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Abstract: Let (1,),5( be the special Lucas u-sequence defined by
Uny2 = Atyyy — Bu,,  ug =0, u; =1,

where n > 0, B = +1, and A is an integer such that A> — 4B > 0. Let

1 1 1 1 1 1

s b b l 9 b 9 b
W Umk & Umkel Do Ui UmkUmk+21 Uk Umk+21-1 Ui + C

ap =

where m, [ are positive integers, s = 1,2, 3,4, and C is any constant. The aim of this paper is to find a

form g, such that
oo -1
lim ([Z ak) - g,,) =0.

k=n

For example, we show that

o0 -1

) 1

lim (( E u—) — (thn — um(n—l))} = 0.
n—eo mk

=n
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1. Introduction

In the past years, many mathematicians were interested in finding the formula for the integer part of
the reciprocal tails of the convergent series. That is, find the explicit value of [(Z,‘j’:n ak)_IJ when > 77 ax
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converges. The motivation of such research comes from the reciprocal sum of Fibonacci numbers. Let
us recall that the Fibonacci sequence (F),),, is defined by

Fn+2:Fn+1+Fn’ FOZOaFl:L
where n > 0. In [1], Ohtsuka and Nakamura proved

z7)

k=n

| Faa, if n > 2 is even;
\F,,—1, ifn>1isodd,

and

z7)

k=n

| FuaFu - 1, ifn>2iseven;
| FuiFo, if n> 1is odd,
where | x] denotes the greatest integer < x. In [2], Wang proved

z7)

k=n

_[FuFL 4 FaFl+ [5(1417,,_2 - SF,,)J, if n > 2is even;
F,F? + F,oF? + | 5(5F, - 14F, )|, ifn> lisodd,

where F_; = F; = 1. In [3], Hwang et al. provided the relevant formula for the reciprocal sum of the
fourth power of the Fibonacci numbers, that is,

o0 -1
1 2(=1)" n+?2
[S4] |-rre 250 222),
k=n Fk S

5
where {x} = x — [x]. In addition, some mathematicians studied the reciprocal sums of Fibonacci,
Lucas, and Pell sequences, such as [4-7], while some mathematicians studied the reciprocal sums of
other types of sequences, such as [8—10].
Many mathematicians also considered the asymptotic behavior of these sequences. That is, find a

suitable function g, such that
oo -1
(Z ak) ~ &n

k=n

when } ;7| a; converges. Here the notation A, ~ B, means that
lim (A, — B,) = 0.
n—oo

In [11], Lee et al. proved that

o -1
1

~ Fon1 = Fuu-1)-

(%] = P B

k=n
for any positive integer m and 0 </ < m—1. In [12], Marques et al. proved that for any positive integer
m there exists a positive constant C,, such that

o0 _1

1

(Z 2 ) ~ Frznn - Frzn(n—l) + (_1)mncm.
k=n ka
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Moreover, they gave an explicit form for C,, as follows:

2(Lom+2)

SLoym °

_ 2Loy2) oo
c - o V5, if m is even,
m . .
if m is odd,

where L, is the nth Lucas number. In [3], Hwang et al. studied the asymptotic behavior of the reciprocal
sum of the fourth power of the Fibonacci numbers, and they proved that

o -1
1 2(-1)" 2V5

2_4 ~Fy—F,  + ( )an—1+—\/_-

—~Fy 5 75

In [13], Lee and Park studied the asymptotic behavior of the reciprocal sum of F;F.,,, and they proved
that

o0 -1
1 (-1)

E ~ Fpo1 Fou — (F? + (-DH—=—

[k:n Fka+21] +1-1 + ( 1+( )) 3

and

oo -1
1 (-1
— | ~F,  —(F F+ (=1 :
[kZ FkFMH) meit = (FiaFr+ (1))
where [ is a positive integer. In addition, some mathematicians studied other types of asymptotic
behavior, such as [14, 15]. Inspired by the above results, we use the method of Yuan et al. [16] to
study the asymptotic behavior of the sequences that are more general than the Fibonacci sequence. Let
(un),=0 be the special Lucas u-sequence defined by

Upip = Altyp) — Bu,,  up =0, uy =1, (L.1)

where n > 0, B = +1, and A is an integer such that A> — 4B > 0. The relevant properties of the Lucas
u-sequence can be found in Sun’s book [17]. We know that the Binet formula is related to the sequence
(Un) >0 has the form

w=2"P .50 (1.2)
a —
where
A+ VA2 — 4B
a, B = .
2
Let
1 1 1 1 1 1

o ) S " Ul " Ul C Uy + C’
mk mk mk+1 Zi:O Umk+i mkWmk+21 mkWmk+21-1 mk

where m and [ are positive integers, s = 1,2, 3,4, and C is any constant. The aim of this paper is to find

a form g, such that
oo -1
[Z ak] ~ 8n-

k=n
The rest of this paper is organized as follows: in Section 2, we give our main results. In Section 3,
we give the proof of our main results.
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2. Main results

Let u, be defined by the second-order linear recurrence sequence (1.1). In this paper, we shall prove

the following eight theorems.
Theorem 2.1. For any positive integer m, we have
oo -1
1
Z — ~ Upn — Un(n-1)-
=n Uk
Theorem 2.2. For any positive integer m, we have
© -1
2 2
(Z T] ~ Uy = Uiy + B Cony
k=n Wk

_ 2(1_3111) _ 2(02m_1)2
Whel’e Cm - (a_'B)Z ((Y_ﬂ)2(114m—Bm)'

Theorem 2.3. For any positive integer m, we have

. -1
1 3 3
(Z 3 ~ Uy = Uipn-1) T 3B™ O (thm(ns2) = Umn-3)) »

k=n umk

2
ulﬂ
where Qn = G=gam—as

Theorem 2.4. For any positive integer m, we have

N =
1

Z 4 4 2 ;

[ T] ~ U = ity + 4B U (5001) = B"0300) + Vi

k=n umk
u2 ((14/;1_1)2 16(a4m_1) 10
Where Um = (1_Brvz(lbm)r(n]_3mﬁ6m) and Vm = (a/—ﬁ)4 (((26”7—3”‘)2 - adm—1 )

Theorem 2.5. For all positive integers m and I, we have

o -1

1

U+ ~ Umn+l — Um(n—1)+1 + Uy — Um(n-1)-
f=n mk mk+1

Theorem 2.6. For all positive integers m and I, we have

00 -1
1 1
Z - ~ (umn+l+1 — Um(n-1)+1+1 — Umn + um(n—l)) .

k=n 22i=0 Umk+i a-1

Remark 2.1. Note that when [ = 1, the two main terms of Theorems 2.5 and 2.6 are different. However,

there is no contradiction since they are equivalent.

