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Abstract: After Thomas James Willmore, many authors were looking for an immersion of a manifold
in Euclidean space or Riemannian manifold, which is the critical point of functionals whose integrands
depend on the mean curvature or the norm of the second fundamental form. We study a new
Willmore-type variational problem for a foliated hypersurface in Euclidean space. Its general version
is the Reilly-type functional, where the integrand depends on elementary symmetric functions of the
eigenvalues of the restriction on the leaves of the second fundamental form. We find the 1st and 2nd
variations of such functionals and show the conformal invariance of some of them. For a critical
hypersurface with a transversally harmonic foliation, we derive the Euler-Lagrange equation and give
examples with low-dimensional foliations. We present critical hypersurfaces of revolution and show
that they are local minima for special variations of immersion.
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1. Introduction

Many authors, e.g., [1-5], were looking for an immersion ¢ : M" — M"*! of a smooth manifold
M" (n > 2) into a Riemannian manifold (M, g) or Euclidean space R™*!, which is a critical point of the
following functionals for compactly supported variations of ¢:

Wn,p=fH”dV, Jn,p=f||h||”dV. (1.1)
M M

Here, dV is the volume form of the induced metric g = (-, -) on M, h is the scalar second fundamental
form of ¢(M), H = %tracegh is the mean curvature, and p > 0. These functionals measure how
much ¢(M) differs from a minimal hypersurface (H = 0) or a totally geodesic hypersurface (h = 0).
The actions (1.1) are a particular case of functionals

WFn:fF(H)dV’ JFn=fF(IIhII)dV,
M M
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where F is a C3-regular function of one variable, e.g., [6-9]. For a closed smooth hypersurface M" in
R we get W,,, > C,, where C, = r%(’;(:—% is the area of the unit n-sphere; the equality W,,, = C,
holds if and only if M" is embedded as a hypersphere; see [1].

Variational problems for (1.1) were first posed by Willmore in [10] for W,,, which belongs to

conformal geometry. The Euler-Lagrange equation for W, is the well known elliptic PDE
AH +2H(H* - K) =0, (1.2)

where A is the Laplacian and K is the gaussian curvature of M?> C R>. Solutions of (1.2) are called
Willmore surfaces. An important class of Willmore surfaces in R* arises from the stereographic
projection of minimal surfaces in the 3-sphere. By Lawson’s theorem, any compact, orientable surface
can be minimally embedded in the 3-sphere. For a closed orientable surface M in R?, the inequality
W,, > C, = 4r holds with the equality for round spheres. If M? is a torus in R3, then, according to the
Willmore conjecture proven by Marques and Neves in [4], we have W,, > 2 n%; the equality holds if
and only if the generating curve is a circle and the ratio of radii is \/% Willmore surfaces have
applications in biophysics, computer graphics, materials science, architecture, etc., e.g., [11].

Reilly [12] and some mathematicians studied variations of more general functionals than (1.1):
WF,,ZfF(O'l,...,O'n)dV, JFn:fF(Tl,...,Tn)dV, (1.3)
M M

where F € C*(R"). The elementary symmetric functions o, = Y, . . ki ...k, (0 < r < n) of
the principal curvatures k; satisfy the equality },”_, ot = det(id 7y, + tA), where A is the Weingarten
operator, i.e., (AX, Y) = h(X, Y). The power sums of the principal curvatures, 7; = k’i +...+ki = trace A’,
can be expressed as polynomials of o, using the Newton formulas, e.g., [13]. For example, oy = 1,
71 = 0 = nH, o, = detA, 7, = ||h|*, and 20, = 1] — 75. The r-th (r < n) order Willmore functional,
introduced by Guo in [9],

weont = fM Q"rav, Q, = ZFO(—DJHC{S{‘fS i (1.4)

is a special case of (1.3), invariant under the conformal group of (M, g) and vanishing on totally
umbilical hypersurfaces. Here, S, = o,/C) (where C, = #lr), is a binomial coefficient) is the r-th
mean curvature function of a hypersurface. In particular, Q, = S% -5, = m (n— 1)0'% —2no,).
Examples of hypersurfaces in R"*! that are critical for (1.4) are given in [7, 8].

An interesting problem is the generalization of the Willmore functional to submanifolds with
additional structures, such as foliations or almost products. Let M" (n > 2) equipped with an
s-dimensional (1 < s < n) foliation ¥ be immersed into a Riemannian manifold (M, g). All leaves of
the foliation under consideration have the same dimension. Let iy be the restriction of the second
fundamental form of M on the leaves of . Denote by TZT (1 <i < s) the power sums, o7 (1 <7 <)
elementary symmetric functions of the eigenvalues k7 < ... < k7 of hg, and set ST = o7 /C!. We
have 77 = 07 = sHy = trace, hy, 75 = |lhsl?, (7)) — 15 =207, etc. For foliation theory, we refer
to [14]. The extrinsic geometry of foliations was developed in [13]. We study Reilly-type functionals
for compactly supported variations of (M", ¥) immersed in R"*!:

WF,, = f F(ol,...,07)dV,  JF,, = f F@&,...,70)av, (1.5)
M M
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which, for s = n, reduces to (1.3). For F = (O’T/S)p and F = (T?)p/z, the actions (1.5) read as

Wiy = f HO AV,  Jyp = f AP v, (1.6)
M M

which reduces to (1.1) for s = n.

Remark 1. A foliated hypersurface in R"*!, whose leaves {L} are minimal submanifolds in R™*! is
an example of a minimizer for W, in (1.6) with even p. A foliated hypersurface in R"*! with an
asymptotic distribution T (e.g., a ruled hypersurface) is a minimizer for J, , ; in (1.6). It is interesting
to find critical hypersurfaces for actions (1.6) with H# # 0 or A& # 0 on an open dense set of M.

