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1. Introduction

Fractional differential equations (FDEs) overcome the limitations of traditional integer-order
differential equations by introducing nonlocal fractional derivatives, enabling more precise
characterization of dynamic behaviors in complex systems with memory, hereditary properties, or
anomalous diffusion characteristics. Compared to integer-order models, they provide a superior
framework for describing non-classical dynamic phenomena in practical fields such as physics,
engineering, biology, and finance, offering a more effective mathematical tool for modeling and
simulating complex phenomena. This research not only expands the theoretical framework of
equations but also opens new avenues for addressing real-world scientific challenges.

Meanwhile, as a crucial subfield of differential equations, impulsive differential equations play a
pivotal role in characterizing abrupt events and discontinuous dynamics inherent in systems like signal
processing and multi-agent networks [1]. Due to this capability, they have been extensively studied
by numerous researchers (see [2—4]). With the development of fractional-order impulsive differential
equations (FIDEs) theory and the expansion of its interdisciplinary applications, recent studies have
shifted their focus to the analysis of impulsive fractional-order boundary value problems [5-7]. In
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recent years, scholars have employed variational methods to achieve a series of results [8—10] for
FIDEs subject to Dirichlet boundary conditions (BCs) and Sturm-Liouville BCs. The current body
of research regarding FIDEs is predominantly based on the consideration of instantaneous impulses.
This is well exemplified by the classical studies of Bonanno et al. [11] and Rodriguez-Lopez and
Tersian [12] in 2014, who examined the following FIDEs with Dirichlet BCs:

DLEDIY(1) + a(t)y(t) = Ag(t, y(1)), t # 1},
AGDE (SDI)1) = pl (1)), j= 1,2, ,n,
y(0) =y(T) =0,

where a € (1/2,1], A € (0, +00), u € (0, +00) are two parameters. The operators OCD? (left Caputo) and
D7 (right Riemann-Liouville) are both of order a. The function is g € C([0,T] XR,R). I; € C(R,R),
Jj € {l,2,---,n}. The function is a € C([0, T']), and there are two positive constants a; and a,, such
that 0 < a; < a(t) < a,. The authors employed variational methods and applied a three-critical-point
theorem-which guarantees the existence of at least three critical points for the functional under specific
geometric conditions-thereby proving that the aforementioned problem admits at least three solutions.

However, instantaneous impulses are often inadequate for describing numerous phenomena and
models encountered in practice. This is evident in areas including, but not limited to, evolutionary
dynamics and pharmacokinetics. In 2013, Hernadez and O’Regan [2] proposed the notion of
non-instantaneous impulses for the first time, constructing the first non-instantaneous impulsive
model based on pharmacokinetics. Unlike instantaneous impulses, non-instantaneous impulses
describe a scenario where the state undergoes an abrupt change at a certain moment due to
disturbance and maintains this altered state over a finite duration. This type of impulse offers distinct
advantages in modeling processes such as population dynamics, and the absorption, diffusion, and
metabolism of drugs in the human body [13-15]. Since then, significant progress has been made in
both theoretical and applied research on non-instantaneous impulsive differential equations [16—18].
For example, in 2018, Khaliq and Rehman [19] employed the Lax-Milgram theorem to examine the
solvability of FDEs with non-instantaneous impulses subject to BCs:

D(GDIY(0) = giD), 1 € (sistisa],i=0,1,-+- ,m,

ID(]I"_I (gD?y(t)) =c¢;le (tiv Si]’i = 1’27”' , M,

D (S8 (7)) = 5 (D3 (7)) 7= 12,0 m

D57 (§Dry (57)) = c0.3(0) = ¥(T) = 0,
where 0 = 5o < t) < 851 < th < -+ < 8§, < tyy1 = T, and OCD? and ,D7 are left Caputo fractional
derivatives and right Riemann-Liouville fractional derivatives of the order 0 < @ < 1, respectively.

@

Keeping the derivative , D! (th y (t)) constant on a finite interval (¢, s;], the impulses begin suddenly
at the points #;. Here, g; : (s;,t;,1] — R are given functions, and ¢; are given constants. In 2020,
Zhang and Liu [20] pioneered the study of the FDEs with mixed instantaneous and non-instantaneous
impulses under Dirichlet BCs:

DE(SDy(D) = gi (1, y (1)), 1 € (83, 11111,i = 0,1, ,m,
A(D (SDy)) (1) = LG (@) i = 1,2+ ,m,

D (SDey 1) = D3 (S (1))t € (il i = 1,2, ,m,
D (SDey (s7)) = D5 (SDey (57)) s i= 1,2, o,

¥(0) = y(T) =0,
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where a € (1/2, 1], and ng‘ and ,Df. are left Caputo fractional derivatives and right Riemann-Liouville
fractional derivatives of the order a, respectively. 0 = so < t; < §; < fp < +++ < 8§y < tyy1 =T,
I; € C(R,R), and there exists i € {1,2,---,m} such that I; (u(t;)) # 0, f; € C ((s;,t;11] X R,R). Using
variational methods, the solvability of the aforementioned problem was proved under the condition that
the nonlinear term satisfies sublinear growth. In 2024, Qiao et al. [21] employed critical point theory to
FDEs featuring combined instantaneous and non-instantaneous impulses under Sturm-Liouville BCs:

