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Abstract: The Kronecker product is widely utilized to construct higher-dimensional spaces from
lower-dimensional ones, making it an indispensable tool for efficiently analyzing multi-dimensional
systems across various fields. This paper investigates the representation of analytic functions within
hyper-elliptical regions through infinite series expansions involving sequences of Kronecker product
bases of polynomials. Additionally, we examine the growth order and type and Tρ-property of
series composed of Kronecker product bases that represent entire functions. We also delve into the
convergence properties of Kronecker product bases associated with special functions, including Bessel,
Chebyshev, Bernoulli, Euler, and Gontcharoff polynomials. The obtained results extend and enhance
the existing findings of such representations in hyper-spherical regions.
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1. Introduction

The elegant algebraic structure of the Kronecker product facilitates the development of efficient,
elegant, and highly practical algorithms. Several contributions in scientific computing indicate that this
significant matrix operation will be increasingly employed in different research trends and applications.
Like any significant mathematical operation, the Kronecker product has been adapted and refined in a
wide range of applications across numerous fields, including matrix equations [1, 2], matrix calculus
[3–6], system theory [7–10], system identification [11, 12], signal processing [13], image processing
[14], quantum mechanics [15], statistics and econometrics [16, 17], approximation theory [18] and
other applications [19].

A rich area of research in approximation theory is the study of polynomial bases. The concept of
polynomial bases was introduced by Cannon [20, 21] and Whittaker [22–24]. This theory has been
generalized in three principal directions. The first direction involves studying the convergence
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properties of polynomial bases for several complex variables in hyper-spherical, hyper-elliptical, and
polycylindrical regions. In the context of several complex variables, the effectiveness of basic sets of
polynomials by holomorphic functions in hyperelliptical regions were explored in [25, 26]. The
convergence properties of composite sets of polynomials were investigated in [29] while their order
and type in complete Reinhardt domains were studied in [27]. Additionally, the authors of [28]
introduced the representations of certain regular functions of several complex variables using
exponential sets of polynomials in hyperelliptical regions. The second direction extends this study to
the convergence properties of polynomial bases in Clifford analysis. Particularly, the theory of base of
polynomials was adopted to the context of Clifford analysis in [30] and the order of functions
represented by these bases were deduced in [31]. Further contributions in this direction, authors
studied the approximation properties of monogenic functions by hypercomplex Ruscheweyh
derivative bases [32], and Hasse derivative bases [33]. The third direction concerns the approximation
of analytic functions by certain types of complex conformable fractional derivative bases of
polynomials in Fréchet spaces [34–36].

It is of great interest to perform different mathematical structures on certain bases to produce new
bases. Then the challenging task is examining the convergence properties of the new bases to
determine whether they retain the same effectiveness properties of their constituents bases or not. For
instance, the author of [37] demonstrated the convergence properties of Hadamard product bases of
polynomials which defined using n bases of polynomials of several complex variables in complete
Reinhardt domains. The extension of the generalized Hadamard product set in several complex
variables was introduced in [38] using hyperelliptical regions. Our emphasis in the current study is on
exploring some important results related to the approximation theory in multi-dimensional expansions
in hyper-elliptical regions. In this context, the Kronecker product plays a pivotal role in
multi-dimensional polynomial approximation. Regarding to the approximation of multi-dimensional
functions using polynomial series, the Kronecker product is employed to construct multi-variable
polynomials from one-dimensional polynomial bases. This approach enables the efficient
representation and computation of multi-dimensional polynomials, which are essential for
approximating the functions of several complex variables.

The importance of the constructed Kronecker product bases lies in their ability to represent one-
dimensional functions as multi-dimensional expansions. When dealing with multivariate functions,
the Kronecker product enables the existence of a basic series expansion in terms of a one-dimensional
basic series for each variable, resulting in a more efficient representation. The purpose of introducing
these new bases is to represent analytic functions as infinite series within regions such as hyper-spheres,
hyper-ellipses, or polycylinders.

Investigating the approximation properties of certain special functions, including Bessel,
Chebyshev, Bernoulli, Euler, and Gontcharoff polynomials, has considerable significance in the
theory of polynomial bases. These polynomials exhibit unique structural and analytical properties that
elaborate their efficiency in various applications within mathematical analysis and applied
mathematics. In the context of approximation theory, such polynomials serve as bases for the
representation and approximation of more complex functions. Notably, the authors of [46]
demonstrated that both the Bernoulli and Euler polynomials are of order 1 and are not effective
anywhere. In [44], it was shown that both proper Bessel polynomials and general Bessel polynomials
are effective everywhere. Moreover, the authors of [45] conducted a detailed analysis of the
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approximation properties of Chebyshev polynomials within the unit disk. In this study, we extend the
corresponding approximation properties of certain bases constructed using the aforementioned
polynomials.

We now provide a brief overview of the paper. Section 2 provides the key definitions, notations, and
relevant results from previous work that will be utilized throughout the paper. We define and construct
the Kronecker product of certain bases and prove it is indeed a base in Section 3. In Section 4, we
investigate the effectiveness of Kronecker product bases for polynomials of several complex variables
within closed hyper-elliptical regions. We establish the effectiveness criteria of Kronecker product
bases in closed hyper-ellipses, whose constituents are Cannon bases of polynomials of one complex
variable, which are effective in closed circles. Section 5 explores the order and type of the Kronecker
product bases of polynomials. We examine the Tρ-property in closed hyper-ellipse in Section 6. In
Section 7, we discuss several applications of the Kronecker product bases of polynomials, which have
links with the classical special functions such as Bessel, Chebyshev, Bernoulli, Euler, and Gontcharaff
polynomials. Section 8 concludes the paper by summarizing the obtained results.

2. Preliminaries and notations

For simplicity purposes, the following notation is used throughout this study (see [26, 28]).

m = m1,m2, . . . ,mk; ⟨m⟩ = m1 + m2 + . . .mk;
z = z1, z2, . . . zk; 0 = 0, 0, . . . , 0; |z|2 = |z1|

2 + |z2|
2 + . . . + |zk|

2 ;
zm =

∏k
s=1 zms

s ; tm =
∏k

s=1 tms
s ;

[r] = [r1, r2, . . . , rk] ; [r]∗ = [r, r, . . . , r];
[αr] = [α1r, α2r, . . . , αkr] .