The following special case of (1.5) is invariant under the conformal group of (M, g), see Theorem 1:
Wasr = f @yrav. of =y (YICSTY ST, r<s, (1.7)
S5 M j=0 J

and reduces to (1.4) for s = n. Note that 0 = (ST)* = S7 = 5= (s = )(0] )* = 2507 ) is true and
07 =0ifkl =... =7, e.g., for hypersurfaces of revolution in R"*! foliated by parallels.

We hope that foliated hypersurfaces, which are local minima for (1.5), will be useful for natural
sciences and technology related to layered (laminated) or non-isotropic materials.

The paper is organized as follows: Section 2 contains some lemmas that help us calculate variations
of Reilly-type functionals on foliated hypersurfaces in R"*!. In Section 3, conformal invariance of (1.7)
is shown, the first variations of the functionals (1.5)—(1.7) are found, and the corresponding Euler-
Lagrange equations for the case of transversally harmonic (for example, Riemannian) foliation are
obtained. Then the second variation on critical hypersurfaces of some Willmore-type functionals is
calculated. In Section 4, applications to hypersurfaces with low-dimensional foliations are given, the
critical hypersurfaces of revolution for the actions (1.6) are presented, and it is shown that they are
local minima for special variations of immersion.

2. Auxiliary results

Let r : M" — R"! be an immersion of a manifold M into R"*' with Euclidean metric g and
the Levi—Civita connection V. We identify M with its image r(M) and restrict our calculations to
a relatively compact neighborhood U ¢ M with induced metric g = (-,-) and normal coordinates
(x',...,x") centered at a point x € M. Thus, g i = 0;; (the Kronecker symbol) and Ffj = 0 at x. We will
denote differentiation of a function f (or a tensor) with respect to the variable x' by f;.

Let 0; = 9/0x' be the coordinate vector fields on U. So, the vectors r; = %ir form a local coordinate
basis for the tangent bundle TM along U, and we get g = g;;dx' dx’, where g;; = g(r;,r;) = (0;,0;)
and the Einstein summation rule is used. Let N be a unit normal vector field to M on U. The vectors
N; = ?aiN belong to the tangent space T, M, i.e., (N;, N) = 0.

Let & be the scalar second fundamental form of M with respect to unit normal N, A = —V N the
Weingarten operator, and H = % trace, h the mean curvature. Denote by A’ the symmetric tensor dual
to A/, i.e., h/(X,Y) = (A’X, Y). For example, h* = g"hyhy; dx'dx’ = hfhy; dx‘dx’.

Consider a one-parameter family of hypersurfaces r;, = r + ruN ([f| < 1). We get a variation
or = uN, where 6 = (d/dt)|,~o is the variational derivative operator, and # : U — R is a smooth
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function supported on a relatively compact neighborhood U. Obviously, (6r); = u; N + uN;. The
Hessian of a function u is a (0,2)-tensor (Hess,)(X,Y) = X(Y(u)) — (Vx Y)u = (u;; — Ffjuk)dxidxf;
see [15], where l"f.‘j are the Christoffel symbols. The Laplacian is Au = trace, Hess, = gu; ;. Note that
(g,Hess,) = Au. The divergence of a vector field X = X'9; on M is divX = V,X".

Lemma 1 (see [3] for n = 2). The following evolution equations are true:

§gij=—2uh;, 2.1)
5¢7 =2uhv, (2.2)
Shij=u;—uhlhy & §h=Hess,—uh’ (2.3)
S||hl[* = 2(h, uh® + Hess,,), (2.4)
S(nH) = Au + ullh|, (2.5)
6dV = —nuHdv. (2.6)

Proof. Using or; = u; N + uN;, we calculate
<6l',', I'j> = <I/£,' N + l/tNl', I'j) =u <Ni, rj> =-Uu <N, I','j) = -Uu l’ll‘j.
Thus, since the symmetry h;; = hj; we get the equality (2.1): 6g;; = (Or;, ;) +(r;,0r;) = —2uh;;.
From gg;; = &', it follows that (5g")g;; = —g"(681j) = 2u g"hy;; hence, (2.2) is true.
We will compute the variation of 4. Using (N, N;) = 0, we find
(N, 51'ij> =N, (u N)ij) =Uj;—u (N, Nj) =Uuj;—u <hﬁ ry, h];' ry) = Uij — Mhﬁ hjl-
Note that § N = ¢'r; for some functions ¢'. Using (N, r;) = 0, we get
giic =N, r))=—=(N, dr;) = =N, u;N+uN;) = —u,.

It follows that ¢/ = —g"u; and 6N = —g"u;r; = —u'r;. Using the Gauss equation for a hypersurface in
R™! we getat x: (6N, r;;) = (—u'r;, hyN + F’;l ry) = 0. Thus, (2.3) is true:

Shij = 6(r;j, Ny = (0N, 1;;) + (N, 61;;) = w;; — uhl h.
Calculating the variation of the mean curvature, we get (2.5):
S (nH) = 6 (g"h;;) = 2uh” hy; + g (u;j — uhl hy) = whi; B + gu;; = Au + ul||hl*.

The formula 6(dV) = % (trace, 6 g) dV for variation of dV is valid for any variation 6g of a metric, for
example, [13]. Applying (2.1) to the above gives (2.6). Next, we calculate the variation of ||4||*:

SN = 6 (g% g" hyhi;)
= 2u(h*g" + h/'g"Yhyhi; + g% " ((ury — uhlhig)hij + (uij — uh?h g )hy)
= 2 (uhijh*h] + uy g*g™) = 2u (h, W) + 2 (h,Hess,),

that proves (2.4). O
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We carry out further calculations for a foliated hypersurface (M, ¥) and a foliated neighborhood
U c M with normal coordinates (x',...,x") adapted to F, i.e., (x!,...,x%) are variables along the
leaves; see [14]. Let V' : TM xTF — TF be the induced Levi—Civita connection on the leaves of .
The leafwise Laplacian on functions is A¢ = trace, Hess” = divy o V7, where Hess” is the Hessian
on the leaves of ¥. Let P : TM — T be the orthoprojector, thus, P* = P and P is self-adjoint. For hs
and its dual self-adjoint operator A#, we can write h#(X, Y) = h(PX, PY) (X,Y € X)) and A = PAP.
Let h; be the symmetric tensor dual to Al , 1.e., h;(X, Y) = <A;X, Y). The symmetric tensor Ay  is
given by

hmix(X, Y) = %(h(PX, Y)+ h(X, PY))— h(PX,PY), X,Y € Xy.

