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Abstract: Let ag,ay,...,a,_; be real numbers and let A = Circ(ay, ay, . .., a,-1) be a circulant matrix
with f(x) = 2’;541 jxj . First, we prove that Circ(ay, ay, ..., a,—1) must be invertible if the sequence
ap,dy,...,a,-1 is a strictly monotonic sequence and ay + a; + --- + a,_1 # 0. Next, we reduce the

calculation of f(g°)f(g)... f(¢"~") for a prime n by using the techniques on finite fields, where & is
a primitive n-th root of unity. Finally, we provide two examples to explain how to use the obtained
results to calculate the determinant of a circulant matrix.
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1. Introduction

Circulant matrices are a kind of important patterned matrix which arises in many areas of physics,
molecular vibration, signal processing, image processing, digital image disposal, error correcting code
theory, and applied mathematics [1-3]. Consequently, there are many papers that investigated the prop-
erties and applications of circulant matrices. In order to better understand the essence of circulant ma-
trices, in recent years, some scholars have tried to provide an effective expression for the determinant,
the eigenvalues, and the corresponding inverses, see for instance [4—7]. On the other hand, the invert-
ibility of circulant matrices has been widely studied in the literature by using the primitive n-th root of
unity and some associated polynomial, see [7, 8]. In fact, circulant matrices Circ(ay, ay,- - - ,a,-1) are
invertible if and only if f(g’) # 0 forevery 0 < j < n—1, where f(x) = Z;?;é a;x’ and ¢ is a primitive n-
th root of unity. However, it is not easy to count the product f(£°)f(g)--- f(&*"), see [4]. Therefore, it
is important to either reduce the calculation of f(g°)f(g)--- f(¢"~!) or to provide other criteria for dis-
crimination. Recently, the authors in [4] investigated circulant matrices of type Circ(a, b, c,- - ,c) and
Circ(a,b,c,--- ,c,b) and provided some necessary and sufficient conditions for its invertibility. Fur-
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thermore, they explicitly obtained a closed formula for the inverse matrices of these type of circulant
matrices.

In this paper, we first consider circulant matrices of type Circ(ay, a1, - - ,a,-1) with ag,ay, -+, a,_;
a strictly monotonic sequence. This type of matrix arises in the study of sum systems and sum circulant
matrices. A sum system is a collection of finite sets of integers such that the sums formed by taking
one element from each set generates a prescribed arithmetic progression, and a sum circulant matrix
whose left and right circulant parts take their entries from the two component sets of a sum system has
consecutive integer entries, for example, see [9-11]. We prove that this kind of circulant matrix must
be invertible. Next, we hope to reduce the calculation of f(£°)f(g)--- f(¢"") for a prime n by using
the techniques on finite fields to calculate the determinant of a circulant matrix by a simple program.
Finally, we provide two examples to explain how to use the obtained results to calculate the determinant
of a circulant matrix.

2. Prelemanery

In this section, we recall some basic concepts and provide some results needed during the proof of
our main theorems.
A matrix A = (a;;) is said to be circulant (or right circulant) with parameters ao, - - - , @, if

ap a ... dy—2 dyq
ap-1 Ao ... 4y-3 Ay
A=
ay as ... N} a
a a ... auy_1 ap
It is usually abbreviated as A = Circ(ag, ai, . . .,a,-,). It is clear that Circ(ag, ay, . . ., ay_1) = agP® +

aP' + a;P* + ...+ a,_, P! with P = Circ(0,1,0,...,0)and P° = .

Let £ be a primitive n-th root of unity. Then, 1 = £°, &, ..., &"~! are different from each other, that is,
they are just all n-th roots of unity.

The following results are well-known, and can be found in [2].

Lemma 2.1. Let A = Circ(ay, ay,...,a,_1) be a circulant matrix, € be a primitive n-th root of unity,
and f(x) = Zﬁ;éa J-xj'. Then,

1)1A] = T2 f(&); |

2) A is invertible if and only if f(&/) # 0 for j =0,1,--- ,n—1; and

3) If A is invertible, then the inverse A~' of A is also a circulant matrix.

