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Abstract: The Kronecker product is widely utilized to construct higher-dimensional spaces from
lower-dimensional ones, making it an indispensable tool for efficiently analyzing multi-dimensional
systems across various fields. This paper investigates the representation of analytic functions within
hyper-elliptical regions through infinite series expansions involving sequences of Kronecker product
bases of polynomials. Additionally, we examine the growth order and type and T),-property of
series composed of Kronecker product bases that represent entire functions. We also delve into the
convergence properties of Kronecker product bases associated with special functions, including Bessel,
Chebyshev, Bernoulli, Euler, and Gontcharoff polynomials. The obtained results extend and enhance
the existing findings of such representations in hyper-spherical regions.
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1. Introduction

The elegant algebraic structure of the Kronecker product facilitates the development of efficient,
elegant, and highly practical algorithms. Several contributions in scientific computing indicate that this
significant matrix operation will be increasingly employed in different research trends and applications.
Like any significant mathematical operation, the Kronecker product has been adapted and refined in a
wide range of applications across numerous fields, including matrix equations [1, 2], matrix calculus
[3-6], system theory [7—10], system identification [11, 12], signal processing [13], image processing
[14], quantum mechanics [15], statistics and econometrics [16, 17], approximation theory [18] and
other applications [19].

A rich area of research in approximation theory is the study of polynomial bases. The concept of
polynomial bases was introduced by Cannon [20,21] and Whittaker [22-24]. This theory has been
generalized in three principal directions. The first direction involves studying the convergence
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properties of polynomial bases for several complex variables in hyper-spherical, hyper-elliptical, and
polycylindrical regions. In the context of several complex variables, the effectiveness of basic sets of
polynomials by holomorphic functions in hyperelliptical regions were explored in [25,26]. The
convergence properties of composite sets of polynomials were investigated in [29] while their order
and type in complete Reinhardt domains were studied in [27]. Additionally, the authors of [28]
introduced the representations of certain regular functions of several complex variables using
exponential sets of polynomials in hyperelliptical regions. The second direction extends this study to
the convergence properties of polynomial bases in Clifford analysis. Particularly, the theory of base of
polynomials was adopted to the context of Clifford analysis in [30] and the order of functions
represented by these bases were deduced in [31]. Further contributions in this direction, authors
studied the approximation properties of monogenic functions by hypercomplex Ruscheweyh
derivative bases [32], and Hasse derivative bases [33]. The third direction concerns the approximation
of analytic functions by certain types of complex conformable fractional derivative bases of
polynomials in Fréchet spaces [34-36].

It is of great interest to perform different mathematical structures on certain bases to produce new
bases. Then the challenging task is examining the convergence properties of the new bases to
determine whether they retain the same effectiveness properties of their constituents bases or not. For
instance, the author of [37] demonstrated the convergence properties of Hadamard product bases of
polynomials which defined using n bases of polynomials of several complex variables in complete
Reinhardt domains. The extension of the generalized Hadamard product set in several complex
variables was introduced in [38] using hyperelliptical regions. Our emphasis in the current study is on
exploring some important results related to the approximation theory in multi-dimensional expansions
in hyper-elliptical regions. In this context, the Kronecker product plays a pivotal role in
multi-dimensional polynomial approximation. Regarding to the approximation of multi-dimensional
functions using polynomial series, the Kronecker product is employed to construct multi-variable
polynomials from one-dimensional polynomial bases.  This approach enables the efficient
representation and computation of multi-dimensional polynomials, which are essential for
approximating the functions of several complex variables.

The importance of the constructed Kronecker product bases lies in their ability to represent one-
dimensional functions as multi-dimensional expansions. When dealing with multivariate functions,
the Kronecker product enables the existence of a basic series expansion in terms of a one-dimensional
basic series for each variable, resulting in a more efficient representation. The purpose of introducing
these new bases is to represent analytic functions as infinite series within regions such as hyper-spheres,
hyper-ellipses, or polycylinders.

Investigating the approximation properties of certain special functions, including Bessel,
Chebyshev, Bernoulli, Euler, and Gontcharoff polynomials, has considerable significance in the
theory of polynomial bases. These polynomials exhibit unique structural and analytical properties that
elaborate their efficiency in various applications within mathematical analysis and applied
mathematics. In the context of approximation theory, such polynomials serve as bases for the
representation and approximation of more complex functions. Notably, the authors of [46]
demonstrated that both the Bernoulli and Euler polynomials are of order 1 and are not effective
anywhere. In [44], it was shown that both proper Bessel polynomials and general Bessel polynomials
are effective everywhere. Moreover, the authors of [45] conducted a detailed analysis of the
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approximation properties of Chebyshev polynomials within the unit disk. In this study, we extend the
corresponding approximation properties of certain bases constructed using the aforementioned
polynomials.

