ERA, 32(8): 4809-4827.

EE Elect . DOI: 10.3934/era.2024220
AIMS ectronic Received: 09 March 2024

@ Research Archive Revised: 23 July 2024

Accepted: 31 July 2024
https://www.aimspress.com/journal/era Published: 08 August 2024

Research article

Global solution to the complex short pulse equation

Liju Yu*and Jingjun Zhang
Department of Mathematics, College of Data Science, Jiaxing University, Jiaxing 314001, China

* Correspondence: Email: lijuyu@zjxu.edu.cn.

Abstract: This paper deals with global well-posedness of the solution to the complex short pulse
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1. Introduction

The short pulse equation
1
Uy = U T 8(“3)xx (11)

was derived by Schifer and Wayne [1] as a nonlinear model to describe the propagation of ultra-short
optical pulses in isotropic optical fibers. Here, u = u(t, x) is a real-valued function, representing the
magnitude of the electric field, and the subscripts denote partial derivatives with respect to ¢ and x. It
is an integrable differential equation and has attracted much attention in the past two decades. Various
solutions to this equation have been obtained, including, its periodic and solitary wave solutions
in [2]; loop and pulse solutions in [3]; two-loop soliton solutions in [4]; and multiloop solutions,
multibreather, and periodic solutions in [5, 6]. Concerning the Cauchy problem of (1.1), local
well-posedness of solution was obtained in [1, 7], where in [7] the global existence of the solution for
small initial data in H? was also established, and modified scattering behavior was proved in [8—10]
under different conditions on initial data.
A general model (the generalized Ostrovsky equation) related to the short pulse equation is

Uy = U+ (U) (1.2)

where p > 2 is an integer. The case of p = 2 is usually referred as the Ostrovsky-Hunter equation [11]
and short-wave equation [12]. For p > 4, the global well-posedness and scattering was proved by
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Stefanov et al. [13] and Hayashi et al. [14]. Apart from the above generalization of the short pulse
equation (1.1), there are several other different versions, such as, the higher-order nonlinearity
corrections in [15], the vector short pulse equations in [16, 17], and the multi-component short pulse
model [18,19].

In this paper we study the complex short pulse equation

1
g +q+ §(|q|ZQX)x =0 (1.3)

where ¢(t,x) : R* xR — C, is a complex-valued function. Equation (1.3) was produced from the
negative order Wadati-Konno-Ichikawa (WKI) hierarchy in [20, 21], where the Lax pair for the whole
WKI hierarchy and algebraic structure with r-matrix were discussed. See [18,22] for the derivation of
this equation and [23-25] for the symmetry methods to solve the equations. Zhagqilao et al. [19] studied
multi-soliton solutions and the Cauchy problem for (1.3). As far as we know, the global existence
theory for this equation has not been established, and the goal of this paper is to obtain the global
well-posedness result.

To apply the partial differential equation theories for (1.3), we rewrite it into a first order equation
with respect to . Hence, we integrate Eq (1.3) to get

1
g +0.'q+ §|q|2qx =0, (1.4)

where ;!¢ is defined through the Fourier transform, namely,

1 .
F ;' ) = Ef(f).

From now on, we mainly focus on Eq (1.4).
Throughout the paper, L” (p > 1) is the usual Lebesgue space, H* denotes the inhomogeneous
Sobolev spaces equipped with the norm

ANl = 1L+ E 2ROz,

and H~! is the homogeneous Sobolev space with

Il == T FEllz.

The main results of the paper are the following two theorems.

Theorem 1.1. Assume that the initial data qo € H> N H™'. Then, there exists a time T > 0, depending
only on the norms of initial data, such that the complex short pulse equation (1.4) has a unique solution
g € C([0,T]; H* n H™") satisfying q(0) = qo. Moreover, if T* is the time that the solution can not be
continued to T = T", then either T* = oo or ||q(t, X)||y2 tends to infinite as t — T~.

