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1. Introduction

In this paper, we consider the three-dimensional magneto-micropolar fluid equations with frac-
tional dissipation

O + u(=A)u—xyAu+u-Vu—b-Vb+Vp -2V xv=0,
Oy +n(=APv = kVV v+ dyv +u- Vv =24V xu =0,

0b+ A-ANb+u-Vb—b-Vu=0, (1.1
V'M:O,V~b:0’
with an initial value
t:O:u:uO(x), VZVo(X), b=b0(x), X€R3. (12)

Here u = u(x,1), v = v(x,1), b = b(x,t) € R?, and p = p(x, 1) € R are the velocity, micro-rotational
velocity, magnetic fields, and scalar pressure, respectively. yu, y, and % represent the kinematic viscosity,
vortex viscosity, and magnetic Reynolds number, respectively. n and « are angular viscosities. «a, 8
and vy are the parameters of the fractional dissipations corresponding to the velocity, micro-rotational
velocity and magnetic field, respectively. The fractional Laplace operator (—A)* is defined through the
Fourier transform as

(A f(&) = A f = e £ ().
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The incompressible magneto-micropolar fluid equations have made analytic studies a great challenge
but offer new opportunities due to their distinctive mathematical features. Regularity criteria for weak
solutions are established by Fan and Zhong [1] in pointwise multipliers for | <@ ==y < %. Local
and global well-posedness have been established in [2—4], respectively. For @ = g = v = 1, we refer
to [5-7] for the existence of strong solutions and weak solutions, respectively. In the study field of
the magneto-micropolar fluid equations, regularity criteria for weak solutions and blow-up criteria for
smooth solutions are very important topics. The readers may refer to regularity criteria of weak solutions
in Morrey-Campanato space [8], in Lorentz space [9], Besov space [10], Triebel-Lizorkin space [11]
and other regularity criteria for weak solutions [12-15], and [16, 17] for blow-up criteria of smooth
solutions in different function spaces, respectively. Serrin-type regularity criteria for weak solutions
via the velocity fields and the gradient of the velocity field were established in Yuan [13], respectively.
We may refer to [18-20] for global well-posedness. On the other hand, the global regularity of weak
solutions to (1.1) with partial viscosities becomes more complex. In the case of 2D, we may refer
to [21-25], and in the case of 3D, we may refer to [26,27].

If v=0and y = 0, then (1.1) reduces to MHD equations with fractional dissipation. The MHD
equations govern the dynamics of the velocity and magnetic fields in electrically conducting fluids such
as plasmas, liquid metals, and salt water. We only recall regularity criteria for our purpose. If @, 8 > 2,
some regularity criteria have been established by Wu [28,29], which are given in terms of the velocity
uIfl<a=pg< % Zhou [30] obtained the Serrin-type criteria u € L} L! with 2;“ + %1 <2a -1 and
% < g < oo. Later, Yuan [14] extended the above function space L? to B, .. Recently, the regularity
criterion involving us, b € L‘T"L?C is given in [31]. We also refer to [32,33] for well-posedness and [34]
for blow up criterion of smooth solutions.

Motivated by the Serrin-type regularity criterion of weak solutions to Navier-Stokes equations [35,36]
and MHD equations [30,31]. The main purpose is to investigate the regularity criterion of weak solutions
to the systems (1.1) and (1.2) in this paper and establish the Serrin-type regularity criterion of weak
solutions involving partial components. We state our main result as follows:

Theorem 1.1. Let 1 < a = f = y < % and y,k > 0. Assume that (ug, vy, by) € H'(R®) and
V.uy=V-by=0. Furthermore, if

us, v, b € L2(0, T; LY(RY)),

with 20 3 3 3(1 3
a Qa-1)+ (1-¢ +€

1
= , <g<oo, O0<e<—,
0 4q 2a-1 137 €=3

then the solution (u, v, b) to the systems (1.1) and (1.2) remains smooth on [0, T |.

“<3 (1.3)

Remark 1.2. Since the concrete values of the constants u, 1, and A play no role in our proof, for
this reason, we shall assume them to be all equal to one throughout this paper. For convenience of
description, we define horizontal derivatives V;, := (01, 0»).

