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Abstract: The purpose of this paper is to study nonabelian embedding tensors on 3-Lie algebras,
and to explore the fundamental algebraic structures, cohomology and deformations associated with
them. First, we introduce the concept of nonabelian embedding tensors on 3-Lie algebras. Then, we
present the concept of a 3-Leibniz-Lie algebra, which constitutes the fundamental algebraic framework
for a nonabelian embedding tensor on a 3-Lie algebra. Additionally, we examine the 3-Leibniz-
Lie algebras that are derived from Leibniz-Lie algebras. Finally, we develop the cohomology of
nonabelian embedding tensors on 3-Lie algebras and utilize the first cohomology group to characterize
infinitesimal deformations.
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1. Introduction

The concept of embedded tensors initially emerged in the research on gauged supergravity
theory [1]. Using embedding tensors, the N' = 8 supersymmetric gauge theories as well as the
Bagger-Lambert theory of multiple M2-branes were investigated in [2]. See [3—5] and the references
therein for a great deal of literature on embedding tensors and related tensor hierarchies. In [6], the
authors first observed the mathematical essence behind the embedding tensor and proved that the
embedding tensor naturally produced Leibniz algebra. In the application of physics, they observed
that in the construction of the corresponding gauge theory, they focused more on Leibniz algebra than
on embedding tensor.

In [7], Sheng et al. considered cohomology, deformations, and homotopy theory for embedding
tensors and Lie-Leibniz triples. Later on, the deformation and cohomology theory of embedding
tensors on 3-Lie algebras were extensively elaborated in [8]. Tang and Sheng [9] first proposed the
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concept of a nonabelian embedding tensor on Lie algebras, which is a nonabelian generalization of
the embedding tensors, and gave the algebraic structures behind the nonabelian embedding tensors as
Leibniz-Lie algebras. This generalization for embedding tensors on associative algebras has been
previously explored in [10, 11], where they are referred to as average operators with any nonzero
weights. Moreover, the nonabelian embedding tensor on Lie algebras has been extended to the Hom
setting in [12].

On the other hand, Filippov [13] first introduced the concepts of 3-Lie algebras and, more generally,
n-Lie algebras (also called Filippov algebras). Over recent years, the study and application of 3-Lie
algebras have expanded significantly across the realms of mathematics and physics, including string
theory, Nambu mechanics [14], and M2-branes [15, 16]. Further research on 3-Lie algebras could be
found in [17-19] and references cited therein.

Drawing inspiration from Tang and Sheng’s [9] terminology of nonabelian embedding tensors and
recognizing the significance of 3-Lie algebras, cohomology, and deformation theories, this paper
primarily investigates the nonabelian embedding tensors on 3-Lie algebras, along with their
fundamental algebraic structures, cohomology, and deformations.

This paper is organized as follows: Section 2 first recalls some basic notions of 3-Lie algebras and 3-
Leibniz algebras. Then we introduce the coherent action of a 3-Lie algebra on another 3-Lie algebra
and the notion of nonabelian embedding tensors on 3-Lie algebras with respect to a coherent action.
In Section 3, the concept of 3-Leibniz-Lie algebra is presented as the fundamental algebraic structure
for a nonabelian embedding tensor on the 3-Lie algebra. Naturally, a 3-Leibniz-Lie algebra induces
a 3-Leibniz algebra. Subsequently, we study 3-Leibniz-Lie algebras induced by Leibniz-Lie algebras.
In Section 4, the cohomology theory of nonabelian embedding tensors on 3-Lie algebras is introduced.
As an application, we characterize the infinitesimal deformation using the first cohomology group.

All vector spaces and algebras considered in this paper are on the field K with the characteristic of 0.

2. Nonabelian embedding tensors on 3-Lie algebras

This section recalls some basic notions of 3-Lie algebras and 3-Leibniz algebras. After that, we
introduce the coherent action of a 3-Lie algebra on another 3-Lie algebra, and we introduce the
concept of nonabelian embedding tensors on 3-Lie algebras by its coherent action as a nonabelian
generalization of embedding tensors on 3-Lie algebras [8].

Definition 2.1. (see [13]) A 3-Lie algebra is a pair (L,[—, —, —],) consisting of a vector space L and a
skew-symmetric ternary operation [—, —, =1, : A°L — L such that
(s b, [, s, Is1e ] = (s by B, Ly Is1e + (B, [, Doy L), Is) + (s, Las [, Doy Bs] L) (2.1)

foralll;e L, 1 <i<5.

A homomorphism between two 3-Lie algebras (L;, [—, —, —].,) and (L,, [-, —, —].,) 1s a linear map
f Ly — Ly that satisfies f([1, », l31z,) = [f(11), f(l), f(I3)]5,, for all [1, 5,13 € L;.

Definition 2.2. /) (see [20]) A representation of a 3-Lie algebra (L,[—,—, —].) on a vector space H is
a skew-symmetric linear map p : N*L — End(H), such that

Py, b, 311, 1a) = p(ly, I3)p(l, 1) + p(l3, 1Dp(l, 1) + p(l, B)p(s, 1), (2.2)
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o1, L)p(l3, 1) = p(ls, I)p(l, L) + p([L, b, 3], L) + p(s, [ B, L] ), (2.3)

forallly,l,,15,1y € L. We also denote a representation of L on H by (H; p).
2) A coherent action of a 3-Lie algebra (L,[—,—,—].) on another 3-Lie algebra (H,[—,—,—]y) is

defined by a skew-symmetric linear map p : A*L — Der(H) that satisfies Eqs (2.2) and (2.3), along
with the condition that

[o(l, )hy, ha, hsll =0, (2.4)
forallly,l, € Land hy, hy, hs € H. We denote a coherent action of L on H by (H,[—, —, —1u;p").
Note that Eq (2.4) and p(/, [,) € Der(H) imply that
o1, D)y, ha, by =0. (2.5)
Example 2.3. Let (H,[—, —, ) be a 3-Lie algebra. Define ad : N*H — Der(H) by
ad(hy, hy)h := [hy, hy, hly, forall hy,hy,h € H.

