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Abstract: In this paper, the exponential synchronization problem of a class of neural networks with
mixed delays under impulsive control is studied. Combining the impulsive comparison principle and
the concept of an average impulsive interval, two impulsive differential inequalities with mixed delays
are discussed, and the sufficient conditions for the existence of exponential decay are obtained. Based
on two different impulsive control strategies, and then by means of the Lyapunov function, the inequal-
ity technique, and these two new inequalities, a set of sufficient conditions are derived to ensure the
synchronization of the drive and response systems. In order to prove the effectiveness of the proposed
control scheme, two numerical examples are given to prove its practicability and effectiveness.
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1. Introduction

Originating from the groundbreaking M-P model devised by McCulloch and Pitts [1], neural net-
works (NNs) have evolved into powerful machine learning algorithms [2]. Their ubiquitous application
across diverse fields stems from their remarkable aptitude for learning and discerning patterns within
data. Whether in associative memory tasks that need to process a large amount of information [3], or
in automatic control systems that require precise control, NNs have shown their unique advantages.
Concurrently, NNs occupy an indispensable position in realms such as pattern recognition, signal pro-
cessing [4—6], secure communication, and tackling intricate optimization challenges [7, 8]. Because of
its characteristics, it has attracted the attention of scholars.

In the specific implementation, a time delay is widespread and inevitable, which is due to the limited
transmission of information between systems [9,10]. On the other hand, NN usually have spatial char-
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acteristics because numerous parallel pathways exist. The dissimilar axis-cylinder size and length,as
well as the propagation velocity distribution along these pathways, brings about a propagation dis-
tribution delay [11, 12]. Numerous scholars engaged in profound discourses, thereby embracing the
perspective that the presence of a time delay inherently influenced the dynamic behavior exhibited by
NN, such as oscillation, divergence, or instability, and other complex dynamic behaviors [13,14]. The
above phenomena is harmful to NNs and practical applications. Therefore, it is a useful theoretical
research and practical application to introduce a time delay into the modeling of neural networks.

Synchronization is a dynamic behavior of NNs, whereby two or more systems have the same
behavior under coupling or external control. Synchronization is widely used in secure communica-
tion [15, 16], image encryption [17, 18], and image protection [19]. Many scholars studied various
types of synchronizations according to various situations, see [20-23].Therefore, the study of NN syn-
chronization has both theoretical and practical values.

Designing a suitable controller to achieve synchronization is a challenge. Based on the time in-
terval operation, the intermittent controller automatically switches the working / resting state of the
equipment, optimizes energy consumption, and reduces costs. Because of its energy saving effect and
practicability, it has attracted wide attention and application, see [24—-28]. Impulse control turns a con-
tinuous system into a discontinuous one at the impulse moment. Both pulse control and intermittent
control exert infleunces at the corresponding time. However, compared with intermittent control, pulse
control is a time rather than a time period, which helps reduce the cost of control. Therefore, im-
pulsive control is widely used in synchronization problems. In [29], the exponential synchronization
problem of delayed coupled NNs was studied by means of a Razumikhin-type inequality. In [30], the
exponential synchronization problem of stochastic coupled NNs was studied by using the stochastic
impulsive differential inequality. In [31], the quasi-synchronization of NNs was studied using the Lya-
punov function and the impulsive comparison principle. In [32], the quasi-synchronization problem of
directed coupled heterogeneous NNs was studied using the extended pulse comparison principle and
the saturated nonlinear dead-zone function. In [33], the u-synchronization of coupled NNs was studied
by constructing a new impulsive differential inequality. In [34], the quasi-synchronization problem of
the quasi-synchronization of multi-layer delayed NNs was studied using the Lyapunov function and the
pulse comparison principle. In [35], the synchronization problem of nonlinear, delayed, semi-Markov,
jump NN was studied using the stochastic Lyapunov function and the Razumikhin technique. In [36],
the synchronization problem of coupled delayed inertial NNs was studied using the improved pulse
comparison principle. In [37], the synchronization problem of hybrid coupled NNs was studied using
delay impulsive differential inequalities. For example, in the above cited literature, the main proof
of [33] and [36] is to transform the original problem into an impulsive differential inequality by means
of the Lyapunov function. The forms of the two are similar. [33] proved the impulsive differential in-
equality first, while [36] was based on the improved impulsive comparison principle. Inspired by this,
we can first discuss the transformed impulsive differential inequalities. This is the source of the idea
of the impulsive inequality in this paper.

