volume scheme (2.30) and (2.31) preserves the discrete maximum principle. Let

Upin = min  ug and u,,,, = max ug, then u,,;, and u,,,, are only obtained on the boundary unless
KGP,',, Upout KGPM Upout

u is a constant in the whole domain. That is, u,,;, can be only obtained on the boundary of domain
unless u 1s a constant for f > 0, and u,,,, can be only obtained on the boundary of domain unless u is
a constant for f < 0.

The proof of this theorem is similar to some existing papers, so we do not prove it any more.

4. Numerical experiment

As usual, we use discrete L,—norms to evaluate approximate errors. The L,—norm for the solution

1
u is taken to be &5 = [Z ker(ux — u(K))*)m(K)| and the L,—norm for the flux F is taken to be sg =

1
2

ZKGT(FK,O' - 7:[(,0')2]

4.1. Test 1: The linear elliptic equation with continuous coefficients

Test the linear elliptic equation with continuous coefficient in unit square Q = (0, 1)*>. The diffusion

coefficient is
B :( cos  sind )( ki O )( cost) —sind )
—sind cosf 0 k sind  cosd |’

where ki = 1+ 2x +y%, ky = 1 + x> + 2)%, and 6 = 3£. The exact solution is taken as u(x,y) =
sin(mx)sin(ry).

We apply our scheme and the scheme in [13] to solve this problem on quadrilateral meshes shown
in Figure 2 and triangular meshes shown in Figure 3. Tables 1 and 2 exhibit the error and convergence
of these two schemes for test 1 on these two kinds of meshes, respectively. From these two tables,

it’s easy to find that the convergence rate of our new scheme for the solution is almost second-order
and the flux is more than first-order. Meanwhile, we discover that the error of the solution of our new
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method is similar to the scheme in [13] by this test example, but the accuracy of the flux remarkably
reduced for our new scheme compared to the scheme in [13].

1

0.9

0.8

0.7

0.6

> 05

0.4

0.3

0.2

0.1

0 0
0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1
X X

Figure 2. Random quadrilateral meshes. Figure 3. Random triangular meshes.

Table 1. Convergent results of our scheme and scheme in [13] for Test 1 on random quadri-
lateral meshes.

number of cells 144 576 2304 9216 36,864

& 3.71e-3 9.26e-4 2.03e-4 4.87e-5 1.25e-5
our scheme rate - 2.00 2.19 2.06 1.96

35 4.85e-1 2.22e-1 9.17e-2 3.56e-2 1.33e-2

rate - 1.13 1.28 1.37 1.42

& 3.80e-3 9.33e-4 3.13e-4 5.36e-5 1.37e-5
scheme in [13] rate - 2.03 1.58 2.54 1.97

sg 9.00e-1 4.79e-1 2.13e-1 9.56e-2 4.30e-2

rate - 091 1.17 1.16 1.15

4.2. Test 2: The linear elliptic equation with discontinuous coefficients

Consider the problem (2.1) and (2.2) with discontinuous coefficients in the unit square Q = (0, 1),
where

{4 )02,
Kxy) = { L oy e DxO),

and

Forny) = 20n% sinzxsin 27y, (x,y) € (0, 2] x (0, 1),
Y=\ 2022 sin d7xsin 21y, (x,y) € (3,1)x (0, 1).

The exact solution is

sinzxsin 27y,  (x,y) € (0, 2] x (0, 1),

u(x,y) = { sindnxsin2my, (x,y) € (%’ 1) x (0, 1).
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Figure 4. Random quadrilateral meshes
with a discontinuity at x = 2/3.

Figure 5. Random triangular meshes
with a discontinuity at x = 2/3.

Table 2. Convergent results of our scheme and scheme in [13] for Test 1 on random triangular

meshes.
number of cells 288 1152 4608 18,432 73,728
& 1.44e-2 39l1e-3 1.17e-3 3.04e-4 7.45e-5
our scheme rate - 1.88 1.74 1.94 2.03
812: 1.84e-1 7.53e-2 2.86e-2 1.08e-2 3.91e-3
rate - 1.29 1.40 1.41 1.47
£ 1.79e-2 5.87e-3 1.71e-3 4.18e-4 1.06e-4
scheme in [13] rate - 1.61 1.78 2.03 1.97
812: 3.78e-1 1.84e-1 7.63e-2 3.35e-2 1.49e-2
rate - 1.03 1.27 1.19 1.17

By using our scheme and the scheme in [13], we test the discontinuous problem on random quadri-
lateral and triangular meshes with a discontinuity given in Figures 4 and 5. The errors are exhibited in
Tables 3 and 4, respectively. We can easily know that our scheme gains nearly second-order accuracy
for the solution and more than first-order accuracy for the flux on both kinds of meshes.