Then (H;ad) is a representation of (H,[—,—,—]y), which is called the adjoint representation.
Furthermore, if the ad satisfies

lad(hy, ho)hy, by, By = 0, for all by, b, 1y € H,
then (H,[—, —, —1g;ad") is a coherent adjoint action of (H, [—, —, —g).

Definition 2.4. (see [21]) A 3-Leibniz algebra is a vector space L together with a ternary operation
[— ==l L®L®L — L suchthat

(1, b, [, s s el e = (s by BBl ey sy sl e + s, [, by Ll gy Bs e + s, L [ Dy UsD el s
foralll;e L,1 <i<5.

Proposition 2.5. Let (L,[—,—,—].) and (H,[—, —, —]y) be two 3-Lie algebras, and let p be a coherent
action of L on H. Then, L ® H is a 3-Leibniz algebra under the following map:

(L1 + hi, L+ by, Iz + B3], o= [11, b, Bl + p(l, b)hs + [ha, ho, hslw,

forallly, 15 € Land hy, hy, hy € H. This 3-Leibniz algebra (L&H, [—, —, —1,) is called the nonabelian
hemisemidirect product 3-Leibniz algebra, which is denoted by L =, H.

Proof. For any 1y, 15, 15,14,1s € L and hy, hy, h3, hy, hs € H, by Eqgs (2.1)—(2.5), we have

[ly + hi, b + o, [ + by, Iy + ha, Is + hslpl, — [[L + by, b + o, I3 + hslp, ls + ha, Is + his],

= [z +hs, [l +hy, b + hoy Ly + hylp, s + hsl, — I3 + ha, Iy + by, [} + By, b + o, Is + hs],],
=[l1, b, [, 1, 5] ) + p(ly, )p(ls, L)hs + p(ly, L)[hs, ha, hsla + [, ho, p(B, L)hs]E

+ [, ho, [hs, ha, hslale — [, by B, s, s — o[, b, B, L)hs = [p(l, B)hs, ha, hsla

= [, has h3la, ha, hslyg — [, (11, b, L] ps s — p(ls, [, b, La)hs — [hs, oL, )ha, Bs]g
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= [h3, [h1, by halw, hsa — (13, 1s, [, b,y 1) — p(ls, L)p(l, B)hs — p(ls, L) Ry, ho, hs ]y
— [h3, ha, p(Ly, L)hs]g — [h3, ha, [hy, B, Bs el
=[h1, ha, p(I3, Li)hs g — p(l3, 1)1, ho, hs]y

=0.
Thus, (L® H,[-,—,—],) is a 3-Leibniz algebra. O
Definition 2.6. /) A nonabelian embedding tensor on a 3-algebra (L,[—,—,—];) with respect to a
coherent action (H, [—, —, —g; p") is a linear map A : H — L that satisfies the following equation:

[Ahy, Ahy, Ahs]p =A(p(Ahy, Aho)hs + [hy, ha, h3lw), (2.6)

fOl" all hl,hg,h3 € H.

2) A nonabelian embedding tensor 3-Lie algebra is a triple (H,L,A) consisting of a 3-Lie
algebra (L,[—,—,—11), a coherent action (H,[—,—, —1u;p") of L and a nonabelian embedding tensor
A : H — L. We denote a nonabelian embedding tensor 3-Lie algebra (H, L, A) by the notation

HS L R
3) Let H — L and H —> L be two nonabelian embedding tensor 3-Lie algebras. Then, a

A A
homomorphism from H —5 Lto H—> L consists of two 3-Lie algebras homomorphisms f; : L — L
and fy : H — H, which satisfy the following equations:

Ao fy=fr oA, 2.7)
Su(o(y, k) =p(fr(lh), fL(L)) fu(h), (2.8)

for all I, € L and h € H. Furthermore, if f; and fy are nondegenerate, (fi, fy) is called an

. . Ay Ay
isomorphism from H — Lto H — L.

Remark 2.7. If (H,[—, —, —]y) is an abelian 3-Lie algebra, then we can get that A is an embedding
tensor on 3-Lie algebra (see [8]). In addition, If p = 0, then A is a 3-Lie algebra homomorphism from
H o L.

Example 2.8. Let H be a 4-dimensional linear space spanned by a, @y, az and ay. We define a skew-
symmetric ternary operation [—, —, =y : N°H — H by

[y, a2, 3]y = aa.

Then (H,[—,—,—1n) is a 3-Lie algebra. It is obvious that (H,[—,—, —y;ad") is a coherent adjoint
action of (H, [—, —, —1y). Moreover,
1 0 00
01 00
A= 00 0O
0 0 0O
is a nonabelian embedding tensor on (H,[—, —, —]n).

Next, we use graphs to describe nonabelian embedding tensors on 3-Lie algebras.
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Theorem 2.9. A linear map A : H — L is a nonabelian embedding tensor on a 3-Lie
algebra (L,[—, —, —1.) with respect to the coherent action (H,[—,—, —1g;p") if and only if the graph
Gr(A) = {Ah + h | h € H} forms a subalgebra of the nonabelian hemisemidirect product 3-Leibniz
algebra L=, H.

