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Abstract: A nonlinear correction finite volume scheme preserving the discrete maximum principle
(DMP) was presented to solve diffusion equations with anisotropic and discontinuous coefficients. It is
well-known that existing cell-centered finite volume schemes for the diffusion problem with the gen-
eral discontinuous coefficient often impose severe restrictions on the mesh-cell geometry to maintain
the DMP. We proposed a nonlinear method for modifying the flux to obtain a new scheme which elimi-
nated the requirement for nonnegative interpolation coefficients at the midpoint of cell-edge unknowns
while still preserving the DMP. That is, our new scheme satisfied the DMP unconditionally and can be
applied to the diffusion problem with the discontinuous coefficient on arbitrary distorted meshes. We
then provided a priori estimation under a coercivity assumption and proved that the scheme satisfied the
DMP. Numerical results were presented to demonstrate that our scheme can handle diffusion equations
with anisotropic and discontinuous coefficients, satisfied the DMP, and, in some cases, outperformed
existing schemes which preserved the DMP in terms of accuracy.

Keywords: maximum principle; nonlinear correction; finite volume scheme; discontinuous
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1. Introduction

A discrete scheme that satisfies fundamental properties such as conservation, positivity, and the
discrete maximum principle (DMP) for the diffusion equations is of great significance. The finite
volume framework can ensure local conservation of mass, an essential physical property, and is a
commonly used method in constructing the discretization system (see [1–4]). There is a lot of research
on the monotonicity of scheme, as it guarantees the positivity of the approximate solution (see [5–
10]). However, a monotone scheme can only maintain the lower bound and cannot simultaneously
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keep the upper bound. A discrete system preserving the DMP can ensure that there are no spurious
oscillations in the numerical solutions and can preserve physical bounds. Therefore, researchers have
recently turned to constructing schemes that preserve the DMP (see [11–15]). A scheme having a
specific structure ensures the DMP is developed in [16], which provides some theoretical analysis
under the coercivity assumption. In [17], a nonlinear finite volume scheme preserving the DMP for the
anisotropic diffusion equations on distorted meshes is presented. They give a proof of the coercivity of
the scheme under some constraints on cell deformation and the diffusion coefficient.

It is challenging to design a precise and dependable scheme on distorted meshes for the diffusion
problem with anisotropic and discontinuous coefficients to satisfy the DMP. As is well-known, the ex-
isting cell-centered finite volume schemes for the diffusion problem with general discontinuous coeffi-
cients on general meshes cannot unconditionally satisfy the DMP. The validity of the DMP for continu-
ous piecewise linear finite element approximations for the Poisson equation with the Dirichlet boundary
condition is verified in [18]. A nonlinear stabilized Galerkin approximation of the Laplace operator,
which preserves the DMP on arbitrary meshes and in arbitrary space dimension without the help of
the well-known acute condition or generalizations thereof, was derived in [19]. A mesh condition
is developed for linear finite element approximation of the anisotropic diffusion–convection–reaction
problem to satisfy the DMP in [20]. A weak Galerkin discrete scheme preserving the DMP for the
boundary value problem of a general anisotropic diffusion problem is created in [21]. From all of the
above methods, we find that there are invariably certain restrictions on the geometry of mesh-cell or
the location of discontinuity in order to preserve the DMP. Desirably, our new scheme can satisfy the
DMP unconditionally.

For constructing a scheme satisfying monotone or the DMP, many researchers take a measure of
making a correction on flux. In [22], a nonlinear method to correct a general finite volume scheme for
the anisotropic diffusion problem, which preserves the DMP, was presented. A monotonicity correc-
tion was applied to second-order element finite volume methods, obtaining a second-order monotone
finite volume scheme for the anisotropic diffusion problem in [23]. In [24], a new nonlinear method is
constructed to preserve the DMP for the diffusion problem with the heterogeneous anisotropic coeffi-
cient. Following this idea, we propose a nonlinear correction for the finite volume method to obtain a
scheme that preserves the DMP, where the interpolation coefficients of the cell-edge unknowns are not
required to be nonnegative. This is an advantage of our scheme.