We have (h#, hyixy = 0. The equality h,,;x = 0 means that PA = AP, i.e., TF is an invariant subbundle
for A. Let hy. be the restriction of 4 on the normal distribution to ¥ in M; then h2¢l = gihayhaedx“dxﬁ ,
where s < @,f,7,€ < n. Define symmetric tensors h. = g%hyhgdx'dx’ + g'hyhg; dx“dx” and

Hess™* = g'/g%u,, dx/dx®, where 1 < i, j < sand s < @,,y, € < n. Let A ;, be the (1,1)-tensor dual
t0 hmix; then A2 . is dual to h?

mix*

The Newton transformations 7',(A#) of A# are defined inductively or explicitly by, e.g., [13],

To(Ar) =idrs, THAg) = 0] idrr —Ar T,(Ar) (0<r <),
T,(Ag) = ijo(—l)faj”_ jA;; =07 idrg —07 [ Ar+...+ (-1)AL.

For example, T((A¢) = o-f id7# — A7 and T{(A#) = 0, and the following equalities are true:

trace T,(Az) = (s —r) o, trace(As T(As)) = (r+ 1)o7,

r+1°

trace(Ar- T (Ap)) = o) ol —(r+2)07, (2.7)

r+1 r+2°

The “musical” isomorphism § : T*M — T M is used for tensors, €.g., h* = A, and for (0,2)-tensors B
and C, we have (B, C) = trace(B*C¥) = (B*, C*).

Lemma 2. The variations of T?c and o’ are the following:

1 ‘ ‘
- 61/ = (hiz!,Hess! ) +u (x| + (W' ho, ), (2.82)

507 = (T,_((Ag),Hess™®y + u(o” o7 — (r+ 1)o7 +(T,_1(Ag), A%.)). (2.8b)

mix

Proof. By (2.3), we obtain 6A7 = Hess’ * + u(AZ+A% ). Using this, (2.7) and the following variations
of 77 and o7 ; see [13]:

61/ =itrace(A'0AF), o) = trace(T,_i(Ar) 5Ays),

we get (2.8a,b). O

Lemma 3. The following evolution equations are true:

S (s Hr) = Ay u+ u(lhg | = misl ), (2.9)
Slhrl* = 2 ¢he, u(hy- + hy) + Hess? ), (2.10)
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8 Waminl? = 14 (g + e, 2 ) + 2 (i, Hess ™). .11)
For any smooth function f : M X R — R, the following evolution equation is true:
S (Mg f) = Ay f + 2uhy, Hess [ y+su(V" Hy, V" [)+2 (V" u, V" f)=sH(V u,V" ). (2.12)

Proof. The Egs (2.9) and (2.10) can be deduced from Lemma 2, but we will prove them directly. First,
using (2.1) and (2.3), we getfor 1 <i,j<s,and 1 < g <n,

8 (s Hy) = 6(8"hi;) = 2uh” hyj + g (uij — uh? hjy) = Agu + u(Ihe|* = i),
that proves (2.9). Also for 1 < i, j,k,l < sand 1 < g < n, we obtain (2.10):
Slhrl* = 6(g™g" huhij) = 4uhy, hi-) + 2 (hy Hess? Y — 2uhg, ) — 2u (hy, bl ).
Forl<i, jk,l<s,s<a,B,y<n,and 1 < g < n, we obtain (2.11):
S Whmixl® = 6(8" g hinh jp)
= 2u(h"g" + g hPhighjs + 878 (uiah s + ujshia) — u g7 g (Mihathjs + h'haihyg)
= (hy + hgo, ul?, ) + 2 (hiy, Hess ™).

The proof of (2.12) is similar to the proof of (19) in [3]: instead of M?, we consider s-dimensional
leaves of ¥ . The variation of the Christoffel symbols is the following tensor, e.g., [3]:

5F§(j = —ug"(hy; + huj — hiji) — 8 (wihjy + ujhy — wih;). (2.13)
For the Laplacian A¢ f = g" (f;; — l"f.‘j f) with 1 <4, j,k < s it follows that
§(Ay f)=6(8"fij) = 5 (8"T};f). (2.14)
For the first term, we get (for 1 < i, j < s)
6 (8" fi) =2un’fi;+ g7 fi; = 2uhy, Hess] ) + As f. (2.15)
For the second term, using (2.13) and Ff.‘j =0atx,wegetforl <i,jk<s,and1 < ¢g <n,
58" T5ifi) = 876 (T fi = —8" 8" u (hjyi + hig,j = hijg) fy = iy + ujhig — ughip) fil
=—-2ug’ gkthq,iﬁc +ug’ gkqhij,qfk -2gY gkquihjqﬁc +g" gkq ughij fi. (2.16)
Using the Codazzi—-Mainardi equation Vi h;; — V;hy = 0, e.g., [15], we getfor 1 < i, j,k,[ < s,
g7 (Vi) fi = 8"V i) fi = s (V' Hy) f = s (V" Hy, V7 f).

Thus, using normal coordinates and =2 u g/g"h; fi +u g7g"hij1 fi = —u g(g"hij1) fr We get s (Hy ), =
gV V,h;;for 1 <1, j,I < s. Therefore, (2.16) becomes

6 (g" rf,-fk) = —ug"(¢"hi;) fi — 2 8”& wil fi + ¢ ui(g i) fi
= —su(V Hz, V" ) =2h(V" u, V" f) + s Hr (V" u, V" f). (2.17)

Applying (2.15) and (2.17) to (2.14) completes the proof of (2.12). O
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Remark 2. To find the second variation of the functionals (1.5), we also need the variation
5(h,Hessf), but we omit this calculation and consider the second variation of the
functionals (1.6) only.