Proof. Let A : H — L be a linear map. Then, for any Ay, hy, h; € H, we have
[Ahy + hy, Ahy + ho, Ahs + h3l, = [Ahy, Ao, Ahs] + p(Ahy, Ahp)hs + [hy, ho, B3]y,

Thus, the graph Gr(A) = {Ah + h | h € H} is a subalgebra of the nonabelian hemisemidirect
product 3-Leibniz algebra L <, H if and only if A satisfies Eq (2.6), which implies that A is a
nonabelian embedding tensor on L with respect to the coherent action (H, [—, —, —]g;p"). O

Because H and Gr(A) are isomorphic as linear spaces, there is an induced 3-Leibniz algebra
structure on H.

Corollary 2.10. Let H N be a nonabelian embedding tensor 3-Lie algebra. If a linear map
[, —, —Ia : A’H — H is given by

(A1, ho, h3]a = p(Ahy, Ahy)hs + [y, ho, B3]y, (2.9)
for all hy,hy,hs € H, then (H,[—,—,—]A) is a 3-Leibniz algebra. Moreover, A is a homomorphism
from the 3-Leibniz algebra (H,[—,—,—]A) to the 3-Lie algebra (L,|—,—,—]1;). This 3-Leibniz
algebra (H,[—, —, —]a) is called the descendent 3-Leibniz algebra.

Proposition 2.11. Let (f;, fu) be a homomorphism from H SN to H LR L. Then fy is a
homomorphism of descendent 3-Leibniz algebra from (H,[—, —, =]a,) to (H,[—, —, =]a,)

Proof. For any hy, hy, hs € H, by Eqgs (2.7)—-(2.9), we have
Su([h1, ha, h3la,) =fu(o(Aihy, Avho)hs + [hy, ho, hslg)
=p(fL(A1hy), fL(Mh) fu(hs) + fu(lh1, ho, h3]H)

=p(Ao f1.(h1), Ao fr.(h) fu(h3) + [ fu(hy), fa(ha), fa(h3)]u
=[fu(h1), fa(h), fa(h3)]a,.

The proof is finished. O
3. 3-Leibniz-Lie algebras

In this section, we present the concept of the 3-Leibniz-Lie algebra, which serves as the fundamental
algebraic framework for the nonabelian embedding tensor 3-Lie algebra. Then we study 3-Leibniz-Lie
algebras induced by Leibniz-Lie algebras.

Definition 3.1. A 3-Leibniz-Lie algebra (H,[—,—,—y,{—, —,—}u) encompasses a 3-Lie
algebra (H,[—,—,—1y) and a ternary operation {—,—,—\y : ANH — H, which satisfies the
following equations:

{h1, hy, haty = = {ha, hy, h3}p, 3.1)
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{hl s h27 {h37 h47 hS}H}H :{{hl > h27 h3}H’ h4’ hS}H + {h3’ {h] s h2’ h4}H$ hS}H+
{h3, ha, {1, ho, hstuty + ([, ho, hala, ha, hsYa + {hs, [ha, ho, haly, hsba,  (3.2)
{hla hZ’ [h37 h4’ hS]H}H :[{hla h2a h3 }Ha h49 h5]H = Oa (33)

forall hy, hy, hs, ha,hs € H.

A homomorphism between two 3-Leibniz-Lie algebras (Hi,[—,—, —lu,,{— — —}n,)
and (Ha, [= = =l == =}m,) is a 3-Lie algebra homomorphism

f : (Hb [_9 ) _]Hl) - (HZ’ [_’ ) _]Hz) SuCh that f({hh hZ’ h3}H1) = {f(hl)’ f(hZ)’ f(h?))}Hz’ for all
h],hz,h3 € H,.

Remark 3.2. A 3-Lie algebra (H,[—, —, —|y) naturally constitutes a 3-Leibniz-Lie algebra provided
that the underlying ternary operation {hy, hy, h3}y = 0, for all hy, h,, h; € H.

Example 3.3. Let (H,[—, —, —]n) be a 4-dimensional 3-Lie algebra given in Example 2.8. We define a
nonzero operation {—,—, =}y : N°H — H by

{1, @2, a3ty = —{ap, @1, a3l = as.
Then (H,[—, —, —ug,{—,—, —}n) is a 3-Leibniz-Lie algebra.
The subsequent theorem demonstrates that a 3-Leibniz-Lie algebra inherently gives rise to a 3-

Leibniz algebra.

Theorem 3.4. Let (H,[—,—,—]lu,{—,—, —}u) be a 3-Leibniz-Lie algebra. Then the ternary
operation {(—, —, =)y : ANH — H, defined as

(hi, hy, hs)y := [y, ha, hslyg + {hy, ho, hsbg, (3.4)

for all hy,hy,h; € H, establishes a 3-Leibniz algebra structure on H. This structure is denoted
by (H,{—,—, —)u) and is referred to as the subadjacent 3-Leibniz algebra.

Proof. For any hy, hy, hs, hy, hs € H, according to (H, [—, —, —]g) is a 3-Lie algebra and Eqgs (3.2)—(3.4),
we have

(hi, hy, (B3, by, hs)dm — (Chas hoy ha) s has hs) — Chs, (ha, ho, hadw, hs)w
= (3, ha, (hys hos hs)a) e
=[h1, ha, [h3, ha, hslula + (B, ho, B3, by, hstala + hy, o, [hs, ha, hs]ata
+ {h1, ho, {hs, ha, hstata — ([, hos B3, has hslg — [, ho, hade, ha, hsa
— {[1, ha, h3ly, ha, hsty — {1, ho, hady, ha, hsty — (s, [ha, ho, haly, hslu
— [h3,{h1, ho, hady, hsly — {hs, [, ho, haly, hsta — {hs, {ha, ho, haty, hsty
— [h3, ha, [y, ho, hs1ull — [h3, ha, by, ho, hstala — {hs, ha, [, ho, hs]ata
— {h3, ha, {hy, ho, hstatn
={h1, ha, {h3, ha, hstuty — {Lh1, o, b3, ha, hsty — ({0, ho, halg, ha, hsty
— {hs, [, ho, halg, hste — {hs, {hs hoy hadw, hsty — {hs, ha, (e, o, hsYae
=0.