—L (LD (¢ ) + 5D Y () + () y (0) = A (.Y (1) .1 € (51, ti:1] i = 0,1, ,m,
a(3D;” (v (0)) + 3,07 (v (0)) = b (y (0)) = A,

¢ (3007 (7 (T) + 3.DF (v (T))) + dh (y(T)) = B,

A(3D (¢ () + 1D 0 () = uli (y (1)) i = 1,2, ,m,

oD (v )+ DF v () = oD (v (£7)) + DF (v (7)) 1 € (i si) i = 1,2, om,
oD (v (57)) +:D7 (v (57)) = oD (¥ (57)) + D (v (7)) i = 1.2, om,

where 8 € [0,1),4 > 0,a,b,c,d > 0. A and B are constants. OD,_B and tD;ﬁ denote the left and right
Riemann-Liouville fractional integrals of order S, respectively, and 0 = 5o < t; < 51 <fh <+ < 5, <
twe1 = T. The function is g € C' ([0, T],R), and there are g, and g, such that 0 < g; < g(f) < g». f; €
C'([si,tis1] XR,R) for i = 0,1,2,--- ,m. The function is 4 € C'(R,R). The instantaneous impulses
I; € C' (R, R) start to change suddenly at the points #; and the non-instantaneous impulses continue
during the finite intervals (¢, s;], for i = 1,--- ,m. The aforementioned literature has discussed the
existence of solutions for boundary value problems of FDEs with instantaneous or non-instantaneous
impulses under various BCs. However, research on mixed BCs remains scarce. Therefore, this paper
will further investigate the existence of solutions for FDEs involving both instantaneous and non-
instantaneous impulses under mixed BCs.

Mixed BCs are crucial in differential equations, as they incorporate a linear combination of both the
variable values and their derivatives, enabling more accurate modeling of practical phenomena such
as heat conduction, fluid dynamics, and electrical circuits. Research on such problems contributes to
constructing mathematical models that better align with real-world scenarios, providing more reliable
theoretical foundations for engineering and scientific computations. Progress in fractional calculus has
given rise to extensive research on mixed boundary value problems for FDEs [22-25]. In a 2025 study,
Wang et al. [26] addressed a fractional Sturm-Liouville equation subject to mixed BCs and featuring
both types of impulses (instantaneous and non-instantaneous). Application of the variational approach
led to a set of solvability criteria for the problem over different parameter ranges. Through an in-depth
review of relevant literature, we observed that current research on such problems primarily focuses on
cases where the nonlinear term satisfies sublinear growth conditions or superlinear growth conditions.
A typical example of the latter is the classical Ambrosetti-Rabinowitz condition, which requires the
existence of constants 6 > 2 and R > 0 such that for all [u| > R and a.e. t € [0, T], the nonlinearity
f(t, u) satisfies

0 <6F (t,u) <uf (t,u),

where F (t,u) = fou f (t, s)ds is the primitive of f.
Based on this, this paper aims to investigate the existence and multiplicity of solutions for such
problems under weaker growth conditions. Specifically, we will employ variational methods and
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critical point theory to further explore the following class of mixed boundary value problems for
fractional Sturm-Liouville equations with instantaneous and non-instantaneous impulses:

D5 (p @ §DIu®) + g u®) = Af: (t.u®), 1€ (si.1i1],i = 0,12, ,n,

—A(D5 (p (1) §Dfu)) = pl; (u () i = 1,2, .m,

D5 (P §Dfu ) = DF (p () §DFu(t))), 1 € (i sili = 1,2, o, (L1
D5 (p(s7)§DYu(s7)) = D5 (p (T §Du(s))) i = 1,2, .,

1 — (o4

u(0) =0, pu(T) + —— D5 (p(T) §Dfu(T)) = b.
p(T)

The instantaneous impulse phenomenon triggers abrupt jumps in the state quantity at specific

moments #;, while the non-instantaneous impulse effect evolves continuously over the time intervals

(ti, Si], that iS,
A(D (p () §DFu))) = D5 (p (67) § DY () = D5 (p () §DFu (1)),
D5 (p () § Dfu () = lim D! (p (0 D u @),

Di (p(s1)§Dfu(s1)) = lim D (p (0§ Dfu (1)).

In (1.1), a € (%, 1], 4,1, 8 > 0. The operators OCD? (left Caputo) and ,D. (right Riemann-Liouville)
are both of order@. 0 = 5o < t; < §; <th < -+ < 8§, < tyey = I, I, € C' (R,R) with at least one
i€{l1,2,---,n}suchthat I; (u(t;})) # 0, b is a constant, f; € C' ((s;, 1] X R,R), p(¢) € C'([0, T],R"),
0 < po = ming7yp (2), g(t) € C'([0,T],R"), and 0 < go = miny 719 (¢) < g (1) < ¢° = maxyor1q (1).
Existence results for solutions of problem (1.1) are obtained through variational approaches. By
constructing a variational framework, the existence results for problem (1.1) are first proved under
weakened super Ambrosetti-Rabinowitz type growth conditions using the mountain pass theorem.
Subsequently, the nonlinearity is bifurcated into distinct regimes: a superlinear growth condition and
a sublinear growth condition. Based on this decomposition, multiple existence of solutions for (1.1) is
proved via genus theory. The innovations of this work are mainly reflected in the following aspects:
On one hand, the assumptions on the nonlinearity are weaker than the classical
Ambrosetti-Rabinowitz condition. On the other hand, by introducing nonlinear terms that combine
both concave and convex features along with weakened superlinear growth conditions, the existing
theoretical framework has been extended. In particular, compared with reference [26] which only
deals with the Ambrosetti-Rabinowitz case, this paper establishes richer existence and multiplicity
results under more general hypotheses, thereby substantially advancing the research on this problem.
The organizational framework of this work is arranged in the following manner: The second section
assembles the requisite definitions and technical lemmas that underpin our later theoretical arguments.
The variational approach developed in Section 3 yields existence results for problem (1.1). Finally, the
fourth section summarizes the work of this paper and provides an outlook on future research directions.

