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Abstract: This paper was concerned with the Cauchy problem of the 3D magnetohydrodynamic (MHD)

system. We first proved that this system was local well-posed with initial data in the Besov space
143

B (R%), in the critical Besov space Bp,l;" (R?), and in LP(R?) with p €]3, 6], respectively. We also

obtained a new growth rate estimates for the analyticity radius.
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1. Introduction

The system of 3D incompressible MHD equations is given by

Ou+u-Vu—Au+VII=b-Vb, (t,x) e R* xR?,
0b+u-Vb—Ab=>b-Vu,

(1.1)
V-u=V-5=0,

(1, D)li=o = (uto, bo),

where u = u(t, x), b = b(t, x), I = I1(¢, x) denote the velocity of the fluid, the magnetic field and the
modified pressure, respectively. The system (1.1) can be widely applied in many fields, including
geophysics, astrophysics, and engineering.

In the case of b = 0, the system (1.1) reduces to the classical Navier-Stokes system:

Ou+u-Vu—Au+ VI =0, (t,x) e R* xR,
V-u=0, (1.2)

uli=o = uo.
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It is well-known that one of the most challenging problems in applied analysis is establishing the global
well-posedness of the system (1.2) when the initial data is large. Thus, many papers have tried to obtain
the global existence of solutions with small initial data. Giga [1] proved the local well-posedness of
the Navier-Stokes equations with the initial data uy € LP(R?) for some p €]3, o[, whereas Kato and
Masuda [2] established the endpoint case when p = 3. In 1981, Foias and Temam [3] proposed a
technique which can be used to derive the analyticity radius of solutions of the system (1.2) and obtained
the analyticity of periodic solutions. This result was then generalized by many authors; see [4—7] and
its cited references. It should be emphasise that the analyticity radius estimates given above are lower
estimates; in certain cases, the true analyticity radius may be significantly higher. Consequently, Biswas
and Foias [8] by solving a new auxiliary ODE for the evolution of the analyticity radius involving the
Gevrey class norms to obtain a more intimate connection between the radius of analyticity and the
dynamics of the Navier-Stokes equations. Bae et al. [9] investigated the analyticity of the system (1.2)
with the initial data in the critical Besov spaces. On this basis, Zhang [10] generalized the result to the
initial data belonging to general Besov space.

For the MHD system (1.1), Duvaut and Lions [11], Miao and Yuan [12], and Wang and Wang [13]
independently obtained the existence, uniqueness, and regularities of generalized solutions. Yu and Li [14]
established the time analyticity radius of the 2D MHD system with periodic boundary conditon, and
they proved that if the initial data is close enough to a stationary solution, then the radius of the solution
at t = 0 can be arbitrarily large. Wang et al. [15] utilized the Gevrey class method in [3] to prove the
analyticity of the solutions to the system (1.1) with the initial data in the Lei-Lin space y~'(R?). In [16],
the analyticity of periodic solutions to the system (1.1) with initial data in Sobolev spaces H*(T?) with
s > % had been established. By using the semigroup technique, Xiao and Yuan [17] derived the analytic
estimates for small perturbation near the solutions to the generalized MHD system in the critical space
x'7® with % < a < 1. For more results about the Hall-MHD system, the generalized MHD system and
magnetohydrodynamics-a system, we may refer to [18-21] and the references cited therein.

Motivated by [10], this paper focuses on the analyticity of solutions to the system (1.1) when the
initial data in B (R®) for some s € [-1 + 13—7, %[, p €]l,00[, and g € [1,c0]. By utilizing the new
fixed point theorem, the Mihlin-Hormander multiplier lemma, and the properties of the semigroup
operator, lower bounds on the analytic radius of the MHD equations are proven in B;’ q(R3) for some

143
s€l=1+2,3 pell,co, and g € [1,c0]: in B,, " (&%), p €]l co[, and g € [1, co]; and L’(R?) with
p €13, 6[, respectively. In particular, it should be noted that by using the classical Bony decomposition,

we estimate the nonlinear term in proving Theorems 1.2 and 1.3. Furthermore, our results correspond to
Zhang’s findings [10] when b = 0. Our conclusion is articulated as follows.