Hence, (H,{—, —, —)py) is a 3-Leibniz algebra. m]
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The following theorem shows that a nonabelian embedding tensor 3-Lie algebra induces a
3-Leibniz-Lie algebra.

Theorem 3.5. Let H 2, L be a nonabelian embedding tensor 3-Lie algebra. Then
(H,[—,—, —1u,{—,—,—}a) is a 3-Leibniz-Lie algebra, where

{h1, ha, h3ta := p(Ahy, Ahy)hs, (3.5)

fOV all ]’ll, hz, ]’l3 € H.
Proof. For any hy, hy, hs, hy, hs € H, by Egs (2.3), (2.6), and (3.5), we have

{h1, ha, hata = p(Ahy, Ahp)hs = —p(Aha, Ah)hs = —{hy, by, hsa,
{{h1, oy h3}a, has hsYa + {hs, (e, o, huda, hsta + R, ha, (B, o, hsiada
+ {[h1, ho, h3ly, ha, hsia + {hs, [y, ho, haly, hsia — (e, ho, (hs, ha, hsiada
=p(Ap(Ahy, Ahp)hs, Ahy)hs + p(Ahz, Ap(Ahy, Aho)ha)hs + p(Ahs, Ahy)p(Ahy, Aho)hs
+ p(Alhy, ho, B3lu, Aha)hs + p(Ahs, Alhy, ha, halg)hs — p(Ahy, Aho)p(Ahs, Ahy)hs
=p(Ap(Ahy, Ahy)hs, Aha)hs + p(Ahz, Ap(Ahy, Aho)ha)hs + p(Ahs, Ahs)p(Ahy, Aho)hs
+ p([Ahy, Aha, Ahsly — Ap(Ahy, Ao)hs, Aha)hs + p(Ahs, [Ahy, Ao, Ahy]s
— Ap(Ahy, Ahp)hy)hs — p(Ahy, Ahy)p(Ahs, Ahy)hs
=p(Ah3, Ahy)p(Ahy, Ahy)hs + p([Ahy, Aho, Ahs]r, Ahy)hs + p(Ahs, [Ahy, Ahy, Ahy]p)hs
— p(Ahy, Aho)p(Ahs, Ahg)hs
=0.

Furthermore, by Eqs (2.4), (2.5), and (3.5), we have

[{h1, ho, h3ba, ha, hs]y = [p(Ahy, Ahy)hs, by, hs]g = 0,
{h1, hy, [h3, ha, hs]a}a = p(Ahy, Aho)[hs, hy, hs]g = 0.

Thus, (H,[—, —, =]u, {—, —, —}a) 1s a 3-Leibniz-Lie algebra. O

Proposition 3.6. Let (fi, fu) be a homomorphism from H KR Lto H L, L. Then fy is a
homomorphism of 3-Leibniz-Lie algebras from H,[=, =, =1, {= = —Ia)
to (H7 [_7 ) _]H7 {_’ ) _}Az)'

Proof. For any hy, hy, h; € H, by Eqgs (2.7), (2.8), and (3.5), we have
SJu({hy, ha, h3da)) = fu(o(Aihy, Aihy)hs)
=p(fL(A1hy), fL(A1h2)) fu(h3)

=p(As fru(h1), Ay fru(h)) fu(hs)
={fu(h), fa(h2), fra(h3)}a,.

The proof is finished. O
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Motivated by the construction of 3-Lie algebras from Lie algebras [17], at the end of this section,
we investigate 3-Leibniz-Lie algebras induced by Leibniz-Lie algebras.

Definition 3.7. (see [9]) A Leibniz-Lie algebra (H,[—, -y, >) encompasses a Lie algebra (H, [—, —]y)
and a binary operation > : H® H — H, ensuring that

hy > (hy > h3) = (hy > hy) > hy + hy > (hy > h3) + [hy, holg > hs,
hy > [ha, hs3lg = [y > ha, hs]g = 0,

fOV all ]’ll,hz,]’l3 € H.

Theorem 3.8. Let (H,[—, —]y,>) be a Leibniz-Lie algebra, and let ¢ € H* be a trace map, which is a
linear map that satisfies the following conditions:

s([h1,holg) =0, ¢(hy>hy) =0, forall hy,h, € H.
Define two ternary operations by

(A1, ho, hals, = s(hD)lhe, hslg + s(ho)lhs, hilg + s(h3)[hi, holg,
{h1, ha, h3Yu, = ¢(h)hy > hy = ¢(h)hy > h,  for all hy, hy, hs € H.

