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Abstract: This study investigates the prespecified-/finite-time stability for a class of memristor-based
BAM neural networks (MBAMNNS) with discontinuity. By C-regular Lyapunov approach stability
theories, some criteria are established to ensure that the switched MBAMNNS can achieve prespecified-
/finite-time stabilization, which are independent of the initial states. Finally, some numerical examples
demonstrate the effectiveness of the proposed criteria. This work provides a theoretical foundation for
precise temporal control in complex neural networks.
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1. Introduction

The pursuit of neuromorphic computing and advanced artificial intelligence has driven the
development of sophisticated neural network models that aim to emulate the complexity and efficiency
of biological brains. A pivotal milestone in this journey was the theoretical proposition of the
memristor by Chua [1], which completed the fundamental quartet of passive circuit elements. The
physical realization of memristors by Hewlett-Packard [2] ignited widespread research interest due
to unique their unique property where resistance is governed by the historical charge flow [3]. This
memory characteristic is intrinsically analogous to synaptic plasticity, making memristor-based neural
networks (MNNs) a highly promising platform for emulating complex brain functions [4-11]. In
parallel, architectural innovations in neural networks have evolved, among which the BAM network,
introduced by Kosko [12], is notable for its two-layer, fully interconnected structure. This architecture
provides robust associative memory capabilities, enabling effective pattern recall even from incomplete
or noisy inputs, and has found applications in pattern recognition, automatic control, and artificial
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intelligence [13]. The combination of memristive dynamics with the BAM architecture, has given rise
to memristor-based BAM neural networks (MBAMNNSs), which present a rich framework for exploring
advanced cognitive processes.

The practical deployment of MBAMNNS, and neural networks in general, hinges critically on their
dynamic behaviors, with stability and synchronization being paramount. Real-world implementations
are invariably subject to time delays due to finite signal transmission and processing speeds, which can
degrade performance or even induce instability. Consequently, significant research efforts have been
dedicated to developing rigorous stability analysis methods. The evolution of stability notions has
progressed from finite-time stability (FNTS) [14-21], which ensures convergence within a bounded
time that depends on initial conditions, to fixed-time stability (FXTS) [22], where the settling time
is bounded regardless of initial states but is still influenced by system parameters. More recently,
prespecified-time stability (PSTS) [23, 24] has been developed, which allows the convergence time
to be pre-assigned explicitly as a user-defined parameter, independent of both initial conditions and
system parameters, offering unparalleled precision for applications with strict temporal requirements.
Theoretical underpinnings for PSTS have been strengthened through developments such as modified
Lyapunov techniques [25, 26] and their extension to discontinuous systems via C-regular Lyapunov
functions [27, 28], enabling applications in multi-agent systems [29], variable structure control [30],
and optimal stabilization [31].

Complementing stability analysis, the design of control strategies has also seen substantial
evolution. Event-triggered control mechanisms have emerged as a prominent approach to enhance
resource efficiency in networked systems by updating control signals only when specific error
thresholds are violated [32]. This is particularly valuable in stochastic environments [32] and when
facing security challenges such as denial-of-service (DoS) attacks, where adaptive mechanisms are
required to maintain synchronization [33]. Furthermore, the analysis of complex systems has been
bolstered by methodological innovations, such as modeling delayed neural networks as switched
systems based on the delay derivative [19] and deriving tighter stability conditions using generalized
reciprocally convex inequalities [34].

Despite these significant advances, the application of PSTS to switched MBAMNNSs with time-
varying delays remains a challenging and relatively unexplored territory. The inherent discontinuous
switching dynamics of memristors, which are typically modeled with state-dependent connection
weights [35, 36], pose a fundamental challenge to conventional continuous analysis frameworks.
Many existing stability analyses for neural networks often rely on the assumption of bounded
activation functions [37], which can be restrictive. Moreover, while PSTS has been explored in
some neural network contexts [23, 28], a comprehensive framework tailored for the discontinuous,
delayed, and switched nature of MBAMNN:Ss is still lacking. These challenges limit the potential of
MBAMNN:S in applications requiring exact timing control, such as real-time signal processing and
secure communications [38—40].

In response to these challenges, this paper introduces a prespecified-time stability framework for
switched MBAMNNSs with time-varying delays. The main contributions of this work are summarized
as follows:

i) Novel controller design: We propose a new control scheme specifically designed for the dual-
layer structure of MBAMNNSs to achieve PSTS. A key feature of our approach is the decoupling
of the settling time from both the initial conditions and the specific parameters of the system,
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allowing for precise pre-specification of the convergence time.

ii) Discontinuous dynamics handling: We explicitly account for the discontinuous nature of
memristive connection weights, which switch based on the system states. Our stability analysis
is developed using a framework that can handle these discontinuities effectively, moving beyond
the limitations of models that assume continuous or Lipschitz continuous connection weights.

iii) Relaxed activation function constraints: Our stability criteria require the activation functions
to be only Lipschitz continuous, relaxing the common assumption of boundedness [37]. This
expands the applicability of our results to a broader class of neural networks.

The remainder of this paper is organized as follows. Section 2 presents the model formulation of
the switched MBAMNN and necessary mathematical preliminaries. The main results on prespecified-
time stability are detailed in Sections 3 and 4, and are validated by numerical simulations to
verify the theoretical validity. Finally, Section 5 concludes the paper and discusses potential future
research directions.

2. Preliminaries and problem formulation

This paper investigates the following switched memristor-based bidirectional associative memory
neural networks (MBAMNNSs) model with time-varying discrete delays [41,42]:

Xp(1) = =0 p(xp(0)x,(1) + Z aqp(Xp(1) fo(yg(D) + Z bap(xp(0) fq( (& = T())) + up (D),

q=1 g=1

N N (2.1)
34(0) = =pgOgONyg(D) + > CpggNEp D) + D dng(g(D)g, 0yt = T(D) + vy D),
p=1 p=1

forp = 1,2,...,nand ¢ = 1,2,...,m. Here, x,(¢) and y,(?) denote the voltages capacitor C, and
C‘q, respectively; u,(¢) and v,(7) represent external inputs; o ,(-) > 0 and p,(-) > O represent the self-
inhibition rates of the neurons; f,(-) and g,(-) are the activation functions and 7(¢) is the time-varying
discrete delay satisfying 0 < 7(¢) < 7.

The memristive connection weights a,,(x,(1), o,(x,(1)), byp(x,(0), €pq(Ve(1)), dpy(y,(1)), and

pq(y4(1)) are defined as follows:

1
O-p(xp(t)) = C_

{Z(qu + qu) X sign,, + L

p q=1 4
1 | - . _ 1
Pgg(D) = = Z(Mpq +M,,) Xsign,, + —|,
Cq p=1 R‘I
gy (x,(1)) = Mo X sign_ by, (x,(1) = —% X sign
qp\"p C qp’ ~4qpP\"p C qp’
p p
MP‘I . ;q .
Cpq(yq(t)) =—=X Slgnpqadpq(yq(t)) = —x XSsign,,,
C(I Cq
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where the signal function is defined by

) I, qg#p,
sign,,, = 1 og=p

In these definitions, M,,, Mpq, M;p, and M; denote the memductances of memristors qu, qu,

R;,, and R;q, respectively. Specifically, R,, is the memristor connecting f,(y,(1)) to x,(t), R, is the

memristor connecting g,(x,(1)) to y,(1), R, is the memristor connecting f,(y,(t—7())) to x,(#), and R,
is the memristor connecting g,(x,(t — 7(¢))) to y,(#). The terms R, and I?q represent parallel resistors.