Theorem 2.7. For all positive integers m and I, we have
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@) 1
0o _
1 MZ ul an(a,Zm _ 1)2C
Z | ~ Ml T Y-+ T m,ls
=n Ui Umik+21 a*m — B

ZBI (1 _ (1—B’”)((l4m—Bm))
A2-4B (@?m-1)?

where Cyyy = u7 +

(i1)
0 -1
1 A an(a,Zm _ 1)2 ,
[kz ] ~ a(l _ﬁ )umn+l—1 - atm — Bm Cm,l’

=, UmkUmic+21-1

B! ( A 2<a—a,62'"><a4"1—8'")).

r
where C; | = w1 + 5375 17

Theorem 2.8. For any positive integer m and constant C, we have

o -1
1 a" -1
~ Uy — Upn—1) + C .
[; i + C) T g 411

Let A =1and B = -11in(1.1). Then u, becomes the nth Fibonacci number. So we can obtain some
known results when we take some special values for m, A, B.
If wetake A = 1 and B = —1 in Theorem 2.2, then

_20-B")  2e-1? 20D 20 -1y 2.1)
" (@-B?  (@a-pP(a*"—-B") 5 5(a* — (—D)m)’ '
If m is even, then it follows from (2.1) that
c - 2(a,2m _ 1)2 B _2(02111 _ amﬁm)Z B _2(a,m _ﬁm)Z

3 (a* — (=1ym) - 5(atm — q2mBem) - 5(a2n — g2m)
2@ - A=) _ Ala=2)
S(a?m - B2m)(a - B) 5V5us,, 25uyy, ’

where L, is the nth Lucas number with Ly = 2, L; = 1. If m is odd, then it follows from (2.1) that

C. = 4 2(&’2’" - 1)2 _ 4 2(@/2’" + axmﬁm)z 3 4 2(a,m +:Bm)2
"T5 S(+1) 5 S@m+aBm) 5 S5+ B
_ 4 2(a?" + B2 - 2) ALy, 2(Lom—2)  2(Lom +2)

5 5(a?m + B2y 5Ly, 5L,, 5L,

So we have the following corollary, which is given by [12].

Corollary 2.1. Let F,, be the nth Fibonacci number with Fy = 0, Fy = 1 and let L, be the nth Lucas
number with Ly = 2, L, = 1. Then for any positive integer m, we have

o -1
1
k=n ka

where
_2(L2m_2) ; o
c _{ S \3, if m is even,
m

2(Lym+2 . .
Aznt2) if m is odd.
5L2m
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If wetake m = A = 1 and B = —1 in Theorem 2.4, then

_ u _ 1 _ 1 _ 1
"7 (1= BmaS)(1— BB (1+a8)(1+8% 2+a°+p5 20
and
(@™ — 1) (16(a*" - 1) 10 @ -1*(16(@*-1) 10
"= a-py ((a6’"—Bm)2 e 1) T (a-pr ( @+ 1?2 af- 1)
:i(16(a4—1)3_ 1O(a4—1)):i(4\/—_ 10«/5):2\/3
25\ (a®+1)2 a*+1 25 3 75 °
which imply that
Uy = “31(”—1) +4B™U,, (urzn(n+l) - Bmugz(n—2)) + Vi
= i, — tt,  +4(=1)"- 210 (i + 0, + %

(—1)" 25
= iy — Uy + 5 (u;21+1 + ”;21—2) T
(-1) 245
= Uy — Uy + 3 (“iﬂ Uyt + “i—z) t 5
—1y 245
cut— a4 (U + Upp_3) + ——
Uy = Uy 5 (Uzn + U2y-3) s

4 a2y 25

=ut—ut  + Upy | + ——.
n n—1 5 n 75

So we have the following corollary, which is given by [3, Corollary 4.3].
Corollary 2.2. Let F, be the nth Fibonacci number with Fy = 0, F{ = 1. Then we have

o0 -1

1 2(-1)" 25
2—4] P X Y o+ 205
£ F? 5 75

If we take m = A =1 and B = —1 in Theorem 2.7, then

5 2B _ (1 = B")(a*" — B™) s 2(=1) B 2(a* + 1))
CL=it 5 g (1 (@ — 1)? ) =it 51" oy 02
o, 2(-1) B 2(a? + %) RPN '
=u; + 5 (1 @i )" u; —2(-1)
and
, B! 2(a — o™ (™™ — B™) (-DH! 2(a - af*)(@* + 1)
Cl,l = uuj—q + 2 _ 4B (A - (azm — 1)2 ) = uuj—q + 3 (1 - (a/2 — 1)2 )
—-! 2(a* + 1
= Uy + D (1 - %) = U1 + (—l)l. .
Note that .
B 1) (@ =D e D 04

a*™ — Bm at+1 a?+p 3
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Then it follows from (2.2)—(2.4) that

an(a,Zm _ 1)2 (_l)n
Uit = Ui tye1 — g _pm Cmd Sy~ Uy~ — Cu
weiel (D

Sl Ui + (=1 - T(ulz —2(-1))
1y

Sttt — (@ = 21 + 31
="

=UpiUpti-1 — 3 (M12 + (—1)1)

and ) )
o, an(a, m __ 1) ) (_l)n )
(1 = BVt — Wcm,l = a(l =g,y ~ Tcl,l

(_ n
=ul, - T(”lul—l +(=1)).

So we have the following corollary, which is given by [13, Sections 3 and 4].