2. Preliminaries

Definition 2.1 ( [27, Definition 2.2]). The left Caputo derivative OCDjlu(t) and the right Riemann-
Liouville derivative ,D7u(t) of order a > 0 (n = [a]) for the function u(r) are defined, respectively, as:
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SDYu(t) =

1 , 1y
Ti-a fo (t = )" 'u"(s)ds, Dju(r) = ( . @) dr" f (s = 0" u(s)ds.

Definition 2.2 ( [28, Definition 4.1]). Let a € (%, 1]. The fractlonal derivative space
E® = {u 10, 7] = R : uis absolutely continous and OCD;’u el? ([0, T], RN)}

is defined by the closure of C¢° ([O, T1,RY ) with the norm

T ) T ) 3
Nlutl| g :(f |SDfu (1) dt+f lu (1) dt) .
0 0

E“ is a reflexive and separable Banach space.
Remark 2.1. For all u € E*, we have u € L*([0, T],R") and { D¢u € L*([0, T],R").
Lemma 2.1 ([29, Remark 2.1]). For u € E®, we prove that ||u||z. is equivalent to

T T 3
||u||a=( f pO|SDu (1) dr + f q(t)lu(t)lzdt),
0 0

where p(f) € L=([0, T1]), q(t) € C([0, T]), essinfjorp(t) > 0, and 0 < ¢y < q(7) < ¢°.
Lemma 2.2 ( [27, Property 2.2]). Let g1, g, > 1, 8 > 0, and either qil + ql—z <l1+pBor ql—l + é =1+p5,

g1 # 1, > # 1. Then, for any x € L% ([0, 7], RN), y € L ([O, T] ,RN), the following equality holds:

T T
L [th_ﬁx (t)] y()dt = fo [rD;'By (t)] x (1) dt.

Definition 2.3 ( [26, Definition 2.5]). Let % < a < 1. We define Ej = {u € E” : u(0) = 0} to be the
completion of C° ([O, T1,RY ) with respect to ||u]|,-
Lemma 2.3 ([26, Lemma 2.5]). Leta € (%, 1]. EY is a reflexive and separable Banach space.
Lemma 2.4 ([26, Lemma 2.6]). Let a € (%, 1]. If yp — win Ef, then u; — u in C([0, T1,RY) with
[l — ||, = 0 as k — oo.

In the space EY, define a new norm

T n
||u||=( fo PO [SDiu@]dr+ ) f
i=0 VSi

where p(1) € C'([0,T],R*), 0 < py = minj7p (1), ¢(t) € C'([0,T],R*), and 0 < gy = ming g (¢) <
q (1) < ¢° = maxy1q (t).

Lemma 2.5 ( [26, Lemma 3.1]). For Yu € Ef, it follows that ||ul|, and |lu|| are equivalent, in the sense
that there are o, 0, > 0 for which

Zit1

q () u (t)|2dt) : 2.1)

orllully < [lull < oallull,-
Lemma 2.6 ( [26, Remark 3.1]). Assuming « € (%, 1], the infinity norm of u satisfies the estimate
llulle < M ||ul|, in which the constant M is defined as

1

1 -
a—5 2
T 2P,

M=—"2
T'(2)(a—-1)?
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where T, py > 0.
Lemma 2.7 ( [30]). Suppose E is a reflexive Banach space. Additionally, let ® be bounded and
weakly order-closed, with ¢ being order-weakly lower semicontinuous over ®. Then, for the function
¢ :0 C E — [—o0, +00], and under the condition that ® # (), the minimization problem min ,cep (1) =
€ admits a solution.
Definition 2.4 ( [31]). (Palais-Smale Condition). Let E be a real Banach space and ¢ € C'(E,R).
The functional ¢ is said to satisfy the Palais-Smale condition (PS-condition), if any sequence {u,} C E
such that {¢(u,)} 1s bounded, and ¢’(u#,) — O in the dual space E* as n — oo, admits a convergent
subsequence in E.
Lemma 2.8 ( [31, Theorem 2.2]). (Mountain Pass Theorem). Assume ¢ € C!(E,R) fulfills the
PS-condition (see Definition 2.4) with ¢(0) = 0. Suppose additionally that ¢ verifies the following
two conditions:

(i) We can find p, o > 0 with the following property: if any element u, € E has its norm equal to p,
then the functional value ¢(u,) is bounded below by o;

(i1) The functional ¢ attains values below o at some point u; € E beyond the norm threshold p.
Then, ¢ has a critical value € > 0. Moreover, € can be expressed as & = infzeymax e, 17¢ (k (5)), where

Y = {k € C'([0,1],E) : k(0) = ug, k(1) = ul}.