(2.1)

In this notation, ms, s ∈ J = {1, 2, . . . , k} are non-negative integers, while ts, s ∈ J are non-negative
numbers, where 0 ≤ ts ≤ 1, s ∈ J, |t| =

[∑k
s=1 t2

s

](1/2)
= 1 and rs, s ∈ J are positive numbers. In

the space Ck of the complex variables zs, s ∈ J, the symbol E[r] stands for an open hyper-ellipse of
radius rs > 0, s ∈ J, and its closure is denoted by Ē[r]. The regions E[r] and Ē[r] satisfy the following
inequalities (see [26, 28]):

E[r] = {w : |w| < 1},
Ē[r] = {w : |w| ≤ 1},

where w = (w1,w2, . . . ,wk) , ws =
zs
rs

, s ∈ J.

Definition 2.1. [26, 28] Suppose that {Pm[z]} = {P0[z],P1[z], . . . ,Pn[z], . . .} is a set of polynomials.
Then {Pm[z]} is a base if every polynomial in the complex variables zs; s ∈ J can be uniquely expressed
as a finite linear combination of the elements of the base {Pm[z]}. Hence, the set {Pm[z]} is a base if
and only if there exists a unique row-finite matrix P that satisfies

PP−1 = P−1P = I, (2.2)

where P =
{
Pm,h

}
is the matrix of coefficients and P−1 =

{
P−1

m,h

}
is the matrix of operators of the base

{Pm[z]}. Accordingly, for the base {Pm[z]}, we have
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Pm[z] =
∑

h

Pm,hzh,

zm =
∑

h

P−1
m,hPh[z].

(2.3)

Let f (z) =
∑

m amzm be any regular function at the origin 0. Using (2.3), we substitute for zm and
rearrange the terms to obtain the following:

f (z) =
∑

m

ΠmPm[z], Πm =
∑

h

P−1
m,hah,

which represents the associated basic series of the function f (z).

Definition 2.2. [26,28] The associated basic series
∑

mΠmPm[z] represents f (z) in Ē[r] if it converges
uniformly to f (z) in Ē[r].

Definition 2.3. [26,28] The base {Pm[z]} is effective in Ē[r] when the associated basic series represents
every regular function in Ē[r].

To examine the convergence properties of such bases, we use the following notations:

M
(
Pm, Ē[r]

)
= sup

Ē[r]

|Pm[z]| , (2.4)

and

Ω
(
Pm, Ē[r]

)
= σm

k∏
s=1

{rs}
⟨m⟩−ms

∑
h

∣∣∣P−1
m,h

∣∣∣ M
(
Ph, Ē[r]

)
, (2.5)

where

σm = inf
|t|=1

1
tm =

{⟨m⟩}(1/2)⟨m⟩∏k
s=1 m(1/2)ms

s

, 1 ≤ σm ≤ (
√

k)⟨m⟩. (2.6)

Moreover, the Cannon function is defined as

Ω
(
P, Ē[r]

)
= lim sup
⟨m⟩→∞

{
Ω

(
Pm, Ē[r]

)} 1
⟨m⟩
. (2.7)

Let Nm = Nm1,m2,...,mk denote the number of non-zero coefficients in the representation (2.3). As
defined in [29], a base {Pm[z]} of polynomials is called a Cannon base, if Nm satisfies

lim
⟨m⟩→∞

{Nm}
1

(m) = 1. (2.8)

If lim⟨m⟩→∞ {Nm}
1

(m) = a, where a > 1, then the base {Pm[z]} is called a general base.
The following result characterizes the effectiveness property of the base {Pm[z]}.

Theorem 2.1. [26] A Cannon base {Pm[z]} is effective in Ē[r] if and only if

Ω
(
P, Ē[r]

)
=

k∏
s=1

rs.

Electronic Research Archive Volume 33, Issue 2, 1070–1092.



1074

3. The Kronecker product bases of polynomials

The Kronecker product of two matrices of an arbitrary size was introduced over any ring (see
[39–41]). It maps the matrices Ai× j and Bs×t into the is × jt matrix, which is denoted by C = A ⊗ B.
Although the usual matrix product of two matrices A,B requires that j = s and that either A or B is
a scalar, the Kronecker product A ⊗ B is defined regardless the size of these matrices. The Kronecker
product has the following properties:

(1) A ⊗ B ⊗ C = (A ⊗ B) ⊗ C = A ⊗ (B ⊗ C),
(2) (A ⊗ B)(C ⊗ D) = AC ⊗ BD if AC and BD exist,
(3) If A and B are non-singular, then (A ⊗ B)−1 = A−1 ⊗ B−1,
(4) Im ⊗ In = Imn.

Let
{
P1,m1 (z1)

}
,
{
P2,m2 (z2)

}
, . . .

{
Pk,mk (zk)

}
(in short,

{
Ps,ms (zs)

}
) where s ∈ J be a finite numbers of

bases of polynomials of one variable. Consider the product element

P1,m1 (z1) ⊗ P2,m2 (z2) ⊗ . . . ⊗ Pk,mk (zk) .

If, for any mode of arrangement, we put

Km1,m2,...,mk(z1, z2, . . . , zk) = P1,m1 (z1) ⊗ P2,m2 (z2) ⊗ . . . ⊗ Pk,mk (zk) , (3.1)

the sequence {Km1,m2,...,mk(z1, z2, . . . , zk)} represents a set consisting of multi-complex variable
polynomials in z1, z2, . . . , zk which indeed determined the Kronecker product base of the polynomials
bases

{
Ps,ms (zs)

}
; s ∈ J.

In the current paper, we propose to investigate the convergence characterizations of the Kronecker
product bases in multi-dimensional polynomials approximation in terms of their constituents bases in
one-dimensional polynomial bases.

When
{
Ps,ms (zs)

}
; s ∈ J are Cannon bases of polynomials of complex variables zs; s ∈ J, the product

set

Km[z] =
k⊗

s=1

Ps,ms (zs) (3.2)

defines the Kronecker product bases of polynomials of several complex variables zs; s ∈ J where

Km[z] =
∑

h

Km,hzh,

zm =
∑

h

K−1
m,hKh[z].