Corollary 2.3. Let F, be the nth Fibonacci number with Fy = 0, F; = 1. Then for any positive integer

[, we have 1

o 1) (-1)"
E ~ Fpo1 Fou — (F? + (-DH—=
[k:n Fka+21] +1-1 + ( 1 ( )) 3

and

o0 -1
Z 1 ="
- ~ F2 C(F' Fr 4+ (=1 .
[k:n Fka+2z—1] wei-t — (Fra B+ (=1)) 3

3. Proof of the theorem

In this section, we give the proofs of the above eight theorems. We first give some identities that
will be used in the proofs of our main results. Let m and k be positive integers. Then it follows from

(1.2) that

Ui amk _ ﬁmk amk

Moreover, we have the following identities:

1 __ae-B _a-p( _B" -
2mk :

T+ =l —x+ - ——,
(1 +2) SRR g
3
A-x)"'=1+x+22+——,
1-x
3
o , x°(4-3x)
(1—X) =1+2x+3x +W,
3 2
3 ,  x’(10—15x + 6x°)
1-x)"=1+3x+6x"+ 1= )
3(20 — 45x + 36x — 10x°
(1m0 = 1+ 4x+ 1022 + x+36x — 10x)
(x =1

To prove the above eight theorems, we may split the proofs into eight subsections as follows:

3.1

(3.2a)
(3.2b)

(3.2¢)

(3.2d)

(3.2¢)

Electronic Research Archive Volume 33, Issue 1, 409-432.
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3.1. The proof of Theorem 2.1

In this subsection, we will provide a proof of Theorem 2.1.

Proof. By (3.1) and (3.2b), we have

1 a-p B 1_CY—,3 B 1 B™
M_mk T Tk 1 - a,2mk Tk 1+ Q2mk + QAmk + amk(qmk — pmk)

3.3
_ Bmk 1 Bmk ( )
= (@ - '8) a,3mk + aSmk + a,Smk(a,ka _ Bmk) :
Let n be a positive integer. Then it follows from (3.3) that
; E =(a@~p) (; amk ; Z Sk Z asmk(azmk Bmk)]
a™ B™q 3m CySm Bmk
= + +
(a/ ﬁ) (a,mn(a,m _ 1) a,3mn(a,3m _ Bm) a,Smn(a,Sm _ 1)) (CU ﬁ) Z Q,Smk(a,ka Bmk)

a,mn (a,m -1 ) a,2mn (a,3m _ Bm) a,4mn (a,Sm -1 ) a,6mn

m(a ﬁ) (1 s B Zm(a _ 1) 4m(am_ 1) 0( 1 ))

(3.4)
Here the notation f(x) = O(g(x)) means that there is a constant C such that | f(x)| < Cg(x) for all large

enough real numbers x. By (3.2a) and (3.4), we have

0 -1 -1
1 B a,mn(a,m _ 1) ana,2m(a,m _ 1) a4m(a,m _ 1) 1

[Z:: M_] - a,m(a, _ﬁ) (1 + a,2mn(a,3m _ Bm) + a,4mn(a,5m _ 1) + 0(a6mn ))
B a,mn(a,m _ 1) ana,2m(a,m _ 1) 1

- a,m(a, _ﬁ) (1 - a,Zmn(a,3m _ Bm) + 0((}’4”’” ))
_@Mer -1 BTa@ -1 ( 1 )
T a@-p)  am(@-P@ - B

mn m(n—1

am "D . O( 1 )
a-p a-p amn

a™ _ﬁmn +ﬁmn a,m(n—l) _ﬁm(n—l) +ﬁm(n—l) . 0( 1 )

aSmn

a-p a—-p a™
= Umn — Upp-1) + ﬁ—mn;fl;(n i +O0 (a/}ﬂn) .
Then © 1 -1 ﬂmn _IBm(n—l) 1
o [(Z —) ™ (= umw—n)] = e (W ' O(W )) =0
So we have

00 -1
1
Z - ~ Upn — Un(n-1)-

u
=n mk

O

Electronic Research Archive Volume 33, Issue 1, 409-432.
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3.2. The proof of Theorem 2.2

In this subsection, we will provide a proof of Theorem 2.2.

Proof. By (3.1) and (3.2¢), we have

1 (@-B*(, B™\" (a-p>*(, 2B™ 3 4B o™ 3
uka T T gk - 2mk | T T gamk 1+ 2mk oAk + Ak (Brkgamk )2
1 2 Bmk 3 4 Bmk a,lmk _ 3
_ 2
=(@-p) (a,2mk + Ak + Qbmk + QOmk( Bk g 2mk — 1)2) 3-3)
1 2Bk 3
_ 2
- (Q’-ﬁ) (a,2mk + a,4mk + a,()mk +Rk)’
where
_ 4 Bmk aka -3
Ry = QOmk( Bk g2mk — )2
Let n be a positive integer. Then it follows from (3.5) that
; ”_mk =(a - ; ; Ak kz: Ok ;Rk
2m mn 4m 6m
) o 2B 3a
(@ — + R
((1 ﬁ) (G,Zmn(a,Zm _ 1) a,4mn(a,4m _ Bm) a,6mn(a,6m _ 1) Z k]
2. .2m mn 2m 2m Adm( ~2m
_ (@ -pB)a 1+ZB (@™ -1) 3a™a@™™-1) (3.6)
a,2mn(a,2m _ 1) a,2mn(a,4m _ Bm) a,4mn(a,6m _ 1)
_ A\2,2m 2mn 2m -1
(@ = pra Gl Z R
a,2mn(a,2m _ 1)
(a/ ﬁ)Z 2m
a,2mn(a,2m _ ) (1 + (1))
where
2 B™ 2my 2m 1 3 4m 2mn . 2m 1 &
_ a (a ) ) a a”"(a ) Z R:.
aZmn (a,4m _ Bm) a,4mn (a,4m + a,2m + 1) a,2m -
Note that
2B a?"(@®" - 1) 1
w = . + )
aZmn (a4m _ Bm) a4mn
Then we have 5
, W 1
- =0 . 3.7
Y T Tve (a“’”") -7)

