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Abstract: In this paper, we focus on studying two classes of finite dimensional A-associative algebras,
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H,,». All their indecomposable modules are classified. Furthermore, their representation rings are
described by generators with suitable relations.

Keywords: A-associative algebra; tensor product; representation ring

1. Introduction

As an invariant of a finite tensor category, the representation ring plays a very important role, having
gained great attention in recent years. For example, Chen et al. [1] constructed the representation
rings of Taft algebras H,(g). Wang et al. studied the Green rings of finite-dimensional pointed rank-
one Hopf algebras of nilpotent and non-nilpotent types in [2, 3]. It should be noted that the small
quantum group [4, 5] and the Drinfeld double of a Taft algebra [6, 7] are not of finite representation
type. Their representation rings are not finitely generated, as described by [8] and [9, 10], respectively.
In [11, 12], the authors considered the Grothendieck rings of the quotient algebras of Wu-Liu-Ding
algebras (see [13, 14] for definitions), and provided their Casimir numbers, which are a class of non-
pointed semi-simple Hopf algebras. The representations and Grothendieck rings of the Hopf algebra
H,,> are described in [15]. Furthermore, Guo and Yang [16] explicitly described the Grothendieck
rings of the category of Yetter-Drinfeld modules over H,,» by generators and relations. Sun et al. [17]
described the structure of the representation ring of the small quasi-quantum group. For more results
on representations and representation rings, one can refer to [18-25].

In order to understand and extend the concept of representation rings, we can weaken the definition
of weak Hopf algebras to more general cases. The most interesting one is the so-called A-associative
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algebra, which was introduced in [26], where the representation ring of A-associative algebra was
defined and described for Kac-Paljutkin Hopf algebra Kg(i.e., Hg). One consideration is that the
representation rings of A-associative algebras may not be commutative and may not even contain the
identity (see [26]). In this paper, we provide two classes of A-associative algebras to understand them.
Roughly speaking, based on Kac-Paljutkin-type Hopf algebras H,,» (see [27] or [15]), which are
generalizations of the 8-dimensional Kac-Paljutkin Hopf algebra, we weaken the definition of Hopf
algebra H,,» to obtain two classes of A-associative algebras, H,,» and H, 2. One can see that H, . is
still a weak Hopf algebra but ﬁznz is a non-trivial A-associative algebra. Following that, we describe
their representations as well as their representation rings. We show that the representation ring

r(H,,2) is a commutative ring, but the representation ring r(H,,2) is noncommutative with no identity.
However, we can embed the ring r(Hznz) into a ring r (H2n2) with an identity in the natural way. The
rings r(H,,2) and r (Hz,,z) are described by generators with suitable relations.

The paper is organized as follows. In Section 2, we recall the definition of A-associative algebra,
and review the definition and representations of the semi-simple Hopf algebra H,,>. In Section 3, by
weakening the definition of Hopf algebra H,,», we obtain two classes of A-associative algebras H,,
and ﬁan, where H,, is a weak Hopf algebra, and I-AIZHz is just a non-trivial A-associative algebra.
Some properties of H,,» and ﬁ2nz are discussed. In Section 4, all irreducible modules of H,,» are
listed, and there are (n? 4 7n+2)/2 non-isomorphic finite dimensional irreducible modules for H,,».
The decomposition formulas of the tensor product of two arbitrary irreducible H,,>-modules are also
established. The representation ring r(H,,2 ), described by generators and relations, shows that r(H,,2)
is a commutative ring. In Section 5, the representations and representation ring of ﬁ2nz are studied.
We found that the representation ring r(H,,) is a noncommutative ring with no identity, which can be
embedded into a ring r* (I-Alznz) with an identity.

2. Preliminaries

Throughout this research, we work over a fixed algebraically closed field k of characteristic O,
unless otherwise stated. All algebras, Hopf algebras, and modules are defined over k; all modules are
left modules and finite dimensional; all maps are k-linearity; dim, ®, and hom stand for dimy, ®y,, and
homy, respectively.

The definition of weak Hopf algebra was introduced by Li (see [28]). We recall that a k-bialgebra
(H,u,m,A,¢) is called a weak Hopf algebra if there exists a map T € hom(H,H) such that T xid+« T =
T and id % T *id = id, where * is the convolution map in hom(H,H). By weakening the definition of
weak Hopf algebras, the following definition is established.

Definition 2.1. An associative kk-algebra A with an identity is called a A-associative algebra if there
exists an algebra homomorphism A: A — A ® A such that (A®id)A = (id® A) A.

All Hopf algebras, bialgebras, and weak Hopf algebras are A-associative algebras. If the
A-associative algebra A is not a coalgebra, A is said to be non-trivial.

In the sequel, we always assume that A is a A-associative algebra, and the Sweedler’s notations [29]
are used. For example, for a € A, we denote

=) an)®ag
@
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Now, suppose that M and N are two A-modules, then M ® N is also an A-module defined as follows:

a-(men)= Za(l)m®a(2)n,
(a)

forallme M,neN.
We denote by [M] the isomorphism class of an A-module M and

P ={[M]|M € mod-A}.

Let R(A) be a free abelian group spanned by <. For all [M],[N] € &, we define [M|[N] = [M ® N],
and it is easy to see that R(A) is a ring. Let

R(A)

") = TN — V)

where ([M @ N| — [M] — [N]) is the ideal of R(A) generated by [M & N| — [M] — [N] for all [M],[N] € &,
then r(A) is also a ring and is called the representation ring or the Green ring of A. If A is a non-trivial
A-associative algebra, then r(A) may have no identity [k¢], the trivial 1-dimensional A-module. In this
case, let

r'(A) ={(k,a)[kek,acr(A)}.

For (k,a), (K', o) € r*(A), we define the addition and multiplication in 7*(A) as the followin
g
(k,a)+ (K, a") = (k+ K, a+a),

(k,a)- (K, a") = (kk',Ka+ka' +ad).

Then, r*(A) is a ring with the identity (1,0), and r(A) is embedded into r*(A) naturally.

In the sequel, we always assume that n > 1 and ¢ is a primitive n-th root of unity.

The Hopf algebra H,,» can be found in [15,27], which is a generalization of Kac-Paljutkin Hopf
algebra.

Definition 2.2. The Hopf algebra H,,. is an associative algebra generated by x,y and z, with the
Jfollowing relations

xnzl’ynzljxy:yx, X =yz, 7y = Xz,

n—1
, 1 o
—1 l
7" =— E g x'y’.
e
i,j=0

The comultiplication, counit, and antipode are as follows

A(x) = x®x, e(x)=1, Sx)=x1,

Aly) =y @y, ey)=1, Sy)=y",
et ,

A(z) = % Y ¢ Uxzoyz, e(z) =1, Sik) ==z
i,j=0
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The Hopf algebra H,, is a 2n?-dimensional semi-simple Hopf algebra. It is of a basis
{x'y/, x'yiz|0 <i,j <n—1}. Indeed,

n—1 n—1
(= (;)x’) (;)ﬂ) (1+2)

is the left and right integral of H,,> and £(¢) = 2n? # 0. It is also a quasi-triangular Hopf algebra with

a universal R-matrix
1 n—1

R=- Tyl @yt
- Z_: q y
i,j=0
Therefore, the representation ring of H,,» is semi-simple and commutative. The representations and
representation ring of the Hopf algebra H,,» are described in [15]. We list them as follows, where g is
any primitive n-th root of unity, but ¢ = ¢” 7/ with an even number p € Z if n is odd for convenience.