Definition 2.5 ( [31]). (Krasnoselskii Genus). Let E be a real Banach space and U be a closed
symmetric subset of £ \ {0}. The Krasnoselskii genus (or genus) of U is defined as the smallest
integer n for which there exists an odd continuous mapping ¥ : U — R”" \ {0}. If no such integer
exists, we define y(U) = +oco0. By convention, y(0) = 0.

Lemma 2.9 ( [31]). Let ¢ be an even C! functional on E and satisfy the PS-condition (see
Definition 2.4). Foranyn € N,z e R, setX = {U Cc E — {0} : UC E to be closed and 0-symmetric },
Y, ={UcZ:y(U)znl,K,={ucE:¢p)=1z¢ (u) =0}, z, = inf sup ¢ (u). Consequently,

€2n yelU
(i) Given a nonempty class X, and a real number z,, the value z, constitutes a critical value for the

functional ¢.

(i1) Suppose for some natural number /, the sequence z,, = 2,41 = Zu+2 = *** = Zuss = 2 € R stabilizes
at a real value z # ¢ (0). Then, the Krasnoselskii genus of K, satisfies y (K,) > [ + 1.
Remark 2.2 [31, Remark 7.3]. Implies that when the critical set K, belongs to £ and has genus
greater than 1, K, must contain an infinite number of distinct elements.

Definition 2.6. The function u € Ef is a weak solution of (1.1) if u satisfies the following equation

n

Zf” g u(@)v (O dt = (b - pu(T)) p(T)v(T)

T
f p () SDYu () SDMv (1) dt +
0 i=0

- /lZ f’“ Ji(t,u @) v (1) dt +lei(u(fi))V(ti), Yv € Ef.
i=0 Vi —

Consider the energy functional ¢, : Ej — R given by

n u(t;) n lit1
ea(u) = %Ilull2 —,u;j; I;(s)ds + %ﬁn(b —Bu(T)y* - /1; fs Fi(t,u(®)dt, ue Ey, (2.2)
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with F; (¢t,u (1)) = fou fi (t, s)ds. Due to the continuity of f; and I;, it follows that ¢, € C! (Eg , R), and
T n tit+1
@ﬂwﬂﬁifpﬁﬁbﬁﬁﬁ@W®m+§lf g @O u)v(t)dt
0 i=0 Vsi 2.3)

_AZI’* ﬁ(t,u(t))\/(t)dt—ﬂzIi(u(ti))V(ti)—(b—[)’u(T))p(T)v(T), Yu,v € Ej.
=0 Vi —

In this framework, weak solutions to (1.1) bijectively correspond to critical points of ¢,.
3. Main results

As a foundation for the main theorems, we first establish the necessary assumptions.
(H;) We can find growth exponents 0 < [; < 1,K; > 0,L; > 0,(i=1,2,---,n) satisfying the
subcritical growth condition:
II; )| < Kilul" + Li, u€R.

(H3) limsup % =0,(i=0,1,---,n), holds almost everywhere uniformly for ¢ € (s;, #;+1].
lu|—0

(H3) There exists a # > 2 such that the asymptotic inequality

OF; (t,u) — f;(t,u)u
2

limsup <0, i=0,1,---,n),

|u]— o0 |M|

holds uniformly for almost every ¢ € (s;, ;11].
(H4) There are positivity subsets €; C (s;, t;+1], meas (€;) > 0, where meas(.) denotes the Lebesgue
measure. Then, the nonlinear potential satisfies

uniformly for almost every ¢ € Q.

Lemma 3.1 . Given the validity of conditions (H;) and (H3), the energy functional ¢, fulfills the
PS-condition.

Proof. Consider a sequence {u}uen In Ef with {¢, ()}, bounded and lim ¢, (u,) = 0.

Consequently, we can find N > 0 satisfying the uniform bounds:
o2l <N, ¢, @), <N, meN, (3.1)

with |||, being the dual space norm of Ej.
We proceed by contradiction to prove the boundedness of {u,,}. Suppose {u,,} is unbounded, then
”um” — oo. Let Vim = IIZﬁ’

Vi — v in C' ([0, T],R), as m — oco. Combining Lemma 2.6 and condition (H,), it follows that

then [[v,|| = 1. According to Lemma 2.4, assuming v,, — v in Ef, then

]i (um (ti)) U (ti) > _I(i]v[li_'_l||l/[m||li+1 - LZM ”um” s
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and

<

+ LiM”um”)-

n : l,‘ 1
(KiM””IIumII '
T li +1

n U (1)
Z f I (s)ds
0

i=1

From 6 > 2 and Lemma 2.6, it follows that

Op (T
M(b = Bt (T))* + p (T) (b = Bty (T)) tt (T

26
_(9_\r@D  _ 2, b _
—(2 1) (b= Bun (1)) + 2p (1) (b = Bt (7))
>~ |y| % b - Buy (T)] > — |b| % (b] + BM [lun]) -

In summary, there is a fixed constant N; > 0 satisfying

U (1)

