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Abstract: A nonlinear shallow water wave equation containing the famous Degasperis—Procesi and
Fornberg—Whitham models is investigated. The novel derivation is that we establish the L? bounds of
solutions from the equation if its initial value belongs to space L*>(R). The L™ bound of the solution is
derived. The techniques of doubling the space variable are employed to set up the L' local stability of
short time solutions.
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1. Introduction

Consider the equation
Up — Uy + By, + mun, = 3Qully, + QUL (1.1)

in which constants m > 0, @« > 0, and § € R. Equation (1.1) characterizes the hydrodynamical
dynamics of shallow water waves and is a special model derived in Constantin and Lannes [1]. In fact,
the nonlinear shallow water wave model holds great significance for the scientific community due to its
application in tsunami modeling and forecasting, a critical scientific problem with global implications
for coastal communities. The investigation of shallow water wave equations may aid scientists in
comprehending and predicting the behavior of tsunamis.
If m= %, B=-1l,anda = %, Eq (1.1) reduces to the Fornberg—Whitham (FW) model [2, 3]
Up — Upyy + %uux = u, + ;quxx + %uuxxx. (1.2)
Many works have been carried out to discuss various dynamical behaviors of the FW equation.
Sufficient and necessary conditions, guaranteeing that the wave breaking of Eq (1.2) happens, are
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found out in Haziot [4]. The sufficient conditions of wave breaking and discontinuous traveling wave
solutions to the FW model are considered in Hormann [5, 6]. The continuity solutions of Eq (1.2) in
Besov space are explored in Holmes and Thompson [7]. The Holder continuous solutions to the FW
model are in detail investigated in Holmes [8]. Ma et al. [9] provide sufficient conditions to ensure
the occurrence of wave breaking for a range of nonlocal Whitham type equations. On the basis of
L*(R) conservation law, Wu and Zhang [10] investigate the wave breaking of the Fornberg—Whitham
equation. Comparing to the previous wave breaking results for the FW model, Wei [11] gives a novel
sufficient condition to guarantee that the wave breaking for Eq (1.2) happens.

Suppose that m = 4, 8 =0, and @ = 1, Eq (1.1) becomes the well-known Degasperis—Procesi (DP)
equation [12]

Uy — Uy + AU, = 3y + Ul . (1.3)

Many works have been carried out to study the dynamical characteristics of Eq (1.3). For instances,
the integrability of the DP equation is derived in Degasperis and Procesi [12] and Degasperis et al. [13].
Escher et al. [14] investigate the existence of global weak solutions for the DP model. Liu et al. [15]
prove the well-posedness of global strong solutions and blow-up phenomena for Eq (1.3) under certain
conditions. Yin [16] considers the Cauchy problem for a periodic generalized Degasperis—Procesi
model. The large-time asymptotic behavior of the periodic entropy solutions for the DP equation is
discussed in Conclite and Karlsen [17]. Various kinds of traveling wave solutions for Eq (1.3) are
presented in [18-20]. In the Sobolev space H*(R) with s > %, Lai and Wu [21] discuss the local
existence for a partial differential equation involving the DP and Camassa—Holm(CH) models. The
investigation of wave speed for the DP model is carried out in Henry [22]. The dynamical properties
of CH equations are presented in [23—-26]. For dynamical features of other nonlinear models, which
are closely relevant to the DP and FW models, we refer the reader to [27-30].

As we know, the L? conservation law derived from the DP or FW equation takes an essential role in
investigating the dynamical features of the DP and FW models. We derive that Eq (1.1) possesses the
following L? conservation law:

1+& 1+&
[ e e = [ TR dE ~N o o, (14)

where u(0, x) = uy € H*(R) endowed with the index s > % is the initial value of u.

A natural question is that as the shallow water wave model (1.1) generalizes the famous
Fornberg—Whitham equation (1.2) and Degasperis—Procesi model (1.3), what kinds of dynamical
characteristics of DP and FW models still hold for Eq (1.1). For this purpose, the key element of this
work is that we derive L?(R) conservation law for (1.1). Using (1.4) and the technique of transport
equation, we establish the boundedness of the solutions for Eq (1.1). Employing the approach called
doubling the space variable in Kruzkov [31], we investigate the L'(R) stability of short-time strong
solutions provided that uy(x) belongs to the space H*(R) N L'(R) with s > % To our knowledge, this
L'(R) stability of Eq (1.1) has never been established in literatures.