We remark that the sine-Gordon transformation method studying the Eq (1.1) in [7] doesn’t work
for the complex Eq (1.3). Here, we use regularized technology to compensate the loss of derivative
for the nonlinear term and take approximation argument to obtain the local existence result for the
complex short pulse equation.
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To state the global result, we set
) = [ laofax,
R
H(0) = f(vl +qo.l* — 1)dx,
R

| x)cl2 1 ( xj - _x xx)2
H;(0) = f[ qo — -3 qoxq0 (102(]; ]dx,
R (1 + |go.l*)? (1 + lgox*)2

and we will show that they are all conserved as long as the solution exists (see Lemma 4.1 in Section
4). We note that the second term in the quantity #3(0) is new and nonzero in our complex case. The
conserved quantity H; is derived by delicate analysis and computations. We now state the global
existence of solution to (1.3). Due to the work of Liu et al. [26,27] where wave-break phenomena is
demonstrated, the global result obtained here requires the smallness assumption on the initial data.

Theorem 1.2. Let gy € H> N H™' with H,(0), H>(0), H3(0) small. Then, the complex short pulse
equation (1.3) admits a unique global solution q € C([0, +o0); H> N H™') satisfying q(0) = qo.

To prove Theorem 1.2, the crucial step is to obtain the H> bound for the solution g from the above
three conserved quantities. This aim is achieved by combining change of variable, interpolation
inequalities, and the continuous lemma.

This paper is organized as follows. In Section 2, we use the regularized operator to construct a
regularized equation for (1.4) and prove the global well-posedness of smooth solution to this equation.
Giving an a priori estimate for the regularized equation and taking the limit argument, Theorem 1.1 is
proved in Section 3. Finally, in Section 4, we present the proof of Theorem 1.2.

2. A regularization of the complex short pulse equation
In this section, we will prove the existence of solution for a regularized problem of the complex

short pulse equation. To this end, we introduce the regularized operator J, = (I — €d,,)! and consider
the following regularized equation

- € 1 € €
g; + 979" + Sl P Ueg)] = 0. @.1)
Formally, when € — 0, Eq (2.1) converges to (1.4). Rigorous justification of this convergence behavior
actually gives the proof of Theorem 1.1. Here, we show the global well-poseness for the regularized
equation (2.1).
Using the approach of Fourier transform, we can derive the following properties for the operator J..

Lemma 2.1. The following two statements hold for J..
(i) Suppose f(x) € H*(R) with k > 0. Then,

e f (Ol < 11F QO (2.2)
e f (Ol < CEIS O, (2.3)
Ief (Ol + e f (Dl < CONS Iz 2.4)
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where C(€) denotes a constant depending on e.
(i) If u(x) € L*(R), v(x) € L*(R), then

f(JEu) -vdx = fu - (Jv)dx. (2.5
R R

Proof. Using the definition of the H**>-norm and the property of the Fourier transform, for any given
€ > 0, one gets

WSl = 1+ E)TTF@)llre
_ 2\k+2 1 T2 >
- (fRa - £ s Tl Pe)
< C(e)( fR (1+Ef(&)Pde)
= C(Ofllg.
Hence, the estimate (2.3) holds. The proof of (2.2) is similar. For (2.4), we have

IefOlle= + e Ol < Clef (Ollz < CENS(XOlz2
The equality (2.5) follows by using the fundamental property of the Fourier transform. O
Taking the basic L? energy estimate, we can obtain following conservation law.

Lemma 2.2. Suppose that g¢ € C([0,T1; H> N H™") is a solution of (2.1). Then, we have
flqe(t, X)dx = const, t€[0,T].
R

Proof. Note that the above assumption implies ;g€ € C([0, T1; H'), so 8;'¢¢ decays to zero as |x| —
co. Multiplying (2.1) by 2¢¢ and integrating the real part over R, we obtain

d _
I = Re f T PO - Fodx.
t R

By Lemma 2.1 (ii), we have

Re f LGP0 - Fx = Re f g PUGE) - (g
R R

1
= Zfax(lfeqel4)dx
R
0.