Set
I, 0<m<n-—1,

(0} =
(m) { -1, n<m<2n-—1.

(a) 1-dimensional irreducible H,,>-module S,,,m € Z,,: it is of basis v, and the actions of H,,> on
S,, are

m2
xVt=g™m" oy =4"", V" =0o(m)g V"
(b) 2-dimensional irreducible H,,,-module §; ;,0 <i < j <n—1: itis of basis vilj and v;j , and the
actions of H,,» on §; ; are

ijo__ i i ijo__ i ij_ ij
xvi =q'vy, yvj = qu‘lh, V) =vy,

ij_ jij ij ] ijo_ ji
xv; =q/vy, yVy =q'vs, vy =qvy.

The set
y = {Sm’Sl7J

forms a complete list of non-isomorphic irreducible H,,>-modules.

meZy,0<i<j<n—1}

Lemma 2.3. [15, Theorem 1] The decomposition formulas of tensor product of two H,,»-modules in
< are as follows.

(1) (a) Forall0 <m,m' <n-—1, we have
Sm®S, ’ESerm’(mod n)>

(b) forall 0<m<n—1,n<m' <2n—landn<m+m' <2n—1,0r0<m' <n—1,n<m<
2n—1landn <m'+m<2n—1, we have

Sm @ St = Sy’

(c) forall0<m<n—1,n<m' <2n—land2n<m+m' <3n—1,0r0<m' <n—1,n<m<
2n—1and2n <m'+m <3n—1, we have

Sm & Sy = Sm+m’fn;

Electronic Research Archive Volume 32, Issue 9, 5201-5230.



5205

(d) foralln <m,m' <2n—1and2n <m-+m' <3n—1, we have

Sm @ Sy = Sm+m’(mod 2n)>
(e) foralln <m,m' <2n—1and3n<m+m' < 4n—1, we have
Sm @ Sy = Sm+m’(mod 3n)-
(2) Forallm e Z,,,0 <i< j<n—1, we have
Sm ®Si,j = Smti(mod n),j+m(mod n) = Si,j @ Sm-

(3) Set ) ={0<i<jk<l<nl|litk=j+Il(modn)}and b ={0<i<jk<l<n|i+l=
Jj+k(mod n)}, then

(a) ifi,j,k,l &1 UL, we have

Si,j @Sk = Sitk(mod n),j+I(mod n) D Siti(mod n), j+k(mod n)>

(b) ifi, j,k,l € 1\, we have

Si,j @Sk = Sitk D Sjt1 D Si+l(m0d n),j+k(mod n)>

(c) ifi,j,k,0l € L\I|, we have

Si,j @Skl = Siyk(mod n),j+I(mod n) D Siti(mod n) DSt k(mod n)+n

(d) ifniseven, andi, j, k,l € Iy NI, we have

Sij @Sk = Sivk DSj41D Sivi(mod n) BSjti(mod n)+n-

Let _ -
z uy O 0 0
z y - 00
A(y,z,u) = P P
0O 0 O Z
00 0 - 1 z] Ixl
and

By(y,z) =det(A;(y,z,1+Y")), Dy(y,z,x) =det (A;(y,z,1 +y*" 'x)).

Then, we have
Bo(v,2) =1+y", Bi(nz) =2z, Ba(y,2)=2"—y—y"h;

Do(y,2,x) = 1+y""'x, Di(y,z,x) =z, Da(y,2,x) =" —y—»"x.
[15, Theorem 2, Theorem 3] can be stated as follows.

Lemma 2.4. Assume that n > 2 is an integer, we have
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(1) ifn>3is odd and m = % then

r(H2n2) EZ[y’Z]/<y2n—1, Zyn_Z7 Bm+1(y,z)—ym+le(y,z)>;

(2) if n =2, then
r(Hyp) =2 Zx,y,2)/{ y¥* =1, x*—y*, w—zy, z—zy, Z2—x—y—xy—1);
(3) if n > 2 is even with m = 7, then

1 D _ m+1D _
”(Hznz)EZ[x,y,z]/< * ’ mt1 (9 2,X) =y m—1(Y,2,%), >

=y, =2y, Du(3,2,%) = Y"Du(y,2,%)
3. Extensions of Hopf algebra of Kac-Paljutkin type

In this section, we establish two classes of extensions of Hopf algebra H,,» of Kac-Paljutkin type,
which are denoted by H,,» and H,,2, where H,, is a weak Hopf algebra in the sense of Li in [28], but
H,,> is a non-trivial A-associative algebra.

Definition 3.1. Let H,,» be an associative algebra generated by x,y, and z, with the following relations

n+1 __ n+l __ _
X =Xy =), Xy =YX,

2=y =gy,

n
) 1 —ijij
=~ E g Yx'yl.
n =
i,j=1

For convenience, we set
n

1 . | L
61':—2@ llxl, fi:_zq tkyk7
n;3 =
fori=1,2,---,n, then
Xei=q e, yei=ey, X fi=fx', Y fi=4"f,
fors,t=1,2,--- ,n, and
n . n .
ZZ = Z eij = leﬁ.
j=1 i=1
We also have

Alz) = (i ej®yj) (z®z) = (ixi@)fi) (2®2).
j=1 i=1

LetJ; =x",J, =y"and J = J1J>.
The following lemma helps us to understand the deep relations between the algebra H,,» and the
algebra H,,».

Lemma 3.2. 7 =yzx" ', z =xzy" ! ifand only ifzJ = Jz = 7, zx = yz, 7y = x2.
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Proof. Indeed, assume that z = yzx" !, z =xzy"~!, then
_ g nn—1) _ _ n_nn—1) _
z=y"zx =JzJi and z=x"zy =J1zJ>.

It follows that
=Nz =NIhJzhJr=JzJ

and zJ = Jz = z. Also,
=y = yzJ1 = y(hod1) = yz, 2y = x2y" = xzJo = x(J12)2) =
Conversely, if zJ = Jz = z and xz = 7y, yz = zx, then
i=zli=z=z=Jz=JiJz=Jiz
fori=1,2. So we have

z=zh=7"=xzy" !, z=2J =" =y .

The result follows. m]

It is easy to see that
{J,]l —J,h—=J,1+J—J —]2}

is a set of orthogonal central idempotents of H,,».
Now, we define three maps A : H,,» — Hy,p @ Hyp, € 1 Hyp — Kk, and T : H,,2o — Hy,p as follows

A(x) =x®x, ex)=1, T(x)=x"1,
Aly) = y®y, e() =1, T()=y"",
A(z) = ): g UxzRy/z, €(z)=1, T(z)=z

l Jj=1
We get the first main result as follows.
Theorem 3.3. H,,» is a weak Hopf algebra with the weak antipode T.

Proof. We will prove this theorem in three steps.
a) The k-map A keeps the defining relations, hence it can be extended into the whole algebra H,,»
such that A is an algebra homomorphism. Indeed, we note that

1 & ~ 1 &
ei = —Y gl fi= ’;Zq ek fori=1,2,--- ,n,
=1 =

n
e]yj Z fh

S

|
\S]
I
M=

1

n n
Y g xzeyz= (Z ej®y]) 7®7) <Zx ®f,) (z®2).
=

.
I

Alz) =

S| =

Jj=1
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5208

So it is easy to see that

AE)™ = AW), AT =AE), AWAQY) =AR)AR),

( i UXZ@)’Z)(" 1®xn71)

A)AER)AE)" =

<8
&
=

g iy @ ylyzt!