The organization of this job is that Section 2 prepares several Lemmas. The L'(R) stability of short
time solution to Eq (1.1) is established in Section 3.
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2. Lemmas

For the nonlinear shallow water wave equation (1.1), we write out its initial problem

{ Uy — Uy + By + mun, = 3QU UL, + QUL 2.1)

u(0, x) = up(x).

62
92

i )~!, we obtain the equivalent form of (2.1), which reads as

Utilizing inverse operator A=2 = (1 —

— -2 a=m p—=2¢,.2
up + auu, = =AU, + SEAT (), 2.2)
u(0, x) = up(x).
In fact, for any function D(x) € L"(R) with 1 < r < co, we have
-2 1 —|x—2z|
ADx)== | e D(z)dz.
2 Ur
Writing Q, = BAu + 52 A™*(u?) and J, = BAT20,u + 2529, A7 (u?) yields
)
u; + E(u )+ J,=0. (2.3)

We define L™ = L*(R) with the standard norm || 4 ||;~= inf sup |h(t, x)|. For any real number s,
me)=Y xeR\e

we let H® = H*(R) denote the Sobolev space with the norm defined by

I A= (f 1+ |§|2)S|iz(t,§)l2d§)§ < 0o,

where fz(t, &) = f = emixt h(t, x)dx. For T > 0 and nonnegative number s, let C([0, T); H*(R) denote the

—00

Frechet space of all continuous H*-valued functions on [0, 7).

Lemma 2.1. ( [21]) Provided that s > % and initial value uy(x) € H*(R), then there has a unique
solution u which belongs to the space C([0,T); H*(R)) N C'([0,T); H*"'(R)), in which T represents

maximal existence time for solution u*.

Lemma 2.2. Suppose thatm > 0, @ > 0, uy € H*(R), and s > % Let u be the solution of (2.1). Set
=u-L4andy = (2 - L))
y=u-53an = (5 —352) u. Then

_(1+€ 2 1 _
fRdex‘ngwﬁ(f)' df—fR

1+&8
m iizmo(f)lzdg ~ o I age, - (2.4)

*In the sense of Lemma 2.1, for s > %, the maximal existence time 7' means linT1 Il u(t, ) llgs@)= 0.
1—
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Moreover,

Nl VENuo llz,  if 2 <1,
(2.5)

el VE N uo lles  if 221
Proof. We have u = 2Y — 9% Y and 9;,Y = 2Y — u. Utilizing integration by parts and Eq (1.1) yields

a

d
— dex:fytde—f—ny,dx:ZfYytdx
dr Jr R R R

=2 [(—%uz)x — Bu, + %6ixx(u2)]de

fR
m a
=2 | [(~=u?).Y - Bu,Y + =(u?),0%.Y|d
fR[( Y = P + ()0, Y [dx

J
me

(=Y - & Y)Y, dx

Q

Utilizing the above identity and the Parserval identity gives rise to (2.4). Inequality (2.5) is derived
directly from (2.4).

For each time 7 € [0, T'), we write the transport system
q: = au(t, q),
{ q(0, x) = x. (2.6)

The next lemma demonstrates that g(z, x) possesses the feature of increasing diffeomorphism.
Lemma 2.3. Provided that T is defined as in Lemma 2.1 and uy € H*(R) endowed with s > 3, then
system (2.6) possesses a unique g belonging to C'([0,T) x R). In addition, q,(t,x) > 0 in the region
[0,T) xR.
Proof. Employing Lemma 2.1 derives that u, € C*(R) and u, € C'[0,T) if (t,x) € [0,T) x R.
Subsequently, it is concluded that solution u(z, x) and its slope u,(¢, x) possess boundness and are
Lipschitz continuous in the region [0,7) X R. Using the theorem of existence and uniqueness for

ODE guarantees that system (2.6) possesses a unique solution ¢ € C'([0, T) X R).
Making use of system (2.6) gives rise to %qx = au,(t,q)q, and ¢.(0, x) = 1. Thus, we have

qx(ta X) = €f0t a”X(T’q(T’X))dT’

If 7" < T, we acquire

sup  fu,(z, x)| < oo,
(t,)€[0,T")XR

implying that it must have a constant Cy > 0 to ensure g,(t, x) > e . The proof is finished.
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For writing concisely in the following discussions, we utilize notations L* = L*(R), L' = L'(R),
and L? = L*(R).