(3.3)

Note that K =
(
Km,h

)
is the coefficients matrix and K−1 =

(
K−1

m,h

)
is the operators matrix of the

Kronecker product base {Km[z]} for which

K = P1 ⊗ P2 . . . ⊗ Pk,

K−1 = P−1
1 ⊗ P

−1
2 . . . ⊗ P

−1
k ,

where Ps and P−1
s , s ∈ J are, respectively, the matrix of coefficients and the matrix operators of the

base
{
Ps,ms (zs)

}
.
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Now, we prove that the Kronecker product set {Km[z]} is indeed a base of polynomials. Observe
that

KK−1 = (P1 ⊗ P2 . . . ⊗ Pk)
(
P−1

1 ⊗ P
−1
2 . . . ⊗ P

−1
k

)
= P1P

−1
1 ⊗ P2P

−1
2 . ⊗ PkPk

−1

= I ⊗ I ⊗ . . . ⊗ I = I

and

K−1K =
(
P−1

1 ⊗ P
−1
2 . . . ⊗ P

−1
k

)
(P1 ⊗ P2 . . . ⊗ Pk)

= P−1
1 P1 ⊗ P

−1
2 P2. ⊗ P

−1
k Pk

= I ⊗ I ⊗ . . . ⊗ I = I.

Owing to (2.2), we conclude that the Kronecker product set is a base.
In the forthcoming sections, we strive to provide justifications for the following questions:

1) If k bases of polynomials
{
Ps,ms (zs)

}
are effective in the closed circles C̄rs for 0 < rs ≤ Rs, is the

Kronecker product base {Km[z]} as determined in (3.2) effective in the closed hyper-ellipse Ē[R]

for Rs ≥ 0?
2) If k bases of polynomials

{
Ps,ms (zs)

}
are of orders (γs) and types (τs), s ∈ J, what are the order

and type of the Kronecker product {Km[z]} of these bases?
3) If k bases of polynomials

{
Ps,ms (zs)

}
have the Tρs-property in C̄rs , s ∈ J, what is the corresponding

Tρ -property of the Kronecker product {Km[z]} in Ē[r] ?
4) Can the obtained results be applied to some special functions such as Bessel, Chebyshev,

Bernoulli, Euler, and Gontcharoff polynomials?

4. Effectiveness of the Kronecker product bases of polynomials in closed hyper-ellipses

Let {Km[z]} be the Kronecker product base of polynomials of several complex variables zs, s ∈ J
whose constituents are considered to be Cannon bases

{
Ps,ms (zs)

}
; s ∈ J. Furthermore, suppose that

zms
s ; s ∈ J admit the following finite representation

zms
s =

∑
hs

P−1
s,ms,hs
Ps,hs (zs) ; s ∈ J. (4.1)

According to the definition of Kronecker product bases (3.1), zm admits the finite representation

zm =
∑

h

K−1
m,hKh[z], (4.2)

where

K−1
m,h =

k∏
s=1

P−1
s,ms,hs
. (4.3)

The Cannon sum for the bases Ps,ms (zs) for the circles C̄rs; ∈ J is given by

ω
(
Ps,ms , C̄rs

)
=

∑
hs

∣∣∣P−1
s,ms,hs

∣∣∣ M
(
Ps,hs , C̄rs

)
(4.4)
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where

M
(
Ps,hs , C̄rs

)
= sup

C̄rs

∣∣∣Ps,hs (zs)
∣∣∣ ,

M
(
Ps,hs , 0

)
=

∣∣∣Ps,hs(0)
∣∣∣ . (4.5)

The Cannon functions for the same bases for C̄rs are given by

ω
(
Ps, C̄rs

)
= lim sup

ms→∞

{
ω

(
Ps,ms , C̄rs

)} 1
ms . (4.6)

Since
{
Ps,ms (zs)

}
, s ∈ J are Cannon bases, then the numbers of non-zero coefficients Ns,ms satisfy

Nm =

k∏
s=1

Ns,ms , lim
⟨m⟩→∞

{Nm}
1
⟨m⟩ = 1. (4.7)

Thus, the Condition (2.8) holds and the Kronecker product base {Km[z]}will be also a Cannon base.
A combination of (2.4), (3.1), and (4.5) leads to

M
(
Km, Ē[r]

)
= sup

Ē[r]

|Km[z]| = sup
|t|=1

k∏
s=1

M
(
Ps,ms , C̄rsts

)
. (4.8)

Therefore, the Cannon sum for the base {Km[z]} can be obtained by using (4.3), (4.4), and (4.8). In
fact, the following double inequality can be easily verified:

σm

k∏
s=1

{rs}
⟨m⟩−ms

sup
|t|=1

 k∏
s=1

ω
(
Ps,ms , C̄rsts

)
 ≤ Ω (

Km, Ē[r]

)
≤ Nmσm

k∏
s=1

{rs}
⟨m⟩−ms

sup
|t|=1

 k∏
s=1

ω
(
Ps,ms , C̄rsts

)
 .

(4.9)

Concerning the effectiveness of the Kronecker product bases in closed hyper-ellipses, the following
result is established.

Theorem 4.1. Suppose that {Km[z]} is the Kronecker product base of polynomials of several complex
variables zs, s ∈ J whose constituents are the Cannon bases

{
Ps,ms (zs)

}
. Then the Kronecker product

base {Km[z]} is effective in the closed hyper-ellipse Ē[R]; Rs ≥ 0, s ∈ J, if and only if the bases{
Ps,ms (zs)

}
are effective in the closed circles C̄rs for 0 < rs ≤ Rs, s ∈ J.

Proof. First, suppose that each of the bases
{
Ps,ms (zs)

}
is effective in C̄rs for 0 < rs ≤ Rs, s ∈ J. Thus,

the Cannon functions given in (4.6) satisfy

ω
(
Ps, C̄rs

)
= rs, (0 < rs ≤ Rs, s ∈ J) .

Let 1 < α < ∞, and fix the positive number τ by

τ2 =
(
1 − α−1

)
/k. (4.10)

Hence for any number α, there exists a finite number K > 1 such that
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 ω
(
Ps,ms , C̄Rsτ

)
< K

{√
αRsτ

}ms

ω
(
Ps,ms , C̄Rs

)
< K

{√
αRs

}ms
(ms ≥ 0; s ∈ J)

(4.11)

Since the functions Ps,ms (zs) /z
ms
s are regular in the region Rsτ ≤ |zs| ≤ Rs, s ∈ J, then in terms of

(4.4) and (4.5), and by using (4.11), we obtain

∣∣∣P−1
s,ms,hs

∣∣∣ M
(
Ps,hs , C̄Rsts

)
(Rsts)ms

≤ sup

ω
(
Ps,ms , C̄Rsτ

)
(Rsτ)ms

,
ω

(
Ps,ms , C̄Rs

)
Rms

s


< Kα(ms/2)

for τ ≤ ts ≤ 1. Therefore, it follows that

ω
(
Ps,ms , C̄Rsts

)
< KNs,ms

(√
αRsts

)ms
(τ ≤ ts ≤ 1,ms ≥ 0, s ∈ J.) (4.12)

Now, by considering the parameters ts where s ∈ J in (4.9), we find that some of these parameters
may lie in the interval (0, τ) and the others in (τ, 1). Thus, as in [29], for the numbers ts where 0 ≤ ts ≤ 1,
s ∈ J, we consider three cases.