We now provide a brief overview of the paper. Section 2 provides the key definitions, notations, and
relevant results from previous work that will be utilized throughout the paper. We define and construct
the Kronecker product of certain bases and prove it is indeed a base in Section 3. In Section 4, we
investigate the effectiveness of Kronecker product bases for polynomials of several complex variables
within closed hyper-elliptical regions. We establish the effectiveness criteria of Kronecker product
bases in closed hyper-ellipses, whose constituents are Cannon bases of polynomials of one complex
variable, which are effective in closed circles. Section 5 explores the order and type of the Kronecker
product bases of polynomials. We examine the T,-property in closed hyper-ellipse in Section 6. In
Section 7, we discuss several applications of the Kronecker product bases of polynomials, which have
links with the classical special functions such as Bessel, Chebyshev, Bernoulli, Euler, and Gontcharaff
polynomials. Section 8 concludes the paper by summarizing the obtained results.

2. Preliminaries and notations

For simplicity purposes, the following notation is used throughout this study (see [26,28]).

m=my,my,...,mM;, {M)=m +my+...m;
2=21,2,...2; 0=0,0,...,0; |z =zl +lzal +...+zl*;
2" = [ 2 =1 4 2.1)
[r] =[r,r,....,1]; [xI" =1[rr...,1];
lar] = [ayr, aor, ..., axr].
In this notation, my, s € J = {1,2,...,k} are non-negative integers, while #,, s € J are non-negative
numbers, where 0 < ¢, < 1,5 € J|t| = [ ﬁzl tf](m) = 1 and ry, s € J are positive numbers. In

the space C* of the complex variables z,, s € J, the symbol Ej;; stands for an open hyper-ellipse of
radius r; > 0,5 € J, and its closure is denoted by Ej,j. The regions Ejyj and Ey satisfy the following
inequalities (see [26, 28]):

Ep = {w:|w[ <1},
Ep ={w:|w] < 1},
where w = (Wi, wa, ..., Wwr), wy = f—, s€EJ.

Definition 2.1. [26, 28] Suppose that {Pwlz]} = {Polz], Pilz], ..., Pulz],...} is a set of polynomials.
Then {Pwlzl} is a base if every polynomial in the complex variables zi; s € J can be uniquely expressed
as a finite linear combination of the elements of the base {Pwlz]}. Hence, the set {Pwlz]} is a base if
and only if there exists a unique row-finite matrix P that satisfies

PP =P P =1, (2.2)

where P = {Pmn} is the matrix of coefficients and P~ = {P;ll’h} is the matrix of operators of the base
{Pmlz]}. Accordingly, for the base {Pw[z]}, we have
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Pm[z] = Z Pm,hzh,
h

(2.3)
= PunPilzl.
h

Let f(z) = ), amz™ be any regular function at the origin 0. Using (2.3), we substitute for z™ and
rearrange the terms to obtain the following:

f@) =) MyPulzl, Ty = Zsom .

which represents the associated basic series of the function f(z).

Definition 2.2. [26,28] The associated basic series Y., UnPmlz] represents f(z) in Eyy if it converges
uniformly to f(z) in Ey.

Definition 2.3. [26,28] The base {Pnlz]} is effective in E[r] when the associated basic series represents
every regular function in Ejy.

To examine the convergence properties of such bases, we use the following notations:

M (P, Epny) = sup P2, 2.4)
Efr
and
k
Q(Pm, E) = o | [ Hrf™ Z [Pain] M (P, Ery) . (2.5)
s=1
where

1 (1/2)(m)
om = inf — = M, 1 <om < (V™. (2.6)
=1 ™k mlPm

Moreover, the Cannon function is defined as

1
)

Q(P. Epy) = lim sup {Q (P, Em)}m‘

(m)—oo0

(2.7)

.....

defined in [29], a base {Pmlz]} of polynomials is called a Cannon base, if Ny, satisfies
Jim {N}® = 1. (2.8)

If limmy oo {Nm}ﬁ = a, where a > 1, then the base {P,[z]} is called a general base.
The following result characterizes the effectiveness property of the base {#n[Z]}.

Theorem 2.1. [26] A Cannon base {Pn[z]} is effective in E[r] if and only if

:»

P E[r]

Ts.

s=1
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3. The Kronecker product bases of polynomials

The Kronecker product of two matrices of an arbitrary size was introduced over any ring (see
[39—41]). It maps the matrices A;; and By, into the is X j¢ matrix, which is denoted by C = A ® B.
Although the usual matrix product of two matrices A, B requires that j = s and that either A or B is
a scalar, the Kronecker product A ® B is defined regardless the size of these matrices. The Kronecker
product has the following properties:

(1) A®B®C=(A®B)C=A®BxC),

(2) (A®B)(C®D) = AC ® BD if AC and BD exist,

(3) If A and B are non-singular, then (A®B)' = A7 @ B!,
4) 1, ® I, = L.

Let {P1m, @D} o AP2m, 22D} s -« - APkom, (21)} (in short, {Ps.,. (z5)}) Where s € J be a finite numbers of
bases of polynomials of one variable. Consider the product element

Pim (21) @ Pom, (22) @ ... @ Prm, () -

If, for any mode of arrangement, we put

Konimase (215225« -5 26) = Primy (21) @ Pomy (22) ® ... @ Py, (21 s (3.1)
the sequence (K, m,..m (21,22,...,2x)} represents a set consisting of multi-complex variable
polynomials in z;, 25, .. ., zx wWhich indeed determined the Kronecker product base of the polynomials

bases {P;, (z5)} ;5 € J.