Remark 1.3. When v = 0 and y = 0, the conclusion in Theorem 1.1 is reduced to the one in [31].

Remark 1.4. Compared with [31], the main difficulty in this paper comes from the nonlinear term
u - Vv. In order to overcome the difficulty caused by the nonlinear term, owing to the energy functional
(see (2.2)), we first use integrating by parts and V - u = 0 to transform it into a control of the horizontal
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derivative, and then use Holder’s inequality, multiplicative Sobolev inequality, the Gagliardo-Nirenberg
inequality, and Young’s inequality to control the nonlinear term.

2. Proof of main result

In this section, our main purpose is to complete the proof of Theorem 1.1. To this end, we introduce
the following lemma:

Lemma 2.1. ( [37]) The multiplicative Sobolev inequality
1 1 1
IVullzza < ClIOWVullL1102Vull L1105 Vull,, 1 < g < oo, (2.1)
holds.
In what follows, we prove Theorem 1.1.
Proof. Let

E(t) =V, + IVl + IVabOI2, + f NIV A u(OI7,+
0 (2.2)

t
IVAA“V@IIZ, + IVAAB@)IIZ,)dT + f IV,V - vl dr.
0

The proof is divided into two cases: 23(;51 < g < o and g = co. We first consider the case
2 < g < oo

Taking the inner product of the first three equations of (1.1) with (u, v, b), and adding them up, using
integrating by parts, the divergence-free condition, and Cauchy inequality, we obtain

1d
EE(Ilu(t)lliz + V@7, + 1D + 1A u®I, + IA V@I
+ IA“b@IIZ, + KIV - v(D)lI7, < 0.

Integrating the above inequality with respect to ¢ and then obtaining
!
lu@II7, + VO, + 16O, + 2 f (A u(@)II7, + 1A VDI
0

2 2 2 2 2
+IADOIIL + &IV - v(DII)dT < lluoll> + 1ol + llboll-

By multiplying the first three equations of (1.1) by A,u, A,v, and A,b, respectively, and adding them
up, using integrating by parts and the divergence-free condition, we have

1d
EE(IIVW(I)II%Z + IVl + IV,bOIZ.) + IVAA u@)lI7, + IVAA V@)1,
HIVAA D7, + KIVAY - (DT, + xIIVRVu@)ll7, + 4xlVill7 (2.3)

6
= ZI,‘,
i=1
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where
I = f (u-Vu) - Apu dx,
R3

I

—f(b~Vb)-Ahudx,
R3

I; = f(u-Vb)-Ahbdx,
R3

=
I

—f(b-Vu)-Ahbdx,
R3

Is = f(wVv)-Ahvdx,
R3

Is —2/\/f [(VXVv)-Apu+ (VXu)-Ayv] dx.
R3

Thanks to integration by parts and Cauchy’s inequality, we arrive at

Ig = 4)(f Viu(VXu)-V,vdx
R3

XIVA(V X w)ll7, + 4xlIVavIl7
XIVAVulll, + 4xIVavl7,.

IA

For I, we divide it into the following three items: 11;(i = 1,2, 3) as

2 3
I, = Z fn@ u;0 jur Apuy dx + JZ:; L} u;0juzApuz dx +

Jik=1

2
Zf I/t3(931/tkAhI/tk dx
=1 VR

= 111 +112 +Il3.

The divergence-free condition and integration by parts entail that

2

2
Z f} ;0 juOjuy dx
ink=1

2

Iy

2
Zfajujlﬁ,-uklz dx
R3

ijk=1
2

f Dt daul dx
k=1 YR

—f 81u161u181u1 dx — (')1u1(')1u2(91u2 dx — aluzﬁzulalul dx
R3 R3

R3

N =

M
=

. (9,-uj(9juk(9,»uk dx +
ijk=1

2
= - f Oiu]@jukaiuk dx —
ik=1YE

N =

—f 61u262u261u2 dx—f@zulalulazul dx—f@zulélug(?zuz dx
R3 R3

R3

(2.4)

(2.5)
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and

+

| =
~.