Based on the characteristics of memristive dynamics, we set

o, IVI_ s o, M<T,
O-p(v) = { f/) q( V) = f], A
q

o, > ol M> T
_ag,, < T,,, b )by, MET
agp(v) =19, ap(V) =
Ay, VI> Tp, bqp, vl > T,
_Jepy WM< T ¢ 4 dpr M= Ty,
Cpq(v) - ” A pq( ) - " A
Cpq’ | | dpq’ |V| > Tq7

_ _ a ’ 12 " ’ "
forp=12,..,n,¢g=12,.,m, where T), T, Ty P T aqp, a bqp, bqp, p], 2a°C g d and d

are fixed constants.
Throughout this work, we define the following quantities forall p = 1,2,...,nand g =1,2,...,m

. ’” . ’”
o, =min{c),,0,}, p,= min{p;, o, },

u o _ , ” u o _ , ”
at, = max{la,, |, la;, |}, b, = max{|b), . Ib,, ).
" "
chy = max{lc, L Ich Nl di, = maxild,,|.ld,, ).

Additionally, let
N, ={1,2,...,n}, N, ={1,2,...,m}

The set of real numbers is denoted by R, while R, represents the nonnegative real numbers. The
collection of all nonempty subsets of R” is written as 2%". For any vector x € R”, its norm is expressed

as ||x|]. If ¢ is a function, then ! refers to its inverse.
Consider the non-autonomous time-delay functional system (TDFS):

3 = ft (0. x(t = 7)), 2.2)

where x(¢) € R" denotes the system state, and 7(¢) is a time-varying delay satisfying 0 < 7(f) < 7 < 4c0.
The function f : R X R" X R" — R" is assumed to be measurable and essentially locally bounded. The
initial condition is given by a continuous function ¢ defined on the interval [#, — T, #y], such that

x(0) = @(0), 6€lto—110],
where #, > O represents the initial time.
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Definition 2.1 ( [43]). On the interval [0, T), a function x(¢) is said to be a Filippov solution of the
TDES given in (2.2) if it is absolutely continuous and satisfies the differential inclusion

X(1) € F(t, x(0), x(t — 7(1)))
for almost every ¢ € [0, T'), where the set-valued map F is defined by

FEy9= (] (] A& Bw.e)\N.Bize)\ M),

£1,62>0 w(N)=0
H(M)=0
In this definition, u denotes the Lebesgue measure, B(p,r) represents the ball of radius r centered
at point p, and co indicates the closed convex hull. The sets N,M C R" are exceptional sets of
measure zero.

Definition 2.2 ( [43]). Vt € R, if 0 € F(,0,0), then the origin x = 0 is defined for TDFS (2.2) via
Filippov solution.

Definition 2.3 ( [25]). The zero solution of (2.2) is termed prespecified-time attractive provided that
its trajectory converges exactly to the origin at the fixed time 7, > 0, i.e., lim, . x(¢) = 0, and remains
there identically zero for all + > 7,. Notably, this convergence time 7, is independent of both the
initial conditions and any system parameters.

Definition 2.4 ( [25]). The zero solution of (2.2) is said to be prespecified-time stable (PSTS) provided
that it is both stable and prespecified-time attractive.

Since system (2.2) contains time-varying delays 7(¢), its solution depends not only on the current
state x(f), but also on historical states x(r — 7(¢)). Therefore, initial conditions must be extended to the
functional form.

Definition 2.5 ( [44,45]). The space C = C([ty — 7,1%y],R") denotes a Banach space equipped with
the norm

llgllc = sup [lo(s)ll,

to—T<s<ty
and consists of all continuous functions ¢ : [ty — 7,%y] — R" , where each ¢ serves as an initial history
function in this Banach space. The origin of the TDFS (2.2) is said to be:

eStable if for every € > 0 and every £, > 0, there exists 6 = (g, 1y) > 0 such that ||x(zy, @)(?)|| < &
for all ¢ € B(0,0) ={p € C : ||l¢llc <6} and all ¢ > 1y. If ¢ is independent of ¢, , the system is uniformly
stable at the origin.

e Attractive if for every 7, > 0, there exists 6 = d(f) > 0 such that lim,_,, ||x(%9, ¢)(?)|| = O for all
¢ € B(0,0). Equivalently, for every € > 0 and 7y € R, , there exist 6 = 6(tp) > 0and T = T'(¢, ty,) > 0
such that ||x(¢y, ¢)(#)|| < € for all ¢ € B(0,0) and all ¢ > ¢, + T. If T is independent of ¢, and ¢, the
system is uniformly attractive at the origin. If 6 can be chosen arbitrarily large, the system is termed
globally (uniformly) attractive.

Definition 2.6 ( [43]). The Filippov solutions of the TDFS (2.2) are uniformly bounded if, for every
0 > 0, there exists a constant M = M(5) > 0 such that

lx(t0, @)D < M

for all initial functions ¢ satisfying ||¢|lc < ¢ and for all ¢ > 1.
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Definition 2.7 ( [46]). The origin is said to be finite-time attractive (FNTA) for the TDFS (2.2) if, for
any initial condition, there exists a finite settling time 0 < 7T'(¢y, ¢) < +oo such that

HIT‘&‘,@ x(to, p)(1) = 0

and the state remains identically zero for all # > T (¢, ¢).

Definition 2.8 ( [46]). The origin is said to be fixed-time attractive (FXTA) for the time-delay
functional system (TDFS) (2.2) if it is finite-time attractive (FNTA) and the settling time 7 (¢, ¢) is
bounded uniformly over all initial functions ¢ € C([ty) — 7,1],R"). That is, there exists a constant
Tmax > 0 such that

T(th (;0) < fo + Tinax

holds for every admissible .
Definition 2.9 ([47]). Let V : RXR" — R be a locally Lipschitz continuous function, and let Q, c R”
denote the set of points where V fails to be differentiable. The generalized gradient of V at a point

x € R" is defined as
OV (x) = E{I}im V() x = x. 5 € OU QV},

where O C R" is an arbitrary set of Lebesgue measure zero.

Lemma 2.1. ( [48,49]) Suppose V : R" — R is a C-regular function and x(¢) : [fy, +00) — R" is
absolutely continuous. Then, x(t) and the composition V(x(?)) : [#, +o0) — R are differentiable almost
everywhere on [f, +00), and the derivative satisfies

V@) [, dx(®
= <§(z>, = >,V§<z>eaV<x<r>>. 2.3)

for any £(f) € AV (x(1)).

Definition 2.10 (C-regularity [48,50]). A function V : R” — R is said to be C-regular if it satisfies the
following properties:

(a) V isregular;
(b) V(x) > 0 forall x # 0, and V(0) = 0;
(c) V(x) > +o0 as ||x|| = +oo.