In the current paper, we propose to investigate the convergence characterizations of the Kronecker
product bases in multi-dimensional polynomials approximation in terms of their constituents bases in
one-dimensional polynomial bases.

When {P; ... (z5)}; s € J are Cannon bases of polynomials of complex variables z,; s € J, the product
set

k
Knlz] = (X) P, (2) (3.2)
s=1
defines the Kronecker product bases of polynomials of several complex variables z,; s € J where

7<m[z] = Z (](m,hzh,
h

(3.3)
2" = ) Ko Talzl.
h

Note that K = (Knnp) is the coefficients matrix and K~ = (7(1;1,111) is the operators matrix of the
Kronecker product base {K,[z]} for which

K=P,P,...P,
K'=Pl'op; .. 0P,

where P, and P!, s € J are, respectively, the matrix of coefficients and the matrix operators of the
base {Pm, (z5)} -
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Now, we prove that the Kronecker product set {K,,[z]} is indeed a base of polynomials. Observe
that

KK =P1eP,...0P) (P o' .. 0P )
= 7)17);1 ®7)27)51.®pk7)k_1
=181®..0l=1

and

KK =(Pr' oy ... 0P ) (P1®P,...0P)
=PI'PI@P; ' Pr. @ PP
=IQI®..8I=1.

Owing to (2.2), we conclude that the Kronecker product set is a base.
In the forthcoming sections, we strive to provide justifications for the following questions:

1) If k bases of polynomials {P;,,. (z,)} are effective in the closed circles C_',S for 0 < ry < R,, is the
Kronecker product base {K,[z]} as determined in (3.2) effective in the closed hyper-ellipse Ejg;
for Ry > 07

2) If k bases of polynomials {P;,, (z;)} are of orders (y,) and types (7y), s € J, what are the order
and type of the Kronecker product {K,[z]} of these bases?

3) If k bases of polynomials {# . (z,)} have the T, -property in C,, s € J, what is the corresponding
T, -property of the Kronecker product {K,[2]} in Ey ?

4) Can the obtained results be applied to some special functions such as Bessel, Chebysheyv,
Bernoulli, Euler, and Gontcharoft polynomials?

4. Effectiveness of the Kronecker product bases of polynomials in closed hyper-ellipses

Let {Kw[z]} be the Kronecker product base of polynomials of several complex variables z,, s € J
whose constituents are considered to be Cannon bases {P,,, (z5)};s € J. Furthermore, suppose that
Zy*; s € J admit the following finite representation

o = Z P Pon ()5 €. (4.1)

hs

According to the definition of Kronecker product bases (3.1), z™ admits the finite representation

2" = ) Kb Kilzl, 4.2)
h
where )
Kon = | | Pom (4.3)
s=1

The Cannon sum for the bases P, (z;) for the circles C_‘rs; € J is given by

@ (Pam-Cr) = )

s

Ponil M (P Cr,) (4.4)
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where
M(Ps,hx’ Crs) = sup Ps,hs (Zs) s
Crs (4.5)
M (Py,,0) = [P, (0)|.

The Cannon functions for the same bases for C,, are given by

(P, C,,) = limsup {w Py, C,. )} . (4.6)

ms—>oo

Since {P;,n, (z5)} , s € J are Cannon bases, then the numbers of non-zero coefficients Ny, satisfy

k
Now=[ [ Nemy  Jim {Nppw = 1. 4.7)
=1

(m)—o0

Thus, the Condition (2.8) holds and the Kronecker product base {K,[z]} will be also a Cannon base.
A combination of (2.4), (3.1), and (4.5) leads to

(7(m, Em) = sup |Kmlz]| = supn M smes Cr, x ) (4.8)

[t)=1

Therefore, the Cannon sum for the base {K,[z]} can be obtained by using (4.3), (4.4), and (4.8). In
fact, the following double inequality can be easily verified:

k k
O'mrl (m) my [sup{ a) ymr, rtr} <
s=1 1

t=1 |

Om ﬁ {1, ym—ms {sup {ﬁ w (Ps,ms, C_'ms)}] )

s=1 =1 =1

Q(Kom, E)

(4.9)

Concerning the effectiveness of the Kronecker product bases in closed hyper-ellipses, the following
result is established.

Theorem 4.1. Suppose that {Kn[z]} is the Kronecker product base of polynomials of several complex
variables z;, s € J whose constituents are the Cannon bases P, (z5)}. Then the Kronecker product
base {Kulzl} is effective in the closed hyper-ellipse Ery; R, > 0,5 € J, if and only if the bases
{Ps.m. (z5)} are effective in the closed circles C,, for 0 < ry < R, s € J.

Proof. First, suppose that each of the bases {P,,, (z,)} is effective in C,, for 0 < ry < R, s € J. Thus,
the Cannon functions given in (4.6) satisfy

a)(Pg,C_’rS) =r,(0<ry<R,,s€J).