- &)
™

2000

T 7

8214202”2021/!2 dx —

NI*—‘

821/12821/{102”1 dx —

w

ik=1

611/!16114101”1 dx — 631430214162141 dx

3

82 l/lzaz u262u2 dx +

63143811/!2811/!2 dx +

5 5 ér"-u
T 5 %"“v
%"“u

w

ik=1

u3a§kujakuj dx + f u3(6§2u201u1 + 5§1u102u2) dx

R3

i
5

2 2
u3(832u101u2 + 6311/!262”1) dx,

3 2 3 2
112 = — Z Z f3 alujaju361u3 dx = ]Z:; ; L} Hlujuﬁ?,ug dx.

j=1 =1 YR

Therefore, we obtain

|7;] < Cf |us||Vul||V, V| dx.
R3

2
Zf 83u3|6uk| dx

83”302”181142 X——Zf 83u3|0uk| dx

83u38ku18ku]~ dx — f 031/!3(9114182”2 dx + f (93”3(92”1811/!2 dx
R3 R3

(2.6)

2.7)

(2.8)

From Holder’s inequality, Lemma 2.1, the Gagliardo-Nirenberg inequality, and Young’s inequality, it

follows that

|1

Electronic Research Archive

IA

IA

IA

IA

IA

IA

IA

Cf 3| Vul|V,Vu| dx
R3
Clles || oIVl | o [IV 1 Vul] o2

2 1
C”u3”L‘?”thu“Zz”Au”3ﬁ”VhVMIIL"z

v l—sl

1 1-
cnugnmnvhun IV, A“ull,,> ||Vu|| A un ||th|| IV Au),
2(1;)
1 1-
C||M3||Lq||VM|| ||VhA“u|| ||Vu|| A u|| ||Vu|| VAUl
2(13)
1-
cnugnmnwn** ”‘HA““un ||th“ [P
3 + +53 a+1 a 2(1 Yl)+1—S3)m
ClllusllzollVull 3 A || —||th ull, ,

(2.9)
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where the constants 1 < 8,6,,m,m’ < co and 0 < 51, 5;, 53 < 1 satisfy

1 I 1
—+—+-=1,
0 6, ¢
3 3 3
2—==(1-2)s1+ (I +a-=)1 - s),
23 2 2 3
2—-—=(1-2),+(1+a— )1 -s),
= (e -
2—6—2:(1—5)s3+(1+a—§)(1—s3),
1 1
_+_,: ,
"1
(( SI)+1—S3)WZ:2.
3
. 3 3+e . :
Noting that 1 < a < 5 and 55 < g < oo, one solution to (2.10) can be written as
18
glz—q,
5q — 18¢
g, = 18¢q
2T 13q1— 18(1 —¢)
Slzl——,
52:1_%,
aq
I 3(1-¢
s3=1—-— —
3a aq
2aq
m=————,
q+3(1—-¢
, 2aq
m = .
Ra-1)g—-3(1-¢)

To bound 75, we decompose it into three pieces as
3

2 2
I; = Z f LtjajbkAhbk dx + Zf ujﬁjb3Ahb3 dx + Z f M3a3bkAhbk dx
j,k:l R3 j=l R3 =1 R3

= 131 + 132 + 133.

By using integrating by parts (see [31]), we have

2
131 = Z f [Glzlujajbkbk + aluja%jbkbk] dx —

k=1 VB
| 2
2 =

fR 07uj0ibibic + 0;u;0bibe] dx.
| Jr:

(2.10)

(2.11)

(2.12)

(2.13)
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Similarly, we have

2
In = ), f [91u;0,b3b3 + Oyua;0b3bs] dx -
R3

=1

~.

3 Z f [0;0,b3bs + dju;%bsbs] dx,

k=1

and

Mw

2
Z f 3lu361bkbk + 0lu38§lbkbk] dx +
=1

1

2
Z f (9FuDibibi + 0y ] dx.
R

=1 jl=1

NI*—‘ ﬁ

Collecting (2.13)—(2.15), it is easy to derive that

|5l <C 1DI(|Vul + Vb))V, Vu| + |V, Vb]) dx.