The main results of this paper focus on the following aspects:

(i) Two delay impulsive differential inequalities are given; and

(i1) The exponential synchronization problem of two different impulsive control strategies is con-
sidered.

The subsequent sections of this paper are organized in the following manner: Section 2 presents
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an overview of the model and introduces the prerequisite knowledge; Section 3 delves into the pre-
sentation of sufficient conditions to achieve exponential synchronization in impulsive neural networks
that incorporate mixed delays; in Section 4, two numerical examples are provided to demonstrate the
practical efficacy of the proposed approach; and finally, Section 5 concludes the paper with a summary
of the key findings.

2. Model description and preliminaries

Hereof, unless otherwise elucidated, we will use the following notation. We define R as the set of
real numbers, N as the set of positive integers, and R" as the set of n-dimensional real vectors equipped
with the Euclidean norm ||-||. Additionally, we let R™" represent the set of mXn real matrices. The nxn
unit matrix is represented by £. When A and B are regular intersection matrices, the notationA > B
(respectively,A < B) indicates that A — B is a positive definite (respectively, a negative definite). The
transpose and the inverse of matrix A are denoted by AT and A~!, respectively. The maximal and
minimal eigenvalues of symmetric A are A,,,,(A) and A4,,,,(A). The function o(-) denotes the spectral
radius of a matrix. For any interval J C R, PC={¢ : J — R" that are continuous everywhere except at
a finite number of points ¢, where ¥(¢*), ¥(t") exist and ¥(t") = ¥(t)}. For ¢(t) € PC([—7, 0], R"), define

ls@Il = V" (D)s().

The driving system considered in this paper is a NN with mixed delays, which is defined as follows:
8O = _Px(t) + Af(x(t) + Bf(x(t = 7(0) + C [, fx(s))ds + I(0),
x(t) =¢(t), o<t <0,
where the neuron state vector x = (x, X2, ..., x,)" and matrices D > 0, A, B,C represent the diagonal
matrix, connection weight matrix, delayed weight matrix, and distributively delayed connection weight
matrix of the neural network, respectively. The activation function is f(-) = (fi(), (), ..., fa(-)T.
Time-varying delays 7(¢) satisfy 0 < 7(¢f) < 7. The distributed-delay is 4, and 0 = max{t,h}. ¢(t) €
PC([-0, 0], R"). with components ¢;(¢),i = 1,2,...,n
The response system is as follows:

8O = _Dy(r) + Af (@) + Bf 5t = 70) + € [, f5(s))ds
+1(t) + (1), (2.2)
y(0) = @), -0 <t<0,

2.1

where 3(t) = (31(1), §2(1), . .., Bn(1))", has components @;(f) that belong to PC([—p, 0], R").
To achieve the article’s objective, the error e(f) = y(r) — x(¢) is defined.
Combining networks (2.1) and (2.2), the error system is formulated as follows:

0 = —De(t) + Agle(t)) + Bgle(t — (1)) + C [, gle(s))ds + (1), 23
e(t) =J(1), -0 <t <0, '
where ge(r)) = f(y(®) = f(x(1)), ¥(®) = (1) = $(2).
The impulsive control protocol has been designed in the following manner:
i(t) = Kie(t) + Kagle(t) — ) Rie(®)o(t — 1), (24)
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where the gain matrices are represented by K| and K, in this context. R; > 0 is the control gain. The
fixed impulsive moments #; (for k € N) form a strictly increasing sequence that satisfy 0 = 7y < #; <
) < ...,t <... with the property that the sequence diverges to infinity, (i.e., lim,,. #; = +00). The
Dirac impulsive function is denoted by 4(-).