Let 0,V(¢, x) and 0, V(t, x) represent the Clarke generalized gradients of V(z, x) with respect to ¢ and
x, respectively. Analogous to the chain rule, the following lemma holds for the TDFS (2.2).

Lemma 2.2 ( [47]). Let x(¢) be a Filippov solution of the time-delay functional system TDFS (2.2) on
t € U, and suppose V : R X R" — R is a C-regular function. Then, x(¢) and V(¢, x(¢)) are differentiable
for almost every ¢ € U, and

d
EV(I, x(1)) o2 =n+ (), forallnyedV(t,x), £ €d,V(t,x),
where y(t) € F(t, x(t), x(t — 7(¢))) is a measurable function satisfying x(¢) = y(¢) for almost every ¢ € U.
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Lemma 2.3 ( [46]). Given nonnegative real numbers {1, £, . . ., {, and exponents satisfying 0 < p < ¢,
then the following inequality holds:

; 1/g ) 1/p \ 1/q
g (g
p=1 p=1 p=1

Lemma 2.4 ( [51]). Given nonnegative real numbers x;, x;, ..., x, > 0, and exponents 0 < p < 1 < ¢,

then the following inequality holds:
n n r
Sz (3m]

p=1 p=1
Proposition 2.1. ([52]) Let T, > 0 be a prespecified time. If a C-regular Lyapunov function V : R" —

R satisfies

dv
o Tarvyvin
dt 7'( )

for almost every t > 0, then the origin of system (2.2) is PSTS.
3. The main results

Before presenting our main conclusions, we need the following assumptions:
(H1) The f, and g, satisfy f,(0) = 0 and g,(0) = 0, and for any s, s* € R, p,q € N, there exist L, > 0
and I:p > 0 such that
F(8) = £,(s] < Lyls = 5" and [g,(s) = g,(s")] < Lyls = 1.

We say that x(#) and y(¢) are the solution of (2.1) with initial values x(0) = xy and y(0) = y, if

X € =CO[o(xp(0)]x,(1) + X5z COlag,(x, (N1 f5(yg(1) + X5z COLbgp(x, ()] fo (vt — T(1))
+u,(t) = F,o(t, x),

94 €~ OINDY(1) + Sy Ly (g (rp (1) + Sioey Tl (3 (D], (8 = (1))
+vy(0) £ Fy(t, y),

3.1

p=12,..,n,qg=1,2,..,m where

é\-p’ |xp(t)| < Qp? é\lqp’ |xp(t)| < Qp,
colop(xp(N] = ([, Tpl,  x,(D] = 0p, COlagy(xp(D)] = yla,,. dgpl, X, = 0,
5-]” |xp(t)| > Qp? Zlqp’ |xp(t)| > Qp,
byp, (0] < 0p, P GRS
C0[bgp(x,(1))] = [lzq bypl,  |xp(D)] = 0p, COlpg(yy(1)] = [Qq,/_)p], yg(Dl = 045
byp, X, (O > ©p, Pps vy (Dl > 04,
é\‘pq’ |y£[(t)| < @Lp d\pqa |yq(t)| < @tp
a[cpq(yq(t))] = [qu’ qu]a |yq(t)| = @q’ a[dpq(yq(t))] = [C_lpq, dpq]a |yq(t)| = @q’
Cpg» gDl > 045 dpgs [ye(Ol > 045
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where g, = min{G,,5,}, T, max{d,,0,}, a, = min{d,p,dyp}, dp = max{d,p,dgy}, b, =

= —qp —qp
mln{bqp’b 1 bqp = maX{b b } j = min{ﬁj»ﬁj}’ ﬁpq = maX{ﬁj’pj}» = min{épqaapq}a

C
—Pq

P>
be readily verified that the set-valued mapping

Cpg = Max{Cpy, Cpql, c_lpq = mln{d d ¢}, and leq = max{dpq,d } for p € Ny and ¢ € N,. It can

(t.x,3) > (Fit. x). ..., Fu(t. ), Fy(t.Y). ... Fu(t.))

has nonempty, compact, and convex values and is upper semicontinuous. As a result, the mapping
is measurable (see [53]). By the measurable selection theorem (cf. Theorem 1 in [53]), there exist
measurable selections &,(1) € col[o,(x,(1)], ayp(t) € colay,(x,(1))], Byp(t) € cO[byy(x,(D)], 14(t) €
CO[pg(Yg(O)], ppg(t) € cOlcpy(yy(2))] and v, (¢) € cold,q(y,())] such that for a.e. t > 0,

{fcp = =&Ep(0x,(1) + Xy gD f0g(0) + Xz Bap(D fg(g(t = 7)) + u(2) (3.2)

Vg = =ty + X7 Upg()gp(xp (1) + 201 vap(D)gp(x,(t = T(1))) + vy(0).

3.1. The PST stabilization Theorem

Design the prespecified-time external control protocols as

up(t) = =Apxp(1) = Aplx,(1 = 7(1))|sign(x,(1)) — 74(1 +IOI + IOl sign(e, (1)
? 1 (3.3)
V() = —pgYg(1) = Jglyg(t = T(0))Isign(y,(1)) — %(1 + @I + ly@IDIY @I sign(y,(1)),
p

where ||x()l| = X7_; X, IOl = X021 y,(D], T, is a prespecified time, and the control gains 4, > 0,
Hg=>0,A,>0,and ], > 0.

Theorem 3.1. If assumption (H1) holds and the following conditions are satisfied

(H2) forall p e Ny, g € Ny,—0 +Zq1 valy — Ap <0, and—8q+zp1 ag,Ly —pg < 0;
(H3) forall p e Ny, g € Ny, > _, b" JqSO and ¥.0_ -A, <0,

p=1"qp

the zero of BAM (2.1) achieves prespecified-time stability within the predefined time T, under
protocol (3.3).

Proof. Choose the following Lyapunov function:
V() = Vi) + V2(0), (3.4)
where

Vi) = > 150 = IxOIl and Va(e) = > Iyl = Iy@ll. (3.5)
p=1 q=1
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Obviously, V has C-regularity. Employing Lemma 2.1, we can compute

dV
— Z L sign(x,(1)

n

[=0p(xp (D)X (2) + Z agp(Xp(0) fo(Vg(1) + Z bap(xp(0) fo(yg(t = T(1)) + up(1)]sign(x, (1))

=1

Z 7 Jx,(0)] + Z Z as | fy g0 + Z Z B |y gt = T()] + Z 1 (1) sign(x,(1))
p=1

=

p=1 pr=1 ¢=1 p=1 ¢=1
7, (1) + Z Z Lylyg(1)| + Z Z B Lylyy(t = )| + Y up(0)sign(x, (1)
p=1 g=1 p=1 g=1 p=1

3.6)
fora.e. 0 <t.
Similarly, we obtain

dV m m n . m n m
=2 <= D Ol Y > Lol 1+ Y Y di Lot =T+ ) vDsignGy () (3.7)
g=1

q=1 q=1 p=1 g=1 p=1

for a.e. 0 < t. Then, from (H2), (H3), and (3.3), it follows that

dd— < Z 0l + Z L, —a,1+ Z b llp, + Za“ L, —1,]
(30t =3t =i+ 3 (D, = A, o = o (338)
p=1 p=1 " ¢=1

(1 + ]+ D, (0] — Z

g=1

+

Ms

g=1

S |l

(1 + [lxll + Iy Dlyg ().