Theorem 1.1. Suppose (uy, by) € Bz’q(R3) for some s €] — 1 + %,%[, p €]l,00[, g € [1,00], and
A(D) = V=A. Then, there exist positive constants ty = to(&, ||(ug, bo)l| B;,q) and cy = co(€) such that for
any € < &, the MHD Eq (1.1) admits a unique solution (u, b) on [0, ty] satisfying

2(1-g)( - L _g) Vi InAAD _lis, 3
le VST NI O ), (1), < ot T for any 1€ [0, 1], (1.3)

and

1 1
lim inf 04D, 0@) - Its 1) (1.4)
-0 Vi In{] 3 p
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Inspired by [10], we consider endpoint cases, i.e., s = —1 + %

_143
Theorem 1.2. Let (ug, bg) € Bpll;p (R?), p €11, 00, and q € [1, 00[. Then, there exist positive constants
t1 = t1(&, ||(uo, bo)l| n ) and ¢| = c¢i(&) such that for any 0 < n < & < g, the MHD Eq (1.1) admits a

unique solution (u, b) (ur, br) + (v, w) with (v,w) € BX(T) on [0, t;] which satisfies for any r €]1, co[
with | + 1_7 > 1 and (uy, 1, by.1) = (@™ (g, by)),

120NN (1), ()| 3 < ¢ for any £ € [0,1], (1.5)
Bpyg g
and
liminf 724W0-20) 5 5y _ ), (1.6)
t—0 \/}ﬂ

3

1
where ‘A = (—% In [|(uy, 1., b,,,L)II~ 9 ieli3 ))2 and the norm oszr( », q+’+”) is defined by Definition A3 in
T P4

the Appendix.

Remark 1.1. When (ug, by) € B:;T’(Rﬂ with q € [1,00[ and 0 < r < oo, we can naturally conclude that

3 =0,

tli)rg}_ ||(u7],L’ bn’L)”Z%’(B;‘I;%*-p

which combining with (1.6), we can infer that

lim inf rad(u(?), b(t))
t—0 \/Z

Now, we will consider the Gevrey regularity of solutions to the system (1.1) with initial data in
LP(R?). To do this, we introduce the following function space:

Definition 1.1. Let 0 <t < T, then for p €]3, 6], the definition of the norm of the function space E,(T)
is as follows:

WAlle, ) = ||f||~

+ ||f|| (1.7)

)

s 'w\w
(S 'n\m

l
[7 Pv
where f is a homogeneous tempered distribution, and L (B‘ o) is the Chemin-Lerner type space where

its norm is defined by Definition A3.

Theorem 1.3. Assume that (uy, by) € LP(R?) with p €13, 6[, then there exists a sufficiently small constant
&, such that for any T satisfying

1 .
T o bl <& with  y=—2—,
p—3
the MHD Eq (1.1) admits a unique solution (u,b) = (ur,br) + (v,w) with (v,w) € E,(T) on [0, 1,]
which satisfies

(1.8)

2(1-¢)
[|e Ve VAIAAD) (), vl S ef v for any f € [0, 1], (1.9)

p
P53
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and

rad(v,w) S 3
Ving ~ \ 3y

The remainder of the paper is structured as follows: In Section 2, we show the proof of Theorem 1.1.
Sections 3 and 4 are devoted to prove Theorems 1.2 and 1.3, respectively. In Section 5, we shall present
some basic facts on Littlewood-Paley theory and functional spaces.

Notation: In this paper, the letter C represents different positive and finite constants. The precise values
of these constants are not significant and may differ from one line to another. For A < B, what we mean
is a universal constant C, such that A < CB.

lim inf
t—0

(1.10)

2. The analyticity of solutions to system (1.1) with initial data in Besov space

Definition 2.1. Let A(¢) = ;zl £, A>0,and 0 <t <T. For p,q€[l,00[, £ €]0,1[, and s € R, the
definition of the norm of the function space B%(T) is as follows:

_32 1 gL _32 1 LA
e = Hi-e)T " VT =0/ bs -8 T " VT =1 st . .
||f||BAY(T) lle e f”LT (B5,) + lle e f”LlT(Bp,Z) (2.1)
We recall the following Mihlin-Hérmander multiplier lemma on R” from [22].