Lemma 2.2. Let n be a prime and € be a n-th root of unity with n # 1. Then,

1) & must be a primitive n-th root of unity, and therefore 1 = £°, &, ..., """ are all n-th roots of unity.
2) Z, = Z/{n) is a field.

3. Circulant matrices Circ(ay, ay, ..., a,-1) with ag,ay, ..., a,_; a strictly monotonic sequence
In this section, we prove that circulant matrices Circ(ay, . . ., a,—1) must be invertible if ay, . .., a,_;
is a strictly monotonic sequence and ay + a; + -+ + a,_; # 0. If ag,ay, ..., a,_; are complex, then we
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also provide a condition for Circ(ay, . . ., a,—1) to be invertible.

Lemma 3.1. Let z and w be two non-zero complex numbers. Then, |z + w| = |z| + |w| if and only if
z/w>0.

Proof. In fact, since (|z] + [w|)?> = |z]> + 2lzllw| + [w|* and |z + w|*> = (z+ W)@ + W) = |z + 2w + 2w + [w]?,
we see |z + w| = |z| + [w| if and only if Re(wz) = |z|lw| = |wz|. Additionally, Re(wz) = |z||w| = |wz]| if and
only if z/w>0. The proof is complete.

O

Lemma 3.2. Let z; and z, be two non-zero complex numbers. Then, |z1 + 2| = |z1| + |z2| if and only if
there is a complex number 7 and the real numbers t; > 0 and t, > 0 such that 7, = t,z, 2o = tZ.

Proof. It is an immediate consequence of Lemma 3.1. O
Lemma 3.3. Let 71, 25, . . ., 2, be non-zero complex numbers. Then, |71 +2,+- - -+2,| = |z1]+|z2]+- - - +]z
if and only if there is a complex number z and the real numbers t; > O suchthatz; = t;z (j=1,2,..., ).

Proof. The sufficiency clearly holds; therefore, we only need to prove the necessity. Since |z;| + -+« +
|zl = lz1 + -+ 2l S zil + |z + - + 2| < |z + -+ - + |z4], we see the following:

|21 + -+ 2l = |zl +lza + - + 24l
and
|2 + -+ 2l = |zal + - + |z,

By Lemma 3.2, there are m; > 0, m, > 0, and a complex number u such that z; = mu, 2o+ - -+z, = mou.
By induction, there is a complex number z and real numbers 7; > O such thatz; =tz (j = 2,..., ).
Obviously u # 0 # z, and

lz+ul =1/t + -+t )+ +2) + 1/my(zo + - - + 2
=1/(ta+- -+t +- -+ |+ 1/mo|zp + -+ + 2

= 2| + |ul.
By Lemma 3.1, we see u/z > 0, therefore, #; = m(u/z) > 0 and z; = t,z. O

Lemma 3.4. Let f(x) = 2o + 21X + - -+ + 2,.1X""! be a complex coefficient polynomial with n > 2, & be

arootof X" = 1, and & # 1. If there exist real numbers t; > 0 and a non-zero complex number z such

thatzj — zj.1 = tjz(j=0,1,...,n—2), then f(g) # 0.

Proof. LetSg=1,Sy=1+¢e+---+&fork=1,2,...,n— 1. Then, the following holds:
fle)=z0+z18+ -+ 7,8

=2080+21(S1=So) +22(S2-SD)+- -+ 21(Sn1 — Su2)

=@ —z)So+ (@1 —2)S1+ -+ (22— Zu-1)Sn2 + 2018 1
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Noticing that (1 +&+---+&" ) (1-g)=1-¢&"=0ande # 1,wesee S,.; = l+&+---+ & = 0.
Therefore,

f@)=@o—z)So+ (@ —22)S1 + -+ (Zp2 = Zp-1)S n2
=(-—z)+@ -1 -)/(1-e+ -+
+ (Zn2 — )1 =& H/(1 - &)
=1/(1-elzo—z)1 -8+ (@ —2)1 -&)+-+
+ @2 = (1 = &)
/(A -elzo—z)+ + (22— Zu-1)—
— (20— 2= (@1 —22)&" =+ = (22 = z0-1)E"']
1/(1 = &)lz0 — 21 — (20— 20)€ =+ + = (Zy2 — Zu-)E" 1.