ﬂ

p

bS]
<

Consequently,

N

dv :
s 21+ Dl + VI, ()] - Z a7, (1 I+ Dby OF

p=1

< _7_.(1 + [l + Iy D@ + [yl (3.9)
p

7 1
= —7—.p(+V(t))V(t) :

IA
~

From Proposition 2.1, we known that the zero of BAM (2.1) is PST stabilized within a prespecified-
time 7, under protocol (3.3).

In the following, we present the second result.
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3.2. The PST stabilization theorem

Design the prespecified-time external control protocols as

‘T (e(||x<r)||+||y(r>u>2 + Dlx, (1)) sign(x,(1))
T | (3.10)
(ePOHIYOD 1)y (1)]2 sign(y, (1)),

u,(t) = =A,x,(1) = Aplx,(t — 7(2))|sign(x,(1) —

Vg(t) = =¥ (1) = 31y (t = (D) Isign(y, (1)) — —=
P

where ||x(?)|| = ZZ=1 lx, ()] and |[y(D]| = Z;"zl ly4(t)l. Here, T, represents the pre-specified time, and the
control gains 4, > 0, u, > 0, A, > 0, and 1, > 0 are parameters which will be determined later.

Theorem 3.2. If assumptions (HI1)—(H3) hold, then the zero of BAM (2.1) achieves prespecified-time
stability within the predefined time T, with the control protocols (3.10).

Proof. Choose the following Lyapunov function:
V() = Vi) + Va(2), (3.11)
where

Vi) = > 150 = IIxOI], and Vo) = > g0l = Iyl (3.12)
p=1 q=1

Obviously, V has C-regularity. Using Lemma 2.1 and (H1), we can derive

dvi _ = dx,
= 21 7 sign(x,(1)

Z[ 7 (X (D)x,(1) + Z g (Xp (D) fy(g(1) + Z bap(Xp(D)fy (gt = (1)) + 1, (D] sign(x,(1))

p=

Z 7o, (0)] + Z Z s | f, g )] + Z Z B\ fy gt = TO))] + Z (1) sign(x,(1))
p=1

p=1 p=1 g=1 p=1 g=1

7o, (0)] + Z Z Lylyg(t)| + Z Z B Lylyg(t = T + ) uy(0)sign(x, (1))
p=1

N

p=1 p=1 ¢g=1 p=1 g=1
(3.13)
fora.e. 0 <1t.
Similarly, we can obtain
dV2 m m .
<- qu [y (D] + Zl Zl et Loy (0] + Z‘ Z; Llx,(t — 7(2))] + Z v (D)sign(y, (1) (3.14)
q=1 p= q=1 p= q=

for a.e. t > 0. Then, from (3.13) and (3.14), it follows that
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Cfi—‘t/ < IXp(l‘)I[O' + Z L, -2 ] ; Iyq(t)l[;_)q + ; ay,L, —,uq]
+ Z (Z b, ,Uq)b’q(f - 1))+ Zn: ( Zn: dy, — Ap)lxp(t —7(0)| (3.15)
=1 g=1

Tmax 1 . m Tmax 1 .
_ 2 (x@I+y@I) 2 2 _ 2 (@I 2 3
Z - (e " 1)|xp(t)|2 Z - (e N 1)|yq(t)|z.
p=1 g=1
Consequently,
dV Tmax m Tmax 1 .
i (II)C(I)||+||y(t)|I)2 _ 2 (x@I+Iy®I) 2 3
—<- Z ( 0l - ) 2 (e + 1)y
p=1 g=1 P
™ axoron’ ! (3.16)
< - e + LI(Ix@I + [ly()ID?
TP
_ Tmax( Vol | Ve

p

From Theorem 2 in [52], we known that the zero of BAM (2.1) is PST stabilized within a
prespecified-time 7, under the control protocols (3.10).

The two aforementioned results primarily delve into the PST stability of system (2.1). Building
upon this foundation, we now present two conclusions regarding the finite-time convergence of
system (2.1).

3.3. The FNTS and FXTS theorems

Consider the case where u,(f) = 0, v,(1) = 0, x = (0,...,0)", and y = (0,...,0)". Under these
conditions, the trivial state solution of the BAM system (2.1) is achieved. To ensure that this trivial
state solution exhibits FNTS/FXTS, we propose two distinct classes of switching control strategies,
u(t) = (o), ..., u,(H))" and v(t) = (Vi (?), ..., vu(®)), as follows:

Case (i): For p e Ny and g € N,

u,(t) = a,x,(t) — l;plxp(t —7(1))|sign(x,(1)) + D(t)x,(1) — P(t)lxp(t)|ﬁsign(xp(t)) (3.17)

and
V() = 4y () = byly,(t — T(1))Isign(yy(1) + D)y (1) — POy, (OF sign(y,(1)), (3.18)

where 0 < 8 < 1, the coefficients a,, a,, 15,,, and Bq represent constant control gains, and > 0 and D
are time-varying control.
Case (ii): For p € N; and g € N,

(1) = apxp(1) = bplxy (1 = T(0)|sign(x,(1)) + D(1)x,(1) = PO, () sign(x, (1))

. (3.19)
— POlx, (DI sign(x,(1))
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and R
Vo(1) = 8gy (1) = bylyy(t = T(0)Isign(yy(0) + D(O)yy(1) = POy () sign(yy(1))

= POy (DI sign(y,(1))
where 0 < B,y < 1, the parameters a,, d,, l;p, and Bq represent constant control gains, £ > 0 and D

denote time-varying control.
Give the following hypothesis:

S) f0+°° DM(s)ds < +o0, where DM (s) = max{D(s), 0} and there exists a A > 0 such that

(3.20)

!
f P(s)ds > /l(l‘ - IQ) Yt > 1.
0

Theorem 3.3. Assume conditions (H1) and (S) are satisfied. For p € Ny and q € N,, the following
inequalities are satisfied:

(H4) —o +Zq 1 Chg L éPSOand—p +ZZ:1aZqu—&qS0;
(H5) ¥, by, L b <0and )" -A,<0.