:M=

Si— 3=
<
I

g xz0yz=A),

:M=

ol

<

I
—_

>
—~
Nad
=
2
~—
>
—
=
N
L
I
—~~
=
&

1 2 )
x) (; )y q_”X’z®y’Z> 0" '@y

ij=1

q—ijxixzyn—l ®ijzyn—l

:M:

<
I
—_

g x'z®yz=A(z),

ej ) 7®7) (Zx ®f,) 7®7)

i+ i+ —il— k 1 1+ k. i+
z,J,l,k 1

1=

—

~.

~.
I
—_

—~
B>
—~
Al
~—
~—
[\
I
——~ S I= I |=
["J=

[y

~.

I
2=

| =

—JH=K) (i @ kT — ; Z g~ xiy) @ xiy)
i.j=1

I

q

S
<
~

e
Il
—_

q I AR) A

|
S| =

-~

<

Il
R

Hence, A can define a homomorphism of algebra. Similarly, € can also define a homomorphism of
algebra.
b) (ﬁz,lz,A, €) is a coalgebra. Indeed, the k-map A is coassociative. To see this fact, we have

(A®id)A(x) =x@x®@x = (Id®A)A(x),
(ARid)A(y) =y®y®y = (i[d®A)A(y),

and
n
(ARidAz) = (A®id) | Y ¥z® fiz
i=1
efinition and (a) Z XlejZ(X)leJZ@fiZ: Z (]UejZ@leJZ@fiZ,
i,j=1 i,j=1

M=

= (Id®A) ( ejz®y Z) = (Id®A)A(z).

—

J
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Hence,
(A®id)A(a) = (id® A)A(a)

for a € {x,y,z}. Then, the map A is coassociative in H,,» by the statement a). Furthermore, € also
satisfies the counit axiom.

By the statements a) and b), we see that H,, is a bialgebra.

¢) The map T can define a weak antipode of H,,» in a natural way. To see this fact, we note that

(T = (@) = =T (),
(T = () )=y =T();
THT) = )@ =@ )" =TT )
(T 'T@TH) = (")) =hz=2=T(2);
(TE)'TERTx) = ()" )" 20" =hz=2=T(2);
1 Zn: —ij (T(y ](T(x))i — 1 zn: q*ljy(nfl)Jx(nfl)l 1 Zn: g iyl =2 = (T(z))2
ni2 n;= =1

Thus, the map T can be extended into an anti-algebra homomorphism 7 : H,,> — H,,».
Furthermore, it is easy to see that

(id* T *id) (x) = xT (x)x = 2" = x = id(x),
(T*id+T)(x) = T(x)xT (x) =x""' =T (x),
(id* T *id)(y) = yT (y )yzy”+1 =y =id(y),
(T*id=T)(y) =T(y)yT(y) =y""' =T(y),
(id* T *id)(z) = ) q7ejzT (¥'y/2) fiz = Z gy 1iyn=lif,
i,j=1 i,j=1
= Z q ”61 Zeky )fiz= Z ejfiz=Jz=z=id(z),
’J 1 ,] 1
(T *id+T)(z) = Z 4T (ejz)x'y’ 2T (fiz) Z q " ze(u1) ;7 fin-1)i
i,j=1 i,j=1
= Z q "ze(1); Zeky n-ni=2 Y, eifi=Jz=z=T(2).
=1 =1
In addition, we have
Y T(x)xe) =5 =) xnT(x
(x) (x)
Y. T(yay)ye) = :Zy(l)T
o)

) T(z1))z
(2)

Electronic Research Archive
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Y iT(zp) = Y, i (Vo) = Y ey T =Y ey =N =1J.
(z) j=1 j=1 i=1

The elements J1,J, and J are all the center of H,,» by Lemma 3.2. Hence,

Y ayT(aw), Y. T(aq))ap) € C(Hy,),
(a) (a)

the center of H,,p, for all a € H,,».
The above facts show that

Y anT(ap)az =a=id(a), Y T(an)ap)T(az)=T(a)
(a)

for all a € H,,» by induction.
This means that T can indeed define a weak antipode of H,,2, and hence H,,» is a weak Hopf
algebra. Here, we point that H,,> is a noncommutative and noncocommutative weak Hopf algebra. O

Now, we assume that
Jﬁznz :Zo, (J1 —J)ﬁznz :Zl, (J2 —J)ﬁznz :Zz, (1 +J-Ji —Jz)ﬁznz :Zg,.
One can get the following result.

Proposition 3.4. As algebras, we have

(1) yznz =A) DA DA DA3;
(3) A=Ay =Kkg]/(g" —1);
(4) Az = k.

Proof. (1) The first statement follows from the fact that {J,J; —J,Jo —J,1 +J —J; — J»} is a set of
orthogonal central idempotents.

(2) For the statement, we note that Ay can be viewed as a subalgebra of H,,» with the identity
element J, generated by Jx, Jy, and Jz with the relations

(Jx)"=J, (Jy)" =J,
(Jx)(Jy) = (Jy)(Ix), (Jz)(Jx) = (Jy)(Jz), (J2)(Jy) = (Jx)(Jz),

n—1
V=1 Y g ) )
i,j=0

Let pg : H,,» — Ag be the map defined by
po(1)=J, polx) =Jx, po(y)=Jy po(z)=1Jz,

it is straightforward to see that py is a well-defined surjective algebra homomorphism. Let ¢ : H,,» —
H,,> be the map given by

Electronic Research Archive Volume 32, Issue 9, 5201-5230.
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The map ¢ is also a well-defined algebra epimorphism. Considering the restriction ¢|Z0 of ¢ on Ay,
we have ¢ |Xo opy = idHan. Hence, py is injective and Ay = H,,» as algebras.

(3) We note that A; and A, are the subalgebras of H, » with the unit J; —J and J, — J, respectively.
2n
In A, we have
N1—=D)y=Jiy—Jiy=0, (J1=J)z=z—2=0.

It follows that A; is generated by (J; —J)x, with the relation
[(J1 =" =T —J.
Similarly, the subalgebra A, is generated by (J, —J)y, with the relations
(2= Ty ==,
and (J —J)x = Jox—Jox =0, (Jo —J)z = z—z=0. Finally, it is easy to see that
Ar=Ay=Kklg]/(¢"—1).

(4) It is obvious that A3 is a one-dimensional subalgebra of Han with the unit 1 +J —J; — J,.
Indeed,
(1 +J-J —Jz)X: 0, (1 +J-Ji —Jz)y =0, (1 +J—-J; —JQ)Z: 0.

So, K3 = ]k(l +J-J —Jz).
The proof is completed. O

By Proposition 3.4, H,,» is a semi-simple algebra of dimension 2n? +2n + 1 with a k-basis:
{0y, 00" Iy) 2, [ =l (2= IV AT = I —h[1 <ij<n}.
Now, we consider the second class of extensions of H,,>. The definition is given as follows.

Definition 3.5. The associative algebra ﬁznZ is generated by x,y, and z, with the relations

n+1 __ n+1 __ _
X —X,y _y7xy_yx7
X =Yy7, 7y = Xq,

2= 1 g Uiy,
n

n
i,j=1

We define A : ﬁ2nz — ﬁan ® ﬁan, as follows

&
Alx)=x®x, AQ)=y®y, Al)=_ Y g xzeyz
=1

and extend it to ﬁan in the natural way. As previously, let J; =x",J, =y" and J = JJ/>.

Theorem 3.6. ﬁan is a A-associative algebra.