Then (H, [, —, —1u.{—,—, —}n.) is a 3-Leibniz-Lie algebra.
Proof. First, we know from [17] that (H, [—, —, —ln,) is a 3-Lie algebra. Next, for any hy, hy, h3, hy, hs €
H, we have

{hi, ha, b3ty = §(hi)hy > hs — ¢(ha)hy > hy = —(s(ho)hy & hs — ¢(h))hy > h3) = —{hy, by, hs}y,
and

{1, has h3Ym, has hsta, + {hs, {hy, ho, hadgs Bsta, + {hs, By, {hy, B, Bse b,
+ {1, ha, haly, ha, hsty, + {hs, [, ho, halwg, hsta, — (s ho, {hs, ha, hsty Ya,
=¢(h1)s(hy > h3)hy > hs — ¢(ha)s(hy)(hy > h3) > hs — ¢(ha)s(hy > h3)hy > hs
+ §(ha)s(h2)(hy > h3) > hs + ¢(h3)s(hi)(hy > ha) > hs = ¢(h1)s(hy > ha)hs > hs
= §(h3)g(hy)(hy > hy) > hs + ¢(h)s(hy > ha)hs > hs + ¢(h1)s(h3)hy > (hy > hs)
= ¢(m)s(ha)hs > (hy > hs) — ¢(h2)s(h3)hy > (hy > hs) + §(h2)s(ha)hs > (hy > hs)
+ ¢(h)s([h2, h31)ha > hs — ¢(hy)s(h)[ha, h3la > hs + ¢(ha)s([h3, hilg)hy > hs
= ¢(ha)s(ho)lhs, hilu > hs + ¢(h3)s([h1, halw)ha > hs — §(ha)s(hs)[hy, holy ™ hs
+ §(h3)s(h)[ha, halg > hs — ¢(h)s([ha, halw)hs > hs + ¢(h3)s(ho)[ha, hi]g ™ hs
— 6(h2)s([ha, hilm)hs > hs + ¢(h3)s(hy)[hy, haly & hs — ¢(ha)s([hy, halg)hs > hs
= ¢(h)g(h3)hy > (hy > hs) + ¢(h2)s(h3)hy > (hy > hs) + ¢(h1)g(ha)hy > (hs > hs)
= s(ha)g(ha)hy > (h3 > hs)
= = §(hy)s(h1)(hy > h3) > hs + ¢(ha)s(h2)(hy > h3) > hs + ¢(h3)s(hy)(hy > hy) > hs
= ¢(h3)6(h2)(hy > hg) > hs + ¢(h1)g(h3)hy > (hy > hs) — ¢(h1)g(ha)hs > (hy > hs)
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= ¢(h2)s(h3)hy > (hy > hs) + ¢(hp)s(ha)hs > (hy > hs) — ¢(ha)s(hi)[ha, hs]y > hs
= 6(ha)s(h)[h3, hilg > hs + ¢(h3)s(hi)[ha, halu > hs + ¢(h3)s(ha)[ha, hi]g ™ hs
= ¢(h)g(h3)hy > (hy > hs) + ¢(h2)s(h3)hy > (hy > hs) + ¢(h1)g(ha)hy > (hs > hs)
= §(h2)g(ha)hy > (h3 > hs)

=0.

Similarly, we obtain

{h1, ho, [h3, ha, hslu Ya,
=¢(h)s(h3)hy > [hy, hs]g — §(ho)s(h3)hy > [ha, hsly + g(hi)s(hy)hy > [hs, b3y
= ¢(ho)s(hy)hy > [hs, h3ly + (hy)s(hs)hy > [hs, haly — ¢(ho)s(hs)hy > [h3, hyly

=0
and
[{h] s h2’ h3}H§’ h47 hS]HS~
=¢(h1)s(hy > h3)[ha, hslg + s(hs)s(hi)[hs, hy > h3lg + g(hs)s(hi)[hy > h3, hyly
— ¢(h2)s(hy > h3)[ha, hslg — (hs)s(ha)[hs, hi > hs3lg — ¢(hs)g(ho)[hy > h3, hyly
=0.
Hence Eqgs (3.1)—(3.3) hold and we complete the proof. O

4. Cohomology and infinitesimal deformations of nonabelian embedding tensors on 3-Lie
algebras

In this section, we revisit fundamental results pertaining to the representations and cohomologies
of 3-Leibniz algebras. We construct a representation of the descendent 3-Leibniz algebra (H, [—, —, —]A)
on the vector space L and define the cohomologies of a nonabelian embedding tensor on 3-Lie algebras.
As an application, we characterize the infinitesimal deformation using the first cohomology group.

Definition 4.1. (see [22]) A representation of the 3-Leibniz algebra (H, [—, —, —]#) is a vector space
V equipped with 3 actions

[ HOIHRQV -V,
m:HIVOH — V,
1 VOHQIH -V,

satisfying for any a,, a,, as,a4,as € Handu €'V

Way, ax, Was, ag, u)) = ([a1, az, azlyr, as, u) + Uas, [ar, az, aslu, w) + Was, ag, ay, az, u)), 4.1)
lay, ax, m(as, u, as)) = m(lay, az, azlu, u, as) + m(as, l(ay, az, u), as) + m(as, u, [ar, az, asly),  (4.2)
Wa, az, v(u, as, as)) = x(l(ay, az, u), ay, as) + v(u, [a1, az, asly, as) + v(u, as, [ay, az, asly), 4.3)
m(ay, u, [as, as, asly) = v(m(ay, u, as), as, as) + m(az, m(ay, u, as), as) + (az, as, m(ay, u, as)), (4.4)
v(u, az, [az, ag, asly) = v(x(u, az, a3), as, as) + m(as, 1(u, az, as), as) + Was, as, 1(u, az, as)). 4.5)
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For n > 1, denote the n-cochains of 3-Leibniz algebra (H,[—,—, —]4) with coefficients in a

representation (V; 1, m, r) by

n—1

CiLep(H, V) = Hom(A’H @ --- ® A*H @H, V).