R3

Furthermore, we have

L+ 1+ L] < Cf 1bI(IVul + VD)V, Vu| + |V, VD) dx.

R3

(2.14)

(2.15)

(2.16)

(2.17)

Similar to (2.13), it follows from Holder’s inequality, Lemma 2.1, Gagliardo-Nirenberg inequality,

and Young’s inequality that

| + 15 + 14

Cf 1bI(1Vul + VD)V, Vul + [V, VD) dx
R3

ClIblalllVul + VDIl IVAVul + [V VD[ o2
2 1 2 1
Cllbls(IVaVull L1 Aull®y + [IVAVDILIABIE, ) -
L3 L3

IN O IA

IA

(IIVhVullLoz + IIVthIILez)
2(] 51

CIIbIILq(IIVull IV A®ull,, IIVMII IIA“”uII “ 4

IA

2 2(1- y)

VI3 1IV,A“DI, ||Vb|| ||A“”b|| )
(IVull; ||V;,A“u||1 4+ VB IVAA®DILS

2(1 57) 21-s57)

IA

(IIVull +||Vb|| )(IIA‘”IuII +||A‘”1b||
(IVull; + 1IVOIl )(IIVhA"MII1 "+ IV ADI

IA

C”b”L‘I(”VMHL + IIVbII )(IIVhA“ull + IIVhA“bIIT) :

292,00 " Iy
Cllbl o (IVullz2 + ”Vb”LZ) SIS AT U]z + AT B 2)

(2.18)
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IV, A%ull 2 +||VhA%||Lz) Bl
S +5F+53 102 02 I_% m’
< ClIbILAIVulle + 1VBl2) S 3 (LA™ ullz + AT b)) = " +

1 2(1-s1) —s)m
g(nth“uan+||th“b||Lz)( )

where the constants 1 < 8y,6,,m,m’ < co and 0 < sy, 55, 53 < 1 satisfy (2.10).
Similar to I3, we bound /s as

|Is| < Cf3 VI(IVul + VvV, Vul| + |V, VV]) dx.
R
Using the same steps as (2.18), we obtain
5] < C f WIAVul + VYDAV Vul + [V, V) dx
R3

251, $ 1-s9 ,
< ClMIs(IVallzz + 19Vl2) = 372 UA e + AT ll2) 7] +

1 2050 1o )
g(llth“uan+||th“v||Lz)( el

where the constants 1 < 8y,6,,m,m’ < oo and 0 < sy, 55, 53 < 1 satisfy (2.10).
Combining (2.3), (2.4), (2.9), (2.18), and (2.20), we arrive at

d
d—t(IIth(t)lliz + IV OIT, + IVabOII7.) + IV A w7, +
IV AV, + IVAATDOIZ, + KIVAY - v},

20q 2((201 1g- z)
S CHM ”(Zz Dg—-3(1- e)”V ”(20 Dg-3(1- E)”AOH—IMHW n
2((2a Dg- x)
||b||(2n LN e)(”Vl,t”LZ + ||Vb||2) B30 E>(||Aa+1M”L n ”Aa+1b”Lz)(zn e n
2(eabes) L
” ||(2a l)q 3(1 e)(”VuHLz + ||VV||L2)(201 Dg=3(1- e)(”AaHu”Lz + ||Aa+1V||L2)(2“ l)q g
< C(llusllga + 1Bl + ||V||Lq)m(||Vu|le Vbl +

2((20 1g— 3)
V122700 (AT ]2 + AT Bl 2 + [|A vl 2) s,

Set )
aq
0, = :
"T Qa-1)g-3(1-¢
2(2a - g -3)
0, = ,
Qa - 1)q6— 3(1 —¢)
0, = <

QRa-1)g-3(1-¢
Integrating (2.20) with respect to ¢, we obtain

t
E(t) < CJo + Cf (lasllzs + 1Bllze + IVll0) ™ (IVull2 + VB]l2+
0

V) (IA ull 2 + IA Bl + A V]Ip2) P d,

(2.19)

(2.20)

(2.21)

(2.22)
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where Jo = [[Vu(O)lI7, + [IVv(O)I7, + IVB(O)IIZ,