Lemma 2.4. Assume t € [0,T], s > %, and uy € H*(R). Then

2
1Blco @ —mc2
e, ) <l o Nl +(F Wt e+ N g 12 )1, 2.7)

2 4
in which ¢, = max ( VE, \/?)

Proof. Set n(x) = %e"”. Utilizing the density arguments utilized in [15], we only need to deal with
the case s = 3 to verify Lemma 2.4. For u, € H*(R), using Lemma 2.1 ensures the existence of u
belonging to H*(R). Applying system (2.2) arises

u; + auu, = (@ —m)n x (uu,) — pn * u,, (2.8)

where  stands for the convolution. Using [} ¢?*dz = 1, we acquire

1 " “
() * ud = 51 = f e " u(t, z)dz + f e u(t, z)dz|

o0

1
< —fe"x_zllu(t,z)ldz
2 Jr
([ ([ )
<= e 2y u*(t,2)dz
U [ ([
1 C
<5 lullps 5 lluo Iz - (2.9)
We have
1 (oo}
|n*@mn:51"e”ﬂwﬂd
1 X s 1 +00 -
= El _Ooe uu,dz + 3 ) e “uu,dz
i 1[}( e_lx_Z|u2dZ + 1["0 e_|x—z|u2dzl
4 ) o 4 s
<lfmwmwﬂ<lﬁnwwz (2.10)
4. 470 L
and
du(t,q(t, x)) dq(t, x)

= u,(t, q(2, X)) + u.(t, g(t, x)) 7
= u,(t, q(t, x)) + auu,(t, q(t, x)). (2.11)

dt

Combining with (2.8)—(2.11) and Lemma 2.2 gives rise to
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el dz | By x |

m—-—a
<! 'f Wdz+ o |f Dy 7 |

du(t, Q(t X)) Im a| f

|m al |
< Tl + I§||M||L2

c o — mlc2
sQnuoan sl I (2.12)

From (2.12), we have

MO < V0 | g |2 + 20D |y 2, o1
du(t.q(t.x) ( 1Blco Il uo || +Ia mlco 13)
gt o llz2 luo 112, )-
Integrating (2.13) on the interval [0, #] yields
u(t, g1, ) — o < (B2 [ ug Iz +225% | g |12, ), 010
Ia mlc :
u(t, q(t. ) — o = —(Z2 Nl uo llz +"52 Nl wo I3, ).
From the first inequality in (2.14), we have
lc o — mlc]
1 e gt ) T (20 1 g D+ g 1, Vet M (2.15)
2 4
Using the second inequality in (2.14) gives rise to
c |l — mlc]
e, gt ) = o — (B9 1 g T2+ 20 | g 12, Ve
2 4
lc la — mlc; :
> —(@ a2+ 1o I3z )t = I,
from which we have
lc | — mlcg
1 e gt ) Tz (2 1 gl + 0 g 12, Yol e (2.16)
2 4
Utilizing (2.15) and (2.16), we obtain
lc |l — mlc;
I e, (e, ) Nl o Il + (@ Il g Il *TO Il uo 117, ). (2.17)
Utilizing Lemma 2.3 and (2.17) yields (2.7).
Lemma 2.5. If uy € L>(R), then
1 Qults ) ey B2 11 g ll2 +57% | g |12,
(2.18)
1t ) iy 220 1 atg Nl +E258 | g |12,

in which ¢y = max ( VE, \/(El)

Electronic Research Archive Volume 32, Issue 9, 5409-5423.



5415

Proof. From (2.3), we have

0,=2"°% f e A1, 2)dz + P e " u(t, 2)dz, (2.19)
R

—

m

Ju =

™™

—¢@ f e sgn(z — Xu*(t, 2)dz +
4 Jr

f e sen(z — x)u(t, 2)dz. (2.20)
R
Utilizing (2.9), (2.19), (2.20), Lemma 2.2, and the Schwartz inequality, we obtain (2.18).