Electronic Research Archive Volume 32, Issue 9, 5201-5230.
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Proof. We should show that the A is an algebra homomorphism of I-Alznz. In fact,
Q@)™ = AR), (A" =A0), ARAY) =AV)A(),

AAR) = ww( i ”m®u>

:I'—‘

_ (% Y q‘ijxiz®yjz> (x®x) = A(z)A(x),

17]:1

AX)ARz) = (X®X)< q_ijxi1®ij>

S| =
=

i,j=1

— ( Z g xiz®y! Z) (r®y) =Az)A(y).
i,j=1

Furthermore, we have that

BEP=1 Y g iawia)

n.4
i,j=1
by the proof of Theorem 3.3 a). Hence, the map A can be extended to a homomorphism of algebra

in ﬁ2nz. Also, A satisfies the coassociative axiom by the proof of Theorem 3.3 b). Hence, ﬁznz is a
A-associative algebra. O

Remark 3.7. The A-associative algebra PAIan may be non-trivial. Indeed, if there exists a k-map
€:Hyp —k:

e(x)=a, e(y)=0b, €(z)=c, a,b,cek,
such that € is a counit of ﬁ2n2~ Then, we have
xe(x) = e(x)x=x, ye(y) =e()y =y

we get thata =b =1 and

mo (e ®id)A ( Z gyl )zzc]zzzcy”z,

i,j=1

mo (id® &)A ( Z g’ >z=cJ1z=cx"Z,

i,j=1

where m is the multiplication of ﬁznz.
If there exists a c € k such that cJ1z = cJoz = z, then I?z”z is trivial. Otherwise, ﬁ2nz is non-trivial.
Here we always assume that x, Y, ¢ and z are freely without any additional conditions in the definition
of Han Consequently, in this case, Han is a non-trivial A-associative algebra.
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Recall that in ﬁznz, the set
{J, h=J+Dh—-J,1+J—J -]}

is a set of orthogonal central idempotents. Set

A\o = Jﬁznz, A\l = —J+ —J)ﬁznz, A\z =(1+J-J; —Jz)ﬁznz.

Proposition 3.8. As an algebra, we have
(1) I:—!\an :A\O @A\l @A\z.
(2) Ao = Hyp.
(3) Ayv=2H, D Hy, B --- ® Hy, where H; is the Sweedler’s algebra.

n copies

(4) Ay =XK[h]/(H*).

Proof. (1) It is obvious.
(2) The proof is similar to Proposition 3.4 (2).
(3) Let

x1=U1+h=20x,y1 =1+ =20y, z1 = (J1 +J> — 2] )z

Note that A 1 is a subalgebra of ﬁznz with the identity J; +J> — 2J, which is generated by x1, y;, and z;

with the relations

xi=J—J, YI=h—J, xiy1=y1x1=0,

77 =0, Z1X1 = Y121, X121 = Z21)1-
Let
1 & 1 &
de==Y 7", us==Y a7,
n = n /=
=1 =1
fors =1,2,---,n. One can see that

{1‘172’27 T 32‘1’17‘u17.u27' o 7.un}
is a complete set of primitive orthogonal idempotents of A 1, and

X1As = Agx = qsﬂm ylzfs = A«s}’l =0, 1A = HsZ1,
X1 Hs = HsX1 :O; Yilks = HUsY1 :C[S,um Zlus:;tszl-

Thus, the bounded quiver of A 1 1s as follows

A\ A . A,
alHﬁl 0‘2Hﬁ2 O‘nHBn
T O %

with the admissible ideal
Otiﬁi = ﬁ,’OC,‘ = 0, (i = 1,2, e ,n).
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Therefore, the set
{MAu, A+, A+ U}

forms a complete set of orthogonal central idempotents of A 1 and

n

A\l = @(M —l—,ul);{\l.
=1

In addition, each ideal (4; + ,ul)g 1 of A; is a 4-dimensional subalgebra of A} with the identity A; + p;.
Also, it has the k-basis {A;, w;, Az, wz} forl € {1,2,---  n}.
Let H; be the 4-dimensional Sweedler’s algebra generated by 1, ¥ subjecting to the relations

N’ =1,2"=0,nx=—xn.

Forl=1,2,--- ,n,letp;: (),H—/.Ll)gl — H; be the map given by

1+
pr(ha ) =1, pi(A) = — -,
1—77 1+77 —-n
i) = ——, pi(Aiz) = ——%, pi(z) = ——2.

Obviously, p; is an algebra isomorphism.
(4) The ideal A is a subalgebra of H,,» with the identity 1 +J —J; — J>. Since

(I+J—-J1—h)x=0, (1+J—-J1—=D)y=0, (1+J—-J1—r)z#0,
it can be viewed as an algebra generated by (1+4J —J; — J;)z with the relation
[(14+J—J; —J2)z)* =0.

This shows that A5 is isomorphic to k[h]/(h?).
The proof is completed. O

By Proposition 3.8, we see that ﬁan is not a semi-simple algebra with the dimension 2n? +4n + 2.
Its radical has a k-basis as follows

{ Mz, iz, (1+J —Jy —Jp)z|l = 1,2,--- n}.
4. The representations of H,,.

In this section, the aim is to classify all indecomposable representations of the weak Hopf algebra
H,,>, and then to characterize its representation ring using generators with generating relations.

The representation theory of semi-simple algebra H,,» and k[g]/(g" — 1) was studied by many
authors; see, for example, [15,30,31]. Let ind-R denote the set of all indecomposable representations
of some ring R. By Proposition 3.4, we have

ﬁ2n2 = ZQ @Zl EBZz @Zg,
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as algebras, therefore,
ind—ﬁznz = ind—Zo U ind-.Z] U ind—xz U ind—Z'j.

where ind-A; can be viewed as the subset of ind-H,,> in the natural way. We note that Ay = H,,»,
Zl EZZ = ]k[g]/(gn — 1) andZ3 = ]k,
Now, we list all irreducible representations of A i=1,2,3.

(1) Let M;,i € Z,. The 1-dimensional irreducible H,,»-module with basis v{?), the actions of H, > on
M; are
xl) = qiv(i), y.v(i) =0, 2 =o.

In fact,
ind—Zl = {Mili S Zn}.

(2) Let Nj,i € Z,. The 1-dimensional irreducible H2n2 -module with basis w(, the actions of H2n2 on
N; are
xwl® =0, yw® =gw 2wl =0,

In fact,
ind-A, = {Nili € Z,}.

(3) Let L be a 1-dimensional irreducible H,,»-module with basis u, the actions of H,,» on L are

In fact,

Therefore, we have the following results.

Proposition 4.1. The set
X = {Sm, S,;/j, Mg, N, L | meZy,0<i<j<n-— I,SEZn}

forms a complete list of non-isomorphic irreducible representations of H,, .

For the decomposition formulas of the tensor product of two irreducible representations of H,,,
we have the following several lemmas.

Lemma 4.2. Foralli € Z,, m € Zp, and 0 <s <t <n—1, we have

(1) M; @Sy = Sy @M; = Mm+i(mod n)>

(2) M; ®Ss,t = Ss,t QM; = Mi—i—s(mod n) 69]wi—O—l(mod n)>
(3) Ni®Sm = S @N; = Nm+i(m0d n)>

(4) Ni® Ss,t = Ss,t ®N; = Ni+s(mod n) 69Ni+z‘(mod n)s
(5) LS =Sn®L=L;

(6) L&Ss; =S8, QL=LDL.
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Proof. Suppose that S,, and S;, are irreducible H,,,-modules with the basis {v"} and {v{, v{'},
respectively, for all m € Zp, and 0 < s <t <n—1.
(1) Considering the decomposition formulas of tensor product M; ® S,,, for i € Z,. We have

x.(V(i) ®Vm) _ qi+mv(i) ®Vm, y_(v(i) ®vm) — O, Z~(V(i) ®Vm) =0.