By taking the inner product of the first three equations of (1.1) with (—Au, —Av, —Ab) and integrating

by parts, the divergence-free condition, we have

1d
EE(IIVW)IIZ + VYOI, + IVBOI.) + AT u@)II7, + 1A vl +

||A“+1b(t)||iz + K||VV - V(t)||i2 +X||VVu(t)||iz + 4X||VV(I)||i2

= YL
i=1
where
Ji = f(u-Vu)-Audx,
R3
J, = —f(b~Vb)'Audx,
R3
J; = f(wa)-Abdx,
R3
Jy = —f(b-Vu)-Abdx,
R3
Js = f(u'Vv)-Avdx,
R3
Jo = —2/\/‘[ [(VXV)-Au+ (V Xu)-Av] dx.
R3

By integration by parts and Cauchy’s inequality, we arrive at

Js

4/\(f V(V Xu)-Vvdx
R3

XIVY X w7, + 4Vl
XIVVull?, + 4xlIVViZ,

IA

For Ji, we divide it into the following three items: Jy;(i = 1, 2, 3)

2
J, = fu3(’)3u.Ahudx+Zf3 ujaju-Audx+f3 M353u-8§3udx
=1 VE R

R3

= J11 + J12 + J13.

Integrating by parts and using the divergence-free condition yields

PR 32
Ji = 3 Z Z f O3u30;u 01y dx — Z Z O0u3 030y dx,
=1 =1 V& =1 =1 V&
PEN 2 3
Jip = 5 ; ];zl fR3 0; u,(?,ukaluk X — Z Z f]}@ all/ijajukaluk dx,

1 k=1

~.
I

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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and

Ji3 =

| =

3
Z f (01uy + Oruy)03u;.05uy dx.
R3

k=1
Therefore, we have

/il <C f IV ,ul|Vul* dx.
R3

From Holder’s inequality and Lemma 2.1, it follows that

A\

il < ClIVuul I Vully,

-3 3
< ClIVpull2lVall,, * 1A ull

2-2 1 -
< ClIVuull 2 Vel IV AUl A ull s

By using integrating by parts and the divergence-free condition, we have

3
_ Z f Ouu;0;b0)dibi dx
R

k=1

J3

3

— Z f (8luj8jbk61bk + uj(?,z/bkalbk) dx
k=1 VR ‘

3

> f bidy(Bu;0by) dx

=1 VR

3
> f (Buliju; by + bidy i) dx
R

k=1
Then we arrive at

|/3] < Cf3 1bI(IVu| + [VD|)(|Au| + |Ab]) dx.
R

Furthermore, we have

|Jo + J3 + J4| < Cf |D|(IVul + |Vb|)(Au| + |Ab]) dx.
R3

It follows from the same procedure (2.18) that

|J2 + J3 + J4

Cf3 |b|(|Vu| + |Vb])(|Au| + |Ab|) dx

ClBlLs V1] + VBl [1Au] + 18801

C||b||Lq(||AM||Ez||AM||jg31 ¥ ||Ab||§2||Ab||ig3,)(||Au||m +11ABl )

IAN A

IA

2(1-s7) 5

2s1 1-s9
it § 1 S 4 2 1 2
CllBls (Il 3 A all, = IVl SUAT ] +

IA

2(1-s7)

2 W) on S
VI3 A Bl (VB IAT B, )><

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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IVl IA ull 3> +||Vb|| A BT

ol R @ o 2(1-

CIIbIILq(IIVulle +IVDll2) e UAT  ullgz + AT Bl 2)
3 1 [0 [0

Cllbll(za i (IVully, +IVBI[7.) + g(IIA Tz, + 1A DI,

IA

IA

where the constants 1 < 8y,6,,m,m’ < co and 0 < sy, 55, 53 < 1 satisfy (2.10).
Similar to J3, we bound J5 as

|Js] < Cf VI(IVul + [Vv)(|Aul + |Av]) dx. (2.35)
R3
The same procedure leads to (2.34) yields