Since e is aroot of X" = 1 and € # 1, g is either —1 or a complex number; therefore, (z; — 22)&/(z0 —
71) = t1€/1 1s either negative or a complex number. By using Lemma 3.3, we have the following:

(zo— z0)e + (21 — 22)&" + ++ + (Zu2 — Zu-1)E" |

<|(zo — z0)el + @1 = 22)&%| + -+ + [(zp2 — z0-1)E" |

= (20 — 20llel + 1Gz1 = 2)IIE™] + - - + |@n-2 = Za-D)llE""|
=(zo —zDl + @1 — 22 + - + [(Za2 = Zo- DI

Now, by the hypothesis and Lemma 3.3, we observe the following:
I(zo =zl + 1z =22+ -+ + [(@n—2 = Ze-D)l = (20 —20) + (21 —22) + -+ + (Zn-2 = Zo-1)| = |20 — 201, SO

If@I=11/(1 = &)llzo — 241 — (2o —21)E =+ = (Zn-2 — Zp-1)E" |
> 11/(1 = &lllzo — zu1l = I(zo = z1)e + ++* + (@Zn2 — Z0-1)E" ']
> |1/(1 = &)lllzo = zn-1l = lz0 = zZu-1l] = 0.

Hence, f(e) # 0.
O

Corollary 3.1. Let f(x) = ag + ajx + -+ + a,_ X"~ be a real coefficient polynomial with n > 2, &
be a root of X" = 1, and € # 1. If the sequence ay,ay,...,a, is either strictly increasing or strictly
decreasing, then f(g) # 0.

Proof. 1t is immediate consequence of Lemma 3.4. O

By Lemma 3.4 and Corollary 3.1, we may state our main results in this section.

Theorem 3.1. Let A = Circ(ag, ay, . . .,a,-1) be a circulant matrix with ag + a; + -+ - + a,_1 # 0.

1) If ay,ay, .. .,a,_ are real numbers and the sequence ay, ay,...,a,_ is either strictly increasing
or strictly decreasing, then A is invertible.

2) If ap,a,...,a,-1 are complex numbers and there exist real numbers t; > 0 and a non-zero
complex numbers z such that aj —aj, = t;z(j=0,1,...,n—2), then A is invertible.
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4. Circulant matrices with a prime order

In this section, we always assume that ag,a;, - ,a,-; is a sequence of real numbers and that
A = Circ(ag,ay,- - ,a,-1) is a circulant matrix with a prime n. We try to reduce the calculation of
fE)f(e)--- f(&"), where & is an n-th root of unity with & # 1 and f(x) = Z;?;éa jx/. It is clear that
f(Ef(e)--- f(g ") is easy to calculate for either n = 2 or n = 3. Now, we assume that n > 5. For
clarity, we first recall

A= f()fe) - fe")
with

f(l):a0+a1+a2+-~-+an_1

fe)=ap+aie+ae + -+ a, "

f(gj) =ap+ alsj + azgj'z 4o+ an_lgj-(n—l)

fE Y =ay+a1g "+ ae" V4. 4 g, gD0TD

Noticing that {(/)*|0 <k <n—1} ={l,e,--- ,&" '} forevery 1 < j < n— 1, we see that every f(&/)
can be seen as an n — 1-degree polynomial in variable €. Then, A is an algebraic sum containing »n"
items, in which each term is the product of » monomials and every monomial comes from one and only
one in f(&’) for j=0,1,--- ,n— 1. Thus, the coefficient of each term in A can be written as follows:

A g, Ak, - - - (lkj oAy

n—172

where ay, is the coefficient of (€))% in f(&’). We should notice that ay; can take values of ag, ay, ..., a,
forevery 0 < j < n—1 and the subscript k; in g, only indicates that a; is taken from a certain coefficient
of f(&’). In this case, the corresponding degree of ¢ for this termin Ais O X kg + 1 X k; +--- +i X k; +
-+ +(n—1) X k,_1(modn). In other words, every term and the corresponding coefficient of the term in
A satisfies the following:

Ay, Ary - - - G - - - Ak, can become a coef ficient of g fori=0,1,--- ,n—1
= 4.1)
OxXko+1Xki+2Xk+---+ixXki+---+(n—-1)Xk,_; = i(modn)
For simplicity, we use [i; ko, ki, ..., k,—1] torepresent O X kg + 1 Xk} + 2 X kp + - +i X ki + -+ +
(n—1) X k,_; = i(modn).
Now, we merge items in A according to the degree of . Then, we have the following:

A=by+be+-+bg +---+b, " (4.2)

and

oA, Ay -+« Ay« - Ap, | = bi (43)
[iskok1....kn—1]
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Therefore, determining the value of b; is equivalent to studying all possibility of kg, ki, ..., k,—;
satisfying Eq (4.1). Now, we first claim the following:

Claim 1. b; = b; wheni # O and j # 0.
In fact, if ag,ax,ax, . . . ax, , with 0 < kg < n — 1 is one term in b;, then

OXko+1Xki+2Xkr+---+iXki+---+(n—-1)Xk,_1 =i(modn)

Since (i,n) = 1 and (j,n) = 1, there exists 1 < ¢t < n — 1 such that it = j(modn), then, 0 X ko X t +
IXkyXt+---+iXkXt+---+n—-1)Xk,; Xt =it= jimodn),
that is
ko X OXt)+ky xX(AIXt)+---+k,; X((n—1)X1) = j(modn) 4.4)

It follows from 1 <t < n — 1 that (¢, n) = 1; therefore
Oxt,1xt,2xt,...,n—1)xt}={0,1,2,...,n— 1} (modn).

Observing that 0x ¢, 1x1,2xt,...,(n—1) Xt in the Eq (4.4) is just a reordering of 0, 1,2,...,n—1,
we see that ay,ay, ay, . . . ai,_, 1s also one term in b;.

Conversely, it is also easy to see that every term ay ay, ay, ... ax, , With0 < k; <n—11inb;is a one
term in b;. Thus, claim 1 is true.

Next, we claim the following:

Claim 2. A = by — b;.

In fact, by Claim 1, we have bjg+ -+ bjg' + -+ + b, 1" =bj(e+---+& +---+ & ). Noticing
that 1,&,---,&,---,&" " are all roots of x* = 1, we see that & + --- + & + --- + &' = —1 by the
relationship between roots and coeflicients, therefore, A = by — b;.

Now, we consider the computation of by and b;. By Eqs (4.1) and (4.3), we need to find all possible
values ko, ki, ...,k,- such thati = O or i = 1 in (4.1). Noticing that k; is considered in the case of
module n, we may assume k; € Z, = Z/{(n) for 0 < j < n — 1. Based on the above discussion, if
ko, ki, ..., k,_y satisfy (4.1) fori = 0 or i = 1, then ko, ky, ..., k,_; must be a solution of the following
systems of linear equations (4.5) for i = 0 or (F) fori = 1:

OXxg+1Xx+2Xxp+---+---+(m—-1)xx,_, =0. 4.5)

or

OXxg+1Xx+2Xxp+---+---+(n—-1)xx,4 =1. (4.6)

Conversely, every solution ko, ki, . . . , k,_; of the systems (4.5) and (4.6) must satisfy (4.1) for either
i =0ori=1. Therefore, we should find all solutions of (4.5) and (4.6).
It is clear that (modulo »)
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1 0 0 0 0
0 n—2 n-—3 n—i 1
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

is a basic solution system of the systems of linear equation (4.5). Thus, the general solution of (4.5) is
as follows:

1 0 0 0
0 n-—2 n—-3 1
0 1 0 0
0 0 1 0
Col - [t . + C3 . + 0+ Cpoq

0 0 0 0
0 0 0 1

Co
m=2)c+(n=3)cz3+---+(m—i)c;+ -+ cpy

(%)

C3

Ci

Cn-1

where ¢, ¢3, - , ¢, In Z, are arbitrary.
It is also easy to see that

S O = O

0
is a solution of the systems of linear equation (4.6). Thus, the general solution of the systems of linear
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equation (4.6) is as follows:

0 Co
1 n=2)c,+(n=3)c3+--+(m—=i)c;+--+Cpy
0 Cy
0 c3
. +
0 C
0 Cn—-1
Co
l+(n=2)c,+(n=3)c3+---+(n—i)c;+ -+ cp
(6]
C3
Ci
Cn-1
where ¢, 3, - , ¢, In Z, are arbitrary.
Hence
bO = Z Ao A[(n-2)cr+(n=3)c3+-+cp_t [(modn) ey ey + + « Ao« - A,y s
C0+C2seeesCiseensCn—1
and
b] = Z Ay A[1+(n-2)cr+(n—-3)c3+-+cn-1 (modn) ey ey« + - A v+ < e,y s

where cg,¢2,...,Ciy...,co satisfies0 <c, <n-1forre{0,2,...,n—1}.

For convenience, let ® = [(n — 2)c, + (n — 3)c3 + - - - + ¢,—1|(modn). Then,

A:bo—bl

= E ac,(ap — ay)ac,ac, . . .d,
=0

+ E ac,(a) — ax)ac,ac, ... a,
=1

+ ...

+ Z A, (an—Z —ap-] )aczaq el
O=n-2
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+ Z ac(An-1 — ap)ac,ac, - . . A,
O=n-1

=n—
n-2

Z Aey(Ak = A1)y e - - - Ao

k=0 d=k
+ Z ac(An-1 — ap)ac,ac, - . . A, -
O=n-1

Now, we can state the following results.

Theorem 4.1. Let ag, ay, - - - ,a,1 be real nubers and let A = Circ(ay, ay, - - ,a,-1) be the correspond-
ing circulant matrix with a prime n. If A is the determinant of A, then

n—2
A= Aco(Ar — Apy1)Acy Ay - - - A,
k=0 D=k
+ Z aco(an—l - aO)aczac3 .. Qg .
P=n-1
where ¢g, ¢, ..., Cn1 satisfy 0 < ¢, <n—1forre€{0,2,...,n—1}and ® = [(n — 2)cs + (n — 3)c3 +

-+ ¢p_11(modn).

Since a matrix A is invertible if and only if its determinant |[A| # O, Theorem 4.1 can provide a
necessary and sufficient condition for the invertibility of circulant matrices with a prime order.

5. Examples

In this section, we provide two examples to explain how to use the obtained results to calculate the
determinant of a circulant matrix.

Example 5.1. Let A, = Circ(0,1,2,3,4,5,6). Then, by Theorem 3.1, A, is invertible. Since the
arrangement of A; is simple, it is easy to calculate the determinant of A; by using the properties of the
determinant. On the other hand, we can use Theorem 4.1 to calculate the determinant of A; by Matlab,
where |A| = 352947. The actual implementation (code) can be found in Figure 1.

Example 5.2. Let A, = Circ(0, 1, 3,4,6,8,9). Then, by Theorem 3.1, A, is invertible. By Theorem 4.1,
we can calculate the determinant of A, by Matlab, where |A,| = 5843624. The actual implementation
(code) can be found in Figure 1.