From (3.2a), (3.6), and (3.7), it follows that

R -1 2mng 2m 2mng 2m 3
(Z%) T it 1)(1—w+a)2— © )

oy (a — B)?a® (a — B)?a? 1+w
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(@ -1 1
o (-0l
a?™M(@?" - 1) 2B™  @?"(a* - 1) 1
W( T @B *0( ))
M@ —1)  2B™ (@ - 1) 1
T @-pra (@-pP (@B ( )
_ Q2mn B @2mn=1) B 7 gmn . (azm _ 1)2 0( 1 )
“@=-p? (@-p7 (@-p? (@ -B")
~ Q" — g 4 g 2 Q=D _ ﬁm(n—l) n ﬁm(n—l) 2 oY (a,2m _ 1)2 1
_( a-p ) _( a-p ) _<a—ﬁ>2'(a4m—Bm>+0(a2m")
s 2B™(1-B")  2B™ (&®-1? p® - 1) 1
om0 Y TG g T @—pP @B @-pr ¢ (oﬂ"m)

a4mn

a,2mn

aZmn

mn

1
2 2
=W — Up(n—1y + ancm + 0 (a,Zmn) R

where
_2(1-B") 2(a®™ — 1)?
To@=-B  (@-pP (et -Bm)
Then 1
(o) 1 -
lim [[Z T] - (M%m - ufn(n—l) + ancm)) =0.
n—oo p— umk
So we have 1
o 1 -
k=n umk
where C,, = 21=80 Aa21)? O

@B7 "~ (a-p?(a?m-Bm)"

3.3. The proof of Theorem 2.3

In this subsection, we will provide a proof of Theorem 2.3.

Proof. By (3.1) and (3.2d), we have

1 _@-p ( B )_3 _(@-py (1 Q3B 6 100 - 158 ¢ 6)

”31/{ a,.’amk - a2mk a,3mk aka a,4mk + a4mk( Bkaka _ 1)3
1 3B" 6 10a*™ — 15B™ > + 6
= (a-p)’ sk ¥ sk T T a7k . (3-8)
a3m adm alm am (Bmka,ka _ 1)3
1 3Bk 6
_ 3
=(@-p) (a,3mk + o5k + o Tmk +R’<)’

where
B 10a*™ — 15B™ a*"™ + 6

a,7mk(Bmk a,2mk -1 )3

Electronic Research Archive Volume 33, Issue 1, 409-432.



419

Let n be a positive integer. Then it follows from (3.8) that

a,3m 3ana,5m 6a,7m e
:(a—ﬁ)3[ + + 5 +kZRk]

a,3mn(a,3m _ 1) a,Smn(a,Sm _ Bm) a,7mn(a,7m _

—_ 3,3m mn ,2m( ,3m _ dme - 3m _
_ (- pB)a 1+ 3B™a ™ (ar 1) N 60" (a 1) (3.9)
a,3mn(a,3m _ 1) a,2mn(a,5m _ Bm) a,4mn(a,7m _ 1)
_ \3,3m 3mn g 3m -1 >
@ pra @ )
a,3mn(a,3m _ 1) a3m o
(a-pla"
=—— P2 (a+
a,3mn(a,3m _ 1) ( (1_)) ’
where
Y 3B . Q,Zm(aﬁm _ 1) 6 . a,4m(a,3m _ 1) . a,3mn(a,3m _ 1) iRk
aZmn (QSm _ Bm) a,4mn (a7m _ 1) a3m o
Note that
3B aZm(a3m _ 1) 1
w = . + .
ann (QSm _ Bm) a4mn
Then we have
3
, W 1
- =0 . 3.10
Y T Tvo (a4m") (3.10)

From (3.2a), (3.9), and (3.10), it follows that

00 -1 _ @\3,3m -1 3mng,3m _ 3
[Z%] :(—(0‘ Pra ) 14wyt =2 @) 1)(1—w+w2— “ )

o adm(am — 1) (a —B)Pa’ l+w

_a3mn(a3m _ 1) 1
T @-pra (1 e 0(a4m"))
3mng,3m _ mn 2m( . 3m _
"« 1)(1_38 a(a 1)+0( 1 ))

- (o — ﬁ)3a3m Q2mn (@™ — B™) atmn

_a3’””(a3’" -1 3 3(Ba)™ . (@ -1)? N ( 1 )
(a-ppa®  (@-pP a"(@™-B") o™

_ a¥m B a¥m=b 3 3(Ba)™ ' (@ -1)? N ( 1 )
(@-p)7* (@-p)P (@-p)P am(@™-B") am

B (amn _an +ﬁmn 3 _ a,m(n—l) _ﬁm(n—l) +ﬁm(n—1) )3 _ 3(Ba,)mn . (a3m _ 1)2 o 1 )
- % _ﬂ a _ﬁ (a, _ﬂ)3 am(a,Sm _ Bm) + a™n

1
_.3 3
=y = Upo1y o+ O(an),
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where
5 _ 3(Bay"(1=B") +3(BR™ (@ — 1)+ f(L = (Ba)™) _3(Ba)™ (@~ 1
(@-pp @=B7 am(@ = B")
_ 3(Ba)mn(1 _ﬁm) ~ 3(Ba)mn . (a3m _ 1)2 L0 1
(CL’ _ﬁ)3 (a, _:8)3 am(QSm _ Bm) q"mn
B 3(Ba,)mn _(a,3m _ 1)2 + (1 _IBm)a/m(a,Sm _ Bm) L0 1
- (a, _ﬁ)3 a,m(a,Sm _ Bm) amn
3 mn dm __ m . 2m 2m
_ _3Bay™ (@™ -2B"a"" + B L0 1
@=pr " By -1 o
3 mn 2m (hmo_ am)2
_ 3Bay™ o’ (2" - ") +OL
(a, _ﬁ)’a’ 1 - Bma,Sm amn
_ a™ _ﬁm 2 3(Ba,)m(n+2) 1 L0 1
\e-p a-B  1-(Ba)m am ]’
Let O = G-gamrigss- Then we can obtain
a,m(n+2) (1 _ (Bﬁ)Sm) 1
6 =3B"Q, + 0( )
1% _ﬁ Q™
m(n+2) m(n—3)
s [ o[ L)
a—-p a-pf amn
m(n+2) _ pmn+2) m(n+2) m(n-3) __ pm@n-3) m(n—3) 1
:3anQm a ﬁ +IB _a' ﬁ +ﬁ )+ ( )
a —ﬁ @ —ﬂ a™mn
m(n+2) _ pm(n-3) 1
Then
S 1 -1
lm ((Z uTJ = (t3 = ety + 38" Qo sy = Mm(n—3>))]
k=n ~mk
m(n+2) _ pm(n-3) 1
- lim (3angmﬁ i o( )) - 0.
n—o0 % _ﬁ Q"
So we have 1
[ee] 1 -
(Z T) ~ ufnn - u;311(n—1) + 3anQm (um(n+2) - um(n—3)) >
k=n umk
iy
where O = Ggami—@m- =