IJ5] < Cf WI(AVul + [VVD(Aul + |Av]) dx

1
< Clv II(Z“ e T(IVullz, + IVVIE) + g(IIA"”ulliz + AT VIIZ,).
Combining (2.23), (2.24), (2.30), (2.34), and (2.36), we have
ld 2 2 2 3 a+1 2 a+1 2
5 7, IVu@liz + Vvl + IVE@2) + ZAIAT w2 + AT V(OIl2)
3
+—||Aa+1b(t)lliz + KIVV - v()lI7,

2aq

C(||b||<2“ L Vil 3)(||Vu||iz +IVDIIZ, +IVVIIE) + (2.36)

IA

CIIthllelqull 2"IIV;,AO‘MII IIA"“ulf‘z’
Integrating (2.36) over the interval (0, #) and using Holder’s inequality, it was deduced that
1 2 2 2 3 (" aar 2
E(IIVu(t)IILz + IVv@Il + IVDDIl) + 1 fo (A w0l +
IA @I, + A @I} )dT + fo VY (o

2aq

c+C (Ilbll(z” My IIQ“ e D (IVullZ, + IV, + 19117, )dT +

IA

f”vhu”LZ”VM” 2“||V,,A"u||“2||A‘”1u||ZadT (2.37)

IA

2aq 2aq
a— a—T)g— 2 2 2
C+ Cf(llbll(2 M il )Vl + VDI, + VYL )dT +

-2 a a a a
C sup ”th”sz IVull,, * VA A ull 2||A ) = .
0

0<r<t
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From Young’s inequality, it follows that

IA

IA

IA

IA

IA

IA

<

!
z_i a 03 N
C sup IIVhMIILZf IVl > IV A uII Al %

0<r<t

C sup [IVyull2 fIIVMIIdeT fIIVhA“ullede fIIAa“ulledT

0<r<t

C sup [IVyull2] fIIMII”QIIA“luII”“dT fIIVhA"ullede fIIA“”ulledT

0<7<t

C sup ”th”Lz[f IV A ull},d7] il fIIA"“ulledT]“” R
0

0<r<t

t
C sup ”th”Lz[(f IIVh/\“ullisz)E + 1][(f IIA(”lullisz)Z +1]
0

0<r<t
t
CEM| f IIA““ullizdfﬁ + C sup [|Vyull2[ f A ||}, dr]* :
0 0<t<t
CE(t) + C sup ||V,ullz2

0<r<t

f
CE(t)[fllA“”ull sz] + C( sup [[Vhull2, + 1)[ fllA“”ull zdr%
0

0<t<t

CE(t) + C sup [|Vyull;, + C

0<t<t

! !
CE®) f A"l de]* + C[ f IA®* w2, d]* + CE(t) + C.
0 0

Then, we have

1 3
E(IIVM(I)IIiz +IVVOIIZ, + IVBOIZ.) + 5 f(IIA“”u(T)II

1
IAT @I + AT bl )dT + f KIVV - (@)l dT
0

IA

2aq
C+ Cf(llbll(z” M+ IIVIIQ“ e IVullz, + 11V, + [VVI7.)dT +

4 1
CE®)| f ||A“+1u||§zdr]Z +C[ f IA** ul,d7]* + CE(t) + C.
0 0

By using Holder’s inequality, Young’s inequality, and (2.22), we deduce that

!
CE(n < C+ Cf (lasllzs + I6lzs + lle) " (IVullz2 + VB2 +
0

Electronic Research Archive

V) QA iz + A Bl + IA™ l|2) P dr

4 2aq
< C+ C[f (letsllza + 11Bllza + WIlza) =P ([Vudll 2 + [IVBI 2 +
0

!
IVvll2) d7] f (A ull2 + 1A B2 + |A“]|2)2dr] 2
0

(2.38)

(2.39)

(2.40)
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d 2aq
< C+ Cf (N3]l + BNz + [Wllze) 2043 (| Vull2 + | VD] 2 + ||VV||L2)2dT +
0

1 t
Ef (A ull2 + 1A Bll2 + [|A V]| 2) .
0

Similarly, it follows from (2.22) and Holder’s inequality and Young’s inequality that

e

t
CE(t)[fo Al d7]