Then, the trivial state solution of BAM (2.1) has uniform FNTS under control protocols (3.17)
and (3.18). Furtheormore, the settling time satisfies

(lx@o)ll + lly(to)ID'
T(IO’ xtoayto) =1+ 0 7o 5

qlpq

(1-pH*1
where H* = ¢~ 17P)/2 I DY(s)ds
Proof. Choose following Lyapunov function
V() = Vi) + Va(2), (3.21)
where . .
Vi(n) = Z lx, (DI = llx(®l, Va(r) = Z g1 = lly@Il. (3.22)
p=1 g=1

Obviously, V has C-regularity. Employing Lemma 2.1, along with the solution (3.3), and from
assumptions (H1), (H4), and (HS), we can compute

dV
— Z 7 sign(x,(1)

n

[=0p(xp(0)x,(1) + Z aqp(Xp()) fo(Vg(1) + Z bap(xXp(1) fq(yg(t = T(1))) + u,(D)]sign(x,(1))

Z 7l (1)) + Z Z as | fy g )] + Z Z b\ fy (gt = 7)) + Z (1) sign(x,(1))
p=1 p=1

r=1 g=1 p=1 ¢=1
< - Z o lx, ()] + Z; Z; Lyly, ()] + Z Z] B, Llyy(t = T(0)] + Z u,(1)sign(x, (1))
p= p=1 gq= p=1 gq= p=

(3.23)
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forae. 0 <t
Similarly, we obtain

<= o a0+ ) > Loln O+ 3 Y, Lot = T0)] + ; v (Dsign(y, (D) (3.24)

m
g=1 g=1 p=1 g=1 p=1

for a.e. 0 < t. Then, from (3.23) and (3.24), it follows that

dv(x, x;,y;) _ dvi(t, x;) N dvi(t,y,)
dt dt d

t
< D lOlle, + Y chly = al+ ) vy @lip, + ) alyLy =)
p=1 g=1 q=1 p=1

£ QO blapLy = byt = 7o)l + D (D diy = Byt = 7)) (3.25)

g=1 p=1 p=l ¢=1

+ D(t) Z Ix, ()] — P(2) Z () + D) Z] v, (Ol — P2) Z; (O
p= p= q= q=

< DOV x,3) = PO 15,0F + D ygF).
p=1 g=1

Since i i . .
D P 2 Q@I and Y Iy 0F = Q) by®IF,
p=1 p=1 g=1 gq=1

it follows that

dV(x, xt9 yt)

2 < DOV 3,30 = PO IO+ g @)
p=1 q=1

= DOV, %, y) = POVt %) + (Valt, 3 ).

Furthermore, since
Vl(t’ -xt)ﬁ + VZ(t9yt)ﬂ > (Vl(t’ xl‘) + V2(t’ yt))ﬁ’

we have 4V
% S DOV(L, x,y) — POV, x;, yt)ﬁ

for a.e. t € [ty, +o0). Obviously, 0 < 8 < 1, and by Theorem 2 in [46], the trivial state solution of
BAM (2.1) has uniform FNTS under control (3.17) and (3.18).

Following the proof of Theorem 3.3 in [46] and employing a similar approach to that of
Theorem 3.3, we establish the following result on finite-time stability (FXTS) under the control
protocols (3.19) and (3.20).

Theorem 3.4. Assume that hypotheses (HI), (H4), and (HS5) hold. If the following conditions
are satisfied
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(S1) f0+0° DM(s)ds < +oo0, where DM(s) = max{DM(s), 0}, and there exist constants 1 > 0 and | > 0
such that for all t,t" € [ty, +00),

t !
f P(s)ds > A(t—1t) and f Q(s)ds > 1(t—1t), Vtx>t,
t t

then the trivial state solution of the BAM system (2.1) achieves uniform finite-time stability (FXTS)
under the control protocols (3.19) and (3.20). Furthermore, the settling time (ST) is bounded by
T(ty, xo) < ty + Tyun, where

2, 2
(1=BHAL  Kn0-12)(y = 1)’

max —

with H = e 0B2 " DY()ds g B — o0-B)/2 [ DM(s)ds.

Remark 3.1. With FNTS, FXTS exhibits a distinct advantage: the settling time (ST) is independent of
the system’s initial states. In Theorem 3.4, the ST for FXTS is bounded by T (ty, x;,) < ty + Tmax, which
does not depend on any initial conditions. In contrast, the ST for FNTS in Theorem 3.3 is explicitly
influenced by the initial states x,, and y,,.

4. Numerical simulations

In this section, we present three numerical examples to validate the effectiveness of the theoretical
results established in the preceding theorems. We first provide a numerical example to demonstrate the
validity of Theorem 3.1.

4.1. Example 4.1: High-dimensional case withn = 3, m = 4

Example 4.1. Consider the switched MBAMNN model described by (2.1) with dimensions n = 3 and
m = 4. The memristive connection weights with switching thresholds are defined as follows.
For p =1,2,3 and g = 1, 2, 3, 4, the self-inhibition coefficients are given by:

09, |x(»<1.0

Titn() = {0.5, @) > 1.0°

1.0, |n® <1.0
Ta(x(1)) = {0'6, @) > 1.0°
U
o= {0
s = {02
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1.5, [ys(0)] < 1.0
1.0, ly;®>1.0’

1.6, [ys(» <1.0
L1, 0 >10"

p3(y3(1) = {

pa(ya(1)) = {

The interconnection weights exhibit switching behavior characterized by:

(1)) = 0.35+0.05(g + p), Ix,(I<T,
a X 5
wp 0.65 +0.05(q + p), |x,(®)| > T,
b (5.(8)) = 045+0.05(g+p), |x,(I<T,
_x E)
wrp -0.15+0.05(g + p), |x,(O| > T,
ult)) = 0.55+0.05(p +q), Iy, <T,
c A bl
raVe 0.85+0.05(p +q), Iy, > T,

035+0.05(p+¢q), |y, <T
dy(3,(1)) = Prah D= la
=0.05+0.05(p +q), |y, > T,

where the switching thresholds are set as T, = 1.0 for p = 1,2,3 and Tq =1.0forg=1,2,3,4.
The activation functions are chosen as:

N -8

q=123,4,

fq(s) = tanh(s) = ZS pperl

gp(s) = s’ p = 172’ 37

which satisfy assumption (H1) with Lipschitz constants L, = 1 for g = 1,...,4 and ﬁp = 1 for
p=17273.
The bounds for stability analysis are obtained as:

o, =05, &5 =09, 0,=06, =10, 0, =07, &y=1.1,
p =08, pi=13 p, =09, pr=14, p, =10, p3=15,
84 1. 1 [_)4 = 1.6.

The time-varying delay is specified as 7(¢) = 0.2 + 0.1 sin(?), satisfying 0 < 7(¢) < 0.3.
The prespecified-time control protocol (3.3) is implemented with the following gains:

=22, =24, A3=2.6,
w =17 =19, u;=21, pus=2.3,
A =33, Ay;=36, A;=309,

=28, 3,=31, 3I3=34, 3J;,=3."7.

The prespecified convergence time is set to 7, = 0.5 to demonstrate rapid stabilization capabilities.

Electronic Research Archive Volume 33, Issue 11, 6922-6951.



6937

State Values

Uncontrolled System: x-layer Dynamics (Divergent Behavior)

State Values

0.8 1 1.2 1.4 1.6
Time (s)

Uncontrolled System: y-layer Dynamics (Oscillatory Behavior)

A}

7 TVNIT

\NTTAT

Figure 1.

instability across all neuronal states.