In this paper, we propose a new nonlinear correction finite volume scheme to preserve the DMP
for diffusion equations with anisotropic and discontinuous coefficients. First, two linear and non-
conservative fluxes are given on two sides of the cell-edge, respectively. Meanwhile, cell-edge un-
knowns(auxiliary unknowns) are introduced. When eliminating these cell-edge unknowns by using a
weighted combination of their neighboring cell-centered unknowns, we no longer require the weighted
coefficient to be nonnegative, but just require the approximation to have second-order accuracy. This
idea allows our scheme to adapt to solving the diffusion problem with discontinuous coefficient on
universal distorted meshes. Second, the conservative flux is constructed by using a nonlinear weighted
combination of these two one-sided edge linear fluxes. Due to the appearance of negative weighted
coefficients in the first step, the scheme does not preserve the DMP so far. Then, we come up with a
new nonlinear method to transform the conservative flux into a new one which possesses the structure
of preserving the DMP. This is one of the key ideas of our work.

The remainder of this article is organized as follows. In Section 2, the construction of the nonlinear
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finite volume scheme is described. In Section 3, a prior estimation and the proof preserving the DMP
of our scheme are proposed. In Section 4, some numerical results are presented to test the accuracy
and verify the DMP. Finally, some conclusions are given.

2. Construction of scheme

Consider the following stationary diffusion problem:

− ∇ · (κ∇u) = f in Ω, (2.1)
u(x) = g on ∂Ω, (2.2)

where the diffusion tensor κ is a positive-definite matrix, f ∈ L2(Ω), and g ∈ C(∂Ω) are given functions.
Let Ω be an open bounded polygonal domain in R2 with boundary ∂Ω.

2.1. The one-side edge flux

In this subsection, we present the expression of the one-side edge flux with both cell-center un-
knowns and cell-edge unknowns. Denote the cell by K or L, which also stand for the cell-center, and
σ = K|L is the common cell-edge of cell K and L. Then, integrate (2.1) over the cell K to get∑

σ∈EK

FK,σ =

∫
K

f (x)dx, (2.3)

where EK is the set of all cell-edges of K andFK,σ is the continuous flux on the edgeσwhose expression
is as follows:

FK,σ = −

∫
σ

∇u(x) · κ(x)T nKσdl. (2.4)

The unit outer normal vector on the edge σ of cell K(resp.L) is denoted by nKσ(resp.nLσ), and the unit
tangential vector on the line KMi(resp.LMi)(i = 1, 2) is denoted by tKMi(resp.tLMi). These notations are
shown in Figure 1.

K

M1

O1

O2

M3

LθK1tKM1

θK2

tLM3
θL2M2 M4

tKM2

tLM4

κTnLσ
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nKσ
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σ

Figure 1. Notations.
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Since KM1 and KM2 are two edges of triangle KM1M2, the two vectors tKM1 and tKM2 cannot be
collinear (see Figure 1). Then, there is

κT nKσ

|κT nKσ|
=

sinθK2

sinθK
tKM1 +

sinθK1

sinθK
tKM2 . (2.5)

Similarly, there is

κT nLσ

|κT nLσ|
=

sinθL2

sinθL
tLM3 +

sinθL1

sinθL
tLM4 . (2.6)

Substituting (2.5) and (2.6) into (2.4), respectively, we obtain

FK,σ = −

∫
σ

|κT nKσ|

( sinθK2

sinθK
∇u(x) · tKM1 +

sinθK1

sinθK
∇u(x) · tKM2

)
dl

= −|κT (K)nKσ||σ|
( sinθK2

sinθK

u(M1) − u(K)
|KM1|

+
sinθK1

sinθK

u(M2) − u(K)
|KM2|

)
+ O(h2),

FL,σ = −

∫
σ

|κT nLσ|

( sinθL2

sinθL
∇u(x) · tLM3 +

sinθL1

sinθL
∇u(x) · tLM4

)
dl

= −|κT (L)nLσ||σ|
( sinθL2

sinθL

u(M3) − u(L)
|LM3|

+
sinθL1

sinθL

u(M4) − u(L)
|LM4|

)
+ O(h2),

where h =
(

sup
K∈T

m(K)
) 1

2

and m(K) is the area of cell K. Let

F1 = −|κ
T (K)nKσ||σ|

( sinθK2

sinθK

uM1 − uK

|KM1|
+

sinθK1

sinθK

uM2 − uK

|KM2|

)
, (2.7)

F2 = −|κ
T (L)nLσ||σ|

( sinθL2

sinθL

uM3 − uL

|LM3|
+

sinθL1

sinθL

uM4 − uL

|LM4|

)
. (2.8)