Remark 2.1. In [38], the controller only considered the feedback of the activation function in t and
t — 1(t). In [34], the controller was composed of the linear term of the error function and the dirac
impulsive function. In [35], the controller was only composed of the dirac impulsive function. The
controller in this paper considers the non-delay term of the error function and the dirac impulsive
Jfunction.

By combining Eqs (2.3) and (2.4), we obtain a rephrased version of the error system:

0 = (D~ R)e(n) + (& + Ka)gle() + Bg(e(t - 7(1))
+C [1, gle(s)ds, t # 1,

:= —De(t) + Ag(e(1)) + Bg(e(t — (1)) + C [ ih gle(s))ds, t £ t, (2.5)
Ae(ty) = e(t]) — e(ty) = —pRee(ry), t = 1,
e(t) = y(t), —o <t < 0.
Definition 2.1. [38] The systems (2.1) and (2.2) were deemed to be exponentially synchronized if there
existed positive constants A and M > 1, such that for every t > 0, the norm of the error function ||e(t)||
between the two systems satisfied the inequality |le(t)]| < sup_._ . lle(s) — ¢(s)||Me=Y. Here, A serves

as the convergence rate (or degree), which characterizes the exponential decline in the synchronization
error as time progresses.

Definition 2.2. [31] The average impulsive interval of the impulsive sequence { = {t|,t, ..., t;,...}
was equal to T,, if there existed the positive integer Ny and the positive scalar T, such that for all
0 <t < T, the number of impulsive times N/(T,t) of the sequence { within the time interval (t,T)
satisfied the following inequality:

T -1t T -1
— No < N(T., 1) <

a a

+ Ny, 0<t<T.

Here, N/(T,t) represents the count of impulsive instants which belong to the sequence { that strictly
occur between the times t and T.

Lemma 2.1. [31] Let 7,(t) and 7,(t) be functions which satisfy 0 < 7,(t), 7,(t) < 7 for all t. Consider
the function G(t,u,it;) : R* X R X R — R, which is nondecreasing in its third argument i, for fixed
values of t and u. Additionally, let I;(u) : R — R be a function that is nondecreasing in u. If there exists
a positive constant a > 0 such that

{ D*u(r) < G(t,u(®), u(t = 1) +a [ u(s)ds, 1 # 1,

0 (2.6)
u(ty) < Li(u(t,), k € N,

v(s)ds, t £ t,

{ D) > G(t,v(1),v(t — 71(1)) + @ f;,z(,) (2.7)

v(ty) = Li(v(t;), k € N,

then u(t) < v(t) holds for —t < t < 0, and under the assumption that certain properties related to the
right upper derivativeD*u(t) hold, it can be shown that u(t) < v(t) also holds for all t > 0.
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Lemma 2.2. [32] Given any real, symmetric, and positive definite matrix M of an appropriate dimen-
sion, a positive scalar n > 0, and a vector function w(-) : [a,b] — R" such that the relevant integrals
are well-defined, the following inequality holds:

b T b b
[f w(s)ds] M[f w(s)ds] < —a)f w ()Mw(s)ds.

In order to study the exponential synchronization of NNs with mixed discrete delays and finite
distributed delays, the following impulsive differential inequalities which involve discrete delays and
finite distributed delays are first established.