Let I < @ < oo, and fix the positive number 7 by

2= (1 - oﬂ)/k. (4.10)

Hence for any number a, there exists a finite number K > 1 such that
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{ Py Cre) < K{Var,7]” 4.11)

w(PY,mS, C_‘Rx) < K{ \/ERs}m'v (mg>0;5€J)

Since the functions P, (z;) /25" are regular in the region R;t < |z,| < Ry, s € J, then in terms of
(4.4) and (4.5), and by using (4.11), we obtain

P78 | M (Pons Cro,) @ (P Crz) @(Pom,:Cr,)

M <
Ry1)™ TR TR

for 7 < t, < 1. Therefore, it follows that

@ (Pyns Cra) < KNo, (VR ;)" (r <1, < 1,m; > 0,5 € 1) (4.12)

Now, by considering the parameters 7, where s € J in (4.9), we find that some of these parameters
may lie in the interval (0, 7) and the others in (7, 1). Thus, as in [29], for the numbers ¢, where 0 < ¢; < 1,
s € J, we consider three cases.

Case (i):7<t;,<1; (1<s<D,0<t,<7; (I+1<u<k)),
Case (ii): 0<r, <1, s€J,
Case (ili): 7<t; < 1; se J

where [ is any integer not exceeding K. Now, since

k
1
supt™ = —;th =1, (4.13)
Itl=1 Om “—
it follows that .
supt™ < —:;  m’ = (my,my,...,m) (4.14)
It|<1 O
and
’ ’ 1
7=l qup ™ < — t = (f1,t, .. .0 1) (4.15)
It'|=1-(k—1)72 m
However, we have
(m’/2)
(1 - sz) "
sup  t™ =
It/|=1—(k—1)72 O

Thus,

—((m")/2)

O™ ™) < o (1 - krz) (4.16)
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For Case (i), we substitute ¢,

right-hand side of (4.9). Using (4.7), (4.10), (4.11)
following relations:

k [ k
Q (Kun. Ey) < Nonm || | RS sup{]—[

»|t|:1 =1

u;
| i
MR

mOm {RS }(m)—mr sup
s=1
L2

S Nmo_m {RY }<ln>_’/nA

sup
[ 17]<1

s=1

< KNN,%,am[

k (m)
< KV N2 (m/2+(m)/2) [n Rs)

s=1

< K"N;, (af

k (m)
[] R‘Y) .
s=1
For Case (ii), we use (2.5) and (4.11) to get

k
Q ((](m, E[R]) < NuOm B

]»ﬁ
N

< NmOm

< NuOm

< KNNo 7™ [

=7twhere/+1 < u <

| [t|=1:0<7, <7<1,<1

{R)™"

{Rs}<m>_ms

k), for the elements of the product on the

, (4.12), (4.14), (4.15), and (4.16) then leads to the

smsa CR sls }]

i
{l_lw Sy CR oty

s

k
1—[ w (Pu,mu’ CRutu)}:#
u=I[+1

{H KNy, ( \/c_yRStS)ms ﬂ K( «/&RMT)'"“}]
) - u=1+1
Vo n Rs) 7(m—m’) [sup t’m']

It'|<1

ms

sup
[ 1t=1

X :
{n w (Ps,ms, CRSZ_V)}

s=1 |
ﬁ w (Ps,mx, C RST)}

s=1

sup
tl=1

|k (vare)”

s=1

‘ (m)
v | | Rs)
s=1

k (m)
< K"Nm [a 1—[ Rs] :
s=1

For Case (ii1), we appeal to the relations (2.5), (4.7), and (4.12) to obtain

Q (Wm, E[R]) < NmO'm

—- i

IA

Nmom

Il
—_

S

Electronic Research Archive

{RS}(m>_m‘

{Rq}<m>_m”

sup
| ItI=1

:|»

-

k
sup

| 1ti=1

=

s=1

)
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k (m)
< K"N2om [ Va H RS] [sup tm]
s=1

lti<1
k (m)

< K'N2, (a ]_[ Rs) .
s=1

Therefore, for (i), (i1), and (iii), we have

. k
Q(K, Emy) = lim sup {Q (Km, Em)}™ < @[ | Rs: 4.17)

{(m)— o0 =1

Moreover, using (4.2), it follows that

k k (m)
Q(Kon, Eiwr) 2 0 | | (R sup|a™] = [H R) ,
s=1

ER
which means that

k
Q(K, Ew) > | | R.. (4.18)

s=1
Since a can be chosen arbitrarily near to one, then (4.17) and (4.18), imply that Q(’K , E_[R]) =

]_[’s‘:1 R,, and the Kronecker product base {K,[z]} is effective on E [R]-

For the converse, suppose that the base {1, (z1)}, for example, is not effective in Cg,. Taking the
values my = m,t; = 1,m; = t; = 0; 2 < s < k on the left-hand side of (4.9), then using (2.5), (2.6), and
(4.6), we have