Lemma 2.6. Let uy,vy € H*(R), s > % Provided that functions u and v satisfy system (2.2), for any
g(t,x) € C; ([0, 00) X (=00, 00)), then

.

in which ¢ > 0 depends on m,a, 3, g, || uo ||;2 and || vo ||z2-

Ju(t,x) = J,(2, %)|lg(t, x)ldx < c(1 + 1) fm lu(t, x) — v(t, x)|dx, (2.21)

Proof. Applying the Tonelli Theorem and Lemmas 2.2 and 2.4 gives rise to

.

Tt %) = 16,92, 2)ldx
<8 f f e sgn(z - )llu = vligtr, Vldzdx

m—-al _
7 f 0, A72(u* — u?)lg(t, X)ldx

<c f lu —vldz f e " Ig(t, x)ldx

+|m; a’|‘ I: j:: e‘|x—zllsgn(Z _ X)|'l/t2 _ Vz'dzlg(t, x)ldx’

+

<c f u(t, 2) — (2, 2)ldz

+ Im; al j:: '(u —v)(u+ v)‘dz‘ [: lg(t, x)ldx‘

<c(l+1) f lu(t, z) — v(t, 2)ldz,

from which we acquire (2.21).

Suppose that function y(y) is infinitely differentiable on R such tha}f v() = 0,y(y) =0when |y > 1,
and f_ . Y(»)dy = 1. For arbitrary constant 1 > 0, set yx(y) = w > 0. Thus, y,(y) belongs to
C*(—00, ) and

(oo

C .
th(y)lsz, fn(y)dy=1; Y =0 if |yl > h.
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Suppose that G(x) is locally integrable in R. Its mean function is written as

1 00 _
G =1 f V2600, h> 0.

For the Lebesgue point x of G(x), it has

lim1 |G(x) = G(xp)ldx = 0. (2.22)

h—0 |x—xo|<h

If x is an arbitrary Lebesgue point of G(x), it has %m(} G"(x) = G(x). Provided that point x is not

Lebesque point of G(x), (2.22) always holds. Thus, G"(x) — G(x) (h — 0) is valid almost everywhere.
We illustrate the notation of a characteristic cone. Suppose that N > rr[l(?;g] | W(t, ) |lp=< oo,
te(0,

0<t<Ty=minT,RN"') and U = {(t,x) : |x] < Ry — Nt}. We write that S, represents the cross
section of U endowed with t = 7,7 € [0, Ty]. Forr > 0,p > 0, set K, = {x x| < r}. Letr = [0, T]XR

and Dy = {(t, %, 7,15 < hp < 5F < T = p, |2 < b 152 < r = p).

Lemma 2.7. [31] If function Q(t, x) is measurable and bounded in Qr = [0,T] X K,, for h € (0, p),

o € (0,min[r, T)]), setting
1
Hy = o f f f 10, 3) — Ox. y)dxdrdydr.
D,

then lim H;, = 0.
h—0
Lemma 2.8. [31] Provided that I%I is bounded and
L(u,v) = sgn(u — v)(M(u) — M(v)),

then for any functions u and v, function L(u, v)) obeys the Lipschitz condition.

Lemma 2.9. Suppose that uy(x) € H*(R) endowed with s > % Provided that u satisfies (2.2), g(t, x) €
Cy(0r) and g(0, x) = 0, for every constant k, then

ff{lu — klg; + sgn(u — /’c)%[u2 - kz]gx — sgn(u — k)Jug}dxdt = 0.
07

Proof. Assume that W(u) is a convex downward and twice smooth function for —co < 1 < co. Let
g(t,x) € C7(0r). Using ¥ (u)g(t, x) to multiply Eq (2.3), integrating over the domain 67, we transfer
the derivatives to g and acquire

f f {Payg, +af fk Wy, - I, Dgdidx =0, (2.23)
or

in which for any constant k, the identity [~ [ fku lI"(y)ydy] gdx=—[" [g‘I”(u)uux]dx is utilized. We
have the expression
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00 U , o 1 / 1 ,
I Oo[ fk ‘P(y)ydy]gxdx: I [E‘If (u)uz—iqf (k)i

[ee)

1 U
-5 f VP (y)dy|g.dx. (2.24)
k
Let W (u) be the mean function of |u — k| and set ¥(u) = W"(u). Letting 4 — 0 and employing the
features of sgn(u — k), (2.23), and (2.24) complete the proof.