The following property helps to find the Euler-Lagrange equations using the first variation of the
functionals (1.3)—(1.6):

(divP)o P =0. (2.18)

Here, (divP)X = 3" (V. P)X,e;), where ey,...,e, is a local orthonormal basis on M. Note that
Riemannian foliations (and the leaves of twisted products, e.g., [13]) satisfy (2.18).

Lemma 4. A foliated Riemannian manifold (M, g, ) satisfies (2.18) if and only if F is transversally
harmonic, i.e., the normal distribution has zero mean curvature.

Proof. Using a local orthonormal frame on M such thate; € TF (1 <i < s5), we calculate:

(divP)PX) = )" (Vo PYPX),e) = D" [(Vo(PX), ) = (PV.(PX), e))
= 3 UVe(PX),e) = (Vo (PX), Ped) = " (Vo (PX), e} = (X, (n = 5)H"),

where (n — s)H* = P, ., V..e; is the mean curvature vector of (7% )" and X € X,. O

For any 2-tensor B on M, define the adjoint of the covariant derivative V*'B = — 3 .(V; B)(e;, -);
see [15]. We have the formula fM(B, VB')dV = fM(V*B, B’)ydV; see [15]; thus,

f{B, Hess,)dV = f{B, V(Vu))dV = f(V*B, VuydVv = f u(V**(B)dV. (2.19)
M M M M

The next lemma generalizes (2.19) and the well-known Green’s formula, e.g., [15].

Lemma 5. If a foliated Riemannian manifold (M, g, ¥ ) satisfies (2.18), then the following formulas
are valid for any compactly supported functions u, f, and 2-tensor B:

ff(Aw)dV:fu(Aﬁ)dV, (2.20)
M M

f (B,Hess” ydV = f u(V7)H%(B)dv. (2.21)
M M

Proof. We have A¢ f» = dive(V? £5). One can show that dive (PX) = div (PX) — (div P)(PX) for all
X € X);. Hence, using VZ f = PV £ and (2.18), we get

fisg fo = fidive(V" fo) = fildiv(PV ) = (div P)(PV f2)}
= div (fi PVf) = (PVfi, PV o) = div (i PV o) =V f1,V” fi).

Using the divergence theorem, gives

ffl(Asffz)dV=—f(fol,Vgcfz)dV. (2.22)
M M
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By this, the formula (2.20) is true. Next, using (2.18), we will prove

f (1, V) dV = f (V01,02 dV (2.23)
M M

for any compactly supported (s, f)-tensor ¢; and (s,¢ + 1)-tensor ¢,. Define a compactly supported
I-form w by w(Y) = (ty ¢, ¢1) for Y € X,. Take an orthonormal frame (e;) such that Vye; = O for all
Y € T,M and some x € M. To simplify calculations, assume that s = f = 1, and then at x € M,

~V7w= ) (VLwe) = ), (Peje) (Vo w)e))

= Zi,j,c<Pej’ €i>(<Ve,»902(€j, e.), pi(ec)) + <902(€j, ec), Ve (Q)))

= Zi,n [((Pej, e)Vepale) ec). pi(ec))+{palejs ec), (Pej, e)Vepi(ec))]

= Z‘,’,C [(VZ‘PZ(ej’ e.), pi(ec)) +{palej, e.), sz_-(pl(ec»] = {2, V" 01y = (V7 0y, 01).

The V7~ is related to the #-divergence of a vector field w” by divy w? = —V7* w. By the above and
J,,(dive whdV = [ div(Pw?)dV = 0, we obtain (2.23). Applying this twice, we get (2.21). O

3. Main results

In Section 3.1, we find the Euler-Lagrange equations (and first variations) for (1.5)—(1.7), and in
Section 3.2, we find the second variations of (1.5) and (1.6). First, we check the conformity of (1.7).

Theorem 1. The functional W;"S“f is a conformal invariant of a foliated hypersurface (M, F) in a
Riemannian manifold (M, 3).

Proof. Define a new Riemannian metric on M by g¢ = u’g for some positive function u € C*(M).
Then g¢ = u?g is the new induced metric on M; thus, the new volume form of M is dV¢ = y*dV. If X
is a g-unit vector, then X = X/u is a g°-unit vector. By the well known formula for the Levi—Civita
connection, e.g., [13], we get 2VSY = 2Vx Y + u2(X(WHY + Y(uHX — (X, Y)Vy?). By this, with
X € TF and Y = N¥, the operators A and A€ are related by A° = /%(A - i(?ﬂ, N)idr¢), see also [13].
By the above and A = PAP, Al = PA“P, we get

1 l = : | | 1 -
Az = —(Ag — —(Vu,N)idrs), Hi = —trace Ay = —(Hy — —(Vu, N)).
Ju Iz s 2 Ju

Set B = Hy idr# — Ay Let A2 be the eigenvalues of B on F and 0% be the elementary symmetric
functions of By. Obviously, B = & B holds; hence, 47 = 1 A7. One can show that Q7 = -0 /C} is
true; see [9]. By the above, u' Q7 = Q7 holds. Hence, (Q7)"/"dV is a conformal invariant of (M, ¥)
in (M, g): (Q7“y/"dve = (Q7)""dV. Note that if A# is a conformal operator on T (i.e., proportional

to id r#), then B = 0, hence, Q7 = 0. o

3.1. The first variation

We can state our main theorem.
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Theorem 2. If (2.18) is valid, then Euler-Lagrange equations for the functionals (1.5) are

D ATV E - Toa(Ap) + Fio o~ + Do, H{T i (Ag), A )} — nFH = 0,

y 1 * ’ i— ’ i—
Zz’:l 7 (VY (F - AZY + Fi(x7 |+ (WP R 0)) — nFH = 0.

i+1 mix

Proof. Using (2.6), we get the following:

OWF, = f S(F(o7,...,07)dV) = f {Zj_l F.-§07 - nuFH}dV,

M M -
= 4 7 - g sF

SJF,, = fMeS(F(T1 L T)dV) = fM { Zizl Fj-61] —nuFH)QV.