Lemma 2.1. ( [22]) Let m(€) be a complex-valued bounded function on R" \ O that obeys for some
0<A<o

( f 0T m©PAE)? < ARF < oo,
R<|¢|<2R

Jfor all multi-indices |a| < [5] + 1 and R > 0. Then, for all 1 < p < oo, m lies in MP(R3), and the
following estimate is valid:

Ve LPR")  |Im(D)fllr < Cymax(p,(p—1)")A + Imllz=)lIfllL-

In order to make it easier for the reader, we present the following lemma that outlines the properties
of the Heat semigroup operator acting on the initial data. The proof of this lemma can be accessed
in [10], and we exclude the details here.

_32 1 o L .
Lemma 2.2. Let 0 < 5 < & and m(t, &) = ¢ 7o 7 T~ 0%E then for any p €]1, oo[, there exists
a constant C,,, so that

lm(t, D) fllr < Copliflly — Vf € LP(R?).
The following lemmas are also necessary for estimating the nonlinear terms.

Lemma 2.3. ( [23]) Let B,(-, ") be the bilinear operator defined by
Bi(f.g) L TN TN L NP,
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and it has the following expansion

def
B9 D Ky ®Ky ®Ky(Zgof 7,559
G RDel-11P

Here, (3 (&1, ¢2, $3) and ¥ = (x1,x2,x3) belong to {—1, 1§, and the operators Ks = K4, ® K, ® Ky,
and Z, 3 . = >3, K,.L, 4., can be defined by

ef 1 < ef 1 .
Kife) " - fo S FENIE, K f) Y o f ¢EIF (&),

and
def 1

def . ixig; —2A-LE; . _
Lo = f it dxi= 1. Ligaf = 5 f eMee T NTIF f(E)dE; if g = ~1
R

Then, for any p €]1, o[, we have

IBAf. e S 1Z,gpf - Z,gi8llr and 11Z,g fllr < Ifllur-

Lemma 2.4. ( [10]) Let u,v € B(T) and B(-,-) be the bilinear operator, then for p €]1, o[ and
se€l-1+ %, %[, there holds

Lis 3 322
IB(u, Vllgsry < CT 2~ 2 ™9 ||ul| gz ||V] g2(7)-
The subsequent lemma is crucial in substantiating our findings.

Lemma 2.5. ( [24]) Let X be a Banach space, L be a continuous linear map from X to X, and B be a
bilinear map from X X X to X. Let us define

def def
LIl zory = sup [ILx]| and |[|Bllgw = sup [|B(x, yll.
lIxl=1 [xll=llyll=1

If Ll zx) < 1, then for any x, in X such that

(1 = Ll gex))?

, 2.2)
4|Bllgx)

[1xollx
the equation
X = x9+ Lx+ B(x, x)

1-[IL] £cx)
2|1Bllgy

admits a unique solution in the ball of center 0 and radius

Now, we give the complete proof of Theorem 1.1. Before proceeding, we denote u; Y gt uy and

by o e’“by. Let P = Id — VA~'div be the orthogonal projection of L? over divergence-free vector fields.

By applying P to (1.1), we attain

ou—Au=PV-(b®b—-u®u), (t,x) e R* xR?,
0b—Ab=PV-(bQu—-u®b),
V-u=V-b=0,

(1, b)=0 = (ug, by),
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then the system (1.1) can be equivalently reformulated as

u=u;+ B(u,u) + B(b,b), 2.3)
b = by + B, b) + B(b, u), '
with B(f, g) o fot eIAPY - (f ® g)ds. We deduce from Lemmas 2.2 and A2 that
||e‘zu3+—zs>%e/l#A(D)AjuLlle = ||e‘«31’7{—28>%eﬂ\#A(D)e(l_g)tAAjegtAud|Lp
< CallA e uollr < Coe™ 1A s, (2.4)
and
2 L j
lle~ 57 & ST MDA by [l < Coe™ > A byl (2.5)
Combining (2.4) and (2.5), we have
2 _t . 2 ot
||€_%7e/l D) (AjuL, Aij) sy + 22]”5%76/l O (AJ-ML, Aij) ”L'T(Ll’)
< Ce g2 |I(uo, bo)lls;,-
Definition 2.1 implies that
lCur, bo)llszry < Coll(uo, bo)llss, - (2.6)