3.4. The proof of Theorem 2.4

In this subsection, we will provide a proof of Theorem 2.4.
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Proof. By (3.1) and (3.2¢), we have

1 (a-p)° B"™\™  (a-p) 4B™ 10

+ Ry

a,2mk a,4mk

(3.11)

4Bk 10 Ry
= (CZ _ﬁ) ((I4mk + abmk + admk + a,4mk) ?

where
20 Bmk a,6mk — 45 a4mk + 36 Bmk a/2mk - 10
a,4mk(Bmka,2mk -1 )4

Let n be a positive integer. Then it follows from (3.11) that

Rk:

(o)

mk o0
Z ~@-p* [ZL i kzaw ;%J

k=n mk k=n k=n =n

a,4m 4B a,6m

— R
o 4 + L

k=n
_ (a/ —ﬁ)46¥4m . 4ana,2m(a,4m _ 1) 1oa4m(a,4m _ 1) (312)
a,4mn(a,4m _ 1) a,2mn(a,6m _ Bm) a,4mn(a,8m _ 1)
(Q’ _ﬁ)4a,4m 4mn(a/4m _ 1) i
a,4mn(a,4m _ 1) a4mk
_ (a/ ﬁ)4 4m

_a,4mn(a,4m _ )

(1+ w),

where

4ana/2m(a4m _ 1) 10a4m(a4m _ 1) 4mn(a4m _ 1)
w = + E
a,lmn(a,ém — Bm) a,4mn(a,8m — 1) a,4mk

Note that

w =

4B™a*™(a* — 1)  10a*"(a* - 1) 1
+ 0 .
a,2mn(a,6m _ Bm) a,4mn(a,8m _ 1) a6mn

Then we have

= . 3.13
1+w a,4mn(a,6m _ Bm)Z a,6mn ( )

By (3.2a), (3.12), and (3.13), we have

o0 -1 1
1 (a _,8)40’4’" B a4mn(a4m ~1) , W
e =\ am 1~ 1 = 1= _
(/;‘ ufnk) (0/4'""(&4’” -1 (1+w) (a — B)*a*™ w+w T+ 0
Amn @ Am _ amy o Am 12
:wl_w+l6a’ (a 1) L0 1
(@ —pa By
L (B 1
(a — B)*am Q2 (gom — gmy T
I G V- Gl V) - <a4m D Lo
= —ﬁ)4a4m (a —B)402m(a6m _ Bm) ﬁ)4a’4m m T

, W 16a*(@™ - 1)? ( 1 )

a,6mn

a6mn
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_ a4mn a,4m(n—1) 4B a,2mn(a,4m _ 1)2 (a4m _ 1) ,

@B @ @ para B @ pan O (am)
a™ _Ian +ﬁmn 4 a,m(nfl) _ﬂm(nfl) +ﬁm(n71) 4

:( a-p ) ) ( a-p )

4ana2mn(a,4m _ 1)2 (a,4m _ 1) C, .\ (
B (@ — B)*a(a® — B") ~ (a — B)*atm " a,2mn)

4 4 1
=Upy = Upyn1y T O+ Vi + O S |

mn

where
o - 16a,4m(a,4m _ 1)2 10a,4m(a,4m _ 1)
m (a,6m _ Bm)Z adm — 1 ’
B (a,4m _ 1) , (a,4m _ 1) l6a,4m(a,4m _ 1)2 1oa,4m(a,4m _ 1)
m = (o —/3)4a4’" m (o —,3)4CK4’" (@™ — Bm)? adm — 1
(@™ = 1)? (16(a™ - 1) 10
- (o —,3)4 (@®m — Bm?2  adm— ]
and
B 4ana,2mn (1 _ BmﬂZm)QZm(a,ém _ Bm) _ (a4m _ 1)2 B 4ana,2mn a,4m _ ZBmQZm + BZm
- (o _:8)4 ¥ (" — B™m) - (o _:8)4 1 = Bmgbn
B 4ana,2mn a,2m(a,m _IBm)Z B a™ _ﬁm 2 4B a,lm(n+1)(1 _ Bmﬁ6m)
T @-p =B\ a-p ) (A-BaNI-BBN  (@-pp
4 Bmn ui a,2m(n+ 1) B™ a,2m(n—2)
~ (1= Bma®)(1 - B"pom) ((a -B2 (a-p)? )
Let U, = = Bmwﬁ,ﬂbg’zgl_ Fgor- Then we can obtain
m(n+1) _ pm(n+1) + m(n+1) 2 m(n-2) __ pmn-2) + m(n—2) 2
5o 4anUm((“ Y ) _Bm(a p + )
a-p a-p
Bmﬁlm(n—Z) _ﬁZm(n—Z)
= 4B"" U, |12y e1) — B " Urrr +
(”m(n+1) Un(n-2) (@ - By
1
_ mn 2 m_ 2
=4B U, (um(n+1) - B um(n—Z)) + O (W) .
Then

n—o0 u

k=n mk

. 1 1
- }1_}1’2) (0 (a,Zm(l’l—Z)) +0 (QZmn )) = 0.

0 -1
lim [[Z %] - (uim - uiz(n—l) +4B™ Um (ufn(n+1) - Bmui(n_z)) + Vm))
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So we have
0 -1
L B +4B™U,, ~-B"u? +V,
4 Upn — m(n 1) m(n+1) um(n—2) nms
u
k=n mk
where U,, = i and V,, = @ (16(“4"7_]) —" ) o
m — (I_Bma/()m)(l_Bmﬁém) (a B)4 (a/()m_Bm)Z a,Sm_l .