{(m)—oco
k k _ ﬁ
> lig_s)lolop {O-m 1:1[ {RS}<m>_m5 |i|st}ill) {1;[ w (Ps,mﬂ CRyts)}}}
) . 1 (4.19)
> limsup { O 0,...0 ]—[ (R}" @ (P1m> Cr,) 1—[ w (o, 0)}
m—oo s=1 s=2
k k
= l_[st(SDl,C_'R]) > HRS
s=2 s=1

Therefore, the Kronecker product base {K,[z]} is not effective in E[R]. Moreover, let u be any
positive integer and suppose that the base {P ,, (z1)} is not effective in C—2_. Then there is a number

A1+

B > 1 and a sequence (n j) of positive integers such that

- BR, |
|P1,Cor | > ;j> 1. (4.20)
( l \/llTu) {\/1+,u
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1
Observe that we take m; = m,my = um,t; = (1 +p)%',t2 = (I"Tﬂ)z ,my =1, =0;3 <5 <kin (4.9).
This is always possible since K > 2. In this case, as in [29], we deduce that

1+ (1+w)m
= oo = EAE @21)

ke
A combination of (2.4), (4.9), (4.18), and (4.20) yields

Q (7(, E[R]) = lim sup {Q (7(m, E[R])}ﬁ

{(m)— oo

> lim sup {Q («m,ﬂm,O,...,O’ E[R])}m

m—-oo

m—00
s=3

k T
= = / H
w (7)1,;11, C\ZIT#) w (PZ,pm’ Cg, T) l:l w (Ps,o, 0)}

u K e
R™ | | (R + 3 lim su P C r_ )} '
R] ]_[ D (1 + s p{ ( s Cn_

nj—oo
k
L
1

> lim sup {O‘m im0, oRT'RY" l—[ (R, 1+

IV

Hence, the base {K,[z]} is not effective in E[R]. Therefore, for the base {Ka[z]} to be effective in
the hyper-ellipse Eg;, the base {#,,, (z1)} should be effective in the circles Cr, and C—=, i.e., the

\/1+,u’
base {P) ., (z1)} should be effective in Crl ;C r,_ < r <R,. Since u can be chosen arbitrarily to be
large, we infer that the base {#,, (z;)} should be effective in C,, for 0 < r; < R;. In the same way,
it can be proved that to ensure the effectiveness of the base {K,[z]} in the hyper-ellipse E[R], each of
the constituent bases {P;,. (z;)} should be effective in C_‘rx for 0 < ry < R;. Theorem 3.1 is therefore

established.

O
As an immediate consequence of Theorem 4.1, the following result is yielded.

Corollary 4.1. The Kronecker product base {Knlz]} will be effective in the hyper-ellipse Ep,0 < ry <
R; if and only if each of the constituents bases {P ., (z5)} is effective in C“,X forO<ry <R, sel.

Now, we provide the following examples to illustrate the effectiveness property of the Kronecker
product bases of polynomials in closed hyper-ellipses in terms of certain bases of polynomials in closed
circles.
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Example 4.1. For s = 1,2, the two bases of polynomials {P ., (z,)} are defined by

1, mg =0

My
1+z°, my>1.

P, (25) = {
Then zZy* can be written as follows:

Z’sns = Ps,mx (z5) = ?5,0 (z5) .

Note that a)(‘Ps,m_v,C_‘r_v) =2+ r" and w(?’s,é”) = ry Vrg > 1, s = 1,2. Therefore, the bases
{Psm, (z5)} are effective in C_'rs. By using Theorem 4.1, it follows that the Kronecker product base
(Ko, s (21> 22)} = {P 1, (21)} ® (P, (20)} is effective in the closed hyper-ellipse E,, ,, ¥ ri,ry > 1.

Example 4.2. For s = 1,2, the two bases of polynomials {P,, (z,)} are defined by

1, mp = 0
Prm (21) = 2
L+G)™, m =1,
and
P ( ) 1, my = 0
my L2) =
PR+ (2, my > 1.

Similar to the previous Example 4.1, we find that the resulting Kronecker product base
{Kon, m, (21, 22)} is effective in the closed hyper-ellipse E_rl,r2 forallr, > 2 and ry > 3.

5. Mode of increase of the Kronecker product bases of polynomials

We determine the order and type of the Kronecker product bases of polynomials {K,[z]} in relation
to the constituent bases {P; . (z;)}. Suppose that the Cannon bases {P;,,, (z;)} are of increasing orders
(v,) and types (7). Suppose that the {P;,, (z;)} has the greater rate of increase. In other words, we
consider either y; > ¥2,%3,..., % 0r Y1 = y2 =vy3 = ... =y, and 7y > 75, 73,...,T(, OF T| = Tp =
T3 = ... = T;. We now evaluate the order Q2 and type I' of the Kronecker product bases in terms of the
increase mode of the constituents.