9 n n
(5= 1) el = 0602 ) = @' )t + 62 ) fo 1i(s)ds = 31y Gt (1)t (1)
i=1 i=1

_ 6p(T) (b = Bun (1))’
2B

+/lZ f [HFI ([, Un (t)) _ﬁ(ta Um (t)) U (t)] dt
i=0 V5

= p(T) (b = By (T)) ty, (T)

o (KM |
<N (1+||um||>+9u2( — +Ll-M||um||)
i=1 !

g | | ()
) (KM |+ LiM 1) + 1B pT (1B + BM Il

i=1

n

1Y [ OF Gt 0) = it )0 ) .

i=0

From [|u,,|| — o0, it follows that

N 1+ - n KiMl,'+1 m li+1 LlM '
1 ( ||2u II)+9 Z( ||ut ||2 N |Iu2 II)
[[24,] I\ U+ 1) |l 24,
S (KM T LM | p(T)( bl BM|luyll
D S+ |+ 1] S+
[z, 24, B \llull o4, (3.2)

0
——1) > <
(5= 1)l

i=1
A

+
2
et

x>, f LOF, (0t (1)) = £ (1t (0) 0, 0] i
i=0 VS

From (H3), it follows that there exist ;y C (s;,%;+1], meas (Q;9) = 0, such that the asymptotic inequality

OF; (t,u) —|2ﬁ- (t,u)u <0

limsup

lul—o0 lu

Electronic Research Archive Volume 33, Issue 11, 6998-7016.
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holds uniformly for 7 € (s;, #;+1] \Qp. We assert that

. OF; (t,u,, (1)) — f; (¢, u, (1)) u,, (1)
mmsup

2
m—0oo ”um ”

<0, t€(si,tiv1]\Qip. (3.3)

If it does not exist, then there exist 7y € (s;,1;+1] \Qjo and a subsequence (relabeled as {u,,}) satisfying

limsup OF; (1o, uy, (10)) — fi (o, t (1)) t, (1) So. (3.4)

2
m—o0 ||um||

Assuming the boundedness of {u,, (#))}, we can find N, > 0 satisfying |u,, (to)| < N,, Ym € N. Since f;
is continuous on £2;, it follows that

OF; (to, uy, (t0)) — fi (to, tp (10)) wy, (2o) < @+ 1)N,
N4l I* T P

— 0, m — oo,

which contradicts (3.4). Therefore, {u,, (ty)} admits a subsequence exhibiting divergence: |u,, (t))| —
0o, m — 0. Hence,

gFi (tO’ Up (tO)) - ﬁ (IO’ U (tO)) Up (IO)

limsup
m—>o 4]
HF,' to, Uy, (1 — Ji (o, Uy, (1 m (i
= limsup (to, um (1)) f(02M (10)) u (1o) ‘|Vm(lo)|2
m—>o0 |t (20)]
GFi fo, m !f —Ji fo, m f m 17 .
= limsup (o, 4 (1) f ( 02 o (1))t (1) - lim |v,, (Z‘O)l2
m—oo |Mm (t0)| m=eo
<0.

This contradicts (3.4). Hence, (3.3) holds.
Through Eqgs (3.2) and (3.3), it follows that lim sup (g - 1) IVall* < 0. The condition 6 > 2 implies

m—o00

the convergence IVaull> = 0 as m — oo, which contradicts ||v,,]| = 1. As a result, {u,,} is energy-bounded
in Ef.

The following proves that u,, — u in Ej. Indeed, by reflexivity of £, we may extract a subsequence
(still denoted u,,) converging weakly: u,, — u in Ej. Consequently, u,, — u in C' ([0, T],R). It then
follows that

Up (T) > u(T), m — oo,
(¢ () — ¢ (u) ,utyy —u)y —> 0, m — oo,
(i (uyy (1)) = 1; (u (1)) (wy, (1) — (1)) > 0, m — o0,

fH (fi (¢ u () = fi (6, u (1)) (1) — (1)) dt — 0, m — oco.
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Thus,
Nt = wll® = (@ 3 ) = @ 3 (W) s ty, — 18)
)y (ty (0) = 1 (0 (D)) (1) = u ()
i=1
+bp (T) ( (T) = u(T)) = p(T) (uy, (T) = u(T))’B
+2) f Ut () = i (a0 (0)) (1) = 1))
i=0 VS
-0, m— oco.
This means that u,, — u in E7.0 |

i shi+1 p(nb*
Aot 4 Lig) - 2D >

0, where 6 € (0,«), k > 0, then for each 1 € (O, ;\52) problem (1.1) admlts at least two distinct
weak solutions.

Theorem 3.1 . If (H,)-(H,4) hold and the constant A = 21;2 %)ﬁéz —u Z (

Proof. Denote by B, the open ball of radius r centered at the origin in the space Ej. Here, 9B, stands
for the boundary of B,, and B, for its closure. Standard arguments demonstrate the weak closedness
and boundedness of E%. Through meticulous verification, we demonstrate that ¢, (1) is weakly lower
semicontinuous (w.L.s.c.) in Ej. According to Lemma 2.7, ¢, (u) attains a local minimizer uy within
E%, that is, ¢, (19) < ¢, (0) = 0

By hypothesis (H;), when k > 0, i = 0,1,--- ,n, one can find 6 € (0,«) ensuring that for a.e.
t € (s;, tiv1], u € R satisfying |u| < 9, and the following holds:

|F; (t,u)| < Klul*. (3.5)

Assume ||u|| < %. By Lemma 2.6, we have ||ul|,, < 8. Then, for u € dB,,(r < %), combining
Lemma 2.6, (H,), and (3.5), we obtain

020 = 3 Il = ACTM ul? ~ (ﬁ)( + B M ull) Z( e +LM||u||)
(1 p(T)BM? ) KM p(T)b?
_(E — - /lTM)r ‘“Z( T LM) T

Then, for u € 88%, we get

1 p(T)pM? 52 . p(T)b?
%()‘(E_T /ITMZ)——,uZ( 5“ Ll-d)— % = N,.