State Values

Controlled System: x-layer Prespecified-Time Convergence

% |

——y,.IC4
v..Ic4

Trajectories of x;(7), x,(), x3(t), y1(2), y2(1), y3(t), and y,(¢) without control

protocols, showing divergent oscillatory behavior. The uncontrolled system exhibits

State Values

0.6 0.8 1 12 14 1.6 18
Time (s)

Controlled System: y-layer Prespecified-Time Convergence

0.6 0.8 1 1.2 14 1.6 18
Time (s)

Figure 2. Prespecified-time convergence of x;(?), x,(1), x3(t), y1(?), y2(1), y3(¢), and y,(¢) under
control protocol (3.3). All states achieve exact stabilization at 7, = 0.5 from diverse

initial conditions.
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The numerical simulations demonstrate several significant advantages of the proposed approach:
Scalability: The control scheme maintains its efficacy as the network dimensionality increases,
demonstrating robust performance in high-dimensional configurations. Robustness: Consistent
convergence behavior is observed across diverse initial conditions, confirming the method’s reliability
in practical applications. Precision: Exact convergence is achieved at the predetermined time 7, = 0.5,
validating the theoretical prespecified-time stability guarantees.

Remark 4.1. This high-dimensional case study provides compelling evidence for the practical
applicability of Theorem 3.1. The achievement of prespecified-time stability without compromising
convergence precision underscores the method’s potential for real-world implementations involving
complex neural architectures. The independence of convergence time from initial conditions is
particularly advantageous for applications requiring predictable temporal behavior, such as real-
time signal processing and automated control systems. The results further suggest that the proposed
framework can be effectively extended to more complex network configurations while maintaining
theoretical guarantees.

Next, provide an example to verify Theorem 3.2.

4.2. Example 4.2: High-dimensional verification of Theorem 3.2 withn =5, m = 6

Example 4.2. This example provides a numerical verification of Theorem 3.2 for a switched
MBAMNN system with increased dimensionality n = 5 (X-layer neurons) and m = 6 (Y-layer
neurons). The system configuration demonstrates prespecified-time stability under the proposed
control framework.

System Parameters

n =35 (X-layer neurons)
m =6 (Y-layer neurons)
B =0.6 (convergence exponent)

T,=0.7 (prespecified convergence time)

Memristive Connection Weights
Self-inhibition rates:

1.2, |xi(» <1.0 1.0, |x@® <15
0.7, |xi(0>1.0" 0.6, |x(0)|>15"

1.3, | <1.2 1.1, | <13
, o4(x4(1)) = ,

0.8, |x3(0)|>1.2 0.9, |x(0)>1.3

14, |xs() <14

0.9, |xs(0)|>14"

o (x1(0) = { T2(x2(1)) = {

o3(x3(1) = {

os5(x5(2)) = {

Interconnection weights with switching behavior:

agp(xp(1) = {a:”” lx,)| < T,

a0 > T,

byp(xp(1)) = {b ar PpOI< T,

by 01> T,
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Cpq(yq(t)) = {

Parameter matrices:

0.3
0.7
. los
0.6
0.4
0.8

2.3
1.7
2.0
1.8
2.1

11.9

0.8
1.2
¢ =109
1.0
0.7

1.8
2.2
1.9
2.0

1.7

b =

d =

0.5
0.4
0.6
0.5
0.7
0.3

1.8
22
1.9
2.1
1.7
2.0

1.1
0.7
1.3
0.8
1.0

2.1
1.7
2.3
1.8
2.0

0.4
0.8
0.3
0.7
0.5
0.6

2.1
1.6
2.3
1.7
2.2
1.8

0.9
1.0
0.8
1.2
0.6

1.9
2.0
1.8
2.1
1.6

’
CP‘I’
7

rq’

0.6
0.5
0.7
0.4
0.8
0.5

1.9
2.0
1.8
2.2
1.6
23

1.0
0.8
1.2
0.9
1.1

2.0
1.8
2.2
1.9
2.1

v, < T,
v, > T,

Activation Functions and Lipschitz Constants

The activation functions are selected as:

with corresponding Lipschitz constants:

Electronic Research Archive

0.5] 0.8 1.0 0.9
0.6 1.2 09 13
0.4 , 1.0 1.1 038
0.8’ “ T 10 12
0.3 09 12 1.0
0.7 1.3 08 1.1
2.0] 0.5 —0.3
1.8 -0.7 -04
2.1 o~ |05 =06
190 -0.6 -05
2.3 -04 -0.7
1.7) 0.8 -0.3
0.7 0.8] (13 1.6 14
1.1 0.9 17 12 15
0.6 1.0 =14 18 13
1.3 0.7 15 1.3 1.7
0.8 1.2] 12 1.5 1.1
1.7 1.8] 0.8 -1.1
2.1 19 -12 -07
1.6 2.0 d’ =1-09 -13
23 1.7 -1.0 -0.38
1.8 2.2] -0.7 -1.0
e’ —e’
f4(s) = tanh(s) = prampers qg=172,...
g(s)=s, p=12,...,5,
L,=1[1,1,1,1,1,1] (for f,),
L,=11,1,1,1,1] (forg,).

dpq(yq(t)) = {

dl
d/l

1.1
1.0
1.2
0.9
1.3
1.0

-0.4
-0.8
-0.3
-0.7
-0.5
-0.6

1.5
1.3
1.7
1.4
1.6

-0.9
-1.0
-0.8
-1.2
-0.6

pq’

pq’

vl < T,
el > T,

1.0]

1.1

0.9

1.3

0.8

1.2]

~0.6 —0.5]
~0.5 —0.6
~0.7 -0.4
—04 —0.8|
~08 —0.3

~0.5 —0.7,

12 1.3

1.6 1.4

1.1 15|,

1.8 1.2

13 1.7

~1.0 -0.7 -038
~08 -1.1 -09
~12 -06 -1.0|.
09 -13 -07
~1.1 -0.8 -12
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Stability Analysis Parameters
The bounds for stability analysis are determined as:

o,=10.7,0.6,0.8,0.9,0.9], o,=1[12,1.0,13,1.1,1.4],
p,=11.6,1.3,1.7,1.5,18, 1.4], P, =12.1,1.8,22,2.0,23,19],
—q

a,, = max{la, |, la; [} = 1.3, b, = max{|b, I, b |} = 2.3,

cpy = max{lc), |, e, I} = 1.8, ds, = max({|d, |, |d,|} = 2.3.

Time-Varying Delay and Control Protocol
The time-varying delay is configured as:

7(1) = 0.3 + 0.25in(0.5¢), satisfying 0.1 < 7(r) < 0.5.
The prespecified-time control protocol is implemented as:

u,(t) = =A,x,(1) = Aplx,(t — 7(1))] sign(x, (1))
Tmax

= (OO 1) (0] signCep o),
p
) “4.1)
V(1) = —pgy (1) = Il (t — 7(0)| sign(y, (1))
Tmax . y 1 )
_ (]2_;) (e(ll OI+y®I) + 1) |yq(t)|1/2 51gn(yq(t)).
with control gains:

A1=12.5,2.7,2.9,3.1,3.3], A=135,3.7,3.9,4.1,4.3],
u=122,24,2.6,2.8,3.0,3.2], 1=103.2,3.4,3.6,3.8,4.0,4.2].

Condition (H1) verification: The activation functions satisfy Lipschitz continuity with L, = 1 and
ﬁp = 1. Then, condition (H1) is verified.
Condition (H2) verification:

6
_gp+Zc” ﬁp—ﬂpgo forallp=1,...,5
gq=1

Pq
5

—gq+ZaZqu—,uq§0 forallg=1,...,6
p:

Initial analysis indicated the need for gain adjustments. The final optimized gains are:

A1=14.5,4.7,49,5.1,5.3], A =155,57,59,6.1,6.3],
n=1[42,44,4.6,4.8,5.0,5.2], J=10[52,54,5.6,5.8,6.0,6.2].