So the L? conserved quantity is proved. O

From Lemma 2.2 and (2.4), we see that in the linear level the role of J. gives L™ estimate of J.g¢
which is crucial in the global extension argument of Theorem 2.1. Moreover, as we will see later, in
the nonlinear level, the appearance of J. absorbs the derivative in the nonlinear term which makes the
estimate for such terms easier.

Now, we give the global existence result for the regularized problem (2.1).
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Theorem 2.1. For any given € > 0 and g, € H* N H™" with k > 2 as an integer, the Eq (2.1) admits a

unique solution
g° € C([0, +o0); H* N H™Y)

satisfying q°(0) = g,
Proof. Our proof is based on the contraction mapping principle and continuation principle of an
autonomous ODE on a Banach space. We split the proof into two steps.
1) First, we prove the local well-posedness of the Eq (2.1). The fundamental solution of the linear

problem for (2.1)

05 +0,'0° =0,

{QE(O) = 05

is

0°(1) = ¢ 05,

-1 . . .
9:" is a norm-preserving map from H* to H* in the sense of

Note that the solution operator e~

IO Ol = lle™" Ol = QG (2.6)

By Duhamel’s principle, we obtain the integral equation for the nonlinear problem (2.1) satisfying
q°(0) = g5:

1 [ .
qE = Q6 - Ef e_(l_“)axlJe[l-]qu|2(-]eq;)](s)dsa
0

from which we notice that Qf = ¢;.
Define the operator ® by

1 ' —(t—s)0; € €
®(¢) =0 -5 f e I [11eg P(Jg9)](s)ds.
0

To prove the local well-posedness result, we need to show ® maps H* into H* and @ is locally Lipschitz
continuous in H*.
By the triangle inequality, the norm preserving property (2.6) and Lemma 2.1 (i), we deduce

1 [ -1
19N < Qi + 5 f e slea P, ds
0

1 !
= gl + 5 fo

f
< llggllax + C(E)f g°11dls,
0

'H"

ds

Hk

Jeq P (Jeg?)]

where, for the last inequality, we have used the Banach algebra property (see, e.g., [28])

1
18l < Coll Al llgllrs s > = 2.7

Therefore, this shows that the map @ is a closed map of H* to itself. Moreover, a similar analysis can
be used to prove that @ is Lipschitz with respect to ¢° and it is contractive if T, = T'(€,q;) > 0 is
sufficiently small.
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Hence, by the contraction mapping principle, we know that there exists a unique solution g¢(¢, x) €
C([0, T.); H*) for some T > 0. As g5 € H™', we can also show ¢*(t,x) € C([0,T.); H™"). Indeed,
differentiating equation (2.1) gives

— € l € € l € €
qy + axl% + Eje[l‘]eq |12J€qx] + EJE[l‘]Eq |2J€th] =0,
which is equivalent to
€ -1 e 1 €71 T €1 € €
q; + axl% == EJE[(JE% q°+Jeq EQt)qux]
1 1
- §J€[|J€q€|2(*]€q€ + §J§(|Jeq€|2-’eQ§)x]

Thus, we have

-1 1 ' —(t-9)05 €T € €7 € €
qf SPRLE qte(O) - zf e ! Jaxl-]e[(Jeq; Jeqc + Jeq 6qf)Jqu]dS
0

1

!

11 1

- Ef e—(t—s)()x Je[|~]eq€|2(]eqe + §J§(|Jeqe|2-]e61§)x]d5
0

which implies

2
sup [lg; (7, ©llg2 <Cligollg-1nme + CT sup =z, Ol sup gz (2, Xl
re[0,7] 1€[0.T¢] re[0,7]

3
+Ct sup [lg“(7, 0l
1€[0,T]

This shows that g¢(¢, x) € H*** for

T <79 := [2C sup llg (@, 077"
€[0T, ]

Moreover, with similar arguments, we can easily obtain

3
llg; (22, x) — q; (t1, Ollg—2 < Clta — t1] sup |lg“(t, O, 11,22 € [0,70],
te[0,T¢]

so ¢¢ € C([0,70]; H*?). Since 7, depends only on the H* energy norm of ¢, a bootstrap argument
shows that the H*"?-norm continuity of ¢¢ holds in the whole interval [0, T.). This result together with
Eq (2.1) also imply that

4 € C(I0,T); H™Y).