Given that A € (O A ) it follows that ¢, (1) = N > 0 > ¢, (up) holds for all u € OB 2. Therefore,

s T52
infcap ; pa (1) > @i (uo).
M
For implementation purposes, each segment i = 0, 1,--- ,n under constraints (H3) and (H4) with
O-2M*[p(T)BM>+1 ]

continuous f; generates design parameters N3 > 0, p > and operational domain €;

21
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(positive measure) satisfying

2
F ) > ’)2|u|2 —Nis t€Quck. (3.6)

Select ug (1) € E with |lug|| < M, fg luo (1)|*dt = 1. For & > 0, it follows from (3.6) and (H,) that,

n

2p&

1 (Euo) < f— ol = A+ 1) 2=+ A;Ngmeas (@)
Q( + B M€ luoll)
l,+1§l,+1
Z( gl + L,-anuon)
1 l
M? 2pA 1
< (7 + p(T)BM* - %) AIZO:Ng,meas Q)

Z(KMZ(HUSHI L,§M2)+ p(T) b
A\, l B

(O-2)M*[ p(T)BM*+1 ]
2A(n+1)
demonstrates the existence of u; > 0 with ||uy|| > % that satisfies inf,csp ; 91 (1) > ¢a (u1). According

Noting that p > , and it follows that ¢, (fuy) — —oo, & — oco. A rigorous analysis

to Lemmas 2.8 and 3.1, it is straightforward to see that there exists u, € Ej satistying ¢’ (up) = 0,
@ (upy) > max{p, (up), ¢, (u;)}. In conclusion, two distinct weak solutions (#y and u,) are identified
for (1.1). O O

Remark 3.1. The assumptions in Theorem 3.1, while specific, define a broad and natural class of
problems. Conditions (H;)—(H,) are standard in the variational framework for impulsive and
superlinear equations, ensuring the necessary geometry and compactness for the mountain pass
theorem. The constant condition A > 0 provides a verifiable criterion that links the
system’s parameters.

In what follows, we examine the scenario in problem (1.1) with the decomposition f; = f;; + fi,
in which f;; exhibits superlinear growth as |u| — oo, whereas f;; shows sublinear behavior at infinity.
We formally define the integral functions Fyy (t,u) = [\ fii (. s)ds and Fy (t,u) = [ fo (. 5)ds for
subsequent analysis. The rigorous mathematical assumptions are enumerated below:

(H,’) Giveni=0,1,--- ,n, one can find § > 2 for which lim % = oo, uniformly in 7 € (s;,#;11];

(H;") Foreachi = 0,1,--- ,n, one can find positive numlblers ko > 0, D > 0 for which f;; (t,u) u —
OF; (t,u) > —kou? is satisfied whenever ¢ € (s;, 411, |u| > D;

(H,) Giveni=0,1,--- ,n,onecanfind 1 <7 <2and A, € L' ((s;,t;;1],R") for which |f, (¢, u)| <
A, () |u["" is satisfied whenever 7 € (s;, #;11], u € R;

(Hs) Giveni = 0,1,--- ,n, one can find A, € C'((s;,ti11],R") for which Fp, (t,u) > A, () |u|" is
satisfied whenever ¢ € (s;,t;41], u € R.
Lemma 3.2. The validity of conditions (H,), (H,")—-(H,") implies that ¢, fulfills the PS-condition.
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Proof. Our first step establishes the boundedness of {tm}men C Ej. We verify this by contradiction.
Assume that ||u,,|| = oco,m — oo. Letv,, = ” i then ||v,,|| = 1. Accordlng to Lemma 2.4, if v,, — vg
in Ej, then v,, — v in C'([0,T],R) as m — oo. By virtue of hypothesis (H,), we obtain the
growth conditions:
1
Ifio (F, ) ul < Ay () |ul™, |Fip (2, 0)] < ;Al (0) ul" (3.7)

The subsequent analysis divides into two mutually exclusive cases: the trivial case v = 0 and the
nontrivial case vy # 0.