From (3.2) and (2.8a,b), we find the first variations of functionals (1.5):
— s ’. Fi
SWF,, = fM (> _(F/-Toy(Ag), Hess )
vu " FoT o, — (4 Dol +(T,a(Ar). Aly)) — nuF H)AY,

r+1 mix

s 1 . .
§JF,, = fM { Z T F/(Kh-"  Hess? ) + u(xl | + (hiZ' o, ) —n uFH}dV.

i=1

From (3.3a,b), using (2.18) and (2.20), we obtain (3.1a,b).

(3.1a)

(3.1b)

(3.2)

(3.3a)

(3.3b)

Equations (3.4) and (3.5) of the next statement follow from Theorem 2, but we will prove them.

Corollary 1. If (2.18) is valid, then the Euler-Lagrange equations for the functionals W, p, s, J, p s,

see (1.6), and W™ see (1.7), are, respectively, the following:

n,s,2’
-1 p-1 2 2 s _
Ay (HZ) + He (lhe |17 = [1mixll _?HHT)—O’

® — _ n
(VPR + e 72 (s B + B ) = 5 I I* H) = 0,
- $ * nj2—
Az (0" o) = — (V@) Th(Ap)) + {0 (o] =207 + MAmil®)

(0Tl =307 +(Ti(Ag), A%,)) — S°QF H)(QL )'* ! = 0.

s—1
Proof. Using (2.6), (2.9), and (2.10), we calculate the variation
§(HP.dv)y = H? (P 2 2
(Hy V) = HY S (A u+ (il = hoisl)) = nuHHy AV,
S (lhr P dV) = he P {p Chr, u(hy- +

mix

)+ Hess”) — nu|hs||* H)dV.
Hence, using (2.18), (2.20), (2.21), and (2.6), we find the first variation of the actions (1.6):
S Wi ps = f 5 (HY dV) = f HME (Mg w4 u (g P = WindP)) = nu Hy H)AV
M M s

— — ns
= [ a4 P = P = = )V
S Ju p

(3.4)

(3.5)

(3.6)

(3.7)
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S Jpps = f ||h¢||p-2{p (he, u(hi- + hiy) + Hess? ) — nulhs | H}dv
M

= f ulp (VYA he) + p el (e by + by ) = nlihe |P [V, (3.8)
M
From (3.7) and (3.8), the Euler-Lagrange equations (3.4) and (3.5) follow. By (2.8b) we get

50’? = Ar]_-l/t + M(O'T - 20—? + “Arnix”za
Sl = (T\(Ar),Hess’ ™ + u(c] o] — 307 +(Ti(Ag), A%,)).

Using QZT = #_1) ((s = 1)(0'?)2 -2 so{) and (2.8b) for r = 1,2, we get

s (s=1)60F =2(s— Dol 607 =2560) =2(s - 1)o7 (Aru+u(c? =205 + 1A mixl)

—25((T1(Ag), Hess! ®y + u (ol 0F =307 +(Ti(Ar), A2,.))).

mix

Hence
con n nji— 1
SWia = 3 fM @ N2 = Do (Aru+ (@] =207 + Aml)
- 25((T\(Ag), Hess ') + u (0] 0] =307 +(Ti(Ar), A% )] -2 Q5 uH} AV, (3.9)

Using (2.20) with f = (Q})27'o7 and (2.21) with B = (Q})?7'T (A#) in (3.9), we get (3.6). O

Remark 3. (i) For a hypersurface M c R™"*! equipped with a line field (i.e., s = 1) of the normal
curvature «, the functionals (1.5) and (1.6) coincide with WF,; = fM F(k)ydVand W, ,, = fM k”dV.
For W5, and J,, 1, from (3.4) and (3.5) with p = 2 and s = 1, using (V' *)*hy = A# k, we get the
following leaf-wise elliptic PDE: Ag k + (k* — |[hmix|l* — % HK) k = 0.

(ii) The first variation of the functional W%l and the Euler-Lagrange equation can be obtained

from (3.1a) and (3.3a), similarly to the corresponding equations in [9] for W;f’r“f.
(ii1) By (3.7) and (3.8) with s = n, the first variations of functionals (1.1) are given by

Wy, = f H”‘l{E (Au+ullnl?) - nuH?}dv,
M n
§Jup = f IR p Ch, wh?® + Hess,) — nu||hl*H|dV.
M
The corresponding Euler-Lagrange equations are well known:
"2
AHP + HPPV (WP = — H?) =0, (3.10)
p
* — _ n
(V2R NP=2R) + IR 1P~ (¢, ) — > Ik H) = 0, (3.11)
for example, [3], where n = 2 and M? C R3. For p = n = 2, we can use the identity ||4|*> — 2 H*> =
% (ky —ky)* = 2 (H? — K), where k; and k, are the principal curvatures, H = (k; + k»)/2, and K = kk; is
the gaussian curvature of a surface M? C R>. In this case, the Euler-Lagrange equation (3.10) reduces
to (1.2). Using the identity (h, h*) = 8 H®> — 6 HK, the Euler-Lagrange equation (3.11) for p = n = 2

reads as (V*)*h + 4 H(H?> - K) = 0.
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3.2. The second variation
The following statement generalizes Corollary 1 in [3] when M? C R3.