2) Second, we will show that 7. = +oco. Assume the maximal existence time 7, < +co, from the
continuation principle, it suffices for us to obtain an a priori bound for ||g(:, #)||g« in the time interval
[0,T,). From (2.1), we have

|
gy +q + EJE[IJEqEP(Jeqi)]X =0. (2.8)

Multiplying (2.8) by 2¢¢ and integrating the real part over R, we obtain
d €112 €12 € —
Elqulle +Re | J[VeqgT"(Jeq)], - g5dx = 0. (2.9)
R
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Applying Cauchy-Schwarz inequality and Lemma 2.1 (i), the nonlinear term is estimated by

Ref]€[|.]6qé|2(]€q;)]x-q_fcdxg Jf[lijélz(Jeq;)]x
R

< C(o)||Veq T (TegD)|| g8l 2
< C(O)||ITeq P|| NSz

< CO)lIg; 7.

gl

where, for the last inequality we have used Lemma 2.2 and (2.4). As a result, we conclude that

I < CONgI
which, by Gronwall’s inequality, gives us
g5, X)ll2 < C(e, Te), t €[0,T). (2.10)
Taking the partial derivative d, to Eq (2.8) and multiplying both sides by 2¢¢ , we have
%Ilq)ixlliz =h+L+5h (2.11)
with
I :=-Re fR |Jeq 2T eqt - Joq5dx,

L := - 2Re f Veq B edsy - Jeqs,dx,
R

I = — ReflJEqEFJequ - Jeqt dx.
R
We use Holder’s inequality and (2.4) to obtain

L]+ 1L) < CVeg LI s egslls + CIegs e eg il gl 7
< C(O)IVegsili7: + C (o).

For the term I3, we first integrate it by part, then we have
5] < C gl eq N Ieggllis < C(OIeqil-.
Hence, by (2.11) and Gronwall’s inequality, we get
llg. (&, Oll2 < C(e, Te), t € [0,T), (2.12)

which yields the boundedness of the H* norm for ¢¢.
Applying a similar argument as above, we can actually obtain

llg“(2, Ol < C(€, Te), 1 €[0,To),
which implies 7, = +c0. Hence, the proof of Theorem 2.1 is finished. O

We remark that the constant C(€) that appears in the above proof tends to co as € — 0.
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3. Local existence and uniqueness

We now present the proof of Theorem 1.1.
Proof of Theorem 1.1. To prove the local existence result of Theorem 1.1, we should drive an a priori
estimate for the solution ¢ of the regularized equation. Note that the constant C obtained in (2.10) and
(2.12) depends on €, which are not sufficient for our argument. We first regularize the initial data by

45(%) = (qo * pe)(x),
where p.(x) = %p(f) and p(x) is a radial function satisfying

p(x) € Cg'(R), p(x) = 0, fR p(x)dx = 1.

Clearly, we have g5(x) € H"(R) N H™'(R) for all m > 0, and
li_f)% g6 — qoll2nm—+ = 0. (3.1

See [29, Section 3.5] for the proof for (3.1). By Theorem 2.1, Eq (2.1) has a unique solution ¢¢ €
C([0, +c0); H" N H™') equipped with the initial data go(x), where the integer m can be taken large
enough to proceed all the following differential calculations.

From Lemma 2.2, we have

llg“ (@, Dl = llg (0l 2 (3.2)

Next, we will estimate L*> norm of ¢¢. By Lemma 2.1 (ii), the triangle inequality, we obtain from
the equality (2.9),

d _
Sl < f g PG - I
4 R

=1 +D.

dx —Re f eq P (Jedsy) - Jegidx
R

Using Holder’s inequality, Lemma 2.1 (i), and noting that H'(R) — L*(R), the first term Tl 1s estimated
by

I < 2|Jegs - T2 - el - gl

< 20eq Ml - W egelles - I egslles - M egsllz2
< Cligillzz - IWeqellan - WeqSlle - ligsllz2
< Clig“llzpe-