Case 1: vy = 0. In view of assumption (H3") and the continuity of f;, we can find a constant k; > 0
for which the following inequality holds:

fi (wu— OF; (t,u) > —kou” —ky, 1 € (si,tim1], u € R (3.8)
Therefore, from (3.1), (3.7), and Eq (3.8), we obtain,

ON + N”um” > 6‘/’/1 (um) - ‘10/ (um) U

o(l) =

lual? eI
P p U (1)
:(5—1) e Z(I (U (1)) Wy (1;) = Hf Ii(s)dS)
Qp( ) p((T)

(b~ Bu (T +
e P il

* 2,2 Zf (fi (2, thy (1)) y, (£) — OF ; (8, 4y, (2))) dt
mll =0 V' Si

6 p (1)
>(5-1)- b1 e 061+ BM I

([ Ko _
) (( Tt Kl-) el + (0 + 1>Ll~||um||m)

"l &
ti+1 0
f kolum|2 Fhy o+ (1 + —)A1 ) |um|f)dz
T

p(T)b|
Bl

((_ + I{)Ml’+1 ||l,tm||l+1 + (60 + 1)LM”um“)

5 (b= By (T)) uy (T)

2

:;Ms

||um||

)

||um|| p

— ||u “2 (kOM2 “Mm“2 + kl) - ”u ”2 (1 + ;)”AIHL' M* ||um||‘f

0
> (5 — 1) — ATkoM?, m — 0.

\%

(D] + BM ||ue,ull)

S—

I
—_

This indicates that {u,,} is bounded in Ej.
Case2: vog # 0. Let Q'; = {t € (s, tiz1]l : vo(@®)| >0}, i =0,1,---,n, then meas (©2’;) > 0. Observe
that ||u,,|| — oo, (m — oo) together with the identity |u,, ()| = |v,, (t)|-||u,,|| necessarily leads to |u,, (t)| —
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0o, (m — oo) when t € Q’;. We therefore deduce from the combination of (3.1) and (3.7) that

n Tit1

3 f Fua (t, 1 (1)) di

i=0 Si
1 1 5 /’l n Mm(ti)

= g () + = el = & I(9)d
Z1 ) + = Il Azlfo (5) ds

p( ) 2 - firt
%—ﬂaa Bty (T)) —lzoj f Fip (t,u, (1) dt

N ,U Ml+ Ii+1

+p(T)

1 (b2 +B M2||um|| )

iz Netll™

Observing the parameter constraints 6 > 2, where 1 < /; + 1 < 2 and simultaneously 1 < 7 < 2, we

consequently derive
t1+1 ; t " t
Zf‘ ﬁmO)gmm m — co. (3.9)
i=0 U

Nevertheless, through an application of Fatou’s lemma combined with hypothesis (H,"), one obtains

lim Zfﬁl il (t Up (t)) Zf L b U \F)) (t Up (l))
i=0 '

et I° [

— lim f il (t Un (t)) |vm (t)l dt = oo
i=0 Y ,

m—eo & i (D

which contradicts (3.9). In summary, the sequence {u,,},,¢; is bounded in Efj. Subsequently, employing
an analogous approach to that used in proving Lemma 3.1, we establish the convergence ||u,, — u|| — 0
in the space Ej whenm — o0. O i

Theorem 3.2 . Under hypotheses (H,), (H,")-(H,4"), and (Hs), if the functions fi(¢,u)(i = 0,1,--- ,n)
and L;(w)(i = 1,2,---,n) are odd with respect to u, then (1.1) possesses an infinite number of
weak solutions.

Proof. Clearly, ¢, is an even function and ¢,(0) = 0. Let {e,,},,_, be an orthonormal basis of EY, i.e.,
||eq|| =1, <eq, eq/> =0, 1 < g # ¢’. For each natural number m, let E,, be the linear span of the vectors
e, e, ey, and let S, denote the set of all unit vectors in E,,. So for every vector u € E,,, we can
find real numbers y1, 2, - - , xm satisfying

u()= > xe;®, te[0,T]. (3.10)

J=1
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In other words,

lit1

T n
e * = f pOISDIu @ dr+ ) f q (O lu (Odt

0 i=0 v Si
m T n tivl

:Z X ( fo p(t)|gD;’ej(t)|2dt+Z f q (0 |ej(t)|2dt)
j=0 i=0 VS

= > el = X
j=0 J=0

(3.11)

Conversely, hypothesis (Hs) guarantees that for each open bounded interval II; contained in
(s;, t;i+1] (Where i ranges over 0 to n), we may select a uniform lower bound A3 > 0 ensuring
Fptu@®) 2 A () u@I 2 Aslu @I (3.12)
holds throughout IT; X R. Regarding the open sets I1; previously introduced, the growth condition (H,")
requires positive coefficients A4, A5 with the property that
Fiy (t,u(1)) 2 Aglul” — As (3.13)
holds uniformly for all # € I1; and u € R. Therefore, for Yu € S, it follows from (3.11)—(3.13) that

1 nu(t;) li+1
2 = Sl + 20— p (1) - f Lds-1Y f F, (6. u 1) di
i=0

i=

(ﬁ (b~ u (7)) —AZfF(r (1) di

n (i)
< Sty f Ii(s)ds +
0

i=1
77
< = Il —M%Z f ;X,e,@

\S]

dt + AAsT

I

T) Y
’ pﬁ (b2 +ﬁ2772M2||u||2) AT A Zf ZXJeJ (f) dt
i=0 IT; j=1
n K[Ml,-+l li+1 .
i=1
2
(T )
: l ] 1
lt+1 l,+1
- An"A; Zf Z)(jej (0) dt+,uZ( N L,-Mn).
IT; j=1

0

Furthermore, one may readily establish the positivity: Z fn '2 xjej ()| dt > 0. Noting the parameter

i=0
constraints 8 > 2, 1 <t <2,and1 </;+1<2(foralli=1,2,---,n), we can find positive numbers
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&, w guaranteeing
po(wu) < =&, ues,. (3.14)