The coboundary map 6 : C; ., (H, V) — Cg’féib(ﬂ, V),forA; =a;Ab; € N>H,1 <i<nandc € H,as

(6¢)(A1’A2’ “ee ’An’ C)
= Z (_1)J90(A19 ... ,;4\]', oo 7Ak—17ak A [aja bj3 bk]?’( + [aja bja ak]?’{ A bka e aAn, C)

1<j<k<n

D CVPAL LA ATy byclg) + D (1AL @A A A, ©))
j=1 j=1
+ (_1)n+1(m(ana QD(Ala ‘e aAn—la bn)7 C) + r(SD(Al’ .o 9An—l’ an)7 bn7 C))

It was proved in [23,24] that 6> = 0. Therefore, (&' C4p o (H, V), 0) is a cochain complex.

n=1
Let H -2 L be a nonabelian embedding tensor 3-Lie algebra. By Corollary 2.10, (H, [—, —, —]A) 1
a 3-Leibniz algebra. Next we give a representation of (H, [—, —, —]x) on L.

Lemma 4.2. With the above notations. Define 3 actions
W:H®OH®L— L,

my:HQL®H — L,
W LOQHQ®H — L,

IA(hl ) h27 l) = [Ahl ) AhZ’ l]L,
ma(hy, [, hy) = [Ahy, [, Ahs ], — Ap(Ahy, Dhy,
ta(l, by, ho) = (L Ahy, Ahy], — Ap(l, Ahy)hy,

for all hi,h, € H,l € L. Then (L;ly,mp,xp) is a representation of the descendent 3-Leibniz
algebra (H7 [_9 ) _]A)'

Proof. For any hy, hy, h3, hy,hs € H and [ € L, by Egs (2.1), (2.3)—(2.6), and (2.9), we have

In(hy, ho, In(hs, ha, D) = In([y, ho, hslas ha, D) = Ta(hs, [y, oy hala, D) = Ta(hs, by, 6 (B, By, D)
=[Ahy, Ahy, [Ahs, Ahy, [ 11 — [[Ahy, Ahy, Ahs], Ahg, [l — [Ahs, [Ahy, Ahy, Ahg]g, 1L

— [Ahs, Ahy, [Ahy, Ahy, 1]
=0

and
IA(hb hZa mA(h?)a l9 h5)) - mA([hl9 hZa h3]Aa 19 h5) - mA(h39 IA(hl’ h29 l)a hS) - mA(h3a l’ [hl7 h27 hS]A)
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=[Ahy, Ahy, [Ahs, [, Ahs] ] — [Ahy, Ahy, Ap(Ahs, Dhs] — [[Ahy, Ao, Ahs], 1, Ahs]
+ Ap([Ahy, Ahy, Ahs]L, Dhs — [Ahs, [Ahy, Ahy, L, Ahs]y + Ap(Ahs, [Ahy, Ahy, [1)hs
= [Ahs, [, [Ahy, Ao, Ahs]L]L + Ap(Ahs, Dp(Ahy, Aho)hs + Ap(Ahs, DIk, ho, hslg

= — [Ahy, Ahy, Ap(Ahs, Dhs]y + Ap([Ahy, Ahy, Ahs]r, Dhs + Ap(Ahs, [Ahy, Ahy, [ )hs
+ Ap(Ahs, Dp(Ahy, Aho)hs + Ap(Ahs, Dhy, ha, hsa

= — A(p(Ahy, Ahy)p(Ahs, Dhs + [hy, hy, p(Ahs, Dhs]y) + Ap(Ahy, Ahy)p(Ahs, Dhs
+ Ap(Ahs, Dlhy, hy, hs]y

= = Alhy, hy, p(Ah3, Dhs]y + Ap(Ahs, D[y, ha, hs]y

=0,

which imply that Eqgs (4.1) and (4.2) hold. Similarly, we can prove that Eqs (4.3)—(4.5) are true. The
proof is finished. O

Proposition 4.3. Let H SN and H 22 L be two nonabelian embedding tensor 3-Lie algebras

and (fi, fu) a homomorphism from H EaR L to H Lo, L. Then the induced
representation (L;1x,, mu,,Ta,) of the descendent 3-Leibniz algebra (H,[—,—,—]a,) and the induced
representation (L;1x,, Ma,,Ta,) Of the descendent 3-Leibniz algebra (H,[—,—,—]a,) satisfying the
following equations:

JL(a, (A, ho, D) =1a,(fa(h), fu(h), (D), (4.6)
Sr(mp, (A, L 1)) =ma, (fua(h), fL(D), fa(hy)), 4.7)
Jr@a,(, hy, ho)) =2, (LD, fu(hy), fa(ha)), (4.8)

forall hy,h, € H,l € L. In other words, the following diagrams commute:

fr Jr fr

L L L—————L L———L
l[Al (h1,h2,-) jIAZ (). fu(h2),—) Lm/\l (h1,=.h2) ijz (fuh)—fu(ho)) and erl (=h1,h2) LrAz(—,fH(hl),jy(hz))
L—" -1, L—" 1o, L— 1.

Proof. For any hy,h, € H,l € L, by Egs (2.7) and (2.8), we have

Joa, (hys b, D) = (I by, Ak, ) = [fi(Adhy), fr(Aho), fi(D]L
=[Axfu(h), Ao fu(ha), fL(D]L
=, (fu(h1), fu(ha), fL(D),

Jo(ma, (b, L ho)) =fr([Ah, L Avhe]r — Agp(Aihy, Dho)

=[fL(A1hy), LD, fL(A1h)]L — fr(Mp(Aihy, Dho)
=[Aafu(h1), fL(D), Ao fu(h)]L — Ao fu(o(Arhy, Dhy)
=[Aofu(hy), fL(D; Aafua(ho)lr — Aop(Aafu(hy), fL(D) fu(hy)
=, (fu(h), fL(D), fu(h2)).