The above two expressions (2.7) and (2.8) contain the cell-edge unknowns, which are auxiliary
unknowns in this scheme. Then, we will eliminate those cell-edge unknowns. According to experience,
those cell-edge unknowns can be locally approximated by some neighboring cell-center unknowns.
Therefore, the approximation expression of cell-edge unknowns uMi can be usually written as

uMi =

JMi ,n∑
j=1

ωMi, juKMi , j
, (2.9)

where uKMi , j
are some cell-center unknowns, ωMi, j are some corresponding coefficients and JMi,n is the

number of cell-center unknowns involved in the approximation of uMi . The method for selecting the
interpolation mainly depends on two aspects in this scheme. On the one hand, the approximation
order is required to be second order to preserve the accuracy of the scheme, which is relatively easier
to achieve. On the other hand, the interpolation coefficients are allowed to be negative to enable the
scheme to be applied to diffusion equations with anisotropic and discontinuous diffusion coefficients on
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any arbitrary distorted mesh. As is well-known, it is a challenge to realize this goal when constructing
a scheme preserving the DMP.

Rewrite the expression (2.7) to

F1 = F̄1 + aK(uK − uL), (2.10)

where F̄1 dose not include the term uL, and aK is a constant which is negative or nonnegative. Similarly,
the expression (2.8) can be rewritten to

F2 = F̄2 + aL(uL − uK), (2.11)

where F̄2 dose not include the term uK , and aL is a constant which is negative or nonnegative like aK .
Set aσ=min{|aK |, |aL|}, which is a nonnegative constant, and we can rewrite (2.10) and (2.11) to be

F1 = F̂1 + aσ(uK − uL), (2.12)

F2 = F̂2 + aσ(uL − uK). (2.13)

Therefore,the flux FK,σ and FL,σ can be rewritten as follows:

FK,σ = aσ(uK − uL) + F̂1 + O(h2),

FL,σ = aσ(uL − uK) + F̂2 + O(h2).

2.2. The definition of conservative flux

If |F̂1| ≤ ε1 and |F̂2| ≤ ε1, where ε1 is a sufficiently small positive constant, ε1 < Ch2, and the flux
FK,σ and FL,σ can be rewritten to be

FK,σ = aσ(uK − uL) + O(h2),

FL,σ = aσ(uL − uK) + O(h2).

Hence, the conservative flux can be easily obtained as follows:

FK,σ = aσ(uK − uL), (2.14)

FL,σ = aσ(uL − uK). (2.15)

If |F̂1| > ε1 or |F̂2| > ε1, the construction of the conservative flux becomes complicated. We will
make a discussion in this case. Let the discrete flux on edge σ to be

FK,σ = λ1F̂1 − λ2F̂2 + aσ(uK − uL), (2.16)

FL,σ = λ2F̂2 − λ1F̂1 + aσ(uL − uK), (2.17)
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where λ1 and λ2 are some positive coefficients satisfying λ1+λ2 = 1, which will be determined later. It
is obvious that there is FK,σ + FL,σ = 0, which means that the discrete flux on the cell edge σ is surely
conservative.

Furthermore, there is |F̂1| + |F̂2| , 0 under the circumstances. Then, we can take

λ1 =
|F̂2|

|F̂1| + |F̂2|
, λ2 =

|F̂1|

|F̂1| + |F̂2|
.

Hence, the positive coefficients λ1 and λ2 have been obtained.
If F̂1F̂2 < 0, that is, |F̂1|F̂2 = −|F̂2|F̂1, then, Eqs (2.16) and (2.17) can be rewritten as follows:

FK,σ =
|F̂2|

|F̂1| + |F̂2|
F̂1 −

|F̂1|

|F̂1| + |F̂2|
F̂2 + aσ(uK − uL)

=
2|F̂2|

|F̂1| + |F̂2|
F̂1 + aσ(uK − uL)

=2λ1F̂1 + aσ(uK − uL), (2.18)

FL,σ =
|F̂1|

|F̂1| + |F̂2|
F̂2 −

|F̂2|

|F̂1| + |F̂2|
F̂1 + aσ(uL − uK)

=
2|F̂1|

|F̂1| + |F̂2|
F̂2 + aσ(uL − uK)

=2λ2F̂2 + aσ(uL − uK). (2.19)