Hence, M; ® Sy = M; jp(mod »)- Similarly, one can show that Sy, @ M; = M, ;(mod n)-
(2) Considering the decomposition formulas of tensor product M; ® S, for all i € Z,. We have

x.(v® V) = g svi) @ vy, y.(v) @ vi’) =0, 2V ® v) =0,

x. (v ® vY) = g vy, y.(V) @ vi) =0, 2. ® vy) =0.
S0, Mi @S5 = Mi i s(mod n) ®Mits(mod n)- Similarly, Ss; @ M; = M;_mod n) ©Mi1s(mod n) Can be proven.
The remaining cases can be proven in a similar way. m|

Lemma 4.3. Forall i,i’ € Z,, we have
(1) Mi @My = M; i (mod n)>
(2) Mi@ Ny = Ny @M, = L;
(3) MiL=L®M,; =L,
(4) Ni®Ny E]Vi+i’(mod n)>
(5) NN@QL=L®N;=L;
(6) LL=L.

Proof. 1t is similar to the proof of Lemma 4.2. m|
Leta=[S1], b= [Snt1], ¢ =[S0.1], d = [My], e = [No] in r(H,,2), we have the following lemma.
Lemma 4.4. For all i,i € Z,, the following statements hold in r(H,,2).
(1) If nis odd, then
(a) [M;) = b'd, and b"d = d;
(b) [N;] = b'e, and b""e = e;
(c) [L] = ed;
(d) cd =d~+bd, ce=e+be,d*=d and * = e.
(2) If n is even, then
(a) M| =d'd, and a"d = d;
(b) [N;] = d'e, and a"e = e;
(c) [L] = ed;
(d) bd = ad, be = ae, cd =d +ad, ce = e +ae, d* = d and ¢* = e.
Proof. (1) If nis odd, it can be concluded that b’ = S‘+ (_1yit14 » fori € Z, and b" = S, by [15, Lemma
——0nNn

! 2
3]. Hence, we get that

M0®Si+<_1)52+1+1n = Si+(_l)i;1+]n QMo = M,;,
M()®Sn = Sn ®MO EMO?
N0®Si+(71)i;—1+1n = Si+(71)i;—1+ln ®N0 = Nl7

No® Sy =5, ®No = Ny,
Mo ®So,1 = S0,1 @ Mo =My S M,
No @ 80,1 = 80,1 @ Nog = No DNi,
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by Lemma 4.2. One sees that [M;] = b'd, b"d = d, [N;] = b'e and b"e = e. The statements (a) and (b)
of (1) are followed.
Moreover, based on statements (a) and (b), one can get that cd = d 4 bd, ce = e + be. Also,

MoQ@No=L, Moy®@My=My, Ny&Ng=Ny

by Lemma 4.3, then [L] = ed, d*> = d and ¢ = e.
The first claim follows.
(2) If n is even, by [15, Lemma 4], it can be concluded that

a=S;, b= S,y fori €Z, and p'=d"=S,.
1 f}’l

The remaining statements can be proven in a similar way of claim (1). O
Corollary 4.5. For the representation ring r(H,,2), we have

(1) if nis odd, the set

{Plo<k<an—1}U{cb/1<i<®L0<j<n—1}
U{b'd,ble,del0<1<n—1}

forms a Z-basis of r(H,,2);
(2) if nis even, the set

{a@bj0<i<n—1,j=01}U{c'b/I <i<3,0<j<n-1}
U{czp/|0< j< 3} U{d'd,de,del0<1<n—1}

forms a Z-basis of r(Hy,z).
Proof. (1) If n is odd, the set

. —1
{bk|0§k§2n—1}U{c’bJ|lSiSnT,OSJ'Sn—l}

corresponds one-to-one to the set of irreducible H,,>-modules
{Sgo<i<2n—1}J{[Sijll0<i<j<n—1}
by [15, Corollary 2 (1)]. We have
M| =b'd, b'd =d, [N]=b'e, P"e=e, [L] =ed

by Lemma 4.4 (1).

Similarly, the set {bl d,ble, del0<I<n-— 1} corresponds one-to-one to the set of irreducible H,, -
modules {[M],[N],[L]|0 <I<n-—1}.

(2) If n is even, the set

. . . . . . . n . n . . n
{a’bf|0§zgn—l,]:O,l}U{c’bJH §z<5,0§J§n—1}U{czbf|0§]<§}
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corresponds one-to-one to the set of irreducible H,,2-modules
{[Si],[Sijl0<i<2n—1,0<i<j<n—1}

by [15, Corollary 2 (2)].
On the other hand, we have

[Ml] :aid, a"d:d, [Nl] :aie7 a”le:e7 [L] :ed,

by Lemma 4.4 (2). Hence, the set {ald ,ale,de|0 <I<n-— 1} corresponds one-to-one to the set of
irreducible H,,>-modules {[M;],[N],[L]|0 <l <n—1}.
Accordingly, the proof is finished. O

Now, we can prove the main result of this section.

Theorem 4.6. Assume that n € N and n > 2, then the representation ring r(H,,») is a commutative
ring, which can be characterized by generators and relations as follows:

(1) ifnis odd, then r(H,,2) = Z[y,z, &, B]/ #1, where 91 is the ideal generated by the set
Y—1, "=z, Bu(%n2)—Y""'Bu(y2),
Yao—a, y'B-p, za—a—ya, zp—-B-yB, ;
a2 —a, ﬁZ - B :

._n—1
m.= 5

(2) ifn=2, then r(Hy,p) = Z[y,z, &, B]/ S, where .7, is the ideal generated by the set

V=1, ¥*—y?, w—zy, z—z3 Z—x—y—xy—1,
Po—a, ¥*B-B, ya—xa, yB—xB, ;

(3) if n> 2 is even, then r(Hy,p) = Z[y,z, &, B]/ F3, where 75 is the ideal generated by the set

=1, -y, w—zy,
DM+1(y7Z7x)_ym+1Dm—1(y7Z7x)7 Dm(YaZ,x)—ymDm()’aZax),
Xa—a, x"B-P, ya—xo, yB—xpB,

a—o—xa, B—-B—xB, o*—a, B>-B

m:=

(ST

Proof. Tt is easy to see that r(H,,>) is commutative.
(1) By Corollary 4.5, if n is odd, then r(H,,) is generated by b,c,d and e. Hence, there is a unique
ring epimorphism
®:Z[y,z,0,B] — r(H,,2)

such that
D(y) =b=[Sut1], P(z) =c=[So01], P(a) =d=[Mo], P(B)=e=[No].

We note that
=1, cb" =c, Bpyi(b,c)=b""'B,(b,c),
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b'd=d, be=e, cd=d~+bd, ce=e+be, d>=d, ¢*=e,

by Lemma 2.4, and Lemma 4.4, we have

D" —1)=0, P(zy"—2)=0, P (Bur1(32z)—y"'Bu(yz)) =0,
(y'a—a)=0, P('B-p)=0, Pza-a-ya)=0,
D(zf-B—yB)=0, P(*—a)=0, P(B>—p)=0,

where m := % It follows that ®(.#]) = 0, and ® induces a ring epimorphism
D:Zy,z,a,B]/ 51 — r(Hy,z)

such that
(V) =d(v), forall veZyza,pl,

where V = m(Vv), and 7 is a natural epimorphism Z|y, z, &, B] — Zly,z, @, B]/-#.