Theorem 3. If (2.18) is valid, then the Euler-Lagrange equation for WF, ; of (1.5) with F = F(Hg) is
Ag F' + F'(hg]® = llhmixl*) = sn FH = 0. (3.12)

At a critical hypersurface satisfying (2.18), the second variation of WF, s with F = F(Hg) is

FI
SWF,, = —f g {[F'Aru-uAs F'luH dv +f {T (2u(hg, HessT ) + su(V" Hy, V" u)
M

M

144

F
+2h(VF u, V7 u) — s HF ||V ul?) +

Ay (A e+ u Izl = Wil P)}dV

S2
FII n
+ f u{( 2 Uz 1P = Wmisl ) = S HF")(A g+ u (Ihr P = Vsl ?) = F(Au + ullhl?)
M
F’ .
+— (2 <he, uhy- + hoy) + Hess? ) — uhe + hye, bl ) — 2 (iixs Hess;“”‘>)}dv. (3.13)

Proof. By (3.3a) with F = F(0” /s), using (id 7, 2. ) = |lhmisll* and (id 7+, Hess? ) = Ay u, we find

mix

the first variation of the functional WF, ; with F = F(H#), see (1.5):
F’ F’ 5 5
SWF, = | {=Aru+ (= el = sl - n FH)uJdV = 0. (3.14)
u'S s
If (2.18) is valid, then using (3.14) and (2.20), we obtain (3.12). Our next aim is to calculate
F’ F’
FWF,, =& f (= Ar w4 (= (Il = lhminl® = n FH) u)dV
M-S S
F’ F’
= - f (= Ayt (= UhrlP = il P) = n FH) ulnuH dv
M-S S
+ | S(=Aru)dv+ | {(= IhrlP = rmil®) = n FH) u}dV. (3.15)
M S M s
For the first integral in the last line of (3.15), using (2.9), (2.12), and éu = 0, we get

F’ F’
f §(— Agu)dv = f {— u¢hy Hess] ) + su(V" Hy, V u)
M S M-S

F
+ 20V u, V7 u) — sH (V" u, V" u)) + —
A

Ay u(Ag + u (gl = i) }dV. (3.16)

For the second integral in the last line of (3.15), using (2.11), we get

Fl
fM 8{(= sl = Whawsl) = n FH) u}dV

F// nFI
= f M{( Ul = Wamisl®) = — H)(A 7 u + u (Vg = i) = F(Au + ullhl?)
M

52 s

2 )+ Hess”y — u{hy + hyge, b2 Y — 2 (hpix, Hess gﬂ"»}dv. (3.17)

F/
+ — (2<¢hg, u(h + h,
N
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By (3.15), (3.16), and (3.17), noting that the first variation vanishes at a critical immersion, we get
SEWF,, = - f 1 {F'Agu+ (F (g P = il = sn FH) ufuH dV
M S
F/
+ f {— Qu¢hz Hess] ) + su(V" Hr, V7 u) + 2h(V" 1, V" u) = s Hr ||V ul|?)
AR

1
+ 5 F'Ar u(g u+ ulhy | = il )} 4V

F/l nFl
+ f u{( (e = sl ) = 5 H)(Ag u+ u(lhel = Vi) = F(A u + ull2l*)
M

SZ
F’ :
+ — (2¢hy, u(hy + hiy) + Hess? ) — ulhy + heo, B2 ) — 2 (iix, Hess;““»}dv. (3.18)
s
From (3.18) and (3.12), at a critical hypersurface, we get (3.13). O

Similarly, one can obtain the Euler-Lagrange equation for the functional JF, ; with F = F(||h#|]),
see (1.5), but we do not present it here. From Theorem 3, with F = H”, we obtain the following.

Corollary 2. At a critical hypersurface satisfying (2.18), the second variation of the action W,
in (1.6) is

W,y = — f %{H;_lAgc u—ulg (HY " YuHdv + f P HY " Hy (2 u(hy, Hess), )
M

S
-1
+ 5 (V" Hy, V7 uy+ 207 u, V7 u)=sHF IV ulP)+ 2= A (A b (s IP=llain20) AV
S
_ -1
+ f HYuf & (E= 1P~ Wi P)= HH ) (A7 410 QU P~ P)) = H- (A )
M

+ L Hp iy u (W + 12, ) + HessTY — ulhy + by, h2, ) — 2 (fmix, Hess gﬂX>)}dv. (3.19)
S
Proof. Substituting F' = p H?™' and F” = p(p — 1) H?™? in (3.13), we obtain (3.19). O

Remark 4. By (3.18) with s = n, the second variation of the action WF, = fM F(H)dVis

F/
SPWF, = — f {F" Au+(F'\h|P=n FH)ulu H dV+ f {= (@ u(h, Hess,)+n u(V H, Vu)
M M- n

144

F
+ 2 h(V u, Vi)—nH Vul®) + — Aw(Au + u[|l)|dV
n
FI/ 2 F/
+ f uf{(— Il — HF' = F)(Au+ ul|h|?) +
M n n

(h, uh* + Hessu)}dV. (3.20)

This is compatible with a special case of Eq (7) in [3] for n = 2. As a special case of (3.20), the second
variation of the functional W, , in (1.1) with n = 2 has the following form compatible with [3]:

1
W, = f HP‘Z{% (Au)? + p H(A(Y u, V 1) + 2 u(h, Hess,) + u(V H, Vi) — H|Vul?)
M

+(2p*=4p - DH*—p(p—-DK)uA u + (4p(p - DH*-2(p — DH2p + 1)KH2+p(p—1)K2)u2}dV.
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4. Applications

We consider critical hypersurfaces equipped with two-dimensional foliations (i.e., s = 2) in
Section 4.1, and discuss critical hypersurfaces of revolution and their stability in Section 4.2.