Subsequently, to deduce Theorem 1.1 from Lemma 2.5, let X be B%(T) as in Definition 2.1, L be 0, and
xo be set to (u,, by), then owing to Lemma 2.4 and (2.6), we get

les_ 3 32
lIxollx < Cell(uto, bo)lls LIl zcx) = 0, I1Bllgx) < C.T 2 " edo.
To ensure contraction condition (2.2) holds ture, we take
1+ 1
A(T) = \/2(1 - o) > - olinT] 2.7)
so that there exist 0 and T < 1 sufficiently small to have
les_ 3 322 3¢
4C2T 375 33| (ug, by, = 4C2Nwo, bolsg, TH < 6. 2.8)

Then, the system (2.3) admits a unique solution (u, b) € B¢ in the ball of center 0 and radius m.

Moreover, for any € < gy and T < #y(&, ||(uo, bo)|| B;‘,q)’ we have

1 +5 3
e T35, (2.9)

| D VTAD) (4y(T), b(T))llg, <
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3. The analyticity of solutions to system (1.1) with initial data in critical Besov space

Motivated by [10], this section is to give the proof of Theorem 1.2. In order to do so, we first
introduce a functional space.

Definition 3.1. Under the conditions of Definition 2.1, let s = —1 + %, thus the definition of the norm of
the function space B:(T) is as follows:

_32 1 QLA
fllggry = lle™ @7 STAfIL s+ [le7 7D AT (3.1)
T pq 2r(B P ')

where r €]0, o[ and% +1>1.

142
Lemma 3.1. Let b, € B,,},;"(R3) and b, = €" by for some n €10, &[ and & €0, 1[. Then, we have

1+F+7)
T P4

322
IB(br, bo)llgsry < Ca,ne4(1_g)||bn,L||iz T
7B

Proof. By utilizing Bony’s decomposition Definition A2 to b; ® b;, we have
bL ® bL = 2TbLbL + R(bL, bL),
where

Tybr =) SrabiAvbr, R(br,b)= ) ArbiAvby.

ez lI'eZ
def -
For 0 <t < T, denote b} L A AP Then, we get

_32% 1 )L A(D)
|le”20-aT ¢" VT A[(TbLbL)”Lr(U)

AD JAD -A1-=AD
< Z lle” x5 5t ('S, bt @ e N )Al/b£)||L;(Ll’)

lI-I'|<4
32 4 342
—pE L 1 R L P
<C Y NeTATZ, 5 S v abllzaelle T Z, g Abll 3.2)
[[-l'|<4

where the operators Z, ;. and Z, ; ; are defined by Lemma 2.3 and (5, ,QZ) € {1,-1}°. By using

Lemmas 2.2 and 2.3, we deduce
_32% 1 2
lle™ =97 Z, 3 5 ArDll )
<C ||e_%-zs>%eA#A(D)AzfetAbOHL?(LP)
_ He_%%e/I#A(D)él—n)tA Aye bo||L§r(LP)
< CeyllArby, L||L2’(LP)

< Coner 2" TNl sl s (3.3)

2)(3 r I’)
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For the case r > 1, we can conclude from Lemmas 2.3 and A1 that
_32 2
||e 4(1-¢) TZI,(Z,)?S l’—lbL”L%r(L‘x’)

2l T Z,; Ab]
<C llem T Z, g pAab iz
k< —2
YRS Y i p -
<C Z 2pk”e 4(,_8);eflﬁ/\([>)e(1 n)tAAkemAbOHL?(LP)
k<l—2
3k
< Coy D, 210Dy llzun)
k<=2
1-1)k
<Cyy quz( ) ||an|L o

k<l'— T 120

1—1 v
S Cg,qz( r) ||bn’L||ZZr(BiHl+3 .
T

L3
7

r-p
P

By substituting estimates (3.3) and (3.4) into (3.2), we get

AD) ! 2
et e TN AT bl < Conerg®F Pllbyal.
LZB,, " ")

Along the same lines of the proof of (3.5), for p € [2, co[, we get

_ 32 1 AL AD)
||e 2T-e)T " NT AI(R(bL,bL))”L’(U’