We note that the ring r(H,,2) is the free Z-module of rank 4n+ 1 + n(”; D , with the Z-basis

{Pro<k<2n—1}U{cp/1 <i<",0<j<n—1}
U{b'd,ble,del0<1<n—1}.

So we can define a Z-module homomorphism:
¥ r(Hyp) = Zlyz B/ A,
W(c'b) =2y, W) =3, wbld)=ya,
¥(b'e) =B, ¥(de)=ap,

where 0 <k<2n—1,1<i<"L0<j<n—land0<I<n—1.
On the other hand, as the Z-module, Z[y, z, o, B]/-#) is generated by elements

- S -1
{z’yf,y’iy’a,ylﬁ,aﬁ!oskszn—l,l <i< ”T,osj'sfz—l,oszs:a—l}.
Let

. - -1
ae {z’yf,yk,yla,y’ﬂ,aﬁ!ogs2n—1,1 <i< ”T,osm—l,ogzg—l},

it is straightforward to check that W®(a) = @. Hence W® = id, which implies that ® is a

monomorphism, and hence @ is an isomorphism.
The proofs of the remaining statements of the theorem are similar to the above.

O
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5. The representations of ﬁ2nz

In this section, the representations and representation ring of the A-associative algebra ﬁ2nz are
given. Due to the similar research methods used as in Section 4, we directly provide relevant
conclusions and omit their proofs.

By Proposition 3.8, it follows that ﬁan = ;1\0 DA 1 @22 as algebras, then

ind-H,,» = ind-AgUind-A; Uind-A,.
where ind-A; can be viewed as the subset of ind—ﬁan in the natural way. As an algebra, we note that

Ao=Hyp, A\=Hy@H & DHy, Ay =K[h/(W),

n copies

where H, is the 4-dimensional Sweedler’s algebra.

It is noted that the algebra H, and k[y]/(y¢) are Nakayama algebras, and their representations are
also easy to construct; for examples, see [21,30,31]. Therefore, we can give a complete list of finite
dimensional indecomposable representations in ind-A; and ind-A; as follows.

(1) Let M;,i € Z,. The 1-dimensional irreducible ﬁan—mOdule with basis ), the actions of I'Alzn2 on
M; are
x ) = 0, y.\’/{i) = q’.ﬁ’.), zv = 0.

(2) Let N;,i € Z,. The 1-dimensional irreducible ﬁznz—module with basis (), the actions of I-Alznz on
N; are
xwl) =g ywld =0, zwl)=o0.
(3) Let L;,i € Z,. The 2-dimensional indecomposable I-Alz,lz—module with basis 17(1i) , Tzéi) , the actions of
H\an on L; are

X ‘/;(1l) — qu§l), y{)\(ll) — O, z. {;(1) — {)‘(
i o, L0 e g —o.

(i) ~(0)

(4) Let P,i € Z,. The 2-dimensional indecomposable ﬁznz—module with basis w;’,w,’, the actions
of ﬁan on P; are

wiy =0, yal =g, aw) =w),
s =g,y =o, 2 =0

In fact,
ind-A, = {M;, N;, L;, Pi € Z,,}.
(5) Let Q be a 1-dimensional irreducible H,,>-module with basis 7, the actions of H,,» on Q are

xu=0, yu=0, zu=0.
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(6) Let R be the 2-dimensional indecomposable ﬁz,lz-module with basis u, i, the actions of FIan on

R are
X.ﬁl = 0, y.iil = 0, Z.l//t\l = ﬁz,
X.l//t\z = O, y.lx/t\z = 0,

In fact,

ind-A, = {Q, R}.
Therefore, we have

Proposition 5.1. The set
G = {Sp,Si My, N5, Ls, Py, O,R | m € Zpy,0<i < j<n—1,5 € Zy}
forms a complete list of non-isomorphic indecomposable ﬁznz-moa’ules.
Also, we have several lemmas as follows. As an example, we only give the proof of the first one.
Lemma 5.2. Foralli,i' € Z,, m € Zy, and 0 < s <t <n—1, we have

(1) Li®Sm = A//}m—o—i(mod n) EB]/\7m—i-i(mod n)»

(2) Sm®L; = L/r{t—i—i(mod n)> R R R

(3) Li®Ss; = Mi+s(m0d n) EB*’Mith(mod n) @Ni+s(m0d n) EBNith(mod n)s
(4) Ss7t ®L; = £i+s(mod n) ®li+t(mod n);

(3) Li@Lir = My (mod n) D Nitir(mod n) © QD O3

(6) Li @ Pr = Miir(mod n) B Niyit(mod n) Q6 Qs

(7) Pr®Li = ROM;y(mod n) D Nitit(mod n)s

(8) LioQ=0R®L =080;

(9) LLO¥R=RRLi=0DQ0DODO.

Proof. (1) In ¥, considering the tensor product L; ® S,, for i € Z,,, m € Z,,, we have

x.(\//(li) V") = q“’m\’;(li) V™, Y. (\//(Ii) ®v™) =0, z.(\/)(li) ®v™) =0,
x (05 @v) =0, (3 @vm) = g @, 2 (3 @vm) =0.
Hence, L; ® Sp, = ﬁi—i—m(mod n) EBAgi—l—m(mod n):
(2) Considering the tensor product S,, ® L; for i € Z,,, m € Z,,, we have
(@) =gtmm e, x (" @7)) =0,
y' (vm ® {;(ll)) — ()7 y. (vm ® ‘/)\(Zl)) — ql-l-mvm ® {}\g),
] m2 n o ! o) | el ] 1
e o) =lomqgs ¥ g milve) s (meil)) =0,
i/>jl71

. 2 n .
i m” i i i i
Letmzvm@)ﬁ(l), ﬂzzic(m)qz Y ¢ ”+m’+”vm®§g),then
7.7

X.mT = qH_mTCl, Y. = O? .M =1,
X = O, Y. = ql+m77:2, z.m =0.
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Thus, S, ® L; = Li+m(mod n)-
(3) Considering the tensor product L; ® Sy, fori € Z, and 0 < s <t <n—1, we have

x.(ﬁ(li) Qvy) = q’“ﬁ(li) VY, y (17(11) @vi) =0, z.(v) )@ vi) =0,
x.(17(1i) QVY) = q’+’\7(li) VY, y.(ﬁ(ll) ®@vy) =0, Z-(‘7(1i) ®vy) =0,
x.(% @vi) =0, 30 Vi) = g0y @y, (0 ©vi) =0,
x(#) ©vy) =0, r (0 ev)) =g v, 2 @v) =0

Hence, L; ® Ss,t = Mi+s(mod n) @Mi+t(mod n) G9]\'/vz‘+s(1nod n) @Nﬂrt(mod n)-
(4) Considering the tensor product Ss; ® L; foralli € Z, and 0 < s <t <n—1, we have

Let

then

x.(v)f ®\7(1i)) =g @ \//(Ii), y.(v{f ®§(li)) =0,
st oV 1 N i ity stoon ()
(v ®v’) = Zlq vy @V,
117.]/
x‘(vst ®‘7(ll)) _ qz+t ®{;(1 )’ y.(vg ®‘/)~(ll)) =0,
st o)y 1 L —i' jst+i's+ti st o D)
(W ®v) =, ):161 Vi @vy,
l/7j/:
x. (v ®§(2f)) -0, y.(v ®{;§l)) = gty ®‘7(21),
z (v§t®17(2’)) =0,
x.(vy ®\7<2f)) =0, y.(v¥ ®§g)) =q' vy ®#2’),
20§ @) =0.
713 = V! ®‘7(1 ), Ty = % q—i’j’+i’t+tivit ®‘7(2i)’
=1
: n S Lo -
s = Vit ® {;(1’), Mg = % Z q—l J st+i s+ttvit ® {;gl),

i,j/=1

X3 = ql+s77,'3 y.3 = 0 2.3 = Ty,
Xy = 0, Y.y = ql+STL’4, 2.y = 0,
x5 =q s, y.7ms=0, 2.5 = T,
x.76 =0, V.l = q’+’7r6, 7.7 = 0,

it follows that Ss; ® L; = Li{ s(mod n) D Lit1(mod n)-
The remaining statements can be proven similarly.