3.5. The proof of Theorem 2.5

In this subsection, we will provide a proof of Theorem 2.5.

Proof. By (1.2) and (3.2b), we have

1 (a,mk _ﬁmk . a,mk+l _18mk+l)_1 B (Ckmk(l + 00,1))_1 (1 ~ Bmk(l +ﬁl) )_1

Umk + Umk+1 a-p a-p a-p m
__a-p B"(1+p) (1+p) 14
(1 + o) (1 T T+ al) | oL+ al)? Rk) (3-14)

_a—ﬁ(l BU(1+p) | _(1+p) &)

- 1+ o \ @k a,3mk(1 + a,l) a,Smk(l + al)z 'k

where
B™(1 + ,8’)

R = k(T o) @ (1 + o)~ BA(L 1+ )

Let n be a positive integer. Then it follows from (3.14) that

[ee) [e9)

B™(1 + B (1 + B> © Ry
D | L e e

= (3.15)
:af—ﬁ a ic )= a™(a— ) 1+a (a —1)Cm ’
1 +a \a™(am - 1) a™(a™ — 1)(1 + o) a”
where
C B ana,3m(1 +IBI) a,Sm(l +Bl)2 o Rk
m = a,3mn(a,3m — B™)(1 + a,l) a,Smn(a,Sm - D + al)z £ ™’
Then we have
mnam _ | 1
" (a )Cm:()( : ) (3.16)
a,m a mn
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By (3.2a), (3.15), and (3.16), we have

) -1 -1 -1
1 B a™(a - ) 1
(Z Uy + umk+l] B (a’"”(l + al)(a™ - 1)) (l " 0((1/2’"” ))

k=n
mn ) m __
_a (1 + e 1)(1+0( 1 ))

am(a, _IB) a,2mn
a™ + a,mn+l _ a,m(n—l) _ a,m(n—l)+l 1
B a—-p a™mn

a,mn+l _ﬁmn+l +ﬁmn+l a,m(n—l)+l _Bm(n—l)+l +Bm(n—l)+l

a-p ) a-p
Q™ — gmn 4 gmn a,m(n—l) _ pm(n—1) + m(n—1) 1

LA =BT BT preh e pred

a-p a-p a™n

=Umn+l — Umn-1)+1 T Umn — Umn-1) T

a-p

Then
o0 1 -1
lim Z - - (umn+l — Um(n-1)+1 + Upn — um(n—l))
n=eo \\oh Umk + Ui+l
) mn mn+l __ pm(n—1) _ pm(n—1)+] 1
= lim h A A A + 0 =0.
n—oo a —ﬁ a™n
So we have
o -1
1
- ~ Umn+l — Umn—1)+1 + Uy — Um(n-1)-
=n Uk + Ui+

3.6. The proof of Theorem 2.6

In this subsection, we will provide a proof of Theorem 2.6.

Proof. By (1.2), we have

! 1 i ! ; ok l ; 1 a,mk(l_a,l+1) ﬁmk(l _ﬁl+1)
Zumkﬂ':m(a’ ;a—ﬁ ;'8):0/—,8( —a - 1-8 )

i=0
B a,mk(l _ a,l+1) | Bmk(l _ a)(l _IBI+1)
~(@-pa —a)( a2k(1 - p)(1 —0/’“))'

From (3.2b) and (3.17), it follows that

mn mn+l __ pm(n—1) _ pm(n—1)+]
B+ = D — g

1
o ) .
amn

(3.17)
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1 :( a,mk(l _ a,l+1) )_1 (1 ~ Bmk(l _ a)(l _ﬁl+l) )_1
St \(@=B)(1 - a) a?k(1 - B)(1 - a'*)

(a-p)(1-a) B™(1 - a)(1-p"" (1—a)*(1 -y

T amk(1 — o) (1 + a2mk(1 = B)(1 — al*1) + a*mk(1 = B)2(1 — a+1)? +Rk)

(3.18)
(@-p-a)( 1 N B"™(1 - a)(1 - " N (1-a)d-p"")
- (1 _ a,l+1) w a,?)mk(l _ﬁ)(l _ a,l+l) a,Smk(l _ﬁ)Z(l _ al+1)2
(@-pB)(l-a) R
"
(1 _ a,l+1) a,mk
where
(1 —ﬁl+l)3(l _ a,)3Bmk (4a,mk(l _ﬁ)(l _ a,l+1) _ 3Bmk(1 _ a/)(l _ﬁl+l))
Rk = a,4mk(1 _ﬁ)Z(l _ a,l+1)2 (a,ka(l _ﬁ)(l _ a,l+1) _ Bmk(l _ a,)(l _ﬁl+1)) :
Let n be a positive integer. Then it follows from (3.18) that
SR (a—ﬁ)(l—a)(“‘ 1 ] (a—ﬁ)(l—a)( " )
= —+C, | = +C,,
kZ:r; Tieo ki (I- Q/M))(l k:n) amt (11)_ o) \am(em =1 (3.19)
_ da-p -« a™(a™ -
- am(am — 1)(1 — a+1) (1 + am C’")’
where
v Bt - - o (- - p? S
Cn = v a'3’"k(1 —ﬁ)(l _ a,l+1) + kZ:r; a,Smk(l —,3)2(1 _ al+1)2 + ; W
B ana,3m(1 _ (1’)(1 _ﬁl+l)) . aSm(l _ (1’)2(1 _I81+1)2 . s &
- a,3mn(a3m - B")(1 -p)1 - al”) a5mn(a,5m - (1 —,3)2(1 _ al+1)2 - 'k
1
=0 a3mn :
Then we have
%ﬁ:_l)cm = 0( 21m) (3.20)
(0% lo%
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By (3.2a), (3.19), and (3.20), we have
00 -1 4 B
! _(_e"@=@=p) I
S et ) (1o k)

mng A l+1 1 m _ 1
R Canll VCA el Y P
(@ =D(@=p) Q
_a,mn+l+1 _ a,m(n—l)+l+1 —a™ + a,m(n—l) ( 1 )
(@-D@-pB) am
am(n—l) _ﬁm(n—l) +ﬁm(n—1) am(n—1)+l+1 _IBm(n—l)+l+l +ﬁm(n—l)+l+l
- (@—-1D(@-pB) (@—-D(a@-pB)
™ _ﬁmn +ﬁmn amn+l+l _ﬁmn+l+l +len+l+1 . ( 1 )
(@—-D@-p) (@ - 1)(e@-p) am
1
:Cl’ 1 (umn+l+1 = Umn—-1)+1+1 — Upp T+ um(n—l))
mn+l+1 _ pmn m(n—1) _ pm(n-1)+I+1
+ A P S A + 0 ! .
(@—-1)a-pB) am