312 _1-L —_
< Z 23R F A AFANON 1 ﬁA<D)A,bg)||U(L§)
r=i-3 !
<C Y 2Me TR IZ, 4 ArbHlzanlle T 2,5 g Arb
I'>1-3

3 —2I' (-1
< C. 27 Z r 2 b, I i
'>1-3 r(BPlI ")
1-3-2 2
< Coper 2 Pl s

—l+5+5
LBy " ")

3 -

(3.4)

(3.5)

(3.6)

where we used the fact that % -+ % > 1 in the last step. For p €]1, 2[, taking advantage of Lemmas 2.2, 2.3

and Al, we get
_32 1 L AD)
lle™2=a7e" VT AY(R(br, D))z ooy
_Ly, 32 1 gL
< 2M0 Dl 0 T e TN A(R(bL, b))y

311——
<20 N e T IZ, g A, o e 2, Rk

Lzr L]) l
r>i-3 (=)
3i(1-1) F(S-3)) 2 & AAD) (1-myiA
S 2 P C&nz P ||€ (- T e T e Al'bﬂ,L”L?(U’)
V>i- 3

! A(D) (1 AN
4(1 .“)T \/ Avb T
X ||€ e l nLllL% ()

311— I(-1-
< Coy20 Y 2Dy liby
B

I'>1-3 T( P4
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12—7——
< Canclqz( )”b ”

By summing up the estimates (3.5)—(3.7), for p €]1, o[, we obtain

_32 1 L AD) 12-2-3 2
lle™ 20707 TN A by ® bl < Conerg2® 7 Pllbyal? s

T "P4

Meanwhile, for # < T and € €]0, 1[, by using Lemmas 2.2 and A1, we get that
[ f e NPV (b, @ by )(s)dsl

322 =
f ||e” 1= r)trée’l ;A(D)e(l—ﬁ)(l—S)A

s

X e 4(1 P)Te WA(D) 30- S)AA V(bL®bL)(S)”LPdS

22 ! 32 s s
< C2lei s f =277 7 NN by © b )(5) e ds.
0
Combining (3.9) with (3.8), we have

32 1 gt
lle™ 15 %e”ﬁA‘D)AzB<bL,bL>||Lm<Lp>

322 o2l “_A(D
< C2le e | L e H e AP by ® b))l )

Lrl

< Cpper 2 Pet f>||b P

—1
LZr(B +r+p)

120

Along the same lines, we obtain

_32 1 L AD)
lle™s=a7e" Nt Ay B(br, bl e
322 2l _32 s s
< C2le [le™ Iy lle -7 NP A (b ® b))y

< Cpper 2177 Dot s f>||b AP s

LZV(B P )

We deduce from the time-interpolation formula that

342 ¢ gt
lle™ 7 &' TP A B(bL, bl 20,

_32 1 L
< ”e 4(1—s)Te/l ﬁA(D)A[B(bL,bL)” M(Lp)”e 4(I e) Te \/’A(D)AIB(bL,bL)”Lr )

3.2y 32
ch,ncl,qzl(l ’ r)e4(1—s)||bn’L|Ii 1.3

—1+ 5+

LiBpg " ")

which together with Definition 3.1 and (3.10) ensures Lemma 3.1. This proof is complete.

Lemma 3.2. Let u,b € B(T), then we have

322
|1B(u, b)llgs(ry < Cee™=9 ||ullgecr)||bllgs(r)-

(3.7)

(3.8)

(3.9)

(3.10)

3.11)

Electronic Research Archive Volume 32, Issue 6, 3819-3842.
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13
1 déf e/lﬁA(D)

Proof. Similar to the proof of Lemma 3.1, let u u(t), and we obtain for0 < ¢t < T

_322 1 ) LAD
|[e"20-aT " VT ( )Al(Tub)”L’T(U’)