Lemma 5.3. Fori,i' €Z, m€Zy,and 0 <s <t <n-—1, we have

(1) M; @Sy, = Sy @M; = Mm+l(modn)

(2) M ® Sy = S”®M Mz+s(mod n) 69A4H—l‘(mod n)>
(3) Afz®M" EMerl (mod n)>

(4) M; ® Ny = Ny ®M Q;

(5) 1\//},'®L/ L/®M Q@ i+i' (mod n)>
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(6) M; @ Py = Py @ M; = Q& My (mod )
(7) M;® Q= Q& M; = 0:
(8) Mi@R=RQM; =0 Q.
Lemma 5.4. Foralli,i' €Z,, m € Zy, and 0 < s <t <n—1, we have

(1) N®Sm— m®N Nm-l-l(modn)

(2) Ni®Ss,t =Ss7t®N ]vl+s(m0d n)@]vt+t(mod n)>

(3) Ni@Ny =Ny, z (mod n)’

(4) N & Ly NL/®N Nl+, /(mod ) ) D O;

(5) N®P/ —Pt’®N —Q@NH—I (mod n)>

(6) N2 Q= Q&N =Q;

(7) N®R=R®N; = Q® Q.

Lemma 5.5. Foralli,i' €Z,, m € Zy, and 0 < s <t <n—1, we have

(1) BRSy = Pm+l(m0d n)>

(2) Sm@ P = Mm+z(m0d n) @Nm+t(mod n)>

(3) Pi®Ss; = Pz—l—s(mod n) @I)z+t(mod n)>

(4) Sst QP = Mz+s(mod n) 69]wl+t(mod n) ®Nz+s(mod n) GBJ\Jert(mod n)>
(5) P® Py = Mz+1 ’(mod n) GBNH-I ’(mod n) GBQ@ Qs

(6) PRQ=0@P=0®0;

(7) LOR=RQP,=Q000®0d Q.

Lemma 5.6. ForallicZ, mcZy,and 0 <s <t <n-—1, we have

(1) Q@S =280 =0;

(2) Q@851 =28, 0=0®0;

(3) 0®0=Q;

(4) Q®R=R®Q=0&0;

(5) RS =S, QR=Q P Q;

(6) RS;j=S;jQR=000®QDQ;
(7)) RER= QD Q0D 0D 0.

Let

a= [s1]7 b= [SnJrl]a c= [SO,I]a d = [Mo], ¢ = [1/\70]? f/ = [LO]’ g/ = [PO]'

Then, we have the following result.
Lemma 5.7. Forall i,i' € {1,2,--- ,n— 1}, the following statements hold in r(H,,.).

(1) If nis odd, then
(a) [ ] bid = d'b' and [Mo] v'd' =d'b=d';
(b) [Nj] = b'e’ = €'bi and [Ny] = b"e’ = €'b" = ¢';
] blf/ Cll’ld [LO] bnf/ — f/;
] /bl’ and [PO] glbn — g/’.
(e) Q]:eld/:d/el’.
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(f) [R] :g/f'—d’—e’;

(g) f'b=bg =b(d +¢');

(h) cd =d'c=d +bd',ce =éc=e+be,cf =f +bf, flc=cg =d +e +bd +be' and
ge=g+g'b;

(i) d/2 d/ /2—6 f/g/:g/2:f/2=d/+el+2eld/, d/f':f’d’:d’g’:gld’:d’-l—e’d’, and
e/f/ f/e/_eg g/e/:e/+e/d/.

(2) If n is even, then
(a) [M, ]—a’d’ d'd and [My) = a"d’' =d'a" = d';
(b) =d'e =eda and []VO] =d%e =éa"=¢;

(V]
(c) %Ll]] =da f’ and [Lo] = d"f' = f';
[

(d) [P; and R =¢d" =¢;
(e) Q] = =d'¢;
(f) [R] = gf —d' —¢

(g) fla=ag =a(d' +¢);
(h) bd' =d'b=ad', be' = e'b=ac, bf’—af’ bg = f'b= flaand g'b=g'a;
(i) cd' = d’c-d’+ad’, ce =ec=ée+ae, cf' =f +af, flc=cg =d +é +ad +ae and
ge=g +ga
(]) d/Z d’ /2_6 f/g/_g f’zzd’—i—e’—i—Ze’d’,d’f’:f’d’:d’g’:g’d':d’—l—e’d’and
ef =fle=eg =ge=e+ed.
Corollary 5.8. (1) Ifnis odd, the set

{bk|1<k<2n}U{c’bJ|l<l<” 1 <j<n}
U{b'd b5 b f,g'bs \de,g f' —d — €|l <s<n}

forms a Z-basis of r(ﬁznz).
(2) If nis even, the set

{db/1<i<n,j=1,n}U{cb/1<i<}1<j<n}
U{c2b/1 < j< i, j=ntU{a’d a’c,a’f §a*,d'e g f —d —e|l <s<n}

forms a Z-basis of r(Hs,»).

Proof. By Lemmas 5.3-5.7, we see that [Sp| is no longer the identity of r(fAIan). By Lemma 2.3,
[So] = [S2n], and if n is odd, the set

o n—1
b"1<k<2} B1<i<——,1<j<
{]_ _nU{c 1<i< 2,_]_11}
corresponds one-to-one to the set of irreducible ﬁznz-modules
{San <i<anpJ{[Sijllo<i<j<n—1};
if n is even, the set
{a’bf|1Szgn,jzl,n}U{c’b/H§l<5,1§]§71}U{C2b/|1§]<5,]:n}
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corresponds one-to-one to the set of irreducible ﬁznz-modules

{ISi,[Si 1 <i<2n,0<i<j<n—1}.
On the other hand, if # is odd, we have
M, =b'd' = d'b*, and [Mo] = b"d' = d'b" = d',

(M

[Ny] = b%¢ = ¢'b*, and [Ng] = b"e = /b = ¢,
[Ly] =b°f, and [Lo] = b"f' = [,

2

g'b*, and [Py] = ’b"—g,
Q]: /d/ d// [R] /f/

by Lemma 5.7, where 1 < s <n— 1. Hence, the set
{p’d' b b f.g'b* de g f —d — €|l <s<n}
corresponds one-to-one to the set of indecomposable ﬁz,lz-modules

{192,), [N, [2], [P, 1), R0 < s < n— 1}

The remaining can be proven in a similar ways. O

By Lemma 5.3-5.7, we see that r(H,,») is a noncommutative ring without an identity. Let r*(H,,2)
be the ring with the identity extended from the ring r(H,,2) in the natural way. For the general definition
one can refer to Section 2. Therefore, r*(H,,) is a ring with the identity (1,0) and

r(Hyp) = {(0,0)|e € r(Hyp)} C r'(Hyp).