Case (i): τ < ts ≤ 1; (1 ≤ s ≤ l), 0 ≤ tu ≤ τ; (l + 1 < u < k),
Case (ii): 0 ≤ tu ≤ τ; s ∈ J,
Case (iii): τ ≤ ts ≤ 1; s ∈ J.

where l is any integer not exceeding K. Now, since

sup
|t|=1

tm =
1
σm

;
k∑

s=1

t2
s = 1, (4.13)

it follows that

sup
|t′ |≤1

t′m
′

≤
1
σm′

; m′ = (m1,m2, . . . ,ml) (4.14)

and

τ⟨m⟩−⟨m
′⟩

 sup
|t′ |=1−(k−1)τ2

t′m
′

 ≤ 1
σm
, t′ = (t1, t2, . . . , tl) . (4.15)

However, we have

sup
|t′ |=1−(k−1)τ2

t′m =

(
1 − kτ2

)⟨m′/2⟩
σm′

.

Thus,

σmτ
⟨m⟩−⟨m′⟩ ≤ σm′

(
1 − kτ2

)−(⟨m′⟩/2)
. (4.16)
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For Case (i), we substitute tu = τ where l + 1 ≤ u ≤ k), for the elements of the product on the
right-hand side of (4.9). Using (4.7), (4.10), (4.11), (4.12), (4.14), (4.15), and (4.16) then leads to the
following relations:

Ω
(
Km, Ē[R]

)
≤ Nmσm

k∏
s=1

{Rs}
⟨m⟩−ms

sup
|t|=1

 k∏
s=1

ω
(
Ps,ms , C̄Rsts

)


= Nmσm

k∏
s=1

{Rs}
⟨m⟩−ms

 sup
|t|=1:0≤tu≤τ<ts≤1

 l∏
s=1

ω
(
Ps,ms , C̄Rsts

) k∏
u=l+1

ω
(
Pu,mu , C̄Rutu

)


≤ Nmσm

k∏
s=1

{Rs}
⟨m⟩−ms

sup
|t′ |≤1

 l∏
s=1

KNs,ms

(√
αRsts

)ms
l∏

u=1+1

K
(√
αRuτ

)mu




≤ KN N2
mσm

√α k∏
s=1

Rs

⟨m⟩ τ⟨m⟩−⟨m′⟩ [sup
|t′ |≤1

t′m
′

]

≤ KN N2
mα

(⟨m⟩/2)+(⟨m′⟩/2)

 k∏
s=1

Rs

⟨m⟩

≤ KN N2
m

α k∏
s=1

Rs

⟨m⟩ .
For Case (ii), we use (2.5) and (4.11) to get

Ω
(
Km, Ē[R]

)
≤ Nmσm

k∏
s=1

{Rs}
⟨m⟩−ms

sup
|t|=1

 k∏
s=1

ω
(
Ps,ms , C̄Rsts

)


≤ Nmσm

k∏
s=1

{Rs}
⟨m⟩−ms

sup
|t|=1

 k∏
s=1

ω
(
Ps,ms , C̄Rsτ

)


≤ Nmσm

k∏
s=1

{Rs}
⟨m⟩−ms

k∏
s=1

K
(√
αRsτ

)ms

≤ KN Nmσmτ
⟨m⟩

√α k∏
s=1

Rs

⟨m⟩

≤ KN Nm

α k∏
s=1

Rs

⟨m⟩ .
For Case (iii), we appeal to the relations (2.5), (4.7), and (4.12) to obtain

Ω
(
Km, Ē[R]

)
≤ Nmσm

k∏
s=1

{Rs}
(m⟩−ms

sup
|t|=1

 k∏
s=1

ω
(
Ps,ms , C̄Rsts

)


≤ Nmσm

k∏
s=1

{Rs}
⟨m⟩−ms

sup
|t|=1

 k∏
s=1

KNs,ms

(√
αRsts

)ms



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≤ KN N2
mσm

√α k∏
s=1

Rs

⟨m⟩ [sup
|t|≤1

tm
]

≤ KN N2
m

α k∏
s=1

Rs

⟨m⟩ .
Therefore, for (i), (ii), and (iii), we have

Ω
(
K , Ē[R]

)
= lim sup
⟨m⟩→∞

{
Ω

(
Km, Ē[R]

)} 1
⟨m⟩
≤ α

k∏
s=1

Rs. (4.17)

Moreover, using (4.2), it follows that

Ω
(
Km, Ē[R]

)
≥ σm

k∏
s=1

{Rs}
⟨m⟩−ms sup

Ē[R]

|zm| =

 k∏
s=1

Rs

⟨m⟩ ,
which means that

Ω
(
K , Ē[R]

)
≥

k∏
s=1

Rs. (4.18)

Since α can be chosen arbitrarily near to one, then (4.17) and (4.18), imply that Ω
(
K , Ē[R]

)
=∏k

s=1 Rs, and the Kronecker product base {Km[z]} is effective on Ē[R].
For the converse, suppose that the base

{
P1,m1 (z1)

}
, for example, is not effective in C̄R1 . Taking the

values m1 = m, t1 = 1,ms = ts = 0; 2 ≤ s ≤ k on the left-hand side of (4.9), then using (2.5), (2.6), and
(4.6), we have

Ω
(
K , Ē[R]

)
= lim sup
⟨m⟩→∞

{
Ω

(
Km, Ē[R]

)} 1
⟨m⟩

≥ lim sup
⟨m⟩→∞

σm

k∏
s=1

{Rs}
⟨m⟩−ms

sup
|t|=1

 k∏
s=1

ω
(
Ps,ms , C̄Rsts

)



1
⟨m⟩

≥ lim sup
m→∞

σm,0,0...,0

k∏
s=1

{Rs}
m ω

(
P1,m, C̄R1

) k∏
s=2

ω
(
Ps,0, 0

)
1
m

=

k∏
s=2

Rsω
(
P1, C̄R1

)
>

k∏
s=1

Rs.