When eliminating those cell-edge unknowns, the appearance of negative coefficients in (2.9) can
potentially lead to negative coefficients in 2λ1F̂1 of (2.18). However, nonnegative coefficients are
crucial for constructing a scheme that satisfes the DMP. To solve this problem, we present a nonlinear
correction to the expression of the conservative flux. Let

uK1 = min
K̄∈JK

uK̄ ,

uK2 = max
K̄∈JK

uK̄ ,

where JK is the set of all cells which share any vertex with the cell K.
Case1: There exist two cell-centered unknowns uK′ and uL′ such that

F̂1(uK − uK′ ) > 0, (2.20)

F̂2(uL − uL′ ) > 0, (2.21)

where K
′

∈ JK and L
′

∈ JL. In reality, uK′ can be taken to be uK1 or uK2 , depending on the circum-
stances. Similarly, uL′ can be treated in the same way.

Therefore, we can rewrite the Eqs (2.18) and (2.19) to be as follows:

FK,σ = 2λ1η1(uK − uK′ ) + aσ(uK − uL), (2.22)
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FL,σ = 2λ2η2(uL − uL′ ) + aσ(uL − uK), (2.23)

where

η1 =
F̂1

uK − uK′
,

η2 =
F̂2

uL − uL′
.

According to (2.20), we can see that there is

2λ1η1 > 0.

Similarly, there is

2λ2η2 > 0.

Case2: There does not exist two cells K
′

and L
′

such that both Eqs (2.20) and (2.21) hold simulta-
neously. That is,

F̂1(uK − uK′ ) ≤ 0 (2.24)

for any K
′

∈ JK , or

F̂2(uL − uL′ ) ≤ 0 (2.25)

for any L
′

∈ JL.
Therefore, we give the following conservative flux,

FK,σ = aσ(uK − uL), (2.26)

FL,σ = aσ(uL − uK), (2.27)

If F̂1F̂2 ≥ 0, that is, |F̂1|F̂2 = |F̂2|F̂1,then, the Eqs (2.16) and (2.17) can be rewritten as follows:

FK,σ = aσ(uK − uL), (2.28)

FL,σ = aσ(uL − uK). (2.29)

When σ ∈ ∂Ω, we can give the following expression of flux:

FK,σ =
∑

i

aK,i(uK − uK,i) +
∑

j

aM, j(uK − uM, j),

where uK,i are cell-center unknowns associated with cell K and uM, j are cell-edge unknowns located on
the boundary ∂Ω related to cell K.

Electronic Research Archive Volume 33, Issue 3, 1589–1609.



1596

2.3. The finite volume scheme

The finite volume scheme is as follows:∑
σ∈EK

FK,σ = fKm(K), ∀K ∈ Pin, (2.30)

uK = gK , ∀K ∈ Pout, (2.31)

where Pin is the set of all cell centers which are in the domain Ω and Pout is the set of all midpoints of
boundary edge.

Obviously, the scheme results in a nonlinear system. We solve it by using the Picard iteration, and
we linearize the flux as follows:

(i) when |F̂1| ≤ ε1 and |F̂2| ≤ ε1,

F(s)
K,σ = aσ(u(s)

K − u(s)
L ),

F(s)
L,σ = aσ(u(s)

L − u(s)
K ).

(ii) when |F̂1| > ε1 or |F̂2| > ε1, F̂1F̂2 < 0 for Case 1,

F(s)
K,σ =aσ(u(s)

K − u(s)
L ) + 2λ(s−1)

1
F̂1

(s−1)

u(s−1)
K − u(s−1)

K′
(u(s)

K − u(s)
K′

)

=aσ(u(s)
K − u(s)

L ) + 2λ(s−1)
1 η(s−1)

1 (u(s)
K − u(s)

K′
),

F(s)
L,σ =aσ(u(s)

L − u(s)
K ) + 2λ(s−1)

2
F̂2

(s−1)

u(s−1)
L − u(s−1)

L′
(u(s)

L − u(s)
L′

)

=aσ(u(s)
L − u(s)

K ) + 2λ(s−1)
2 η(s−1)

2 (u(s)
L − u(s)

L′
).

(iii) when |F̂1| > ε1 or |F̂2| > ε1, F̂1F̂2 < 0 for Case 2,

F(s)
K,σ = aσ(u(s)

K − u(s)
L ),

F(s)
L,σ = aσ(u(s)

L − u(s)
K ).