From Table 3, we can see that the accuracy of the solution of our scheme reduces a little compared
to the scheme in [13], but the accuracy of the flux reduces a lot. From Table 4, the accuracy of the
solution and the flux of our new scheme are both remarkably higher than the scheme in [13]. Overall,
our new nonlinear scheme is relatively better suited for solving diffusion equations with anisotropic
and discontinuous coefficients on distorted meshes.

4.3. Test 3: The linear elliptic equation with linear solution

Consider the problem (2.1) and (2.2) with diffusion coefficients

(4 () e©,21x(0,1)
KENZ1L ay e D)% O, 1),
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Table 3. Convergent results of our scheme and scheme in [13] for Test 2 with discontinuous
coeflicient on random quadrilateral meshes.

number of cells 144 576 2304 9216 36,864

& 2.65e-2 7.72e-3 2.14e-3 6.04e-4 1.58e-4
our scheme rate - 1.78 1.85 1.83 1.94

& 3.56e-1 1.97e-1 8.25e-2 3.62e-2 1.63e-2

rate - 0.85 1.26 1.19 1.15

& 2.58e-2 7.42e-3 2.26e-3 6.95e-4 2.02e-4
scheme in [13] rate - 1.80 1.72 1.70 1.78

sg 8.03e-1 4.11e-1 1.78¢e-1 7.99e-2 3.62e-2

rate - 0.97 1.21 1.16 1.14

Table 4. Convergent results of our scheme and scheme in [13] for Test 2 with discontinuous
coeflicient on random triangular meshes.

number of cells 288 1152 4608 18,432 73,728

& 5.15e-2 1.82e-2 4.96e-3 1.31e-3 3.10e-4
our scheme rate - 1.50 1.88 1.92 2.08

81; 1.23 6.71e-1 2.67e-1 1.14e-1 4.79¢-2

rate - 0.87 1.33 1.23 1.25

& 7.10e-2 3.03e-2 9.40e-3 2.79e-3 7.10e-4
scheme in [13] rate - 1.23 1.69 1.75 1.97

sg 2.25 1.22 5.13e-1 2.32e-1 1.0le-1

rate - 0.88 1.25 1.14 1.20

Table 5. Accuracy for the problem with linear solution on random quadrilateral meshes.

number of cells 144 576 2304 9216
& 8.8380e-15 4.6259e-15 2.3390e-15 3.6564e-15
sg 5.0183e-13 3.1671e-13 5.5543e-13 4.6379e-13

Table 6. Accuracy for the problem with linear solution on random triangle meshes.

number of cells 288 1152 4608 18,432
& 1.6754e-14 2.1597e-14 2.6963e-15 5.1886e-15
812: 1.5465e-12 1.8797e-12 1.2812e-12 2.0331e-12

and source term f = (. Take the following linear solution:

L+x+y, (xy) €(0,3]x(0,1)
u(x,y) = 2
—l+4x+y, (xy) €, Dx(O,1).
We set the stopping criterion &,,, = 107!* for this example, and test it on random quadrilateral
meshes and random triangular meshes, respectively. Computational results are shown in Tables 5 and
6. Both tables demonstrate that our scheme can accurately recover the linear solution.
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Figure 6. Random quadrilateral meshes Figure 7. Random triangular meshes
with a hole and a discontinuity at x = with a hole and a discontinuity at x =
2/3 (number of cells is 72 X 72). 2/3 (number of cells is 72 X 72 X 2).
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Figure 8. The numerical solution of scheme in [25] on random quadrilateral meshes with a
hole and a discontinuity at x = 2/3 (u,,;, = —5.36e — 2, u,,,, = 2.0847, the overshoot and
undershoot are shown in white).

4.4. Test 4: The linear elliptic equation on the domain with a hole

Consider the problem (2.1) and (2.2) on the domain Q = (0, 1)*\[4/9, 5/9]%, whose boundary 6 is
composed of two disjoint parts I'; and Iy exhibited in Figures 6 and 7, where I'; is the interior boundary
and Iy is the exterior boundary. Set f = 0, g = 0on 'y, and g = 2 on I'y. Take the anisotropic diffusion

tensor « as follows:
cosd  sind ki O cosd —sind

—sing cosf 0 k sinf  cos6
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Figure 9. The numerical solution of scheme in [25] on random triangular meshes with a
hole and a discontinuity at x = 2/3 (u,,;, = —7.58e — 3, w0, = 2.1016, the overshoot and
undershoot are shown in white).
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Figure 10. The numerical solution of our new scheme on random quadrilateral meshes with
a hole and a discontinuity at x = 2/3 (u,;, = 0 and u,q, = 2).