Definition 5.1. [28] The order Q of the base of polynomials P(z) in the closed hyper-ellipse E [aR] IS
given by

. . log Q ((]<m, E[QR])
Q = lim lim sup
Roeo (my e (m)log(m)

If 0 < Q < oo, the type I' is given by

e (K By )i
I' = lim — limsup .
R—c0 {(m)—oco <m>

Remark 5.1. Note that when the base of polynomials Pn(z] is of the finite order Q and finite type
I', then it represents every entire function of an order less than é and a type less than % in any finite
hyper-ellipse.
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Theorem 5.1. Let {P;,n, (z5)}, s € J be Cannon bases of polynomials of increasing orders (y;) and
types (t5), where {P1,,, (21)} has the greater rate of increase. Then the order Q of the Kronecker
product base {Kwlzl} equals v\, and the type I is determined as follows:

(i) If y, > % thenT = 1.
(ii) Iy < %, thent) <T < 7,257,
Proof. From the left-hand side of inequality (4.9), we have

k k
Q (Wm,o,...,o, E[aR]) > 000, oRED™ l_[ {a )" w (Pl,m, CmR) l_[ w (Ps0,0). (5.1)

s=1 s=2
Hence,

. . IOg Q ((](m, E[QR])
Q = lim lim sup
R—00 my oo <m> log(m)

log Q (Wm,o ..... 0> E[aR])

> lim lim sup (5.2)
R>00  pyseo mlogm
10g w (Pl,m, CQIR)
> lim lim sup =Y.
R> oo mlogm
From the definition of the number o,, we observe that
m 1
supt” = —.
Iti=1 Om
By taking #; = k2, it readily follows that
Om < k2™ (5.3)

Now, if y; = oo, there is nothing to prove. So, for y; < oo, let y be any finite number greater than
v1; we then have

@ Py Car) < Kmil™,  (my21,5€ ). (5.4)
Introducing (5.3) and (5.4) on the right-hand side of (4.9) , we obtain

k k
Q(Kom, Erarr) < NnomRE D™ [ [ {a )™ [ | @ (Pom,» Carr)

s=1 s=1

k
< Ny ooy (@R) D 1_[ w (Ps,msa CaSR) (5.5)

s=1

< KNmk—%<m>(a,R)(k—l)<m>{<m>}7<m>

where a = {na)i a,. Hence, as (m) tends to infinity, (5.5) yields
<s<
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lOg Q (Wm, E_[QR])
lim lim sup
R (my o0 (m)log(m)

<.

Consequently, we deduce that Q < v, and as y can be arbitrarily chosen near to vy, it follows that
Q < y;. The inequality (5.2) thus implies that Q = vy, as required.

The proof is now extended to evaluate the type I" of the Kronecker product base {K,[z]}. As in the
case of the order, we first obtain a lower bound by appealing to the relation (5.1). In fact,by virtue of
this relation, it can be easily verified that

(Q(Kons Eomy )}

I = lim = lim sup

R—00 (m)—o0 <m> (5 6)
e (@ (P1r Cayr) 55
> lim — lim sup =T.
R—co Y1 mow m

Now, since the order y; and type 7, are the greater increase, unless 7 is infinite (in which case, the
proof is terminated), given any number 7 > 71, we obtain

TY1myg

W (P Cor) < K(==)", (my21,5€J). (5.7)

The right-hand inequality of (4.9) and the definition of o, as given in (2.6) are applied to (5.7) to
get

(Wm, E[aR]) < KN, (aR)(k 1)(m>(Ty1<m>)71(m> 1_[ <m> ()’1 )ms. (58)
s=1

Suppose now that y; > 1. In this case, (5.8) implies that

= L
{Q (Wm,E[aRJ)}““'”
I = lim < lim sup
R—00 (m)—co <m>

™Y1 <m> )71 (m)

] 71 ém>

< lim —[KN (aR)*Dm (L=

R—oo

:T’

and as 7 is chosen as near to 7, as we please, we infer that I' < 7;. Hence, by (5.6), we conclude that
I' = 71, and the first assertion of the theorem concerning the type is established.

If, however, y; < %, the extreme terms in (5.8), which were dispensed with in the case where y; > %,
will now be taken into account. In fact, we have

k
n { {m) 1E=ms < G-y

s=1 ms

and hence (5.8) yields that
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e AQ(K Epor))im
I' = lim — limsup
R—00 (m)—o0 <m>

< lim i[K]\/m(aR)<k—1><m>(77’1<m> yriam) o=y 5
R—e0 7y e

|
=127

The procedure followed above leads to the inequality

I'< T12ﬁ_1.
By virtue of (5.6), the double inequality
7 <T <725 (5.9)
is proved, and the proof of Theorem 5.1 is completed. O

The following example shows that the upper bound of (5.9) can be attained.
Example 5.1. Consider the base of polynomials {P,, (25)}, s = 1,2 given by
{Ps,om) =1

Pom(2s) = m)i +20,(my = 1, s =1,2).

Note that the simple base (P, (z5)}, s = 1,2 is of the order y, = le and the type T = 4. By applying
the double suffix notation, the Kronecker product base {Ky, m,(21,22)} = {P1m (21)} & {Pom,(22)} is
constructed in the following manner:

Koo(zi,22) =1
Kom (21, 22) = P1.0(21) ® Pomy(22) = (ma)F + 202, (my > 1)
Ko 0(21522) = P, (21) ® Paolz2) = (my )7 + 2, (my = 1)
Therefore,
(Kon (@1, 22)) = (P (20} @ (P (22)} = (1) + 2"} @ (o)) + 252,
Easy calculations show that Q = }L and the type I' = 8.