(iv) when |F̂1| > ε1 or |F̂2| > ε1, F̂1F̂2 ≥ 0,

F(s)
K,σ = aσ(u(s)

K − u(s)
L ),

F(s)
L,σ = aσ(u(s)

L − u(s)
K ).

Here, s is the nonlinear iteration index.
Let A(U) be the matrix of this system, where U is the vector of discrete unknowns. The global

discrete nonlinear system reads as:

A(U)U = B. (2.32)

We choose a small value εnon > 0 and initial vector U0 in the Picard iteration, and repeat for s = 1, 2, . . .,

1) solve A(U s−1)U s = B,

2) stop if ∥A(U s)U s − B∥ ≤ εnon.

In this paper, we take εnon = 10−5.
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3. Analysis

In this section, we give the prior estimation and analysis of maximum principle. Let E be the set of
all cell-edges. Define the norms

||v||L2 = (
∑
K∈J

v2
Km(K))1/2, ||∇v|| = (

∑
σ∈E

(vK − vL)2)1/2.

Before giving the prior estimation, we need to give the assumption (H1) that the scheme (2.30) and
(2.31) satisfies the coercivity property. That is, the following inequality holds:∑

σ∈E

FK,σ(uK − uL) ≥ C1||∇u||2, (3.1)

where C1 is a constant independent of h.

3.1. The prior estimation

For the nonlinear correction scheme in this paper, we can get the priori estimation.
Theorem 1.Under the assumption (H1), for any solution u of the scheme (2.30) and (2.31), there holds

||∇u||2 ≤ C3|| f ||2L2 ,

where C3 is a positive constant independent of h.

Proof. Multiply (2.30) by uK and sum up these products for all K to obtain∑
K∈J

∑
σ∈EK

FK,σuK =
∑
K∈J

fKuKm(K).

Noticing the conservation of the normal flux, we can get∑
σ∈E

FK,σ(uK − uL) =
∑
K∈J

fKuKm(K).

Using the assumption (H1), we can get the following inequality:∑
σ∈E

FK,σ(uK − uL) ≥ C1||∇u||2.

Hence, there is

||∇u||2 ≤
1

C1

(
|| f ||2L2 + ||u||2L2

)
.

Using the discrete Poincare inequality,

||u||L2 ≤ C2||∇u||

We can obtain the inequality as follows:

||∇u||2 ≤
1

C1
|| f ||2L2 +

1
C1

C2
2 ||∇u||2.

Then, it follows that

||∇u||2 ≤ C3|| f ||2L2 .

□
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3.2. The discrete maximum principle

From the structure of FK,σ in Eqs (2.14), (2.22), (2.26) and (2.28), we figure out that the discrete
flux has the form:

FK,σ =

NK,σ∑
i=1

AK,σ,i(uK − uKi),

where NK,σ is the number of cell-center unknowns involved in the flux FK,σ. We can easily know that
AK,σ,i ≥ 0. Then, the finite volume scheme (2.30) reads as:

NK∑
i=1

AK,i(uK − uKi) = fKm(K),

where NK is the number of cell-center unknowns related to cell K, and AK,i ≥ 0, which is the sum of
some AK,σ,i. So far, we conclude that our scheme satisfies the DMP.
Theorem 2. The finite volume scheme (2.30) and (2.31) preserves the discrete maximum principle. Let
umin = min

K∈Pin∪Pout
uK and umax = max

K∈Pin∪Pout
uK , then umin and umax are only obtained on the boundary unless

u is a constant in the whole domain. That is, umin can be only obtained on the boundary of domain
unless u is a constant for f ≥ 0, and umax can be only obtained on the boundary of domain unless u is
a constant for f ≤ 0.

The proof of this theorem is similar to some existing papers, so we do not prove it any more.

4. Numerical experiment

As usual, we use discrete L2−norms to evaluate approximate errors. The L2−norm for the solution

u is taken to be εu
2 =

[∑
K∈T (uK − u(K))2m(K)

] 1
2

and the L2−norm for the flux F is taken to be εF
2 =[∑

K∈T (FK,σ − FK,σ)2
] 1

2

.