(4.19)

Therefore, the Kronecker product base {Km[z]} is not effective in Ē[R]. Moreover, let µ be any
positive integer and suppose that the base

{
P1,m1 (z1)

}
is not effective in C̄ R1√

1+µ
. Then there is a number

β > 1 and a sequence
(
n j

)
of positive integers such that

ω

(
P1,n j , C̄ R1√

1+µ

)
>

 βR1√
1 + µ


n j

; j ≥ 1. (4.20)
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Observe that we take m1 = m,m2 = µm, t1 = (1 + µ)
−1
2 , t2 =

(
µ

1+µ

) 1
2
,ms = ts = 0; 3 ≤ s ≤ k in (4.9).

This is always possible since K ≥ 2. In this case, as in [29], we deduce that

σm = σm,µm,0,...,0 =
(1 + µ)

1
2 (1+µ)m

µ
1
2µm

. (4.21)

A combination of (2.4), (4.9), (4.18), and (4.20) yields

Ω
(
K , Ē[R]

)
= lim sup
⟨m⟩→∞

{
Ω

(
Km, Ē[R]

)} 1
⟨m⟩

≥ lim sup
m→∞

{
Ω

(
Km,µm,0,...,0, Ē[R]

)} 1
(1+µ)m

≥ lim sup
m→∞

σm,µm,0,...,0Rm
1 Rµm2

k∏
s=3

(Rs)(1+µ)m

ω

(
P1,m, C̄ R1√

1+µ

)
ω

(
P2,µm, C̄R2

√
µ

1 + µ

) k∏
s=3

ω
(
Ps,0, 0

)
1

(1+µ)m

≥ R
µ

1+µ

1

k∏
s=2

(Rs) (1 + µ)
1

2(1+µ) lim sup
n j→∞

{
ω

(
P1,n j , C̄ R1√

1+µ

)} 1
(1+µ)n j

≥ β
1

1+µ

k∏
s=1

Rs

>

k∏
s=1

Rs.

Hence, the base {Km[z]} is not effective in Ē[R]. Therefore, for the base {Km[z]} to be effective in
the hyper-ellipse Ē[R], the base

{
P1,m1 (z1)

}
should be effective in the circles C̄R1 and C̄ R1√

1+µ
, i.e., the

base
{
P1,m1 (z1)

}
should be effective in C̄r1; C̄ R1√

1+µ

≤ r1 ≤ R1. Since µ can be chosen arbitrarily to be

large, we infer that the base
{
P1,m1 (z1)

}
should be effective in C̄r1 for 0 < r1 ≤ R1. In the same way,

it can be proved that to ensure the effectiveness of the base {Km[z]} in the hyper-ellipse Ē[R], each of
the constituent bases

{
Ps,ms (zs)

}
should be effective in C̄rs for 0 < rs ≤ Rs. Theorem 3.1 is therefore

established.
□

As an immediate consequence of Theorem 4.1, the following result is yielded.

Corollary 4.1. The Kronecker product base {Km[z]} will be effective in the hyper-ellipse Ē[r], 0 < rs ≤

Rs if and only if each of the constituents bases
{
Ps,ms (zs)

}
is effective in C̄rs for 0 < rs ≤ Rs, s ∈ J.

Now, we provide the following examples to illustrate the effectiveness property of the Kronecker
product bases of polynomials in closed hyper-ellipses in terms of certain bases of polynomials in closed
circles.
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Example 4.1. For s = 1, 2, the two bases of polynomials
{
Ps,ms (zs)

}
are defined by

Ps,ms (zs) =

1, ms = 0
1 + zms

s , ms ≥ 1.

Then zms
s can be written as follows:

zms
s = Ps,ms (zs) − Ps,0 (zs) .

Note that ω
(
Ps,ms , C̄rs

)
= 2 + rms

s and ω
(
Ps, C̄rs

)
= rs ∀rs ≥ 1, s = 1, 2. Therefore, the bases{

Ps,ms (zs)
}

are effective in C̄rs . By using Theorem 4.1, it follows that the Kronecker product base
{Km1,m2(z1, z2)} = {P1,m1(z1)} ⊗ {P2,m2(z2)} is effective in the closed hyper-ellipse Ēr1,r2 ∀ r1, r2 ≥ 1.

Example 4.2. For s = 1, 2, the two bases of polynomials
{
Ps,ms (zs)

}
are defined by

P1,m1 (z1) =

1, m1 = 0
1 + ( z1

2 )m1 , m1 ≥ 1,

and

P2,m2 (z2) =

1, m2 = 0
1 + ( z2

3 )m2 , m2 ≥ 1.

Similar to the previous Example 4.1, we find that the resulting Kronecker product base
{Km1,m2(z1, z2)} is effective in the closed hyper-ellipse Ēr1,r2 for all r1 ≥ 2 and r2 ≥ 3.

5. Mode of increase of the Kronecker product bases of polynomials

We determine the order and type of the Kronecker product bases of polynomials {Km[z]} in relation
to the constituent bases

{
Ps,ms (zs)

}
. Suppose that the Cannon bases

{
Ps,ms (zs)

}
are of increasing orders

(γs) and types (τs). Suppose that the
{
P1,m1 (z1)

}
has the greater rate of increase. In other words, we

consider either γ1 > γ2, γ3, . . . , γk or γ1 = γ2 = γ3 = . . . = γk and τ1 > τ2, τ3, . . . , τk, or τ1 = τ2 =

τ3 = . . . = τk. We now evaluate the order Ω and type Γ of the Kronecker product bases in terms of the
increase mode of the constituents.

Definition 5.1. [28] The order Ω of the base of polynomials Pm[z] in the closed hyper-ellipse Ē[αR] is
given by

Ω = lim
R→∞

lim sup
⟨m⟩→∞

logΩ
(
Km, Ē[αR]

)
⟨m⟩ log⟨m⟩

.

If 0 < Ω < ∞, the type Γ is given by

Γ = lim
R→∞

e
Ω

lim sup
⟨m⟩→∞

{Ω
(
Km, Ē[αR]

)
}

1
Ω⟨m⟩

⟨m⟩
.