Now, we can explicitly describe r* (ﬁ2n2) by generators with relations.
Theorem 5.9. Assume that n € N and n > 2, we have the following statements:

(1) ifnisodd, then r* (ﬁan) =Z(y,z,a,B,7,0)/ 71, where 7| is the ideal generated by the following
set

Yy =y, yz—2y, 2" =z, Bt (0,2) — " Bu(3,2), )

ya—oy; y'a—o, yf—By, y'B—B, y'v—7, 6y" -6,

a —Bo, yy—yo, yo —y(a+pB), za— az,

T, = az—a—ya, 2 — Bz, Bz—B—yB, zy—v—yY, ¥2— 26, ;
W—o—B—ya—yB, 8z—8— 38y, a* —a, B> —B, y5 — 82,
y?—8%, 8>—a—B—2aB, ay—ya, yo—asd, ad —da,

| da—a—oaf, By—vB, vB—BS, B6 -8B, B - -af. ), ..

(2) ifn=2, thenr* (ﬁan) =Z(x,y,z,0,B,7,6)/ 72, where .7, is the ideal generated by the following
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set

)’3—)’, x3—x, Xy —YX, X7 — 27X, Y2 — 2),

=y -y, -2y, P —x—y—xy—),

xo — ox, x2a— o, xB — Bx,x*B — B, X2y—7y, 6x*> =6, aff — B,
yx—x(a+B), x6 — yx, yo — oy, yo —xet, yB — By, yB —xB,

I = yY—xY, yO0 — vy, Yy — ¥x, 0y — Ox, Z0. — Oz, 70l — O — XQL,
2B—Bz, zB—B—xB, zy—y—xy, y2—20, 26 —aa — B —xax — xP3,
8z—8—38x, > —a, BZ—B, y8 — 8%, ¥*— 8%, 8 —a— B —2ap,
ay—yo, yo—ad,od —oo, Sa—a—ap, By—1vp,

| YB—Bb,B6-6B,6p—B—ap.

Vs

(3) if n > 2 is even, then r* (ﬁz,lz) = Z(x,y,2, &, B3,7,0)/ _#3, where 93 is the ideal generated by the
following set

( n+1

X 2

— X, ynH =Y, XYy =YX, XT— 32X, YT —2ZY, X _y2= X =2y,
DmH(y,z,x)—ym“Dm,l(y,z,x), Dm+1(y,z,x)—ymDm(y,z,x),
xo—ox, xX"oo — o, xB — Bx,x"B—PB, x"y—7y, 6x"—96, aff — Ba,
}’X—X(OC—FB), XS—'}/X, yo— oy, yo — xc, yB _ﬁy7 yB _xﬁa

T; = yY—xy, yO0 — vy, ¥y — ¥x, 0y — Ox, z0. — Oz, 70 — Ot — XQL,
2B—Bz,z2B—B—xB, zy—y—xvy, yz—20, 26 — ot — B —xa — xJ3,
8z—8—8x, 0> —a, BZ—B, Y6 — 8%, ¥ — 8%, 82— a— B —2ap,
oy—ya, yo—ad,od —oa, o —a—af, By—1vB,

| YB—BS,B6-6p,6p—B—ap.

\ .

3

I
NIz

Proof. It is easy to see that r* (I-Alznz) is a noncommutative ring.

(D) Letm: Z{y,z, &, B,7,6) = Z(y,z,a,B,7,6)/ 71 be the natural epimorphisms and @ = 7(a) for
any a € Z{y,z,a,,7,0).

By Lemma 5.7(1) and Corollary 5.8(1), if n is odd, r(H,,) is generated as a ring by b,c,d’, ¢, f', g,
and any element of r(ﬁan) can be written as

ki ko gtk3 tka rlks Ik
Z Pk1k2~-~k6b 1cR2 g3 %4 f15s g'K6
ky+ky+4---+ke>0

where P, k,.-ks, K1,k2, -+ kg € Z. Therefore,

r*(ﬁan) = {(ka

ki ko gtks ks plks 1k
pklkz...kéb e2d™e™ g 6) pk1k2~-~k6=kl7k27"' ,k(”kEZ}.
ky+ky+---+ke>0

We defined a Z-map
CI) : Z<y7Z7 a;ﬁv’y’ 6> - r*(Han)

CI)(]):(],O), CID(y):(O,b), (I)(Z):(O,C), CD(OC):(O,d/),

(I)(ﬁ) = (Ove/)v CI)('}/) = (07f/)a CI)(5) = (ngl>-
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It is easy to get that ® can be extended to a ring epimorphism in the natural way. In fact, any v €
Z(y,z,o,B,7,6) can be written as

ki ko k3 Rk k
V= klZ(y,z,oc,ﬁ,y,cS) + Z Pryky-kgY 1772 ¢ 3[3 4yk55 6
k1+ko+--+ke>0

where P, k,.-ks, K1,k2, kg, k € Z. Thus,

®(v) = (k, Y Py kgD F2d™ 3% f5 g6 )
ki+ky+---+ke>0

By Lemma 5.7(1), one sees that ®(w) = (0,0) for all w € T;. Hence, ®(_¢;) = (0,0) and & induces
a unique ring epimorphism
©: 20,20, B,7,8)/ F1 = r' (Hayz)
with ®(V) = ®(v) forall v € Z(y,z,a, 8,7, 5).
We note that the ring r* (ﬁz,lz) is the free Z-module of rank 6n+ 3 + "(nz_ D, with the Z-basis

{(1,00}u{ (0,651 <k <2n}U{(0,cp)1 <i<2H 1< j<n}
U{(0,6°d"),(0,b%"),(0,b°f"),(0,8'b"),(0,de), (0,8 f' —d' —€/)|1 <s <n}.

So we can define a Z-module homomorphism:

‘P N r*(ﬁZHZ) _>Z<y7Z7a7ﬁ7Y76>//1

by
W((1,0) =T, W((0,b") =5, W((0,c'p')) =2¥, W((0, sd’)

w((0,6°)) =B, ¥((0,6°f") =77 ¥((0:g )) Y,
¥((0.de)) =aB, P((0,8'f —d ~¢)) =75~ ﬁ,

where 1 < k < 2n,1 <i < ”— , 1 < j<mnand 1 <s < nObviously, as the Z-module,
Z{y,z,o,B,7,6)/ 71 is generated by the set

S= {1}u{y |1<k<2n}u{zyf|1< <ml1<j<n}
U{yaysﬁy%fsy ap, 7o —a—B,[1<s<n

For any @ € S, we see that ¥®(a) = a. Hence W@ = id, which implies that ® is a monomorphism, and
hence @ is an isomorphism.
The proofs of the remaining statements are similar. O

Remark 5.10. By Theorems 4.6 and 5.9, as the rings, it is easy to see that
(1) if nis odd, then

r(Hyp) = r(Hyp) /{0, B) = r* (Hyp) /{0, B, 7,8, — 1)

(2) if nis even, then
r(Han) = r(Han)/<aaﬁ> = r*(ﬁ2n2>/<a7ﬁ7’}/757yn - laxn - 1>'
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6. Conclusions

We have described the representation rings of two classes of A-associative algebras, H,,» and ﬁ2nz,
extended from Hopf algebra H,,> of Kac-Paljutkin type. It may be interesting to consider the category
of representations of these representation rings, as this could be helpful in understanding the invariants
of the more general tensor categories. It is challenging to consider non-Hermitian linear systems over
these rings, similar to non-Hermitian quaternion linear systems over the quaternion algebra. Readers
are referred to related works, such as [32-34].
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