100, (x,y) € (0,%]x(0,1)
10, (x,y)€(3,1)x(0,1)

We test this example on random quadrilateral meshes with a hole shown in Figure 6 and random
triangular meshes with a hole shown in Figure 7. The contour of the numerical solution of the scheme
in [25] on these two kinds of meshes are shown in Figures 8 and 9, respectively. The analysis of both
figures reveals that the numerical solution exhibits negative minima and surpasses the value of 2 at its
maxima. Consequently, the scheme in [25] violates the DMP.

,and 0 =

NN

where k; = 1, k, = {

The numerical solution of our new scheme on these two kinds of meshes are shown in Figures 10

Electronic Research Archive Volume 33, Issue 3, 1589-1609.
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and 11, respectively. Both figures show that the numerical solution maintains a minimum value of 0
and reaches a maximum value of 2. These results testify that our scheme satisfies the DMP.

1 u'
0.9 R
0.8 .
0.7 o
0.6 .
>05
0.4 X
0.3 X
0.2 X
0.1
0
0 0.2 04 0.6 0.8 1
"

2

0

Figure 11. The numerical solution of our new scheme on random triangular meshes with a

hole and a discontinuity at x = 2/3 (u,,;, = 0 and u,,, = 2).
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Figure 12. The numerical solution of scheme in [26] on random quadrilateral meshes with a
discontinuity at x = 2/3 (4nin = 0, Ua = 1.0120, the overshoot is shown in white).
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Figure 13. The numerical solution of scheme in [26] on random triangular meshes with a
discontinuity at x = 2/3 (4in = 0, Ue = 1.0063, the overshoot is shown in white).
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Figure 14. The numerical solution of our scheme on random quadrilateral meshes with a
discontinuity at x = 2/3 (4, = 0 and u,,, = 1).

4.5. Test 5: The linear elliptic equation with anisotropic solution

Consider the problem (2.1) and (2.2) with discontinuous and anisotropic diffusion tensor coefficients
as follows:

500.5 499.5
. (499.5 500.5)’ (x,) € (0,31x (0, 1)
)12 1/3

(1/3 1/2)’ (x,y) € 3, 1) x (0, D).
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Figure 15. The numerical solution of our scheme on random triangular meshes with a dis-
continuity at x = 2/3 (U, = 0 and w0, = 1).

The computational domain is Q = (0, 16) x (0, 16). We set f = 0, g(x,0) =0, g(16,y) =0,

] 05y, 0<y<?2,
g(O,y)—{L 2<y<16,

and
I, 0<x<14,

8. 16) = { 8—0.5x, 14<x<I6.

Though the solution of the problem is unknown, the maximum principle states that the solution of this
problem should stay between 0 and 1.

We first use the positivity-preserving scheme in [26] to test this example on the random quadrilateral
meshes with 48 x 48 cells and the random triangular meshes with 48 x 48 x 2 cells. The contour of
the numerical solution on random quadrilateral meshes is shown in Figure 12, and that on random
triangular meshes is shown in Figure 13. Both figures reveal that the peak value of the numerical
solution surpasses 1. The numerical findings indicate that the positivity-preserving scheme fails to
maintain the upper bound constraints of the solution.

We use our nonlinear scheme to test this example on the same two kinds of meshes. Results are
presented in Figures 14 and 15, respectively. From these two figures, we see that our new scheme
avoids undershoot and overshoot, which testify that our scheme satisfies the DMP.

5. Conclusions

An improved nonlinear finite volume scheme which preserves the DMP for the diffusion problem
with anisotropic and discontinuous coefficients is developed. This new scheme can solve diffusion
equations with the discontinuous coefficient on any arbitrary distorted meshes, overcoming the draw-
back of existing schemes that require the interpolation coeflicients of cell-edge unknowns to be non-
negative. We provide a prior estimation based on an assumption of the coercivity property. Numerical
results demonstrate that the accuracy of this new scheme surpasses that of the existing scheme. Fur-
thermore, numerical results testify that this new scheme satisfies the DMP. When solving the nonlinear

Electronic Research Archive Volume 33, Issue 3, 1589-1609.
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algebraic system, we find that the Picard iteration is unsatisfactory in terms of computational efficiency.
We hope to detect a useful iteration method that is adapted for this system in the future.
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