For the term I, estimating in the same way, there holds
~ 1
I = Eflfeqeli “WegsPPdx < Cligelly..
R
So, we get from these two estimates that
i|| <7, < Cligll; 3.3
dt‘]xLz— q llg2- (3.3)
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Integrating with respect to ¢ on both sides of (3.3), we obtain that

!
lgs @i}, < Cf llg°N2dt + llg5O)I7.. (3.4)
0

Now we will estimate the L* norm of ¢¢ . For differentiating equation (2.8) with respect to x, we
get

1
q;xt + q)Ec + E‘]E“JEquz(JGQJEc)]xx = O (35)

Multiplying (3.5) by 2¢¢, and taking the real part of the result, we have

d —
SR, + Re [ L[V PUg),, - Tod =0

R

Using Lemma 2.1 (ii) and the triangle inequality, we obtain

d
—Iqumll2 sf dx+2f
dt =) R

- Re f |J6q6|2(]6q;xx) : ng_;xdx
R

=L+ + 15

dx

e 2T eqy) - JegSy

gl (Jeq) - JeqE,

By Holder’s inequality, Lemma~2.1 ~(i), the embedding relation H'(R) — L*(R), and the Banach
algebra property (2.7), the term I5 + I, can be estimated by

L+ I < |eq BuJeqd)||,2 - ez + 2| Jeq BTeas)| 2 - ISz
< Wea |, - Weqllzs - allee + 2{|1Veq R« - 1eqs e - lgS e
< Cllg“ll}-

For the term I5, we integrate it by parts to get

~ 1
Is = ——fIJeqelz'IJeq;xlidx
R

2
1 €12 € 12
== |‘]Eq |x : |Jqux| dx
2 Jr
< Clig“llype-
Therefore, we concude that J
Ellqixlliz < Cligell3,.. (3.6)

Integrating with respect to ¢ on both sides of (3.6), we obtain

!
g5 DII7, < Cf lg°N2dt + g5, (O (3.7
0

Combining (3.2), (3.4), and (3.7), we get
! !
gl < € f lgell st + llgg 2 = € f el ot + €,
0 0
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where we have used (3.1) in the last step. Note that the constant C is independent of €, and by (3.1),

one has
2 2
Ci = llgollz = llgolly,., € = 0.

Let .
(1) = Cf llg|l3dt + Ci.
0

Then, there holds
dy“(1) <
dt

Cle* ()P
which gives us

C
€112 < of N < 1 )
gl <0 < TG
Hence, using (3.8), we see that there exists a time 7 > 0 (T = T(||gol|z2)) such that

”qE”H2 < C’ v te [O’ T]

(3.8)

(3.9

(3.10)

This shows that the regularized solution ¢¢ is uniformly bounded in H?, and the argument used in the

first step of Theorem 2.1 also yields the uniform bound of ¢¢ in L2.

Moreover, we can show that the solution family ¢ (also gf) forms a Cauchy sequence in

C([0,T]; L?). In fact, for € > € > 0, taking energy estimate of the equation

(qf _qe')t + a;l(qf _qel)

1 1 , /
+ U= JNeq PIegs] + EJE'[IquelzJeqi — g PIegs1=0

at L? level yields that
d € €2 _
EHC] -4, = Ki + Ka,
where
K== Re [ (= 1l Padt) @ - )i
R
K== Re [ Jolla P~ oa Plol) @ - P
R
Using Plancherel’s theorem and (3.10), we have
(€ — €)&
(1 +e£2)(1 + €£?)
= Ve el Y €8
(1 +e£2)(1 +€&?)

< Vellllleq P IeqilIr2
< CHe.

I(Je = IV eq PIeglle = | FUIeq T Iqs 1@

Therefore,
IKi| < CVellg® - ¢ |l

T[(ljeqflzjeqji)x]('f)llﬁ

(3.11)
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To estimate K5, we rewrite it as
K> = K1 + Ky + K3

with
Ky = —Re | (Vg U = 1)l - Jo(F — ¢ )dx,

Ky = —Re | (g PIe(qS — g - Jo(gF — ¢ )dx,

T~

Ky = —Re | [(Jeg? = Veqt P)eqS 1 Jo(g — g9 )dx.