4.1. Hypersurfaces with two-dimensional foliations

For s = 2, it is natural to present the functionals (1.5) in the following form:
WF,, = f F(He, K7)dV. 4.1)
M

where Ky = detAg = off is the Gaussian curvature of the leaves. For n = s = 2, (4.1) reduces to the
functional WF, = fM F(H, K)dV seen in [3]. The following equalities are true:

Ihrl® = ki + kyn =4 H- —2Kg, (hy, hy) =k +ky-, =8 H) — 6 Hr K7
From (2.9) and (2.10) with s = 2, we obtain the following evolution equations:
§ (2 Hy) = Ay u+u (4 Hy =2 Ky = ||hnisl), (4.2)
Slhel* = 4u(d H) — 3HsKy) + 2 (hy, uhl, + Hess? ). (4.3)
Using (4.2) and (4.3) in 6 K& = 2 HF 6 (2 Hy) — (1/2)6 (||h#11*), we get the evolution equation

§Kr =2Hs Aqu— (hy, uh?

mix

+ Hess',) + 2u Hy (K7 = ||Amixl®). 4.4)

For n = 2, (4.2)—(4.4) reduce to the equations in [3].
The next statement for (M", %) immersed in R"*! generalizes Theorem 1 in [3] with n = 2.

Theorem 4. If (2.18) is valid, then the Euler—Lagrange equation for the action (4.1) with s = 2 is

1 7 7 * 7 ’ 1
AT(E Fjy +2HyFy) = (V") (Fyhy) + Fy(2 Hy - Ky - 5 Wamis*)
+ F(2 Hr (K = lhwixll®) = ¢he, B ) —nFH =0, 4.5)
where F,, F}, denote partial derivatives of F(Hg, Ky) with respect to Hy and Kg. At a critical

hypersurface foliated by surfaces (s = 2) and satisfying (2.18), the second variation of the
functional (4.1) with F = F(Hg) is given by

Fl
SWF,, = — f g{F'Agcu —ulg F'luH dV + f {?(2 u(hg, HessT )+2 u(V" Hy, V" u)
M M

7

F
+ 20OV u, V" u) = 2 Hy V7 ulf) + =

FII nFl
+ fM ul(— 4 Hy = 2 Ky = lhwial®) = == H)(A g+ 1 (4 Hy = 2Ky = lhaisl))

Ay Ay u+u (@ HE =2 Ky — lhmil))}dV

Fl
+ ?(4 u Hy(4Hy — 3 Kg) + 2u(hg, bl ) + 2 (hy, Hess? ) — F(Au+ullh|*)

— u(hy + hpe, hly ) — 2, Hess )V, (4.6)
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Proof. Using (4.2) and (4.4) in 6 F(H¢#, KF) = %F}i - 0(2Hy) + F}, 6 Ky, and applying (2.6), we
calculate the first variation of the functional (4.1) with s = 2:

1
(5WF,,[,2 = f 6(F(H7?, K«}') dV) = f {5 F}I(A¢u + u(4 Hg_— - ZK(;‘ - ”hmixllz))
M M

+ F(QHg Agu— (hy, uhl, +Hess,) +2uHy (Kg — ||hmixll?) — nu HF}dV
1 7 ’ ’ ’ 1
- fM {(5 Fj, +2HsFy) Ay u— Fi(hg, Hess},) + (Fy(2 Hy — Ky — 3 W mix|*)
+ Fi(2 Hy (K7 = il = Chr, Wy ) = n FH) ufdV. 4.7)
From (4.7), using (2.21), we get (4.5). From Theorem 3 with s = 2 we get (4.6). O
Remark 5. Let F = F(H#), then from (4.5) we obtain

Ay (Fy) + Fl(4 Hy =2 Ky = ||hnix|") = 2nFH = 0.
From this, with F' = H;, or from (3.4), we get the Euler-Lagrange equation for W,,»,, see (1.6):
Ay Hy + (4H = 2 K5 — ||hmix|” — n HHz)Hy = 0.

The following particular case of (4.6), or Corollary 2 with s = 2, is true.

Corollary 3. At a critical hypersurface satisfying (2.18), the second variation of W, p, is

W, = — f %{Hé’;lAf u—uAy (HZuHAV + f % HY{2 Hr (u(hs, Hess), )
M M

-1
+u(V He, V) +h(V 1,V u)-Hy ||V u||2)+pTAr,ru(Agcu+u(4 Hz-2 K¢—||hmix||2))}dv

- -1
+ fM HY 2l 255 @ HE =2~ o) = n HHy ) (A w4 10 (4 H =2~ hosl)

— HX(Au + ullhl*) + g H¢(4 u(4H;- - 3 Hy K;) + 2 (hy, uhiy, + Hess? )

= uhy + by, ) = 2 (i, Hess ™) ) dV.
The following consequence of Theorem 4 was proven for n = 2 in [3].

Corollary 4. The Euler-Lagrange equation for the functional WF, with F = F(H, K) is given by
1
A(i Fjy+2HFy) = (V) (Fgh) + (2H* - K)F}; + 2HKF — n HF = 0.

4.2. Hypersurfaces of revolution

Hypersurfaces of revolution in Euclidean space R™! are naturally foliated into
(n — 1)-spheres (parallels) and equipped with rotationally symmetric metrics g = dp? + p’ds>

n—1
special case of a warped product metric; see [15]. Such a hypersurface can be represented as a graph

—a
Xps1 = f(p), where the function f € C? is monotonic, p = 1/)@ + ...+ x2 and (x;) are Cartesian

Electronic Research Archive Volume 32, Issue 6, 4025-4042.



4039

coordinates in R""!.  We obtain the parametrization r = r(¢y,...,d,_1; f(0)), of M, where
(b1, .. ¢,, 1;0) are cyhndrlcal coordinates in R"*!. The principal curvatures of M (functions of p) are
ky=...=k,y1 = W < L for parallels and k, = (H(}CW for profile curves (geodesics on M). If

the profile curve is a straight hne (f” = 0), then k, = 0 and M is a cone, a cylinder, or a hyperplane.
To exclude these cases, we will assume f” # 0. We get

nH=m-Dk+k, Hp=k, lhel’=@0-Dk, AP =@n-1Dk+k,

(h1*y = -1k + k), (he by = (n=Dk;,  hix = by = 0. (4.8)
Recall that A; = j(j + n — 2) corresponds to the solutions with multiplicities N; = C7, i (ZTJ],) of the

eigenvalue problern Au+ Au = 0 on aunit (n — 1)-sphere. Any constant function on the round sphere
spans the space of 1p-eigenfunctions of the Laplacian. Let L denote the orthogonality of functions with
respect to the L? inner product. The sphere S?(p) of radius p in R? is not a local minimum of W5, under
volume-preserving deformations for p > 2. For p > 1, S%(p) is a local minimum of W, , under volume-
preserving, nonconstant deformations u provided u € {v : Av = (2/p*)v}*, see Propositions 2 and 3
in [3]. According to (3.12), a hypersurface of revolution in R**! foliated by (n — 1)-spheres-parallels
{L,} 1s a critical point of the action WF, ; with F = F(Hy), see (1.5), if and only if

(F'/F)((n— Dk +k2) — sn((n—1)k; +k,) =0

In this case, k, and k; are functionally related; hence, M is a Weingarten hypersurface.
The following theorem studies the stability of hypersurfaces of revolution critical for (1.6).