4.1. Test 1: The linear elliptic equation with continuous coefficients

Test the linear elliptic equation with continuous coefficient in unit square Ω = (0, 1)2. The diffusion
coefficient is

κ =

(
cosθ sinθ
−sinθ cosθ

) (
k1 0
0 k2

) (
cosθ −sinθ
sinθ cosθ

)
,

where k1 = 1 + 2x2 + y2, k2 = 1 + x2 + 2y2, and θ = 5π
12 . The exact solution is taken as u(x, y) =

sin(πx)sin(πy).
We apply our scheme and the scheme in [13] to solve this problem on quadrilateral meshes shown

in Figure 2 and triangular meshes shown in Figure 3. Tables 1 and 2 exhibit the error and convergence
of these two schemes for test 1 on these two kinds of meshes, respectively. From these two tables,
it’s easy to find that the convergence rate of our new scheme for the solution is almost second-order
and the flux is more than first-order. Meanwhile, we discover that the error of the solution of our new
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method is similar to the scheme in [13] by this test example, but the accuracy of the flux remarkably
reduced for our new scheme compared to the scheme in [13].

Figure 2. Random quadrilateral meshes. Figure 3. Random triangular meshes.

Table 1. Convergent results of our scheme and scheme in [13] for Test 1 on random quadri-
lateral meshes.

number of cells 144 576 2304 9216 36,864
εu

2 3.71e-3 9.26e-4 2.03e-4 4.87e-5 1.25e-5
our scheme rate - 2.00 2.19 2.06 1.96

εF
2 4.85e-1 2.22e-1 9.17e-2 3.56e-2 1.33e-2

rate - 1.13 1.28 1.37 1.42
εu

2 3.80e-3 9.33e-4 3.13e-4 5.36e-5 1.37e-5
scheme in [13] rate - 2.03 1.58 2.54 1.97

εF
2 9.00e-1 4.79e-1 2.13e-1 9.56e-2 4.30e-2

rate - 0.91 1.17 1.16 1.15

4.2. Test 2: The linear elliptic equation with discontinuous coefficients

Consider the problem (2.1) and (2.2) with discontinuous coefficients in the unit square Ω = (0, 1)2,
where

κ(x, y) =
{

4, (x, y) ∈ (0, 2
3 ] × (0, 1),

1, (x, y) ∈ ( 2
3 , 1) × (0, 1),

and

f (x, y) =
{

20π2 sin πx sin 2πy, (x, y) ∈ (0, 2
3 ] × (0, 1),

20π2 sin 4πx sin 2πy, (x, y) ∈ (2
3 , 1) × (0, 1).

The exact solution is

u(x, y) =
{

sin πx sin 2πy, (x, y) ∈ (0, 2
3 ] × (0, 1),

sin 4πx sin 2πy, (x, y) ∈ (2
3 , 1) × (0, 1).
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Figure 4. Random quadrilateral meshes
with a discontinuity at x = 2/3.
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Figure 5. Random triangular meshes
with a discontinuity at x = 2/3.

Table 2. Convergent results of our scheme and scheme in [13] for Test 1 on random triangular
meshes.

number of cells 288 1152 4608 18,432 73,728
εu

2 1.44e-2 3.91e-3 1.17e-3 3.04e-4 7.45e-5
our scheme rate - 1.88 1.74 1.94 2.03

εF
2 1.84e-1 7.53e-2 2.86e-2 1.08e-2 3.91e-3

rate - 1.29 1.40 1.41 1.47
εu

2 1.79e-2 5.87e-3 1.71e-3 4.18e-4 1.06e-4
scheme in [13] rate - 1.61 1.78 2.03 1.97

εF
2 3.78e-1 1.84e-1 7.63e-2 3.35e-2 1.49e-2

rate - 1.03 1.27 1.19 1.17

By using our scheme and the scheme in [13], we test the discontinuous problem on random quadri-
lateral and triangular meshes with a discontinuity given in Figures 4 and 5. The errors are exhibited in
Tables 3 and 4, respectively. We can easily know that our scheme gains nearly second-order accuracy
for the solution and more than first-order accuracy for the flux on both kinds of meshes.

From Table 3, we can see that the accuracy of the solution of our scheme reduces a little compared
to the scheme in [13], but the accuracy of the flux reduces a lot. From Table 4, the accuracy of the
solution and the flux of our new scheme are both remarkably higher than the scheme in [13]. Overall,
our new nonlinear scheme is relatively better suited for solving diffusion equations with anisotropic
and discontinuous coefficients on distorted meshes.