Using the uniform bound (3.10) and the same treatment for J. — J as above, we can get
Kol < C Vellg = ¢l
Similarly, the term K>3 is estimated by
K2l < C Vellg® = ¢ llzz + Cllg* = ¢°1I72-
Then, integrating by part gives us

K| < Clig* = ¢° ..

Combining these estimates gives us
1g° = ¢ llcqoriay = 0, € € — 0.
By interpolation, we also have
llg® - qe,”C([O,T];Hk') —0, € € —0. (3.12)

forany 0 < k" < 2. A similar strategy can be applied to show the Cauchy property of the sequence g;
in C([0, T]; L?), that is
g = a; llcqo.r2) = 0, €, € — 0. (3.13)

and further details are omitted.

Now we can prove the existence part of Theorem 1.1. Indeed, from (3.12), (3.13), and the equation
(2.1), applying  the standard limit  argument, we see that there  exists
g € C([0,T]; H n H™") n Cy([0, T; H?) satisfying Eq (1.4) with ¥’ < 2, here Cy ([0, T]; H?) denotes
the continuity on [0, 7] with values in the weak topology of H?. Furthermore, we can show that g is
also continuous in the strong topology of H?. To see this result, we rewrite (3.9) in the form

CCit
€ 2 €112 1
llq (t)”Hz - ”qO”Hz < 1——CC1I
By (3.8) and the weak convergence property of ¢¢(¢) in H?, we obtain

CCit

2 €112
lgDll72 — llgolly < T—ccr
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which implies that
lim sup [lg(O|lz2 < llgollz2-

t—0+

On the other hand, the fact ¢ € Cy/([0, T]; H?) gives
ligollr2 < lim inf [lg()l| 2.
t—0+
Hence, the strong continuity of g at = 0 is proved. This argument also yields the continuity of g in
H? at any time. Then, we have g € C([0, T]; H?).
Finally, it remains to prove the uniqueness. In fact, if ¢ and g both satisfy (1.4) with the same initial
data, then g — g satisfies
y _ o] - 1 .
(9 =9+, (q = @)+ (lal* = 13P)q. + 51al*(g = D = 0. (3.14)
Multiplying (3.14) by 2g — ¢ and integrating the real part over R, we get
d ~ ~ - ~ ~ ~\ .~
—llg = gl, = —Re f (I = 13")qxq — Gdx - Re f 171*(q = 3)xq — gd.
R R

Then, applying integration by parts, Holder’s inequality, and the Banach algebra property (2.7), we
obtain

d ~ — = = ~ — = 1 ~ ~
d—llq —qll, < f I(q(q — @) + G(q — §))q:(q — Pldx + = f 112lq — gi*dx
t R 2 Jr
s [ ~
< 2llg:llz~llgllz=llg — gli7> + Elllqlillmllq -4l

< Clig = glI7»,

where we have used the fact that ¢, § € H? in the last inequality. Since g and § satisfy the same initial
data, the uniqueness follows from Gronwall’s inequality.

4. Global well-posedness

In this section, we will prove the global well-posedness of the complex short pulse equation (1.3),
namely, Theorem 1.2. The proof is based only on the energy analysis. To prove this result, we need to
control the H> norm of ¢(f) by a t-independent constant. This constant will be found from the values
of the conserved quantities of (1.4).

Lemma 4.1. Let g(t, x) € C([0,T); H> N H™") be the solution of (1.4) obtained in Theorem 2.1. Then,
the following quantities are conserved on [0,T):

Hy(1) : = f lgPdx,
R
|q.*
ﬂ(z)::f \/1+|x|2—ldx:f—dx,
? R( 7 ) 2 1+ T+ 10

|xx|2 l(xz__x xx)2
o = [ LT Ta,
(1 +1g.)? (1 +1g.1»)?
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Proof. For the sake of simplicity, g is assumed smooth in this proof and rigorous limit argument is
omitted. Multiplying (1.4) by 2¢g, and taking the real part, we derive the first balance equation

_ 1
d:(lql*) = -0.(19; " qI” + Zlql4), 4.1)

where 3;'q = —q: - 51q1°q..