{t1,t2,..., 1, ...}, consider the following differential inequalities:

Lemma 2.3. Let u(t) € PC([—o,+0),R) with u(t) > 0; for the impulsive sequence ( =

D*u(t) < au(t) + Oiu(t — (1) + 6; [ v(s)ds, 1 # 1,
u(t) < pu(t), k €N, (2.8)
u(s) = p(s) 2 0,s € [-0,0],

where « > 0, 8; >0, 6, > 0,0 < 7(t) < 1,fort € RO < B < 1fork € N, o = max{t,h}. If

a+ % + 9 4 Bl 0, then A1 > 0 with the following property:

g T Mo
_ 2 —
u(t) < B Nsup_ . ollg(s)lFe™", 1> 0,

Inp

inB Hleﬂor 8/10]1—19_2 _ 0
Ta

where Ay satisfies 1y + a + o o Fo =

+

Proof. The following comparison system is considered:

(1) = aii(t) + 0,0t — (1) + 6, [, A(s)ds + &, 1 # 1,

ii(ty) = Bi(t,), k €N, (2.9)
iu(s)=p(s)+e, —0o<s<0.

For any € > 0, ii(¢) denotes the unique solution. According to Lemma 2.1, we have the inequality
i(t) > u(t) > 0 holding for —p < s < 0. Consequently, it follows that #i(t) > u(t) also holds for ¢ > 0.
Leveraging the formula for the variation of parameters, we can describe #i(¢) as follows:

i(r) = W(z,0)a(0) + f W(z,s) l@lﬁ(s -7(5) + 6, f i(rydr + e|ds. (2.10)
0 t=h

The function W(t, s) defined for allz, s > 0, serves as the Cauchy matrix for the subsequent linear
impulsive system:

{ iu(r) = aii(t), t # 1, (2.11)

(1) = Ba(ty), k € N.

Definition 2.2 states that it can acquire the following:

W(t, S) < ea(t—s)HS<tk<tﬁ — ea/(t—s)ﬁN{(s,t) < ea(t—s)ﬁ’f—:—No
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= g AT TN=5).

Letg = ﬁ‘Nosup_Qs_ysollgo(s)llz. The result of substituting (2.12) into (2.10) is as follows:

! S
nB I
i(f) < ge T + f B No @t 7)t=9) [Qlﬁ(s —7(5)) + 65 f a(r)dr + €| ds,
0 s—h

Denote G(A) = 1+ a + l;—ﬂ + 0t 4 "1 6 Then we have the following:

pNo A pho
l 6, e -1 6
GO =a+ B O i (=L
T, ﬁN A BN
/) 6
=a+ n,B L % < 0.
T, BB

(2.12)

(2.13)

For any A € (0, +00), it is evident that G(+c0) > 0 and G’(1) > 0. As a result, the equation G(1) = 0

admits a unique positive solution, denoted by Ay, where 4, > 0.

Since € > 0,4y > 0, + l"ﬁ + = + [% < 0and 0 < B < 1, we have the following:

ﬁNO

€
i(s)<g<qge™+ = —p<s5<0,
0o

I 6, 6:h
where @ = —(a + "ﬁ + o0t 5% B
Next, we prove that

i) < g + £ 1> 0.
w
There exists a * > 0 such that, if (2.15) is false, then
it > ge " +
and

Aot

E
i) <qge™+ —, t<t.
w

Combine (2.15) with (2.17), we have the following:

I\ x _ I _ _ _ &
A(r) < ge T+ f BTG, (ge T + —)ds
0 w

r s
_ By o _ £
+ f B Noelar T )0 S)sz (ge™" + Z)drds
0 s—h w

-
_ InBy e
+8f BN T g g
0

Sqe((”T f IB—NO (a+ ) 5)0 (ge o(s=1) )d

By _ _
+ f ﬁ_NOe(CH- Ta iy S)Qz f (qe Aor + _)drds
0 s—h w

(2.14)

(2.15)

(2.16)

(2.17)

Electronic Research Archive Volume 32, Issue 9, 5287-5305.