A !
< f IA®* P dr] + C f 1A ]2, dr ] f (lusllze + 1BllLs +
0 0
9y
M1)® (IVull2 + VB2 + [19V122) T (1A ull2 + A Bl + A W) de
! !
< ] f 1A ulPodr]* + C] f 1A P dr] 7 f (lusllze + 1Bllze +
ML) =57 (Va2 + VBl + [9V122) de] f (1A ]l 2 +
1 1 2, 1%
1A Bll,2 + A v]l2) d] 2
t ! 20, +1
< ] f 1A ulPdr]* + C] f (A ull2 + 1A B2 + JA®]|j2)2dr]
0 0
d 2aq
[ f (lusllze + 1Bllzs + Vo) =07 (Va2 + [[VB]l2 + IVV]]12) 7]
0
t 2®3+1
< ] f 1A ulPdr]* + C f (A ullz + 1A B2 + I ]|2)2de])
3Qa-1)g+3(1-€)-12
f (lusllze + 1Bllze + V1) (IVellz2 + VB2 + [Vv]lg2)2dr] leeesa-e]
<

C+ Cf (lasllzs + Wbllzs + 1) (IVull + VB2 +

IVVllz2)dr + —f (A" ]2 + 1A bl + [IA"* Il ) d,

8aq

where 04 = 32a—1)g+3(1-e-12°

We substitute (2.40) and (2.41) into (2.39) and then use Young’s inequality to obtain

1 3 (7
E(IIVM(I)IIiz + Vvl + IVbOI7.) + 1 fo A" u(D)II7, +

t
AT + 1A DO+ [ Y vl
0

< C+ Cf(llblla” My II(Z” e DUIVully, +1IVBIIZ, + 1VVI7,)dT +

Cf (ltsllze + 1Bl + Wllo) > (IVull2 + VBl + IVV]],2) dr +
0

(2.41)

(2.42)
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2aq

!
Cf (ltsllie + 1Bllzo + Vllze) =D (Va2 + VB2 + IVl]p2) dr +
0

é[ fo t (A ullz + A" Bl + [|A“ V]l 2) 7]
< C+C fo t (lasligy + 1BIIS: + IMIZOUIVull + IVl 2 + Vll2) dr +
i fo | (A" ul2, + 1A B, + 1A'V, )dr.
Then we have
Va7, + Vv, + VO + ;mA“Wﬁm@+
A Y17, + A b(D)II7)dT + f t KlIVV - v} dT (2.43)

0

!
< C+C f (sl + 1614 + VIS AIVull2 + IVBII 2 + 19V]2) d.
0
Thanks to Gronwall’s inequality and condition (1.3), we obtain
!

IVu@)I + IVvOIZ + IVB@IE + | (AT u@)IE, +
0
!

A @2 + 1A b2, )dT + f dIVV - v(@)|%dT (2.44)

0

!
< Coxp[C [ (e + 101 + ] < oo
0

Finally, we consider the case ¢ = co. By repeating the above procedure, we derive that

2

t
E(®) <CJo + Cf (laslzs + 1Bl + Wll=) ™ (IVull2 + VBl + [IVV]l,2) dxr.
0

Thanks to Gronwall’s inequality and condition (1.3), we obtain
!
IVu@)IIZ, + Vvl + IVB@IZ. + | (AT (@I, +
0
t
A V@I + 1A b@II7)dT + f VYV - v(@)lI}.dT (2.45)
0
! Sar S 8ar
< Cexpl[C f sl + B + |l 2 7] < oo
0

By the above steps, we establish a higher-order a priori estimate of the solutions, and then we obtain
that the higher-order norm of the solutions is bounded, thus proving the smoothness of the solutions.
This completes the proof of Theorem 1.1.
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3. Conclusions

In this paper, the regularity criterion of the weak solution of the three-dimensional magnetic microp-
olar fluid equation when 1 <@ =8=vy < % is studied. However, the regularity of the weak solution of
the magnetic micropolar fluid equation when 1 < @,8,y < % on R? is still an open problem, and it is
hoped that the method in this paper can provide inspiration for the solution of this problem.
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