Multiplying (1.3) by —%<—, and taking the real part, we derive the second balance equation

L+lg.f*

1
O(V1 +1g:? = 1) = =50:(1g” V1 + Ig.P). (4.2)
2

Integrating (4.1) and (4.2) over x in R, we obtain the conversations of H(¢) and H,(z).
Differentiating equation (1.3) with respect to x, we get

1
Guxt + G + 5(|q|iqu +2lgP g + gPqr) = 0. (4.3)

Multiplying (4.3) by —2=— taking the real part, and noting that

(1+1gx*)2

|q|)2(x = aCIxx + 2|Qx|2 + Qﬁ’

we obtain
P |CIxx|2 " 5|Qxx|2Re(a : th) n |QX|§(C_]qxx + 2|QX|2 + q@)
t 3 B
(I+lgP)? A +laP)? 2(1 +1g.P)?
2 2Nl 2 2 2
N |l N 151G xxl N 17|l 0.

5 S S
(I+1g:2)> (A +1g:2)? 201 +lg.?)?

From Eq (1.3), we have

Slgu’Re(@x - gx) _ Slalilgunl® — SlaPla.dilgnd’
(1 +lg.)? 21 +1g.2)} 401 +1g.P)?
Thus, we deduce
2 2 2 5 2 2 2 2
o[ 1 _ _laklgwd”  Slallgiddgn” - lg.l

t s | 5 7 3
(1 +1g.%)? 2(L+1g.7)? 41 +1g.)? (1 +1g.P2)?
1a:@Gqx + 9x)  lalPlgsd
21 +1g.P)P 21 +1g.P)}

4.4)

By a direct computation, we get

_ l(QxE - aqxx)2 — _1 (QX% - aqx)C)
3 S
(1 +1gP)? 2 (1+1g.P)?

& (@riTes = Tallve + Gt — Gxle)
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" §(C[x@ - acbcx)zlcbc'zz
8 (1 +igp)

From Eqgs (1.3) and (4.3), we have

. _ 1 5 _
QXtQXx - quQxx = qqxx - QQxx + Elq&(QxQXx - QxQxx)’

- _ 1 _ -
gx9xxt — 4xYqxxt = |Q|)25(Qxcbcx - Q)cq”) + §|Q|2(QxCIxxx - QxCIxxx)a

and .
mﬁ=4ﬁa+mh—;ﬁm&
Note that

(aqx - q%)x =dqqxx — C]ﬁ s (aQXx - QXE)X = qxYxxx — qu

So, we deduce

o - %(qxﬁ - %q;cx)z _ 11al(g:Gs - %qux)z 5 lqPlg:di(gq — 7q_qux)2
(+lg)? © 8 +igp’ 10 +gp)
1@ -~ 4:9)@9: = 4905, 1147090 =~ :9:) @ = )
2 (1+lg.P)? 4 (1+1g:P)?

Combining (4.4) and (4.5), we conclude

Py 5 _l(qx@—%q?)z ~a) 2
(T+laP) 4 (1 +lgP) (1+1g:)°
_lgPlgel +1|q|2(qxﬁ—%qxx)2]

21+ 8 A+l

where, we have used the following equality

@G0~ 9:0@0: = 47 _ _ Nablan  116:6@Gqw + 97.)

2 2\3 n: 2 2\3
(1 +lg.?) (1 +lg«?) (1 +lg.)

Integrating (4.6) over x in R, we obtain the conversation of H;(z).

4.5)

(4.6)

O

To control the H? norm of g(¢), we also need the following two results, which can be found in [30]

and [31, Lemma 2.1.3], respectively.

Lemma 4.2. Let u belongs to L” in R" and its derivatives of order m, D™u, belongsto L', 1 < b, r < co.