Electronic Research Archive Volume 32, Issue 7, 4741-4752.
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function [x,time]=function1(a,b,c,d,ef.g)

H=[a,b,c.d,efg];
x=0;
c0=0:1:6;
c1=0:1:6;
c2=01:6;
c3=0:1:6;
c4=01:6;
c5=0:1:6;
tic;
for t=1:7
for i=1.7
for j=1:7
for s=1:7
for r=1:7
for k=17
p=5*c1(i)+4*c2(j)+ 3*c3(s)+2*c4(r)+c5(k);
if mod(p,7)<=5

x=x + H(t)*(H(mod(p,7) + 1)-H(mod(p.7)+ 2))*H{i)*H{*H(s)*H(r)*H(k);
else
x=x + H{O)*(Hmod(p,7) + 1) - H{)*HA*H{*H(s)*H(N*H(k);
end
end
end
end
end
end
end
time = toc;

[xtime]=function1(0,1,2,3,4,56) result: x=352947, time=0.0858

[x,time]=function1(0,1,3,4,6,89) result: x=5843624, time=0.0325

Figure 1. Our algorithm.

Remark 5.3. Theorem 4.1 greatly simplifies the calculation of the determinant of a circulant matrix
with a prime order. For example, let f;(x) = x + 2x* + 3x> + 4x* + 5x° + 6x° and f>(x) = x + 3x> +
4x* + 6x* + 8x° + 9x°. By Lemma 2.1, |A|| = H?:o fi(g/) and |A,| = H?:o f>(g’), where & is a primitive
7-th root of unity, and A, and A, are exactly A, in Example 5.1 and A, in Example 5.2. If we calculate
H?:o fi(¢/) and H?:o f>(&’) by Matlab, the required calculation times are 0.3688 seconds and 0.2488
seconds, respectively (see Figure 2), and the required number of calculations is 7% + 7 x 28 times.
However, if we calculate |A;| and |A,| by Matlab (using Theorem 4.1), then the required calculation
times are 0.0858 seconds and 0.0325 seconds, respectively (see Figure 1), and the required number of
calculations is 7° x 18 times.
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function [x time] =function2(a,b,c,d,e,f.g)
H=[ab,c,defgl;

p=[1,000000010 -1
roots_of_poly = roots(p);

H1=[a,b* roots_of_poly(1),c* roots_of_poly(1)*2,d* roots_of_poly(1) 3, e*roots_of_poly(1)*4,f* roots_of_poly(1)*5,9* roots_of_poly(1) ~6];
H2=[a,b* roots_of_poly(2),c* roots_of_poly(2) #2,d* roots_of_poly(2) #3,e* roots_of_poly(2)*4,* roots_of_poly(2) A5,g* roots_of_poly(2) #6];
H3=[a,b* roots_of_poly(3),c* roots_of_poly(3)*2,d* roots_of_poly(3)*3, e*roots_of_poly(3)*4,f* roots_of_poly(3) *5,9* roots_of_poly(3) ~6];
H4=[a,b* roots_of_poly(4),c* roots_of_poly(4) #2,d* roots_of_poly(4) #3,e* roots_of_poly(4)*4,f* roots_of_poly(4) *5,9* roots_of_poly(4) ~6];
H5=[a,b* roots_of_poly(5),c* roots_of_poly(5) *2,d* roots_of_poly(5) * 3, e*roots_of_poly(5)*4,f* roots_of_poly(5) #5,g* roots_of_poly(5)~6];
H6=[a,b* roots_of_poly(6),c* roots_of_poly(6)~2,d* roots_of_poly(6) #3,e* roots_of_poly(6)*4,f* roots_of_poly(6) *5,9* roots_of_poly(6) ~6];
H7=[a,b* roots_of_poly(7),c* roots_of_poly(7)*2,d* roots_of_poly(7)*3, e*roots_of_poly(7)*4,f* roots_of_poly(7)*5,9* roots_of_poly(7) ~6];

x=0;

tic:
for t=1:7
fori=1:7
for j=1:7
for s=1:7
forr=1:7
for k=1:7
for u=1:7
x=x+H1(t)*H2(()*H3(j)*HA(s)*H5(r) *HB6(k) *H7 (u);
end
end
end
end
end
end
end
time=toc;

x = round{abs(x));
[xtime] =function2(0,1,2,3,4,5,6) result: x=352947, time=0.3688

[xtime] =function2(0,1,3,4,6,8,9) result: x=5843624, time=0.2408

Figure 2. Original algorithm.
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