Then

0 -1
. 1 1
lim Z i - (umn+1+1 — Un(n=1)+1+1 — Umn + um(n—l))
n—oo a-—1

k=n Zl‘:o Upk+i

L ﬁmn+l+l _Ian +Bm(n—1) _ﬁm(n—1)+l+1 1 _
i (E e )

n—oo

So we have

00 -1
1 1
Z Zl— ~ o—1 (umn+l+1 — Umn-1)+1+1 — Umn + um(n—l)) .

k=n i=0 Umik+i
O
3.7. The proof of Theorem 2.7
In this subsection, we will provide a proof of Theorem 2.7.
Proof. Let h be a positive integer. By (1.2), we have
1 _1 _NR\2 Bmk Bmk+h -1
= (g (@ - g - pren) = OB - S
UmkUmk+h q2mk+ a?m Q2mk+2h
2 k K+ noo\~ 2 3.21)
:—(a_ﬁ)( 5 B 2 ) e hr (1-m!
Q2mk+h Q2mk  q2mk+2h o Amk+2h Q2mk+h ’
where
Bmk Bmk+h Bh Bmk Bmk+h 1
= omk + Q2MA2h | gAmke2h g 2mk + 2mk+2h + (a,4mk)'
Then we have
2 T oL 3.22
+ = . :
T m porrT (3.22)
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By (3.2b), (3.21), and (3.22), we have

1

_(@-py

UmkUmk+h

- Q2mk+h

_(a-pp

(a

-p)y

(1+n+n2+

mk

- a,2mk+h

_(@-p7

(1 + a,ka

al

1
a,2mk +

Let n be a positive integer. Then it follows from (3.23) that

773
l-n

Bh
(1 + a,2h ) a,4mn( a,4m

(2o

Bmk Bh 1
a,4mk (1 + )+0(a,6mk))'

B)ZBmk

- 1
— a,4mk) +0 (a,6mn)

k=n

Cl2mk+h (1 + n +

=)

By 4m o 1
_ Bm) + a,6mn

ol

Bh B 2m ( a,2m _ 1)
a,Zmn(a,4m _ Bm)

1)

w3

1
0(a4mn)'

=

an

1+w)

(Wn))

2m(a,2m _ 1)

aZmn (a,4m _ Bm)

N (@=B (1
= 1+
Z; Ui+ a’ ; T T
B (a, _ﬁ)Z a/2m
- ah a,2mn(a,2m _ 1)
(CZ _ﬁ)ZQZm
= aZmn+h(QZm _ 1) L+{1+ ﬁ
(CZ _I8)2QZm
= a,2mn+h(a,2m _ 1) (1 + w) >
where
- Bh ana,Zm(aZm _
w = —
a2h a2mn(a,4m _ Bm)
Then we have
2 CL)3 — 0
l+w
By (3.2a), (3.24), and (3.25), we have
N T @-pren
= 1+
[kZ Mmkumk+h] (QZmn+h(a,2m _ 1)) ( 0))
2mn+h(a2m _ 1) -
IB)Za,Zm
2mn+h(a,2m _ 1)
1-
ﬂ)Za,Zm
2mn+h 2m __ 1 Bh
(ﬁal)Za,Zm ) (1 (1 T a,2h
2mn+h 2m(n 1)+h Bh

Electronic Research Archive

(a

— :8)2

_(1+

a?h

|

an(QZm _ 1)2ah

| )

o)

(a

_ﬂ)Z(aAm _ Bm) +

1
0 (QZmn) :
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(1) If we take i = 21, then it follows from (3.26) that

i 1 -1 _ a,mn+l _ﬂmn+l +ﬁmn+l 2 a,m(n—l)+l _ﬁm(n—1)+l +ﬁm(n—1)+l 2
- a—=f a—-p

1 an(a,Zm _ 1)2a21 1
- (1 + E) (a, _ﬁ)Z(aAm _ Bm) + 0(a2mn)

1
_.2 2
=u = Upyn—1ys1 T+ 0+ 0 (a,zmn)’

o UmkUmic+21

mn+l

where

2 an+l _ Bm(n—1)+l 1 B™ 2m __ 1 221
X )_(1+_) (@ - 1)

(a, _ﬁ)z a,4l (a, _ﬁ)Z(aAm _ Bm)
_an(QZm _ 1)2 aZl +B21 ZBl(l _ Bm)(a4m _ Bm))

=B \@-pF (@ pPa> - 17
B™@ -1?(, 2B 2B(1-B")a" - B"
e " a-p T @-prer -1y )
_Bm”(azm -1, 2B! (1 - B™)(a*™ — B”’)))

+
a*m — pm U (o _ﬁ)z (a,2m _ 1)2

_pm 4m_ pm
Let C,,; = 2 2B! (1 _ (1-B")(a*"-B )). Then

(a_ﬁ)z (QZm_l)Z
0 -1
an(a,Zm _ 1)2
i (5 | = (= - T 0.
H—00 yom Ui Uis21 mn+l m(n—1)+1 a’m — pm m,l

So we have
o -1
) 5 an(a2m _ 1)2C
E ~u L — U -
mn+l m(n—1)+1 m,l»
—! Uil 21 a*m — Bm

) ZBI _ (I—Bm)((IAm—Bm)
Where Cm’l - Ltl + AZ_4B (1 (02)71_])2 )