For the derivatives D'u, 0 < j < m, the following inequalities hold

. 1-
1D ullzs < CID™ully Nlull,,”

L’

where . _ | |
J m
— =Ly p=-D+a-p.
a n r o n b

for all p in the interval i < p < 1 (The constant depending only on n,m, j, b, r, p).
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Lemma 4.3. Let f(x) be a nonnegative continuous function on R* satisfying
f(x)<a+bf*(x), a,b>0,k>1.

If a and b further satisfy
( K— 1)K—1

KK

a“'b <
and f(0) < a, then f(x) is bounded on R”.
Proof of Theorem 1.2. As shown in Theorem 2.1, the H~!' norm of g(z, x) is essentially controlled by

its H? energy norm. To estimate ||g(¢)||;2, noting that H,(¢) = IIq(t)IIi2 is a constant, it suffices for us to
estimate ||q,(?)||z1. To this end, we introduce a variable

O(x) = q—
V1 +lg.l?
that is,
B 0
gx =

VI-10P

When |Q| < 1, we can expand g, in the Taylor series

Z (2”' 0Py

By the Banach algebra property (2.7) and the triangle inequality, we have

2 @2n- DN
lgallen < Q1 Z; —
e
1=erl,
1O
1-llof;,

where the equality in (4.7) holds under the condition ||Q||z < 1.
Next, we shall give an upper bound for ||Q||51. On one hand,

10IE, = f OPdx
R

2
:f g dx
R1+|qx|

_ f lg.? 1+ /1 +1g. g
1+ T+ gr  1+lgl?
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On the other hand, noting that
1% = T + 4xGrs
and
(@G = Te4)” = (14:27 = Hq:Llgal,

by a direct computation, we get
1017, = fIQxlzdx
R

qx 2
= 0 (————)| d
jl; (\/1+|61x|2)‘ '
2
qxqulx ‘zdx

_ qxx _
fR‘ VI+lg:l  2(§1+1g.)°

_ f [ gl 195G + 40 (9.5l ]
g1+ gl 2(1 +1g.P? 4(1 + gy

_ f ( gl Q2 +1gP[g:)? = 4lgiPlgl’] lax
g (1 +1q.?)’ 4(1 +1g.*)°

_ f [ gl (@G~ T4) (e — %qxx)Z]
g (L+lg?)? 41 +gl*)? 4(1 +1g.)?

Then,

| xx|2 ( xj__x xx)2
1015 < [ [t - Wlem D))
R

(1 +lq.l*? 4(1 + |q.*)?
_ (qx% - acbcx)z
A +1g.l»?
1 [ (@Gx — @)’

= 3= =

4Je (1+1gP)3

< Hs+Hs - || V1 +1g:P,

S Hz + Hs - (1 + llgqlli=).

(1 + g2 dx

By Lemma 4.2, we have

1 3
llgsll= < Cligll;,llgll;

i qxx 2.3 %
<CH [+ i P
(1 +1g:P) v
<C-H ” A H(1+| i
S gl T

(4.8)

4.9)
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1 3 5
<C- 7_{18 : 7_(38(1 + ”(Ix”zw)

Note that the condition of Lemma 4.3 holds with the smallness assumption on H; and H;. Hence,
applying Lemma 4.3 implies that ||g.||;~ has an upper bound C(H,, H3), provided that #,(0) and
H;(0) are sufficiently small. So from (4.8)—(4.9), we see that the norm

10l = JIQIE, + 110,

is bounded from above by a constant depending on H;(0), H,(0) and H;(0), that is,

10l < V2Hs + 2H5 + Hs - C(H,, Hs) =: C(H1(0), Ha(0), H3(0)). (4.10)
Combining (4.7) and (4.10), the following holds

C(H,(0), H>(0), H3(0))
V1 = (C(H;(0), H(0), H3(0)))?

llgsllm <

which results in the 7-independent bound of the norm ||g||z2

(C(H,(0), H(0), H3(0)))* )%

Il < (s + = 0 F O T O

This bound allows us to apply bootstrap argument, and obtain global existence of solution to the Eq
(1.4). This completes the proof of Theorem 1.2. O
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