Actually, the derivation of Lemma 2.9 can also be found in [31].
3. L!local stability

Utilizing the bounded property of solution u(z, x) for system (2.2), we investigate the L'(R) local
stability of u(z, x), which is written in the following theorem.

Theorem 3.1. Suppose that u and v satisfy Eq (1.1) endowed with initial values ugy, vy € H*(R)N L'(R)
(s > %), respectively. Let t € [0,T]. Then there is a Cr depending on || ug |2y, || Vo 2wy, T, @, and
m, to satisfy

Il u(t,-) = v(t,) Iy < Cr ll uo = vo llw, - (3.1

Proof. Utilizing Lemmas 2.1 and 2.4 deduces that # and v remain bounded and continuous in [0, T]xR.
Set W = {(t,x)} = [p,T — 2p] X K,—»,, where 0 < 2p < min(7,r), and 87 = [0,T] X R. Assume
b(t, x) € C;([0, 00) X R) associated with b(z, x) = 0 outside W.

For h < p, we construct the function

r+7 x+y

=b
g (2,2

t—T1 X —
W7 (52) = b)),
2 2
in which (...) = (HTT, XT”) and (%) = ("TT, %). By the definition of function y(y), we have

&t 8 = bt()/lh(*)’ 8x t 8 = bx()ﬁh(*)

Choosing k = v(t,y) in Lemma 2.9 and applying the methods called doubling the space variables

in [31] yield
[[[[ .0 - vwve

Or %01
+sgn(u(t, x) = (e, ) 3 (1700 = (@) s
—sgn(u(t, x) —v(t, y)J.(t, x)g}dtdxd‘rdy =0. 3.2)

Taking k = u(t, x) in Lemma 2.9 gives rise to
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ffff {Iv(z.y) - u(t, vlg-

Orx0r
+sgn(v(r.y) = u(t, )5 (0, 0) = (x.3)g,
—sgn(v(t,y) — u(t, x))J, (T, y)g}dm’ydtdx =0. 3.3)
Using (3.2) and (3.3) yields

0= [[[[ flute.0 - vz + 20

Or %67

+sgn(u(t, x) — v(r, y))%(uz(t, x) — Vv (1, y))(gx + gy)}a’xa’ta’ydr

+‘ ffff Sgn(u(t’ X) - V(l’, x))(Ju(t, X) - JV(T’ y))ngdtdydT‘

Or X607

=P, +P, +' f f f f Pgdxdtdydr‘. (3.4)

OrX0r

On the basis of the approaches in [31], we aim to verify the inequality

0< ff {|u(t, x) —v(t, x)|b, + sgn(u(t, x) — v(t, x))%(uz(t, x) — VA(t, X))bx}dxdt
or

+‘ f f sgn(u(t, x) — v(t, )t x) — Jo(t, x)]bdxdt‘. (3.5)
or

We write the integrands of P, and P, in (3.4) as
Y, =Yt x,1,y,u(t, x), v(t,y))A,(*).

Using Lemma 2.4, we obtain || u ||;~< C7 and || v ||z~< Cr. From Lemmas 2.7 and 2.8, for both
functions u and v, it is deduced that Y}, obeys the Lipschitz condition. Combining function g, we find
Y, = 0 outside region & and

ffff Y,dxdtdydr = ffff[Y(t, x,7,y, u(t, x), v(t,y))

O %67 OrX0r
=Y, x,t, x,u(t, x), v(t, x))]/lh(*)dxdtdydr
+ ffff Y(t, x,t, x, u(t, x), v(t, x))A(x)dxdtdydt = G11(h) + Gy;. (3.6)
O x6r
Utilizing |A(x)| < 75 yields
1
|IG11(h)]| < c[h + n fff lu(t, x) — v(t, y)ldxdtdydr |, 3.7
D
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in which ¢ does not rely on 2. Employing Lemma 2.9 deduces that G;(h) — 0 when 7 — 0. Now we
consider Gy,. Substituting 5 = 6, 5* = w, we have