And the other equation is similar to provable. O
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For n > 1, let 65 : C% . ,(H,L) — Cgltéib(H’ L) be the coboundary operator of the 3-Leibniz

algebra (H,[—, —, —]a) with coefficients in the representation (L; I, ms,15). More precisely, for all

¢ eCl wHL),D =u;Avie N°H,1 <i<nandw € H, we have

(5A¢)(gjla 552’ .. ,Sjn, W)
= Z (—1)j¢(g)1, .. .,SSNJ', .. .,Sﬁk_l,uk A [Ltj,Vj,Vk]A + [Mj, Vi, l/lk]A AV, ... ,$5n,w)

1<j<k<n
+ D DB, S B [0, 05 WIA) + D (1D IA(S, 01, Do, Sy W)
J=1 j=1

+ (‘U”H (MA@ @(D15 - Dn1, Vi), W) + IA(B(D1, - oy Ducts Un)y Vi, W)).

In particular, for ¢ € CéLeib(H, L) := Hom(H, L) and u;,v;,w € H, we have

OAP) (U1, vi,w) = = d([ur, vi, wla) + (U1, vi, d(W)) + mp(ur, p(vi), w) + 1a(P(u1), vi, w)
= — ¢([ur, vi,wla) + [Auy, Avi, W)l + [Auy, ¢(vi), Awlp
= Ap(Auy, d(vi))w + [@(ur), Avi, Awlp — Ap(d(uy), Avw.

For any (aj,a) € CY ,,(H,L) := A’L, we define 65 : CY ., (H,L) — Cj ,,(H,L),(a1,a) —
oalar, ap) by
oalar, ax)u = Ap(ay, a))u — [ay, ar, Aul,VYu € H.

Proposition 4.4. Let H i> L be a nonabelian embedding tensor 3-Lie algebra. Then ,(dx(a;, az)) =
0, that is, the composition CgLeib(H, L) & CéLeib(H, L) A CgLeib(H, L) is the zero map.

Proof. For any uy,vy,w € V, by Egs (2.1)—(2.6) and (2.9) we have

Oa(0a(ar, az))(ur, vi,w)
= —oalar, a)([ur, vi, wla) + [Auy, Avy, 6a(ar, a)(w)ln + [Aug, dx(ar, a)(vi), Awl
= Ap(Auy, 6a(ar, ax)(vi))w + [0a(ar, ax)(ur), Avi, Aw]y — Ap(da(ar, ax)(ur), Avi)w
= — Ap(ay, a)luy, vi, wla + lay, az, [Auy, Avy, Aw]L]r + [Auyg, Avy, Ap(ay, az)wlr
— [Aur, Avy, lay, az, Awlle + [Auy, Apar, az)vi, Awle — [Auy, [ar, az, Avil, Awl,
= Ap(Auy, Ap(ar, ax))vi)w + Ap(Auy, [ar, az, Avi])w + [Ap(ay, aug, Avy, Aw]g
= [la1, a2, Aur]r, Avy, Awlp — Ap(Ap(ay, a)ur, Aviw + Ap([ay, az, Auy]r, Avi)w
= — Ap(ar, a)p(Auy, Avi)w = Ap(ay, az)lur, vi, wln + Ap(Auy, Avi)p(ar, a)w
+ Aluy,vi, plar, a)wly + Ap(Auy, Ap(ay, ax)viw + Aluy, play, ax)vi, wln
= Ap(Auy, Ap(ar, a))vi)w + Ap(Auy, [ar, ax, Avi])w + A(Ap(ay, az)uy, Avi)w
+ Alp(ar, aur, vi, wlg — Ap(Ap(ay, ax)uy, Avi)w + Ap(lar, az, Auq]r, Avi)w
= — Ap(ar, a)p(Auy, Avi)w + Ap(Auy, Avip(ar, a)w + Ap(Auy, Ap(ay, ax)vi)w
— Ap(Auy, Ap(ar, ax))vi)w + Ap(Auy, [ar, ax, Avi])w + A(Ap(ay, az)uy, Avi)w
= Ap(Ap(ar, ap)ur, Avw + Ap([ay, az, Auqlr, Avi)w
= — Aplar, a)p(Auy, Avi)w + Ap(Auy, Avip(ar, ax)w + Ap(Auy, [ar, az, Avi])w
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+ Ap([al , A, AM]]L, AV] )W
=0.

Therefore, we deduce that 5, (0(ay, az)) = 0. O

Now we develop the cohomology theory of a nonabelian embedding tensor A on the 3-Lie
algebra (L, [—, —, —];) with respect to the coherent action (H, [—, —, —]g; p").

For n > 0, define the set of n-cochains of A by C\ (H, L) := C%; ., (H, L). Then (&, \C (H, L), ) is
a cochain complex.

For n > 1, we denote the set of n-cocycles by Z/, (H, L), the set of n-coboundaries by B, (H, L), and
the n-th cohomology group of the nonabelian embedding tensor A by

Z,(H,L)

Iiflx(lf,l) :Zi;;zii—zg.
A b

A A
Proposition 4.5. Let H —> L and H =2 L be two nonabelian embedding tensor 3-Lie algebras and

let (f1, fu) be a homomorphism from H EaR Lto H L, L in which fy is invertible. We define a map
Y:C} (H L) —C, (HL)Dby

PB(D1 D2, D1 W) =[S @) A S5 01, [ Wnt) A i7" net)s S W))),

forall ¢ € C’}\I(H,L), i =uAv, € N°H1 <i<n-1,andw € H. ThenV¥ : (C’/(TI(H,L),éAI) —
(C’]\;l(H, L),84,) is a cochain map.
That is, the following diagram commutes:

oA,

Ch (H.L) Cy(H, L)

ok

Cy (H,L) ————C*\(H, L).