5293

l,*
te f B Ne (@7 =9) g g
0

l*
I\ x _ I\ _ InB
< qe(a*'ﬁ )" +ﬁ Noe(a+—Ta )t f , (Ao+a+7e )sqelexlo‘rds
0

n £ IB—N(, (a+ 32 —5)9 ds
w Jo
r Loh

B_NO (a+ np )t f e—(/10+0t+[;—f)sq92 e 1 ds
0 Ao

1+

& _ InByepe_
+ — BN @t T, pd
w Jo

t*
+8f ,B_Noe(w%f)(t*_s)ds
0

s

¢
InB InB ng ln
< qe((x+ )’ + qe(ar+ )¢ f e_(,10+a+ﬁ)S(_/10 —a-— Tﬂ)ds
0

t*
4 g6, + 0,h + @) f ﬂiNOe(a_'_l%f)(t*_s)ds

(o)
< ge Pt ge™ " — ge CSE O
InB~ nN,
—&la + =)™ ~No .
+ T, ﬁ 7 (1 _ e(a/+lﬁ)l )
w —(a + T_a)
<ge o+ 2, (2.18)
(o)
which contracts with (2.16). Therefore, (2.15) holds true.
Let € — 0; then
u(t) < it) < g™ = Bsup_,_ olle(s)|Pe™", 1> 0. (2.19)
This completes the proof. O

Lemma 24. Let u(t) € PC([—o,+0),R) with u(t) > 0; for the impulsive sequence {( =
{ti,tr,... . l, ...}, consider the following differential inequalities:

D*u(t) < au(t) + Oiu(t — (1) + 6, [ v(s)ds, 1 # 1,
u(t) < puty), k €N, (2.20)
u(s) = ¢(s) 2 0,5 € [0, 01,

where « < 0, 6, > 0, 6, > 0,0 < 7(t) < v, fort € R, B > 1 fork € N, o = max{t,h}. If
a+ l;—f + 6,6 + 6,hBN0 < 0, then A1 > 0 with the following property:

N 2 -A
u(t) < B0sup_yoll(s)lle™", 1 > 0,
. h_
where A satisfies Ay + a + l;—f + @i etompNo 4 94(11—0192,8’\’0 =0
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Proof. The proof process follows a similar approach to that of Lemma 2.4, specifically involving the
Cauchy matrix as follows:

W(l, S) < e(t(t—s)qukqﬂ — e(z(t—s)ﬁN((s,t) < ew(t—s)ﬁ'r;;+No

= g At T=5). (2.21)

This completes the proof. O

Remark 2.2. In [33], our focus was on the impulsive differential inequality that incorporated multiple
discrete delays. Subsequently, in [37], we delved into the delayed impulsive differential inequality
characterized by finite distributed delays. Furthermore, in [39], we explored the scenario where the
integral term within the impulsive inequality assumed the form of a kernel function. However, this
paper presents a comprehensive study of the impulsive differential inequality that encompasses both
discrete delays and finite distributed delays, with no imposed constraints on the intensity of the impulse.

The following presumptions are made throughout this paper:

(A1) For every u;,u, € R,u; # up, where F;, j=1,2,...,n are real positive constants, the activation
functions f; (-), where j ranges from 1 to n, are bounded functions that satisfy a specific Lipschitz
condition:

|fi(u1) = fi(ux)l < Fjluy — up|; and
(A2) B =0((E — uR)T(E — uRy)).

3. Main results

Within this section, we explore the attainment of exponential synchronization between systems (2.1)
and (2.2) through the construction of an appropriate Lyapunov functional.

|gi(ei())| < Fi(ei(t)), which indicates that g;(-) in system (2.5) is constrained from (A1). Thus, for
any positive diagonal matrices A, the function g(e(t)) satisfies the following inequality:

g (e(1)Ag(e(t)) < e ()FTAFe(r), 3.1

where F' = diag{F,, F»,...,F,}.