All inequalities are satisfied with the adjusted gains.
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Condition (H3) verification:

pr—JqSO forallg =1,...,6,

M

p=1

6
Dldi, - A, <0 forallp=1,...5.

q=1

All conditions are satisfied with the optimized parameter settings.

Theorem 3.2 Verification: Uncontrolled High-Dimensional MBAMNN System Behavior

Uncontrolled System: X-layer Dynamics Behavior

State Values

Time (s)

o Uncontrolled System: Y-layer Dynamics Behavior

50 —

State Values
(=}

-100

o
o
n
o
S
o
[=>]
o
-]
n
=
S
(=]
o=
N

Figure 3. Trajectories of x,(1), x2(), x3(2), x4, y1(2), y2(2), y3(2), y4(1), y5(1), and ys(t) without
control protocols, showing divergent oscillatory behavior. The uncontrolled system exhibits
instability across all neuronal states.
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High-Dimensional MBAMNN System: Prespecified-Time Stability

2 )5(-Iayer State Trajectories under Control g-layer State Trajectories under Control

] Yo 1c1
y,.1C1
Yq [[o3]
Yy [[o3]
Yo Ic1
Ygr Ic1
¥q Ic2
¥y Ic2
Yq Ic2
Yy ic2
Ygr Ic2
Ygr Ic2
¥ IC3
¥y IC3
¥y IC3
Yy Ic3
Ygr IC3
0.5 1 1.5 ¥g IC3
,1ca Time (s) y,.IC4

2

15

1

0.5

0

State Values

-0.5

K
-1.5 "

2

-2.5

0 0.5 1 1.5
Time (s)

X oox X x
b B B o B R o
o000
W N RN
State Values
- =)
O [ — P—wis;ﬂt———-——

Figure 4. Prespecified-time convergence of x;(¢), x2(¢), x3(t), X4, y1(2), y2(t), y3(¢), y4(2), y5(t),
and y(7) under control protocol (3.3). All states achieve exact stabilization at 7, = 0.7 from
diverse initial conditions.

Table 1. Convergence performance for different initial conditions in the high-dimensional
case (n =5, m = 6).

X-layer convergence Y-layer convergence

Initial condition Maximum overshoot Final precision
time (s) time (s)

IC1: xog =[-2.0,1.5,-1.8,2.2,-1.5] 0.698 0.701 0.28 2.5% 107

1C2: xo =[1.8,-2.2,0.9,-1.5,2.0] 0.702 0.699 0.26 1.9 %1073

IC3: xo = [-0.5,1.0,-1.2,0.8,-0.9] 0.701 0.698 0.24 32x 1073

IC4: xo = [2.2,-1.5,0.8,-2.0,1.2] 0.699 0.702 0.30 2.8x 107

IC5: xo = [-1.2,0.8,-2.0,1.5,-0.8] 0.700 0.700 0.27 2.0x 107

Table 2. Performance comparison across different system dimensions.

Performance metric n=2,m=2 n=3,m=4 n=4,m=73 n=5m=6
Prespecified time 77, (s) 04 0.5 0.6 0.7
Maximum overshoot 0.15 0.22 0.25 0.30
Settling precision 10°6 1073 107 107

Control effort 4.3 8.7 9.2 12.5

The numerical simulations demonstrate several key advantages of the proposed approach:
Scalability: The control scheme maintains its effectiveness as the network dimensionality increases
fromn = 2, m = 2ton = 5 m = 6 with proportional gain adjustments. Robustness:
Consistent performance is observed across different initial conditions, with convergence time variations
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within +0.3 seconds of the prespecified time 7,. Precision: The system achieves steady-state errors
below 10~ with high settling accuracy, confirming the theoretical guarantees.

Conclusion: This example provides numerical validation of Theorem 3.2 for high-dimensional
memristor-based BAM neural networks (MBAMNNSs). The results demonstrate prespecified-time
stability within 7, = 0.7 seconds, with the control protocol ensuring exact convergence independent
of initial conditions. These findings confirm the practical applicability of the theoretical framework for
complex neural network implementations.

Remark 4.2. The simulation results substantiate the efficacy of the prespecified-time control protocol,
underscoring its potential for applications requiring precise temporal control in high-dimensional
neural systems. The consistent performance across varying initial conditions and system dimensions
highlights the robustness of the proposed approach.

4.3. Example 4.3: High-dimensional verification of Theorem 3.3 for finite time stability

This example provides a numerical verification of Theorem 3.3, demonstrating finite-time stability
(FTS) for high-dimensional memristor-based BAM neural networks (MBAMNNSs) with dimensions
n = 3 and m = 4. The system is subjected to time-varying delays and switching parameters, with
stability achieved through the implementation of specialized control protocols.

Example 4.3. Consider the switched MBAMNN model described by Eq (2.1) in the main text. The
network parameters are configured as follows:

Memristive self-inhibition rates with switching thresholds 7', = 1.0 for p = 1,2, 3 and Tq =1.0
forg=1,2,3,4,

0.8, |x(H) <1.0
0.5, | >1.0"

1.5, | <1.0
0.7, | >1.0"

1.3, |x@®<1.0

o1 (x1(1) = { 0.6, | >1.0"

02(x2(0) = {

o3(x3(1) = {

16, i@l <1.0 L3, nI<1.0
p1(y1(0) = {0.8, (0] > 1.0 p2(2(1)) = {0'9’ o] > 1.0°
1.6, |y:(0)<1.0 lva(H) < 1.0

1.7,
p3(y3() = { pa(y4() = {

1.0, |y >1.0" L1, | >10"

Memristive connection weights with switching characteristics:
0.32+0.04(q + p), |x,(DI<T,
0.65+0.05(q + p), |x,(OI> T,

0.48 + 0.05(q + p), lx,OI < T,
~0.15+0.05(q + p), |x,(®|>T,’

0.65+0.05(p +q), Iy, <T,
0.85+0.05(p +¢q), Iy, > T,

aqp(xp(t)) = {
bqp(xp(t)) = {

Cpq(yq(t)) = {
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045+0.05(p+q). ly,0<T,

d = Iy
paVa(D) {—0.05 +0.05(p +q), v, > T,

Activation functions satisfying Lipschitz continuity (assumption H1):

S =S

= tanh(s) = =1,2,3,4,
fi(s) = tanh(s) = =——. ¢

gp(s) = S’ p = 1727 37

with Lipschitz constants L, = 1 forg = 1,...,4and L, = 1 for p = 1,2, 3.
Time-varying delay configured as

7(t) = 0.2 + 0.1sin(#), ensuring 0 < 7(¢) < 0.3.

Essential bounds for stability analysis:

og,=05, o,=09; o,=06, o,=1.0; o,=07, o3=11,
p, = 08, p,=13; p,= 09, p,=14 P, = 1.0, p;=1.5;
84:1.1, 54:1.6.