h 00
f f (6, w)dddw =1 (3.8)
—h J—00

h 00
Gp =22 f f Y(t, x, 1, x, u(t, x),v(t,x)){ f f /lh(é,w)dédw}dxdt
—h J -
or

=4 ff Y, x,t, x,u(t, x), v(t, x))dxdt. 3.9
or

and

From (3.6)—(3.9), we obtain

%iné ffff Y,dxdtdydt = 4 ff Y, x,t, x, u(t, x), v(t, x))dxdt. (3.10)
or

O XO0r
Note that
Py = sgn(u(t, x) = v(T, Y)(u(t, ¥) = J(T, )DBC.)A (%)
= P3(t.x, 7, y)Au(*)
and
f f f f Psdxdtdydr = f f f f |P3(e.x.7.y) = P(t.x. 1, %) |A(x)dxdtdydz
OrX6r Or X601
+ fffij(l.x, t, X)Ap(x)dxdtdydt = G (h) + Gp;. 3.11)
O XO0r

We obtain

Gar(W)] < ch + % X f f f f u(t,x) = J,(x. y)ldxdtdydr).
D

Using Lemmas 2.5 and 2.7 derives G,;(h) — 0 when & — 0. Applying (3.8) gives rise to

h 00
Goy = 22 f f Ps(t, x, t, x){ f f (5, w)dddw}dxdt
or Thme
= 4ffP_3(t, X, t, x)dxdt
or

=4 ff sgn(u —v)(J, — J,)b(t, x)dxdt. (3.12)
or

Electronic Research Archive Volume 32, Issue 9, 5409-5423.
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Employing (3.6), (3.10)—(3.12), we obtain inequality (3.5).

Set
F@) = f lu — v|dx.

In order to prove the inequality (3.1), we define

An(z) = f | Yu(2)dz (A;,(z) = yu(z) = O).

[ee)

In (3.5), provided that two numbers p < 7y, 71,0 € (0, Ty), and h < min(p, Ty — 71), we set

b(t, x) = [An(t — p) — Ap(t — T)]B(, x),
where

B(t,x) = B.(t,x) = 1 — Ag(lxl + Nt — Ry + g), &> 0.

Provided that (¢, x) does not belong to W, then b(¢, x) = 0. If (¢, x) does not belong to U, we have

B(t, x) = 0. It arises for (¢, x) € U that
0=B;+N|B > B; + NB,.

Using the above analysis and (3.5) yields
To 00
0< f f {lyut = p) = ya(t = T0)1Belu — vl}dxdt
0 —00
To 00
# [ 1A= = A= 7L = b ol
0 —00
which together with Lemma 2.6 (when £ — oo and Ry — o) gives rise to
To 00
0< f (vt = p) = yale = 70)] f 1 = vidx}d
0 —00
To 00
+c(1 + Ty) [An(t — p) — Ap(t — 11)] f |u — v|dxdt.
0 -0
The property of y,(z) for & < min(p, Ty — p) derives that

To To
| f it = p)F(dt = Fp)| = | fo wlt = p)(FO) = Fp))di|
0
+h
<c- fp |F(t) — F(p)ldt - 0, when h— 0,
h Jon

in which ¢ > 0 is independent of A.
Setting

To To t—p
Z(p) = f Ap(t — p)F(ndt = f f Yi(2)F ()dzdt,
0 0 —0o0

(3.13)
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we derive that

To
Z'(p) = —f vt — p)F(t)dt - —F(p), when h — 0.
0

Thus, we acquire

Z(p) — Z(0) — fp F(z)dz, when h — 0. (3.14)
0
and
Z(ty) — Z(0) - fﬁ F(2)dz, when h— 0. (3.15)
0

Using (3.14) and (3.15) directly deduces that
T
Z(p) — Z(1)) = f F(2)dz, when h — 0. (3.16)
1

Sending 7; — t,p — 0, from (3.13) and (3.16), we have

00 00 ! 00
f ju— vidx < f Jup — voldax + (1 + To)f f lu — vidxd. (3.17)
—00 —00 0 —00

Utilizing (3.17) and the Gronwall inequality leads to the inequality (3.1).

Remark: We establish the L! local stability of strong solutions for the nonlinear shallow water wave

equation (1.1) provided that its initial value belongs to the space H*(R) N L'(R) with s > % The

asymptotic or uniform stability of strong solutions for Eq (1.1) deserves to be investigated. To study
the asymptotic stability, we need to find certain restrictions on the initial data, which may be our
future works.
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