(i1) If we take h = 2] — 1, then it follows from (3.26) that

© 1 -1 a,2mn+2l—l _ a,2m(n—l)+21—l B an(a,2m _ 1)2a,21—1 1
Z = 2 _(1+ 412) Y +0(2 )
Upnk Uke+21-1 (@ —-p) =2/ (@ - B)*(a*™ — B™) s

k=n
2mn+2l 2 B an(a,Zm _ 1)2a,21—1 1
ey e ey ( )
2mn+21-2 2mn+21-2 2mn+21-2
_ _ 2m _ﬁ +ﬁ
Samep )( (a-pP )
mn( ~2m _ 1\2 ,20-1
_(1+ B)B (a D’a +0(1)

a,4l—2 (CY _ﬂ)l(a,élm _ Bm) aZmn

=(a - ") ——

a,2mn

- 1
=(a—af"™u, ., +6+0 (an")’
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where

5=

23mn+l—l(a _ aBZm) _; BZl—l an(QZm _ 1)2021—1
(CZ _ﬁ)z CY4I—2 (a, _ﬁ)Z(aﬁlm — Bm)

_ an(a,Zm _ 1)2 a,la,l—l +,321_1 ZBl—l(a, _ a/ﬁZm)(aAm _ Bm))

T gAm—pm (a — B)> - (@ — B)2(a?" — 1)?

_ an(QZm _ 1)2 Bl—l(a, +:8) ZBH(a/ _ a,ﬁZm)(a/lm _ Bm)

e " e T @-prero 1y
an(a2m _ 1)2 Bl—l 2(6! _ aﬂZm)(aAm _ Bm)

= —W uju;— + m ((a' +ﬁ) - (a/2m — 1)2 )) .

Bl*l 2(a— 2m 4m_Bm)
Let Cl”l’l,l = uu—q + @py ((a’ +,8) - %). Then

(02171_1)2
o0 -1
1 an(a,Zm _ 1)2
lim _— — (@ — 2m I/t2 ——C’ =0.
oo [[; umkumk+21—l) (( ﬁ ) mn+Il-1 a,4m — Bm m,l
So we have

-1
s 1 " an(QZm _ 1)2 )
(Z —) ~ (@ = af Mg,y — ~am _gm Cm:

o UmkUmk+21-1

/-1 _yR2mN( N Am_pm
where C’/n’l = wuy + B (A _ 2(@—ef™)(@™"-B ))

A2-4B (@ =12
O
3.8. The proof of Theorem 2.8
In this subsection, we will provide a proof of Theorem 2.8.
Proof. By (1.2), we have
a,mk _ ﬁmk amk C( a— :8) Bmk a,mk
mk +C = ——— +C = 1+ - = 1+n)), 3.27
Uk " a—,b’( o aka) a—,B( m (3.27)
where
_Cla-p) B™
= ok g2mk’
Then we have
2L T _ oL 3.8
n_1+n_ (az'"")' (3-28)

From (3.2a), (3.27), and (3.28), it follows that

1 ( ™ )_1 4, a-B , 7 a-p 1
= (1+77) :Tk 1—7]+77— v 1_n+02_mk
U + C a-p o 1+n 0% a (3.29)

a-B(. Cla-pB) 1 1 Cla-p) |
T Tk (1_ ok +0(a,2mk)):(a_ﬁ)(a,mk_ o2k +0(a,3mk))'
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Let n be a positive integer. Then it follows from (3.29) that

- 1 voa- — C(a - B)? 1) o@-p Ca®(a-p) 1
kzzr; Uy + C - kZ:l; a,mk - kZ:'; a,2mk + O(Q,3mn) - a,mn(a,m _ l) - a,2mn(a,2m — 1) + 0(a3mn)
_ @=pa [ Cla-pa” L) @-Ba"
- a,mn(a,m _ 1) (1 a,mn(a,m + 1) + 0(a2mn)) - a,mn(a,m _ 1) (1 6()) >
(3.30)
where
_ Cla-p)a™ 1
- a,mn(a,m + 1) + 0(a,2mn) '
Then we have X
W+ — :0( ! ) (3.31)
l-w a?m

By (3.2b), (3.30), and (3.31), we have

® -1 _ m 1 mng . m _ 3
(Z 1 ] :(M) (1—0))_1:M(1+0)+0)2+1w )

= Uy + C a™(a™ — 1) (a = B)a™ -w
a™ (@ -1) 1 a" (@ - 1) Cla - p)a™ 1
=1 (0] = 1 0
(a, _ﬁ)a,m ( Twt (QZmn )) (Q’ _ﬁ)a,m ( + a,mn(a,m + 1) T (a,lmn ))
mn _ mn—1) m __
a a N C@ -1) N 0( 1 )
a—p am+1 am
:amn _Ian +ﬁmn ~ am(n—l) _ﬁm(n—l) +l8m(n—l) s C(CYm _ 1) . 0 1
a—-pf a—pf am™+ 1
mn __ pm(n-1) m _ 1
p A + Cla ) + 0( )

a—-pf a™ + 1 am

a,mn

=Umn — Unn-1) +

Then

-1
s 1 Ca" -1 mn __ pm(n—1) 1
lim || > (st = sy + SN i (222 (L
n—oo e Uy + C am+ 1 n— o0 04 ﬁ 04

=n

Il
e

So we have

o -1
1 a"—1
~ Upp — Upin—1) + C .

4. Conclusions
Let (u,),so be the special Lucas u-sequence defined by u,.o» = Au,,; — Bu,, up = 0, u; = 1, where
n >0, B = +1, and A is an integer such that A2—4B > 0. In this paper, we study the asymptotic behavior

of the sequences involving u,. In Section 1, we give the definition of the asymptotic behavior and
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introduce the asymptotic behavior of some sequences. In Section 2, we give the asymptotic formulas

oo -1
for (Z ak) , where

k=n

1 1 1 1 1 1

s b 9 l b b 9 b
Wp Uk t Wimksl Do Uk WmkUmk+21 UmkUmk+21-1 Uy + C

a, =

m, [ are positive integers, s = 1,2, 3,4, and C is any constant. In Section 3, we give the proof of these
results.
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