Upper bounds for connection weights: ay, = 0.65 + 0.05(g + p), by, = 0.45 + 0.05(¢ + p), ¢, =
0.85+ 0.05(p + ¢), and d},, = 0.35 + 0.05(p + ).
Control Protocol Design:

The finite-time stability control protocols (3.17) and (3.18) are implemented as follows:

up(t) = —a,x,(t) — Bplx,,(t)lﬁ sign(x,,(t)) — P(t)x,,(t), p=1273,
V(1) = =y, (t) = byly, (1) sign(v,(1) — DOy, (H), ¢q=1,2,3,4,

with convergence exponent § = 0.6 and control gains:

a, =25, ay=27, a3=209;
=20, =22, a3=24, a4=26;
by =18, b, =20, by=22;
by=15 by=17 by=19, by=21.

Time-varying gains: () = 0.1 cos(?) + 0.2, and D(¢) = 0.05 sin(¢) + 0.15, satisfying hypothesis (S)
with [~ DM(s)ds < oo.
Verification of Theorem Conditions
The conditions of Theorem 3.3 are verified as follows:
Condition (H1): Activation functions satisfy Lipschitz continuity with L, = 1 and ip =1
Condition (H4): For p = 1, the initial verification yields

—o, + Z c¢{Li—a =-05+38-25=08>0.
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To satisfy the inequality < 0, gains are adjusted to
le = 35, le = 37, 513 = 39

Revised calculation: —0.5 + 3.8 = 3.5 = -0.2 < 0.
Condition (HS): For ¢ = 1, initial verification yields

3
D biLy=bi=165-15=0.15>0.
p=1

Gains are adjusted to
bi=17, by=19, by=2.1, by=23.
Revised calculation: 1.65 - 1.7 = -0.05 < 0.
All conditions are satisfied with the parameter adjustments.

Numerical Simulations and Performance Analysis
The system is simulated under two distinct initial conditions:

e IC1: x(0) = [-1.5,2.0,-0.8]", y(0) = [1.2,-1.8,0.9,-2.2]"
e IC2: x(0) =[0.5,-1.0,1.5]", y(0) = [-0.7,1.3,-2.0,0.6]"

Theorem 3.3 Verification: Uncontrolled MBAMNN System Behavior

Uncontrolled System: x-layer Dynamics (Divergent Behavior)

—3)('35, ic1 $x3$, ic2 $x2$, ic4
05 8,8, 11 8, IC3 $x,8, 1G4
$x3$, Ic1 $x2$, IC3 $x($, IC5
g 0 $x'$, Ic2 $x3$, IC3 $x2$, ICS
= $x,8. IC2 $x,8, IC4 Sx,8, 1C5
o
> .05
2
8
[
15
2 | |
0.4 0.6 0.8 1 12 1.4 1.6
Time (s)
Uncontrolled System: y-layer Dynamics (Oscillatory Behavior)
3r >
$y,8, 1C1 $y,8, IC2 $y,5, IC3 3y, IC4
2 ——8y,8.1C1 $y,8. IC2 $y,5.1C3 $y,$.1C5
$y,$. IC1 $y,$. IC2 $y,5. 1G4 $y,8. IC5
@1 $y,5. IC1 $y,5.1C3 Sy,8, 1C4 $y,8, 1C5
E] $y,5. Ic2 $y,5. IC3 5,5, IC4 $y,5. IC5
o
>0
2
5
D
2
3 I 1 ]
0 0.2 0.4 0.6 0.8 1 12 1.4 1.6 1.8 2

Time (s)

Figure 5. Trajectories of xi(¢), xo(t), x3(¢), y1(¢), y2(t), y3(¢), and y4(f) without control
protocols, showing divergent oscillatory behavior. The uncontrolled system exhibits
instability across all neuronal states.
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Theorem 3.3 Verification: Finite-Time Stabilization with Control Protocol

. Controlled System: x-layer Finite-Time Convergence

$x,8, 1C1
$x,8, IC1

$x,$,1C3 $x,8, IC5
$x,8.1C3 8x,8. IC5
$x,8, IC1 $x,$,1C3 $x,8, IC5

1
1
2 1
1
1 1 ——5x,8, IC2 $4,8.1C4 — — .Typical T, = 0.5
\- ) : $x,8, IC2

$x,8,1C4
L = 8x,8, IC2 $x,8,1C4

2

State Values
o

1
1
£ | | 1 | I | 1l l | | |

0 0.2 0.4 0.6 0.8 1 1.2 1.4 16 1.8 2
Time (s)

Controlled System: y-layer Finite-Time Convergence

——y,8.1C1 $y,8. 1G2 $y,5.1G4 $y,9. 1G5

8,8, IC1 3y,8, Ic2 8,8, 1C4 $,8.1C5

$y,8. 1C1 $y,8,1C3 $y,$.1C4 — — .Typical T,=0.55
$y,8. 1G4 $y,8, 1C3 8y,8,1C4
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1
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1

1

1
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Figure 6. Prespecified-time convergence of x;(7), x2(2), x3(t), y1(t), y2(t), y3(t), and y,(¢) under
control protocol (3.3). All states achieve exact stabilization at 7, = 0.5 from diverse
initial conditions.

Uncontrolled system behavior: Without the control protocols, system states exhibit oscillatory
divergence and fail to converge to equilibrium, demonstrating the necessity of the control design.

Controlled system performance: Under protocols (3.17) and (3.18), all system states converge
to zero within a finite time. For IC1, convergence is achieved within approximately ¢ ~ 1.2 seconds,
while for IC2, convergence occurs within approximately ¢t ~ 0.9 seconds. The convergence time
exhibits dependence on initial conditions, consistent with finite-time stability theory.
Conclusion: This example successfully validates Theorem 3.3, demonstrating that the proposed
control protocols ensure finite-time stability for high-dimensional MBAMNNSs with time-varying
delays and switching parameters. The systematic adjustment of control gains ensures satisfaction of
all theorem conditions, while numerical simulations confirm the theoretical predictions across diverse
initial conditions.

Remark 4.3. The results highlight the scalability of the control approach to higher-dimensional
networks and its robustness to varying initial states. The finite-time convergence property offers
significant advantages for applications requiring precise temporal control in complex neural systems.
The example provides a comprehensive validation framework that can be extended to other network
configurations and stability problems.

5. Conclusions

In this paper, we have introduced two novel projective synchronization criteria (PST) for switched
MBAMNNSs with time-varying discrete delays. By constructing a suitable Lyapunov function and
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designing a set of comprehensive control protocols, we establish PST stability theorems that are
independent of the initial states of the switched MBAMNNs. Furthermore, we derive explicit
conditions for finite-time and fixed-time stability, along with precise estimates for the settling time
(ST). Our theoretical contributions not only advance the understanding of projective synchronization
in complex neural networks, but also offer practical implications for fields requiring high-precision
control and synchronization.

In the future, we aim to expand and refine the proposed PST criteria by investigating their
applicability to more complex systems. Specifically, future research will focus on exploring projective
synchronization in switched impulsive, stochastic, and fuzzy systems. These extensions hold promise
for addressing broader ranges of uncertainties and dynamics inherent in neural network applications.
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