Theorem 3.1. Assume that the assumptions (Al) and (A2) are satisfied. Then, systems (2.1) and (2.2)
are exponentially synchronized if there exist real constants « > 0, 68; > 0, 6, > 0, along with an
nXxXn—matrix P > 0, four diagonal positive definite n X n—matrix ¥; > 0,i = 1,2, 3, and an M such that
the subsequent conditions are fulfilled:

Case I: The impulsive strength is within the range 0 < 8 < 1:

(al)
&n 0 0
E=(0 F',F-6,P 0 <0,
0 0 35— iM

where ¢, = —PD — D"P + PAX'ATP + F'S,F + PBL;'B™P + PCE;'C"P — aP.
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(b1)
FTMF -0,P <0, and
(cD)
l
a+ np + 78 + Oah <0.
T, pMo pho

Case II: The impulsive strength is within the range 8 > 1:

The three real constants in the theorem satisfy the relation @ < 0, 6, > 0, 8, > 0, conditions (a2)

and (b2) are identical to conditions (al) and (b1) respectively, as defined in Case I, and
(c2)

!
B (6, + 0,1 < 0.

a

a +

Proof. We build the subsequent Lyapunov function as follows:
V(1) = €' (t)Pe(t),

where P is strictly positive definite matrix.

V(1) = 2T (H)Pe(r)

= 2T (f)P{—De(t) + Ag(e(t)) + Bg(e(t — 7(1))) + C f g(e(s))ds)

t—h
= =2eT(1)PDe(r) + 2¢T(1)PAg(e(r)) + 2¢"(t)PBg(e(t — 1(1)))

+2e"(1)PC f g(e(s))ds

t—h
< e"(t)(=PD — D" P)e(t) + e"(t)PAZ;' AT Pe(t) + g (e(1)Z1g(e(1))
+ e ()PBX;' B  Pe(t) + g" (e(t — 1(1))Z28(e(t — 1(£)))

+e' (HPCZ;' CT Pe(t) + [ f g(e(s5)ds]'Zs f g(e(s))ds
t—h t—h

< e"(t)(=PD — D" P)e(t) + e"(t)PAX' AT Pe(t) + " (1) FTX, Fe(t)
+ e ()PBZ,' B Pe(t) + " (t — T())F "X, Fe(t — (1))

t

+ e (HPCZ'CTPe(t) + [ f g(e(s)ds1"Zs f g(e(s))ds
t—h t

—h
=e"(t)(~PD - D"P + PAX'A"P + F'S\F + PBX;'B"P
+ PCE'CTP)e(t) + €' (t — 1(1) F Ly Fe(t — 1(¢))

+1 f hg(e(S))dS]Tia f lg(e(s))ds.

According to Egs (al)—(c1), the following inequality is valid for all ¢ # #;, where k € N.

V(1) < ae'(H)Pe(t) + 01e"(t — (t))Pe(t — (1)) + 6> f et (s)Pe(t)ds
t—h

(3.2)

(3.3)
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<aV(t)+6,V(it—1(1) + 6, f V(s)ds. 3.4)
t—=h

Otherwise,

V(1) = e' (1) Pe(ty)
= e"(t)(E — uR) P(E — uRp)e(t;)
< o((E - uR)"(E — pRy))e" (1) Pe(ty)
< BV(E) (3.5)

holds for k € N.
By integrating the conditions (al)—(c1) with Lemma 2.3, we derive the subsequent conclusion:

Amin(P)lle" e < V(1) < BYsup_,_ o lI@(s) - P(s)|Fe™, 1> 0, (3.6)
quasi,
ﬁN() - Ay
lle@®Il < WSUP_QS‘YS()II@(S) - d(s)lle” 2", > 0. (3.7)

Systems (2.1) and (2.2) exhibit an exponential synchronization, which conforms to the criteria spec-
ified in Definition 2.1.

In a similar fashion, utilizing the constraints (a2)—(c2) in conjunction with Lemma 2.4, we can
ascertain that systems (2.1) and (2.2) exhibit an exponential synchronization.

The proof is completed. O

Replace the impulse control mentioned in Eq (2.4) with the following impulsive control

() = ~Le(t) = 1 ) Rue()5(t ~ 1), (3.8)
k=1
where the notation L = diag(ly, b, ...,1,), l; > 0 designates the feedback control gain matrix. The

impulsive gain is u. The control gain is R; > 0.