4.3. Test 3: The linear elliptic equation with linear solution

Consider the problem (2.1) and (2.2) with diffusion coefficients

κ(x, y) =
{

4, (x, y) ∈ (0, 2
3 ] × (0, 1)

1, (x, y) ∈ ( 2
3 , 1) × (0, 1),

Electronic Research Archive Volume 33, Issue 3, 1589–1609.



1601

Table 3. Convergent results of our scheme and scheme in [13] for Test 2 with discontinuous
coefficient on random quadrilateral meshes.

number of cells 144 576 2304 9216 36,864
εu

2 2.65e-2 7.72e-3 2.14e-3 6.04e-4 1.58e-4
our scheme rate - 1.78 1.85 1.83 1.94

εF
2 3.56e-1 1.97e-1 8.25e-2 3.62e-2 1.63e-2

rate - 0.85 1.26 1.19 1.15
εu

2 2.58e-2 7.42e-3 2.26e-3 6.95e-4 2.02e-4
scheme in [13] rate - 1.80 1.72 1.70 1.78

εF
2 8.03e-1 4.11e-1 1.78e-1 7.99e-2 3.62e-2

rate - 0.97 1.21 1.16 1.14

Table 4. Convergent results of our scheme and scheme in [13] for Test 2 with discontinuous
coefficient on random triangular meshes.

number of cells 288 1152 4608 18,432 73,728
εu

2 5.15e-2 1.82e-2 4.96e-3 1.31e-3 3.10e-4
our scheme rate - 1.50 1.88 1.92 2.08

εF
2 1.23 6.71e-1 2.67e-1 1.14e-1 4.79e-2

rate - 0.87 1.33 1.23 1.25
εu

2 7.10e-2 3.03e-2 9.40e-3 2.79e-3 7.10e-4
scheme in [13] rate - 1.23 1.69 1.75 1.97

εF
2 2.25 1.22 5.13e-1 2.32e-1 1.01e-1

rate - 0.88 1.25 1.14 1.20

Table 5. Accuracy for the problem with linear solution on random quadrilateral meshes.

number of cells 144 576 2304 9216
εu

2 8.8380e-15 4.6259e-15 2.3390e-15 3.6564e-15
εF

2 5.0183e-13 3.1671e-13 5.5543e-13 4.6379e-13

Table 6. Accuracy for the problem with linear solution on random triangle meshes.

number of cells 288 1152 4608 18,432
εu

2 1.6754e-14 2.1597e-14 2.6963e-15 5.1886e-15
εF

2 1.5465e-12 1.8797e-12 1.2812e-12 2.0331e-12

and source term f = 0. Take the following linear solution:

u(x, y) =
{

1 + x + y, (x, y) ∈ (0, 2
3 ] × (0, 1)

−1 + 4x + y, (x, y) ∈ (2
3 , 1) × (0, 1).

We set the stopping criterion εnon = 10−14 for this example, and test it on random quadrilateral
meshes and random triangular meshes, respectively. Computational results are shown in Tables 5 and
6. Both tables demonstrate that our scheme can accurately recover the linear solution.
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Figure 6. Random quadrilateral meshes
with a hole and a discontinuity at x =
2/3 (number of cells is 72 × 72).

Figure 7. Random triangular meshes
with a hole and a discontinuity at x =
2/3 (number of cells is 72 × 72 × 2).

Figure 8. The numerical solution of scheme in [25] on random quadrilateral meshes with a
hole and a discontinuity at x = 2/3 (umin = −5.36e − 2, umax = 2.0847, the overshoot and
undershoot are shown in white).

4.4. Test 4: The linear elliptic equation on the domain with a hole

Consider the problem (2.1) and (2.2) on the domain Ω = (0, 1)2\[4/9, 5/9]2, whose boundary ∂Ω is
composed of two disjoint parts Γ1 and Γ0 exhibited in Figures 6 and 7, where Γ1 is the interior boundary
and Γ0 is the exterior boundary. Set f = 0, g = 0 on Γ0, and g = 2 on Γ1. Take the anisotropic diffusion
tensor κ as follows:

κ =

(
cosθ sinθ
−sinθ cosθ

) (
k1 0
0 k2

) (
cosθ −sinθ
sinθ cosθ

)
,
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Figure 9. The numerical solution of scheme in [25] on random triangular meshes with a
hole and a discontinuity at x = 2/3 (umin = −7.58e − 3, umax = 2.1016, the overshoot and
undershoot are shown in white).