Remark 5.1. Note that when the base of polynomials Pm[z] is of the finite order Ω and finite type
Γ, then it represents every entire function of an order less than 1

Ω
and a type less than 1

Γ
in any finite

hyper-ellipse.
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Theorem 5.1. Let
{
Ps,ms (zs)

}
, s ∈ J be Cannon bases of polynomials of increasing orders (γs) and

types (τs), where
{
P1,m1 (z1)

}
has the greater rate of increase. Then the order Ω of the Kronecker

product base {Km[z]} equals γ1, and the type Γ is determined as follows:

(i) If γ1 ≥
1
2 , then Γ = τ1.

(ii) If γ1 <
1
2 , then τ1 ≤ Γ ≤ τ12

1
2γ1
−1
.

Proof. From the left-hand side of inequality (4.9), we have

Ω
(
Km,0,...,0, Ē[aR]

)
≥ σm,0,0...,0R(k−1)m

k∏
s=1

{αs}
m ω

(
P1,m, C̄α1R

) k∏
s=2

ω
(
Ps,0, 0

)
. (5.1)

Hence,

Ω = lim
R→∞

lim sup
⟨m⟩→∞

logΩ
(
Km, Ē[αR]

)
⟨m⟩ log⟨m⟩

≥ lim
R→∞

lim sup
m→∞

logΩ
(
Km,0,...,0, Ē[αR]

)
m log m

≥ lim
R→∞

lim sup
m→∞

logω
(
P1,m, C̄α1R

)
m log m

= γ1.

(5.2)

From the definition of the number σm, we observe that

sup
|t|=1

tm =
1
σm
.

By taking ti = k−
1
2 , it readily follows that

σm ≤ k−
1
2 ⟨m⟩. (5.3)

Now, if γ1 = ∞, there is nothing to prove. So, for γ1 < ∞, let γ be any finite number greater than
γ1; we then have

ω
(
Ps,ms , C̄αsR

)
< Kmγms

s , (ms ≥ 1, s ∈ J) . (5.4)

Introducing (5.3) and (5.4) on the right-hand side of (4.9) , we obtain

Ω
(
Km, Ē[αR]

)
≤ NmσmR(k−1)⟨m⟩

k∏
s=1

{αs}
⟨m⟩−ms

k∏
s=1

ω
(
Ps,ms , C̄αsR

)
≤ Nmσm(αR)(k−1)⟨m⟩

k∏
s=1

ω
(
Ps,ms , C̄αsR

)
< KNmk−

1
2 ⟨m⟩(αR)(k−1)⟨m⟩{⟨m⟩}γ⟨m⟩

(5.5)

where α = max
1≤s≤k
αs. Hence, as ⟨m⟩ tends to infinity, (5.5) yields
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lim
R→∞

lim sup
⟨m⟩→∞

logΩ
(
Km, Ē[αR]

)
⟨m⟩ log⟨m⟩

≤ γ.

Consequently, we deduce that Ω ≤ γ, and as γ can be arbitrarily chosen near to γ1, it follows that
Ω ≤ γ1. The inequality (5.2) thus implies that Ω = γ1, as required.

The proof is now extended to evaluate the type Γ of the Kronecker product base {Km[z]}. As in the
case of the order, we first obtain a lower bound by appealing to the relation (5.1). In fact,by virtue of
this relation, it can be easily verified that

Γ = lim
R→∞

e
Ω

lim sup
⟨m⟩→∞

{Ω
(
Km, Ē[αR]

)
}

1
⟨m⟩Ω

⟨m⟩

≥ lim
R→∞

e
γ1

lim sup
m→∞

{ω
(
P1,m, C̄α1R

)
}

1
Ωm

m
= τ1.

(5.6)

Now, since the order γ1 and type τ1 are the greater increase, unless τ1 is infinite (in which case, the
proof is terminated), given any number τ > τ1, we obtain

ω
(
Ps,ms , C̄αsR

)
< K(

τγ1ms

e
)γ1ms , (ms ≥ 1, s ∈ J) . (5.7)

The right-hand inequality of (4.9) and the definition of σm as given in (2.6) are applied to (5.7) to
get

Ω
(
Km, Ē[αR]

)
< KNm(αR)(k−1)⟨m⟩(

τγ1⟨m⟩
e

)γ1⟨m⟩
k∏

s=1

{
ms

⟨m⟩
}(γ1−

1
2 )ms . (5.8)

Suppose now that γ1 ≥
1
2 . In this case, (5.8) implies that

Γ = lim
R→∞

e
Ω

lim sup
⟨m⟩→∞

{Ω
(
Km, Ē[αR]

)
}

1
Ω⟨m⟩

⟨m⟩

≤ lim
R→∞

e
γ1

[KNm(αR)(k−1)⟨m⟩(
τγ1⟨m⟩

e
)γ1⟨m⟩]

1
γ1⟨m⟩

= τ,

and as τ is chosen as near to τ1 as we please, we infer that Γ ≤ τ1. Hence, by (5.6), we conclude that
Γ = τ1, and the first assertion of the theorem concerning the type is established.

If, however, γ1 <
1
2 , the extreme terms in (5.8), which were dispensed with in the case where γ1 ≥

1
2 ,

will now be taken into account. In fact, we have

k∏
s=1

{
⟨m⟩
ms
}(

1
2−γ1)ms ≤ 2( 1

2−γ1)⟨m⟩

and hence (5.8) yields that
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Γ = lim
R→∞

e
Ω

lim sup
⟨m⟩→∞

{Ω
(
Km, Ē[αR]

)
}

1
Ω⟨m⟩

⟨m⟩

≤ lim
R→∞

e
γ1

[KNm(αR)(k−1)⟨m⟩(
τγ1⟨m⟩

e
)γ1⟨m⟩ 2( 1

2−γ1)⟨m⟩]
1

γ1⟨m⟩

= τ2
1

2γ1
−1
.

The procedure followed above leads to the inequality

Γ ≤ τ12
1

2γ1
−1
.

By virtue of (5.6), the double inequality

τ1 ≤ Γ ≤ τ12
1

2γ1
−1 (5.9)

is proved, and the proof of Theorem 5.1 is completed. □

The following example shows that the upper bound of (5.9) can be attained.

Example 5.1. Consider the base of polynomials {Ps,ms(zs)}, s = 1, 2 given byPs,0(zs) = 1
Ps,ms(zs) = (ms!)

1
4 + zms

s , (ms ≥ 1, s = 1, 2).