Remark 3.1. This kind of controller is widely used, which can be seen in [34], and the secondary
controller can be used to expand the existing conclusions.

Consider the error function e(t) = y(t) — x(t), which quantifies the deviation between the outputs
of networks (2.1) and (2.2). When these networks are interconnected, and the error dynamics are
governed by Eq (3.8), the resulting error system is derived as outlined below:

0 = —De(t) + Agle(t) + Bgle(t — 7(1)) + C [*, gle(s))ds
—Le(t), t # 1y,
:= —De(t) + Ag(e(1)) + Bg(e(t — (1)) + C [ ih gle(s))ds, t # t;, (3.9)
Ae(ty) = e(r}) — e(ty) = —uRee(ty), 1 = 1,
e(t) =y(t), —o<t<0.

By repeating the previous proof process, we can obtain the following theorem:

Electronic Research Archive Volume 32, Issue 9, 5287-5305.
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Theorem 3.2. Assume that the assumptions (Al) and (A2) are satisfied. Then, systems (2.1) and (2.2)
are exponentially synchronized if exist real constants a > 0, 68; > 0, 6, > 0, an n X n—matrix P > 0,
three diagonal positive definite n X n—matrix ¥; > 0,i = 1,2,3, and an M such that the subsequent
conditions are fulfilled:

Case I: The impulsive strength is within the range 0 < g < 1:

(al)
Gt 0 0
E=|0 F'L,F-6,P 0 <0,
0 0 - iM

where &) = —PD — D'P + PAX'A"P + F'X,F + PBL;'B'P + PC=;'C"P - aP.
(bl)
F'MF - 6,P <0, and

(cl)

ll’lﬁ 0, + 6,h

+ +

T, B
Case II: The impulsive strength is within the range g8 > 1:
The three real constants in the theorem satisfy the relation @ < 0, 8; > 0, 6, > 0, conditions (a2)

and (b2) are same as the conditions (al) and (b1) in Case I, and
(c2)

<0.

InB

@+ — + (6, + 6,h)B" < 0.

a

Proof. If we assume that V(f) = e'(f)Pe(t), and P is a positive integer martix, then we may show a
method analogous to Theorem 3.1. The proof is completed. O

4. Numerical examples

Example 4.1. Consider the following model:

% = —die;(t) + 25:1 a;jgj(e;(1) + Z?:l bijg(e;(t — (1))
!
+ Zil Cij ﬁ_o,g fj(ej(s))ds + ky; * e;(t)
+hoi * gi(ei(1),t # tr,t 2 0
neity) = ei(t}) = ei(ty) = —pRie(t), 1 = 1,

4.1)

where the coefficients and functions are taken as follows:

D:[7.5 0]’A:[ 6 0.15],32[—2.4 0.12],

0 6 -32 6 -0.26 -2.2
25 0 -15 0 2.1 0
C‘[o 2]’K1‘[ 0 —3.3]’K2‘[ 0 —2.2]'

81(x) = g2(x) = tanh(x), 7(¢) =0.8.
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In order to see the effect of control more clearly, we first consider the situation without control, see

Figure 1.

2 1 1 1 1 1 1 1 1 1 1
e, ()
1.5 1
e, ()
1 -
0.5 1
T O
-0.5 1
14
1.5 A
'2 T T T T T T T T T
0 10 20 30 40 50 60 70 80 90 100

Time t

Figure 1. The state trajectory of the system (4.1) without control.