Figure 10. The numerical solution of our new scheme on random quadrilateral meshes with
a hole and a discontinuity at x = 2/3 (umin = 0 and umax = 2).

where k1 = 1, k2 =

{
100, (x, y) ∈ (0, 2

3 ] × (0, 1)
10, (x, y) ∈ ( 2

3 , 1) × (0, 1)
, and θ = π6 .

We test this example on random quadrilateral meshes with a hole shown in Figure 6 and random
triangular meshes with a hole shown in Figure 7. The contour of the numerical solution of the scheme
in [25] on these two kinds of meshes are shown in Figures 8 and 9, respectively. The analysis of both
figures reveals that the numerical solution exhibits negative minima and surpasses the value of 2 at its
maxima. Consequently, the scheme in [25] violates the DMP.

The numerical solution of our new scheme on these two kinds of meshes are shown in Figures 10
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and 11, respectively. Both figures show that the numerical solution maintains a minimum value of 0
and reaches a maximum value of 2. These results testify that our scheme satisfies the DMP.

Figure 11. The numerical solution of our new scheme on random triangular meshes with a
hole and a discontinuity at x = 2/3 (umin = 0 and umax = 2).

Figure 12. The numerical solution of scheme in [26] on random quadrilateral meshes with a
discontinuity at x = 2/3 (umin = 0, umax = 1.0120, the overshoot is shown in white).
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Figure 13. The numerical solution of scheme in [26] on random triangular meshes with a
discontinuity at x = 2/3 (umin = 0, umax = 1.0063, the overshoot is shown in white).

Figure 14. The numerical solution of our scheme on random quadrilateral meshes with a
discontinuity at x = 2/3 (umin = 0 and umax = 1).

4.5. Test 5: The linear elliptic equation with anisotropic solution

Consider the problem (2.1) and (2.2) with discontinuous and anisotropic diffusion tensor coefficients
as follows:

κ =


(

500.5 499.5
499.5 500.5

)
, (x, y) ∈ (0, 2

3 ] × (0, 1)(
1/2 1/3
1/3 1/2

)
, (x, y) ∈ ( 2

3 , 1) × (0, 1).
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Figure 15. The numerical solution of our scheme on random triangular meshes with a dis-
continuity at x = 2/3 (umin = 0 and umax = 1).

The computational domain is Ω = (0, 16) × (0, 16). We set f = 0, g(x, 0) = 0, g(16, y) = 0,

g(0, y) =
{

0.5y, 0 ≤ y < 2,
1, 2 ≤ y ≤ 16,

and

g(x, 16) =
{

1, 0 ≤ x ≤ 14,
8 − 0.5x, 14 < x ≤ 16.

Though the solution of the problem is unknown, the maximum principle states that the solution of this
problem should stay between 0 and 1.

We first use the positivity-preserving scheme in [26] to test this example on the random quadrilateral
meshes with 48 × 48 cells and the random triangular meshes with 48 × 48 × 2 cells. The contour of
the numerical solution on random quadrilateral meshes is shown in Figure 12, and that on random
triangular meshes is shown in Figure 13. Both figures reveal that the peak value of the numerical
solution surpasses 1. The numerical findings indicate that the positivity-preserving scheme fails to
maintain the upper bound constraints of the solution.

We use our nonlinear scheme to test this example on the same two kinds of meshes. Results are
presented in Figures 14 and 15, respectively. From these two figures, we see that our new scheme
avoids undershoot and overshoot, which testify that our scheme satisfies the DMP.

5. Conclusions

An improved nonlinear finite volume scheme which preserves the DMP for the diffusion problem
with anisotropic and discontinuous coefficients is developed. This new scheme can solve diffusion
equations with the discontinuous coefficient on any arbitrary distorted meshes, overcoming the draw-
back of existing schemes that require the interpolation coefficients of cell-edge unknowns to be non-
negative. We provide a prior estimation based on an assumption of the coercivity property. Numerical
results demonstrate that the accuracy of this new scheme surpasses that of the existing scheme. Fur-
thermore, numerical results testify that this new scheme satisfies the DMP. When solving the nonlinear
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algebraic system, we find that the Picard iteration is unsatisfactory in terms of computational efficiency.
We hope to detect a useful iteration method that is adapted for this system in the future.
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