Theorem 5. A hypersurface of revolution M : x,.1 = f(p) (f” # 0) in R"*! foliated by (n— 1)-spheres-
parallels {L,} is a critical point of the action W, p, ,_1 or J,, , n—1, see (1.6), if and only if

\/Clp2p—2n+2 _ p4p—4n+4
flp) = f =T do+C,, C,C€R. (4.9)
] —

A critical hypersurface is not a local minimum of W, ,,-1 for p > n > 2 with respect to general
variations, but it is a local minimum for variations u = u(¢y, . .., $,—1) satisfying ul;, L ker A.

Proof. 1. Let M be critical for the action W, ,,_; under general deformations. Since all principal
curvatures k; are constant on parallels, from (3.4) and (3.5), we get, respectively,

plhgl? —n(n — 1)HHz =0,  p(hy, hyy —nlhs " H = 0. (4.10)
Using (4.8) in (4.10), yields k, = (p —n + 1) k; # 0, which is the differential equation for f = f(p),
pf"=@-n+1D A+ (4.11)

The solution of (4.11) is given by (4.9).

2. Letu = u(¢y, ..., $,) be the eigenfunction of A on $"~!(1) with the eigenvalue A;, then Ar u +
A;p~?u = 0. Since our hypersurface of revolution (M, g) is a warped product, its volume form is
decomposed as dV = dV, - d p, see [16]. For any function a(p) we have, see (2.22),

02 P2
fanv"unzdv:f a(f ||V7’u||2dvp)dp=—f a(f uAgcude)dpz—fauA¢udV.
M p1 Ly Pl L M

0
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Using (3.19) with s = n — 1, Example 1, the equalities Vu = V" u and
(Viy,Vuy =0, (V" u,Vu) = ki||V" ul?, (h,Hess,) = (hy,Hess” ) = (n — 1) Hr A ¢ u,

we find the second variation of W, ,, ,,_1:

1 _
o1y ka 2(p(p = D(Ayu)?

+(m—=1)GBnp-n—-9p+Dkiulyu—(n—1)*(p—n)p—n+ k] u?}dV. 4.12)

2
6 Wn,p,n—l =

If the variation u = u(¢y, ..., ¢,_) satisfies A u = 0, then by (4.12) we get

& Wopa-1 = = f (p—n)(p —n+ DkIu* av,
M

which is negative for p > n; hence, our critical hypersurface is not a local minimum of W, , ;.
. . . .. 2
Let u satisfy ul,, L kerAs. Using the inequalities fS"—l(l) uAudV > fS"‘l(l) Aiu~dV and

fS,H(l)(A u)>dv > Au* dV, see, for example, [3], we get

Sn—l(l)

f uAgFudV; > f Ap~tutdvy,, f (Aguy*dvy, > f Aip~tu*dvy,.
L, L, L, L,

» » » »

By these estimates, (4.12) and the inequality p~* > k2, we find

1
S Wopno1 2 mf {P(P— Dn—1*+@n—-1)*Snp-n-9p+1)
M

—m-1D*(p-n)p-n+ 1)}k‘1”+2u2dV - f {n(p —n) + p(6n—11) + LK 2u>dV.
M

Hence, §*W, ,,,—1 > 0 forall p > n > 2. o

Example 1. (i) Let M> : x4, = f(p) (f" #0), p = ,/xl + x2 + x3 be a hypersurface of revolution in
R* foliated by parallels (2-spheres). We get H = %(2 ki + k3) and Hy = k. Let M? be critical for
the functional W3 ,, or J3,, with p > 3, see (1.6), under general deformations. From (4.10) we get

ks = (p — 2)ks # 0. The solution to (4.11) is f(p) = [ Y2 45 + C,, where €1, C; € R.

ZpCp

(i) Let M* : x3 = f(p) (f” # 0), p = /x> +x3 be a surface of revolution in R? foliated by

parallels (circles). The principal curvatures are k; = for parallels and k, = — I for

f/
p(1+(f7)?)1/? (1+(f)?)3/2
profile curves. Let M? be critical for the action W, 1 or Jz ] with p > 2 under general deformations.

Then k, = (p — 1)k; # 0; hence, the equality H*/K = is true. The solution to (4.11) is f(p) =

4(17 1)
1/ +2 _ o4,
f C;'pnglzpp ’ dp + C,, where Cy, C;, € R, it is illustrated on Figure 1 for p = 2,3,...,8.
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Figure 1. Graphs of f(p) for f(3) =1, f()) =%, n=2and p=2,3,...,8.

5. Conclusions

This paper explores a generalized (for foliated hypersurfaces in a Riemannian manifold) form of the
classical Willmore functionals, which is the Reilly-type functional. The 1st and 2nd variations of such
functionals in the Euclidean space are computed, and the conformal properties of some of them are
shown. Examples of critical hypersurfaces with low-dimensional transversally harmonic foliations and
critical hypersurfaces of revolution, which are local minima for a specialized family of variations, are
given. The results obtained are important for researchers working in the field of geometric variational
problems and for scientists involved in the design of layered (laminated) or non-isotropic materials.
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