Let S¥ = {wu:u€es,}, ® = {(wl,wz,u- , W) € R™: i){f < wz}. From (3.14), it follows that
=1

pr(u) < =€, u€§,. Combined with the even function ¢, € C! (Eg , R), we obtain S}, C gof €.
As a direct consequence of (3.10) and (3.11), we deduce an odd C'-smooth boundary mapping
¥ : 00 — S} with homomorphic properties. From the genus theory, the energy level set satisfies:

y(ef) 2y (S =m. (3.15)

Therefore, gof € X,,, which implies X,, # ¢. Let z,, = infyes, sup,cy¢a (1). The minimax sequence
satisfies: —o0 < z,, < —§ < 0, as guaranteed by (3.15) and the lower semicontinuity of ¢, in E7. In
other words, Ym € N, z,, € R™. Consequently, an application of Lemma 2.9 combined with Remark 2.2
shows that ¢, admits an infinite sequence of nontrivial critical points. In other words, (1.1) possesses
an infinite number of nontrivial solutions in the weak sense. O O

Example 3.1. We now study the following problem:
DYP((16 + 205 D} Pu(®) + (1 + 22 u(t) = Af; (t,u (1) .1 € (53, tia],i = 0,1,
—A (D16 + 20)§ D u (1)) = 1 (u (1))

D ((16 + 20) § DY u(t)) = D" ((16 + 2t)) DY Pu(t])), t € (11, 511, (3.16)
DT> ((16 + 27 CDO Pu(sy)) = D77 (16 + 2515 DY Pu(s))),

u(0) = 0, u(1) + ﬁ D7 (18§D u (1)) = b

where « = 0.75, T =n = = ,u—lb— 0—s0<t1:%<51:§<t2—1Letusselect
p(t) = 16421, q(t) = 1+2t2 Wheret e [0,1]. Then we have py = 16, M = 0.377. Choose I,(u) = tu ur,
and there exist K| = 1,11 = 1, such that condition (H;) holds. Let f; (1, u (1)) = 1u?, then F; = § 4.

It follows that A = 3 756 > 0, and the conditions (H,)—(H,) are satisfied with 9 = 4. Therefore
according to Theorem 3.1, for each A € (0, 24), problem (3.16) has at least two distinct solutions.

To demonstrate the validity of Theorem 3.2, we present below a concrete example satisfying
assumptions (H,), (Hy")—-(Hy'), (Hs).
Example 3.2. We now study a problem:

DY (16 + 205 DY u(®)) + (In(1 + ))u(t)
w (1 + sint) us (2 +cost)

= 4 + 4 ,tE(S[,lH_l],i:O,l,

—AD" P (p(t)S DY u) (1) = 21, (u (1)),
DP (p@SDYPu) @) = D (paH)S DY Pu) ), t € (1, 511,
DB (p(s))S DY P u)(sy) = DB (p(sH§ DY Pu)(sh),

(3.17)

1
u(0) = 0, u(1) + ﬁtD;O-% (1sgD?~75u (1)) _
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where 0 = s < 1 = % < 8 = % < t, = 1. Let us select p(t) = 16 + 2¢, g(t) = In(1 + *), where
t € [0, 1]. Then, we have py = 16, M = 0.39. Choose I;(u) = sin u, and there exist K; = L; = 2,[; = %,

4
.. . . . 6 i 3
such that condition (H;) holds. Integration gives the potential terms: F;; = @,F n = w.

Through calculation, when we set ky = 2, D = 3,0 = 4, it can be verified that both conditions (H,")
and (H3') are fulfilled. With the choices 7 = ‘3—‘,A1 (v = %t +5,A,(1) = ﬁ(l + 1), hypotheses (H,")
and (Hs) hold. Trivially, both f;(¢,u) and I;(u) possess odd parity in the u-variable. Whence, the full
satisfaction of Theorem 3.2°s assumptions yields the existence of an unbounded sequence of nontrivial
weak solutions to (3.17).

4. Conclusions

This paper has investigated a class of mixed boundary value problems for fractional
Sturm-Liouville equations incorporating both instantaneous and non-instantaneous impulses. First,
using the mountain pass theorem, we establish the existence of at least two weak solutions for
problem (1.1) under assumptions that are weaker than the standard Ambrosetti-Rabinowitz
condition (see Theorem 3.1). Second, when the nonlinearity satisfies a combined condition of
superlinear and sublinear growth, we proved a multiplicity result for weak solutions by applying the
genus theory in critical point theory (see Theorem 3.2). Notably, the superlinear growth condition
required here is less restrictive than the classical Ambrosetti-Rabinowitz condition. Our results
significantly extend the restrictions on the growth of the nonlinear term found in the existing
literature [26]. Building upon this work, several promising directions warrant further investigation.
Future research will focus on extending the present framework to encompass more generalized
impulsive patterns, such as state-dependent or random impulses, and exploring the problem under
different boundary conditions like periodic or Robin types. Additionally, investigating the case of
variable-order fractional derivatives represents a meaningful direction for generalization. The
development of reliable numerical schemes to simulate these complex systems would also be valuable
for verifying theoretical results and providing deeper dynamical insights.
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