In Example 5.1, we took the two coincident constituent bases and this yields the upper bound in
(5.9). In the following, we find the order and type of the Kronecker product bases of given bases.

Example 5.2. Suppose that the base of polynomials {Ps,,. (z5)} where s = 1,2 is defined by

Ps,ms (Zs) = Z;ns + mzlx’ PS,O (Zs) =1.

(5]

Direct calculations implies that the base {P ., (z,)} is of the order y; = 1 and the type T, = e, s =
1,2. Consequently, the Kronecker product base {¥y, m, (21, 22)} = {AP1.m, (1)} {P2.m,(22)} is of the order
Q =1andthe typel = e.

Note that
w (?s,ms, C_',S) =m"
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6. The T,-property of the Kronecker product bases of polynomials

In this section, we discuss the T,-property of Kronecker product base {K[z]} in the closed hyper-
ellipse E[r].
Now, we define the T,-property of the base {Pn[z]} in E i) as follows:

Definition 6.1. If the base {Pw(z]} represents all entire functions of order less than p in Eyy, then it is
said to have the property T, in Ejy.

Let

_ . log Q(Pm, E[r])
Q(P, Er) = limsu
M= e, (mylog(m)

The following theorem concerns the property T, of the base {Py[z]}.

Theorem 6.1. A base {Pw|z]} to have the property T, for all entire functions of an order less than p in
Ep if and only if Q(P, Ey) < 5.

Proof. The proof can be carried out in a very similar way to the case of complete Reinhardt domains
(polycylinderical regions) (see [27]); therefore, it is omitted. O

Next, we construct the T,,-property of the Kronecker product bases in Ejy in terms of the T,-property
of their constituents in C,,.

Theorem 6.2. Let {P;,, (z5)}, s € J be the base of polynomials and suppose that {Knlzl} is their
Kronecker product bases. Then the base {Kwlzl} has the T,-property in Ey if and only if the bases
{Psm, (z5)} have the property T, in C,., where s € J and p = min{p;, s € J}.

Proof. Suppose that the bases {P;,, (z,)} has the property T,,, s € J in C,.. According to Theorem 6.1,
we have

_ 1
w(Ps, Cp) < o 6.1)

where

log W(Psm,: Cr)

w(Ps,C,.) = limsup (6.2)
g0 mylog my
If p < min{p,}, then from (6.1) and (6.2), we get
WPy, Cr) < kylm,) o (6.3)

where k; > 1 are constants. Introducing (6.3) in (4.9), it follows that

ms {m)
’

k
QPrm, Er) < | | kbl < K((m)}o",

s=1

where K = max{k,}, s € J. Hence, as (m) — oo, we obtain
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_ log QPm, Ex 1
Q(P, Efyp) = limsup 0g 2 ) <.
moe  (m)log(m) — p

Since, p' can be chosen arbitrarily near to p, then
_ 1
QP,Ey) < —.
P

In view of Theorem 6.1, the Kronecker product bases {Km[z]} has the T,-property in Ejs. To
complete the proof, suppose that the base {#; ,, (z;)} for example, does not have the property T,,, in

C,,. In that case

1
w®,C.) > —.

P1
Hence,

_ X log Q(Pm, E[r])
Q(P, E) = limsu
= o, (m)log(m)
. log w(®1,C,,)
> lim sup —loem.
mp—oo my Og n

= w(?’l,C_'Rl) > p_ll

Therefore, according to Theorem 6.1, the Kronecker product bases {Ky[z]} cannot have the T, -
property in E, for any p < p; Hence in the case where p; > p;, the Kronecker product bases cannot
have the property T, where p = min{p,, s € J}. In the case where p, > p;, we have p = min{py, s €
J} = pa, and hence the Kronecker product bases cannot have the T,-property in Efy. Thus Theorem 6.2
is completely established. O

The following example calculates the T,-property of the Kronecker product base of polynomials in
E[l‘] .

Example 6.1. Suppose that {Ps,, (z,)}; s = 1,2 are defined by:

25, my is even,
Ps,ms (ZS) = my Zt(ms) .
7o'+ =5, mgisodd.
N 2ms

where t(my) is the nearest even integer to mglogmg + my*, s = 1,2.

When m; is odd, we obtain:
Ps t(my) (Zs)
ZZ"” = Ps,ms (Zs) - g .
2mms
Hence,

1(my)

W (Pom- Cr) =11 +2 o
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Putting r, = 2, it follows that

(P, Ca) = 27 4 27 02mw,

thus

w(?’s, C’z) = lim sup s w(Ps,ms, CZ) < log2.

Mmoo my log my

Therefore, the base {P;,,, (z;)} has the T_i_-property in C,. Applying Theorem 6.2, the Kronecker
og _
product base {K,, m,(z1,22)} has the T 1_-property in the closed equi-hyper-ellipse E .
log

7. Applications involving special polynomials

Orthogonal polynomials such as the Legendre, Chebyshev, Hermite, Bernoulli, Euler, and Bessel
polynomials play a significant role in the approximation theory, particularly when it comes to
expressing and approximating functions using polynomial series.