Consequently, it induces a homomorphism Y* from the cohomology group HHTII(H, L) to HHX;I(H, L).
Proof. For any ¢ € C\ (H,L),9; = u; Avi € A°H,1 < i < n,and w € H, by Egs (4.6)~(4.8) and

Proposition 2.11, we have
(02, P(@)(D1, D25 - -+, Dus W)
= Z (_1)]T(¢)(§51, RN SE;j, L) 5/{—17 Uy A [uja Vj, Vk]/\z + [u]’ Vj7 uk]/\z A Viseoes Sbna W)

1<j<k<n

# D DRGS0, Doy B [, v WIn) + D (1 (5, P @S-, ) Do W)

j=1 j=1
(=1, 1, WOND1 s Dt Vi) W) + (=1 0, (BN, Dot )y Vs W)
= D VAU @) A L 00 S fi ) A fi i),

1<j<k<n
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T @) A fi (g, vis viday) + i Qg vis wdas) A fi O0)s - s fi W) A fi7' ), firt )))
+ Z(—l)jfL(ﬂf;}](ul) A O, .., gj, s fi W) A fi On)s fi ([, v, Wa)))
=

+ Z(—l)j”IAz(SSJ-, Ful@(fr @) A f' 00 S fir ) A fi7' ) i 0)))
j=1

(=1 g s fu(@f ) A f 00, fig W) A fig! G, fig (D), w)
+ (D e (f@ i @) A S 00, fig W) A fi Gad), i @), vy w)
=fi D CVO(f @) A fg 00 S fr ) A fi7 i),

1<j<k<n

Fa ) AL @), £ 0Dy 7 OOa, + U @)y fi O, fr @dla, A fir' 0, - - -
Fa' @) A £, £7' 0) + D (1D0(fg @) A F' 00, S Fi ) A fi7 ),

=1

Lfa' @), [ ), St W)]a,) + Z(—l)j“lm(fl}l(uj),f;}l(vj), ¢(fr' () A fr' 1), .,

j=1
Do eeos f W) A 7 @) i ) + (=1 i, (7 ), 6 ), £ 01,
Fi W) A fi Guc)s i @), fi 0) + (D™ e (@ ) A fi7' 00, -
Fa W) A f' Oue)s i @), fir' ), fir' w)
=fLOa D i @) A fi' 0D, [ ) A fi ), fir' )
=W, ) (D1, D2, - - - s s W).

Hence, ¥ is a cochain map and induces a cohomology group homomorphism ¥* : HHxl(H, L) —
HHXZ‘(H, L). o

At the conclusion of this section, we employ the well-established cohomology theory to describe
the infinitesimal deformations of nonabelian embedding tensors on 3-Lie algebras.

Definition 4.6. Let A : H — L be a nonabelian embedding tensor on a 3-Lie algebra (L,[—,—, —])
with respect to a coherent action (H,[—, —, —|u;p"). An infinitesimal deformation of A is a nonabelian
embedding tensor of the form A, = A + tA,, where t is a parameter with t* = 0.

Let A, = A + tA, be an infinitesimal deformation of A, then we have
[Awur, Auz, Azl =Np(Aguy, Aup)us + Aqluy, us, usly,
for all uy, u,, us € H. Therefore, we obtain the following equation:

[Ajur, Auy, Auzlp + [Auy, Ayug, Aus]p + [Auy, Aug, Aus]
= Aip(Auy, Aup)us + Ap(Aquy, Auy)usz + Ap(Auy, Ajup)uz + Aq[ug, up, u3]y. (4.9)

It follows from Eq (4.9) that A; € C\(H, L) is a 1-cocycle in the cohomology complex of A. Thus the
cohomology class of A; defines an element in HH} (H, L).
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Let A, = A +tA; and A; = A + tA] be two infinitesimal deformations of A. They are said to
be equivalent if there exists a; A a, € AL such that the pair (id; + tad(a,, a,),idy + to(a;,a,)) is a

’

homomorphism from H i> LtoH i) L. That is, the following conditions must hold:

1) The maps id; + tad(a;,a;) : L — L and idy + tp(a;,a) : H — H are two 3-Lie
algebra homomorphisms,

2) The pair (id; + tad(a;, ay), idy + tp(ay, ay)) satisfies:

(idy + tp(ay, a2))(p(a, byu) = p((idy, + tad(a,, az))a, (idy, + tad(a;, a,))b)(idy + tp(ay, az))(w),

(A + tA)(idy + to(ay, ap))(u) = (idy, + tad(ay, ay))(A + tA)u), (4.10)
for all a,b € L,u € H. It is easy to see that Eq (4.10) gives rise to
Aju— Nu = Ap(ay, a)u — [ay, az, Aul = dp(ay, a)u € C,l\(H, L).

This shows that A; and A} are cohomologous. Thus, their cohomology classes are the same
in HH) (H, L).

Conversely, any 1-cocycle A; gives rise to the infinitesimal deformation A + ¢A;. Furthermore, we
have arrived at the following result.

Theorem 4.7. Let A : H — L be a nonabelian embedding tensor on (L,[—,—,—].) with respect
to (H,[—,—,—=1u;p"). Then, there exists a bijection between the set of all equivalence classes of
infinitesimal deformations of A and the first cohomology group HH) (H, L).
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