Note that the simple base {Ps,ms(zs)}, s = 1, 2 is of the order γ1 =
1
4 and the type τ1 = 4. By applying

the double suffix notation, the Kronecker product base {Km1,m2(z1, z2)} = {P1,m1(z1)} ⊗ {P2,m2(z2)} is
constructed in the following manner:

K0,0(z1, z2) = 1

K0,m2(z1, z2) = P1,0(z1) ⊗ P2,m2(z2) = (m2!)
1
4 + zm2

2 , (m2 ≥ 1)

Km1,0(z1, z2) = P1,m1(z1) ⊗ P2,0(z2) = (m1!)
1
4 + zm1

1 , (m1 ≥ 1)

Therefore,

{Km1,m2(z1, z2)} = {Pm1(z1)} ⊗ {Pm2(z2)} = {(m1!)
1
4 + zm1

1 } ⊗ {(m2!)
1
4 + zm2

2 }.

Easy calculations show that Ω = 1
4 and the type Γ = 8.

In Example 5.1, we took the two coincident constituent bases and this yields the upper bound in
(5.9). In the following, we find the order and type of the Kronecker product bases of given bases.

Example 5.2. Suppose that the base of polynomials
{
Ps,ms (zs)

}
where s = 1, 2 is defined by

Ps,ms (zs) = zms
s + mms

s , Ps,0 (zs) = 1.

Note that

ω
(
Ps,ms , C̄rs

)
= mms

s

[
2 +

(
Rs

ms

)ms
]
.

Direct calculations implies that the base
{
Ps,ms (zs)

}
is of the order γs = 1 and the type τs = e, s =

1, 2. Consequently, the Kronecker product base {Km1,m2(z1, z2)} = {P1,m1(z1)}⊗{P2,m2(z2)} is of the order
Ω = 1 and the type Γ = e.
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6. The Tρ-property of the Kronecker product bases of polynomials

In this section, we discuss the Tρ-property of Kronecker product base {Km[z]} in the closed hyper-
ellipse Ē[r].

Now, we define the Tρ-property of the base {Pm[z]} in Ē[r] as follows:

Definition 6.1. If the base {Pm[z]} represents all entire functions of order less than ρ in Ē[r], then it is
said to have the property Tρ in Ē[r].

Let

Ω(P, Ē[r]) = lim sup
⟨m⟩→∞

log Ω(Pm, Ē[r])
⟨m⟩ log⟨m⟩

.

The following theorem concerns the property Tρ of the base {Pm[z]}.

Theorem 6.1. A base {Pm[z]} to have the property Tρ for all entire functions of an order less than ρ in
Ē[r] if and only if Ω(P, Ē[r]) ≤ 1

ρ
.

Proof. The proof can be carried out in a very similar way to the case of complete Reinhardt domains
(polycylinderical regions) (see [27]); therefore, it is omitted. □

Next, we construct the Tρ-property of the Kronecker product bases in Ē[r] in terms of the Tρ-property
of their constituents in C̄rs .

Theorem 6.2. Let
{
Ps,ms (zs)

}
, s ∈ J be the base of polynomials and suppose that {Km[z]} is their

Kronecker product bases. Then the base {Km[z]} has the Tρ-property in Ē[r] if and only if the bases{
Ps,ms (zs)

}
have the property Tρs in C̄rs , where s ∈ J and ρ = min{ρs, s ∈ J}.

Proof. Suppose that the bases
{
Ps,ms (zs)

}
has the property Tρs , s ∈ J in C̄rs . According to Theorem 6.1,

we have

ω(Ps, C̄rs) ≤
1
ρs
, (6.1)

where

ω(Ps, C̄rs) = lim sup
ms→∞

log ω(Ps,ms , C̄rs)
ms log ms

. (6.2)

If ρ
′

< min{ρs}, then from (6.1) and (6.2), we get

ω(Ps,ms , C̄rs) < ks{ms}
ms
ρ
′
, (6.3)

where ks > 1 are constants. Introducing (6.3) in (4.9), it follows that

Ω(Pm, Ē[r]) <
k∏

s=1

ks{ms}
ms
ρ
′
< K{⟨m⟩}

⟨m⟩
ρ
′
,

where K = max{ks}, s ∈ J. Hence, as ⟨m⟩ → ∞, we obtain
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Ω(P, Ē[r]) = lim sup
⟨m⟩→∞

log Ω(Pm, Ē[r])
⟨m⟩ log⟨m⟩

≤
1
ρ′
.

Since, ρ
′

can be chosen arbitrarily near to ρ, then

Ω(P, Ē[r]) ≤
1
ρ
.

In view of Theorem 6.1, the Kronecker product bases {Km[z]} has the Tρ-property in Ē[r]. To
complete the proof, suppose that the base

{
P1,m1 (z1)

}
for example, does not have the property Tρ1 , in

C̄r1 . In that case

ω(P1, C̄r1) >
1
ρ1
.

Hence,

Ω(P, Ē[r]) = lim sup
⟨m⟩→∞

log Ω(Pm, Ē[r])
⟨m⟩ log⟨m⟩

≥ lim sup
m1→∞

log ω(P1, C̄r1)
m1 log m1

= ω
(
P1, C̄R1

)
>

1
ρ1
.

Therefore, according to Theorem 6.1, the Kronecker product bases {Km[z]} cannot have the Tρ1-
property in Ē[r], for any ρ ≤ ρ1 Hence in the case where ρs ≥ ρ1, the Kronecker product bases cannot
have the property Tρ, where ρ = min{ρs, s ∈ J}. In the case where ρs > ρ1, we have ρ = min{ρs, s ∈
J} = ρ2, and hence the Kronecker product bases cannot have the Tρ-property in Ē[r]. Thus Theorem 6.2
is completely established. □

The following example calculates the Tρ-property of the Kronecker product base of polynomials in
Ē[r].

Example 6.1. Suppose that
{
Ps,ms (zs)

}
; s = 1, 2 are defined by:

Ps,ms (zs) =

zms
s , ms is even,

zms
s +

zt(ms)

2mms
s
, ms is odd.

where t(ms) is the nearest even integer to ms log ms + mms
s , s = 1, 2.

When ms is odd, we obtain:

zms
s = Ps,ms (zs) −

Ps,t(ms) (zs)
2mms

s
.

Hence,

ω
(
Ps,ms , C̄rs

)
= rms

s + 2
rt(ms)

s

2mms
s
.

Electronic Research Archive Volume 33, Issue 2, 1070–1092.



1087

Putting rs = 2, it follows that

ω
(
Ps,ms , C̄2

)
= 2ms + 2ms log ms+1,

thus

ω
(
Ps, C̄2

)
= lim sup

ms→∞

log ω
(
Ps,ms , C̄2

)
ms log ms

≤ log 2.