Case(l). Letu =09, P=E, Rk =E, t;, =t;,_1 +0.02k,k € N, and B = 0.01. It is easy to calculate
thato =09, F, =1,i=1,...,n, T, = 0.02, Ny = 1. By employing the MATLAB toolbox, we are

capable of obtaining the subsequent details:
a = 150, 91 = 92 = 01,

1= [580 380]’ 2= 2= [0'(())9 0.(())9]'
2

e, ()

151 e,(t)
]
05 |
£ o0
05
N
15

0 2 4 6 8 10 12 14 16 18 20
Time t

Figure 2. The state trajectory of the system (4.1) with control (0.9EF).
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Then, the system after the controller is made by MATLAB (Figure 2).
Case(2). Letu=21, P=E, Ry =E, t, =t4_1 + 05k, k € N, and B = 1.21. It is easy to calculate
thato = 09, F; = 1,i = 1,...,n, T, = 0.5,Ny = 1. By employing the MATLAB toolbox, we are

capable of obtaining the subsequent details:
CY:—6, 61 :92:2,

50 0 19 0
21‘[0 200]’22‘23‘[0 1.9]

Then, the system after the controller is made by MATLAB (Figure 3).

0 2 4 6 8 10 12 14 16 18 20
Time t

Figure 3. The state trajectory of the system (4.1) with control (2.1FE).

Example 4.2. Consider the following model:

840 = —die;(t) + z}l a8 (e;()) + Xy big (et — (1))
+ 30 i [ Siles())ds — L % ei(0), 1 # 1,1 2 0 (4.2)
neity) = et)) — eity) = —uRe(r), t = tr,k € N,

where the coefficients and functions are defined as follows:

D:[z.s o]’A:[ 2 0.15]’32[—1.7 0.12],

0 2 -12 35 -0.26 -1
2.5 0 45 0
€= [ 0o 2"~ [ 0 5]’

1
81(x) = &(0) = S(lx+ 1| = x = 1)), () =08.
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In order to see the effect of control more clearly, we first consider the situation without control, see
Figure 4.

25

0 10 20 30 40 50 60 70 80 90 100
Time t

Figure 4. The state trajectory of the system (4.2) without control.

Case(l). Letu=09, P=E, Ry = E, ty = t;_1 + 004k, k € N, and B = 0.01. It is easy to calculate
thato =09, F, = 1,i = 1,...,n, T, = 0.04, Ny = 1. By employing the MATLAB toolbox, we are
capable of obtaining the subsequent details:

Q’:95, 91 :92:0.1,

10 0.09 0
Zl‘[o 10]’22‘23‘[0 0.09]'

0 2 4 6 8 10 12 14 16 18 20
Time t

Figure 5. The state trajectory of the system (5.2) with control (0.9EF).
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Then, the system after the controller is made by MATLAB (Figure 5).

Case(2). Letu =21, P=E, Ry =E, t, =t;_1 + 0.5k, k € N, and B = 1.21. It is easy to calculate
thato =09, F;, = 1,i = 1,...,n, T, = 0.5,Ny = 1. By employing the MATLAB toolbox, we are
capable of obtaining the subsequent details:

a:—6, 91:02:2,

50 0 19 0
21‘[0 200]’22‘23‘[0 1.9]‘

Then, the system after the controller is made by MATLAB (Figure 6).

0 2 4 6 8 10 12 14 16 18
Time t

Figure 6. The state trajectory of the system (4.2) with control (2.1E).

5. Conclusions

This paper delved into the exponential synchronization challenge posed by NNs that incorporated
time-varying delays alongside finite distributed delays. To tackle this, a hybrid impulsive controller was
devised. Initially, two impulsive differential inequalities were rigorously proven. Subsequently, in the
course of proving the main theorem, the original synchronization problem was strategically reframed
into a category of impulsive differential inequalities through the application of an apt Lyapunov func-
tion. This transformation facilitated the derivation of sufficient corresponding conditions that leveraged
lemmas. Ultimately, the validity and efficacy of the obtained conclusions were showcased through two
illustrative numerical examples which focused on error analysis.

The attained conclusions affirmed the system’s attainment of objectives, yet post-achievement, the
control process persisted in the resource exhaustion. Consequently, contemplating a novel impulsive
control strategy is advisable to halt the control upon the goal fulfillment. Furthermore, the model
overlooked network couplings, which hindered its applicability to broader contexts.
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