7.1. Effectiveness of the Kronecker product bases involving certain special polynomials

To show the validity of our main results concerning effectiveness, we begin by considering simple
bases of the proper and general Bessel polynomials {P;,, (z,)} and {Q;., (z5)}, given as follows:

{PS,O (Zs) =1 ,

h
s x+hs ! s s
Pom @) =X, hf!”gmﬁh)s)! (%) , my>1,VYseJ

and

QS,O (ZS) = la
?j=1(ms+js+as_2) (Z_y

. mg! [T} hy
Qum, (@) =1+ Xy~ ey ) mi= 1, Vsel,

by
where a; and b, are given numbers. The authors of [43,44] proved that both the bases {P; . (z,)} and
{Oym, (z5)} are effective in C,, for all r; > 0. By applying Theorem 4.1, the resulting Kronecker product

bases
k

(K121} = (X) (Poom, )

s=1

and
k

(#2121} = (R) (Qum, )

s=1

are effective in the closed hyper-ellipse E[r] forall r, > 0,5 € J.
Recently, in [45], the Chebyshev polynomials

{Ts,o (z,) =1, my=0VselJ

[m] ( v! S_Zhs 2 hs
T (z) = Zhsio mz’f (ZS - 1) , my>1,VselJ
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was proved to be effective in C;. As an immediate consequence of Theorem 4.1, the Kronecker product
bases {7(,(,,T ) [z]} given by
k

(K121} = () (T, @)

s=1

is effective in the closed equi-hyper-ellipse Ejy;.
Now, the base of Gontcharaff polynomials {G; ., (z;)}, associated with a given set (a,t;") of points
as introduced in [42], is defined in the form

{gs,o ) =1,

: 2 mty _ (B s (B s (B s (e g
Gom @i apaty, ayfy,... atd™) = [Pdi [ dly [ di; ... [ oyl ms 21

mg—1
s

where a, and ¢, are given complex numbers. For the case when [f,| < 1, the authors of [42] proved that
the Gontcharaff polynomials {G; ,,, (z;)} are effective in C », for all ry > |a,|. Applying Theorem 4.1, we
conclude that the Kronecker product bases

k

(K121} = () {Gom, @)}

s=1
is effective in the closed hyper-ellipse E i for all ry > |ayl.

7.2. Mode of increase and the T ,-property of the Kronecker product bases involving certain special
polynomials

Regarding the mode of increase of the constructed Kronecker product bases, we consider the simple
bases of the Bernoulli polynomials {B;,,, (z;)} and the Euler polynomials {E;,,, (z;)} given by

my m,
By, (z5) = Z (l’l )Bms—hs Z?x
he=0 \""8

mg hy
s m 1 &)
Es,ms (Zs) = ( S)Ems—hAr (Zs - _) .
ZO hy 2

hy=

and

Recently, the authors of [46] proved that the Bernoulli polynomials {B;,, (z)} are of the order 1 and
type 5=, and the Euler polynomials {E,,, (z)} are of order 1 and type . Applying Theorem 5.1, we
deduce that the Kronecker product bases of Bernoulli polynomials

k

(K D121} = (R) (Bo, @)}

s=1
are of order 1 and type %, and the Kronecker product bases of the Euler polynomials

k

{7(51{5) [Z]} = ® {Es,mx (Zs)}

s=1
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are of order 1 and type 1.
Furthermore, the author of [47] concluded that when [t,| = 1, the previously mentioned Gontcharaff

polynomials {G ., (z;)} have order 1 and type 'Z—', where u is the modulus of a zero of the function

= msms—1) 7
fy= 1,

|
ms=0 ms:

of the least modulus. Consequently, by applying Theorem 5.1, the Kronecker product bases of
Gontcharaft polynomials are of order 1 and type 'Z—'

Additionally, as an application of Theorem 6.2, the recent results in [46] indicated that the Bernoulli
and Euler polynomials have the property T. Moreover, the author of [47] proved that the Gontcharaff
polynomials have the property T;. Applying Theorem 6.2, we conclude that the order of the Kronecker

product bases of Bernoulli, Euler, and Gontcharaff polynomials have also the property T.
Remark 7.1.

1) Similar results for the Kronecker product bases {K,,[z]} in hyper-elliptical regions can be obtained
when the constituents bases are taken to be general bases.

2) To get the analogous results concerning the convergence properties in hyper-spherical regions
[29,48], we put Ry =R, = ... =R, = R.

8. Conclusions

The present paper is a study of convergence properties (effectiveness, order, type, and T,-property)
of a new kind of bases of polynomials in multi-dimensional polynomial approximation, namely
Kronecker product bases. The region of representation are hyper-elliptical regions. Some applications
on these bases of the problem of classical special functions such as Bessel, Chebyshev, Bernoulli,
Euler, and Gontcharaff polynomials have been studied. = The results obtained are natural
generalizations of the results obtained in hyper-spherical regions.
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