Therefore, the base
{
Ps,ms (zs)

}
has the T 1

log 2
-property in C2. Applying Theorem 6.2, the Kronecker

product base {Km1,m2(z1, z2)} has the T 1
log 2

-property in the closed equi-hyper-ellipse Ē2,2.

7. Applications involving special polynomials

Orthogonal polynomials such as the Legendre, Chebyshev, Hermite, Bernoulli, Euler, and Bessel
polynomials play a significant role in the approximation theory, particularly when it comes to
expressing and approximating functions using polynomial series.

7.1. Effectiveness of the Kronecker product bases involving certain special polynomials

To show the validity of our main results concerning effectiveness, we begin by considering simple
bases of the proper and general Bessel polynomials

{
Ps,ms (zs)

}
and

{
Qs,ms (zs)

}
, given as follows:Ps,0 (zs) = 1,

Ps,ms (zs) =
∑ms

hs=0
(ms+hs)!

hs!(ms+hs)!

(
zs
2

)hs
, ms ≥ 1, ∀s ∈ J

and Qs,0 (zs) = 1,

Qs,mn (zs) = 1 +
∑ms

hs=1

ms!
∏hs

js=1(ms+ js+as−2)

hs!(ms+hs)!

(
zs
bs

)hs
,ms ≥ 1, ∀s ∈ J,

where as and bs are given numbers. The authors of [43, 44] proved that both the bases
{
Ps,ms (zs)

}
and{

Qs,ms (zs)
}

are effective in C̄rs for all rs > 0. By applying Theorem 4.1, the resulting Kronecker product
bases {

K (P)
m [z]

}
=

k⊗
s=1

{
Ps,ms (zs)

}
and {

K (Q)
m [z]

}
=

k⊗
s=1

{
Qs,ms (zs)

}
are effective in the closed hyper-ellipse Ē[r] for all rs > 0, s ∈ J.

Recently, in [45], the Chebyshev polynomialsTs,0 (zs) = 1, ms = 0 ∀s ∈ J

Ts,ms (zs) =
∑[ ms

2 ]
hs=0

(ms!
2hs!(ms−2hs)!

zms−2hs
s

(
z2

s − 1
)hs
, ms ≥ 1, ∀s ∈ J
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was proved to be effective in C̄1. As an immediate consequence of Theorem 4.1, the Kronecker product
bases

{
K

(T )
m [z]

}
given by {

K (T )
m [z]

}
=

k⊗
s=1

{
Ts,ms (zs)

}
is effective in the closed equi-hyper-ellipse Ē[1].

Now, the base of Gontcharaff polynomials {Gs,ms (zs)}, associated with a given set (ast
ms
s ) of points

as introduced in [42], is defined in the formGs,0 (zs) = 1,

Gs,ms(zs; as, asts, ast2
s , . . . , ast

ms−1
s ) =

∫ zs

as
dls

1

∫ ls
1

asts
dls

2

∫ ls
2

ast2s
dls

3 . . .
∫ ls

ms−1

ast
ms−1
s

dl
s

ms
, ms ≥ 1

where as and ts are given complex numbers. For the case when |ts| < 1, the authors of [42] proved that
the Gontcharaff polynomials {Gs,ms (zs)} are effective in C̄rs for all rs ≥ |as|. Applying Theorem 4.1, we
conclude that the Kronecker product bases

{
K (G)

m [z]
}
=

k⊗
s=1

{
Gs,ms (zs)

}
is effective in the closed hyper-ellipse Ē[r] for all rs ≥ |as|.

7.2. Mode of increase and the Tρ-property of the Kronecker product bases involving certain special
polynomials

Regarding the mode of increase of the constructed Kronecker product bases, we consider the simple
bases of the Bernoulli polynomials

{
Bs,ms (zs)

}
and the Euler polynomials

{
Es,ms (zs)

}
given by

Bs,ms (zs) =
ms∑

hs=0

(
ms

hs

)
Bms−hs zhs

s

and

Es,ms (zs) =
ms∑

hs=0

(
ms

hs

)
Ems−hs

(
zs −

1
2

)hs

.

Recently, the authors of [46] proved that the Bernoulli polynomials {Bs,ms(z)} are of the order 1 and
type 1

2π , and the Euler polynomials {Es,ms(z)} are of order 1 and type 1
π
. Applying Theorem 5.1, we

deduce that the Kronecker product bases of Bernoulli polynomials

{
K (B)

m [z]
}
=

k⊗
s=1

{
Bs,ms (zs)

}
are of order 1 and type 1

2π , and the Kronecker product bases of the Euler polynomials

{
K (E)

m [z]
}
=

k⊗
s=1

{
Es,ms (zs)

}
Electronic Research Archive Volume 33, Issue 2, 1070–1092.
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are of order 1 and type 1
π
.

Furthermore, the author of [47] concluded that when |ts| = 1, the previously mentioned Gontcharaff
polynomials {Gs,ms (zs)} have order 1 and type |a|

µ
, where µ is the modulus of a zero of the function

f (zs) =
∞∑

ms=0

t
ms(ms−1)

2
s

zms
s

ms!

of the least modulus. Consequently, by applying Theorem 5.1, the Kronecker product bases of
Gontcharaff polynomials are of order 1 and type |a|

µ
.

Additionally, as an application of Theorem 6.2, the recent results in [46] indicated that the Bernoulli
and Euler polynomials have the property T1. Moreover, the author of [47] proved that the Gontcharaff
polynomials have the property T1. Applying Theorem 6.2, we conclude that the order of the Kronecker
product bases of Bernoulli, Euler, and Gontcharaff polynomials have also the property T1.

Remark 7.1.

1) Similar results for the Kronecker product bases {Km[z]} in hyper-elliptical regions can be obtained
when the constituents bases are taken to be general bases.

2) To get the analogous results concerning the convergence properties in hyper-spherical regions
[29, 48], we put R1 = R1 = . . . = Rk = R.

8. Conclusions

The present paper is a study of convergence properties (effectiveness, order, type, and Tρ-property)
of a new kind of bases of polynomials in multi-dimensional polynomial approximation, namely
Kronecker product bases. The region of representation are hyper-elliptical regions. Some applications
on these bases of the problem of classical special functions such as Bessel, Chebyshev, Bernoulli,
Euler, and Gontcharaff polynomials have been studied. The results obtained are natural
generalizations of the results obtained in hyper-spherical regions.
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