322 1 342 4
-t p! -t P!
<C Y N TATZ, 5 S ez le DT Z, 3 sArb 2, (3.12)
|I-l'|<4

where (5, X Jf) € {1,—1}>. Then, by using Lemmas 2.3 and A1, we infer that

_32 1 1 3 _32% 1 1
le 7 Z, 5 oS itllzgey < C ) 20 Clle 7 Z, 5 At e,
k<l'-2

3py — B
< C Z 2I’k||€ 4(1—5);‘Aku/l||L%r(Lp)

k<=2
1-Lyr
< C2" P ullgs . (3.13)
Thus, we have
_32% 1 )L A(D) (2-2_3
lle™ 07 T AT D) 1oy < Cocrg2® 7 lullgsr 1Bllss - (3.14)

Along the same lines of the proof of (3.14), we can show that

_32 1 N LAD) [(2-2-3
lle™20=o7e" VT A Tpu)lly 1y < Cscl,qz( 70 lull g 1Bz -

By using a method similar to get (3.7) and Lemma A1, for p € [2, co[, we obtain

_32 1 1L AD

370 _32 1 gL Sy -A=AD)Y
< > 2ilematn e O TN At - PR,

- Lr(L7)
I'>1-3
3y, _ 3% 1 _32 1 —~
<C > 2N D Z g Az e Z, 5 A b )
I'>1-3
3 —2r(-1+3 41

<C20' Y e 27 Tl bl ry

I'>1-3

1-3-2
SCaCz,qz( Z r)”u”Bﬁ(T)”b“Bf:(T)’ (3.15)

where we used the fact that % + } > 1 in the last step. The case for p €]1, 2[ is similar to that of (3.7).
Hence, for p €]1, oo[, we have

— 3L A-LAD) 12-2-3
lle™2m=a7e" Vi Ay(u @ D)l 1r (1) < €127 lullge o 1Bl g - (3.16)
Using a similar approach to (3.10), we derive
322 L 1
|le” 7= T e ﬁA(D)AlB(M, b)||L°T°(U’)
322 o2l 32 4 g
< C52164(1—s)||e cat2 || = |le W7ot \/TA(D)Al(u@b)HL;(Lp)

=
LT
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< Cor 27D e ullgecr 1ol (3.17)
and
e~ 7 &SP B, B 1)
< 2Dl om0 T NP AW S Bl
< Co1g 25 Pt gy oy bl (3.18)
Combined with Definition 3.1, this proof is complete. O

143
Lemma 3.3. Let u € B%(T) and b, € Bp,l;” , then the following inequality holds

32
1B, bo)lagcry S Cone ™ llullgrliball, 1oy
T Pq

Proof. According to the Bony decomposition of Definition A2, we have
uby, = T,by + Ty, u + R(u,by).
By applying an argument similar to the one used to prove (3.2) shows that
”6_2(3%2‘9)%eJ#A(D)Al(TubL)”L’T(LI’)

322 i 322 1
— L 1 — L bl
<C Z le™ 07 Z, 508 sz lle™ 07 Z, 3 A bl 2oy
|I-l'|<4

where ((5, X 1/7) € {1, —1}°. Then, we can conclude from (3.3) and (3.13) that
_32 1o L _2_3
le” 257 ST AT b)) < Conerg2 ™ Pllllggen 1Dyl 1oy - (3.19)
T \Ppg

Along the same lines of the proof of (3.19), it is easy to verify that

_32 1 AL AD) [2-2-2
lle™ 20 7 T XD ATy, 1)l 1) < Conerg2 ™ ”)“M”B‘,?(T)”br],Lle TSI (3.20)
LTr(BPsq
By using a method similar to get (3.7) and Lemma A1, for p € [2, oo, we obtain
_32% 1 AL A(D)
lle™2=o7e" VT Ay (R (ut, b))z v
3y, —322 1 2 _32 1 ~ 2
<C ) 2 7 Z, g Azl 07 Z, 5 5Arb |z,
r>1-3
3] 20 (-1+3+1
< Coy20' D er 2 T Nby L s sy
L¥(B )
I'>1-3 T "P4
12-2-2)
< Cs,ncl,qz P ||M||Bf(T)||bn,L||~2r IR (3.2

p
T VP4 )

The case for p €]1,2][ is similar to that of (3.7). Hence, (3.19)—(3.21) implies that for p €]1, oo[,

3.

_32 1 AL AD) (2-2-3
le™5 ¢ TP A @ byl < €12 TP ullgr 1By (3.22)

—, 1+l
L%"r(BI’vq ' P)

The remainder of the argument is analogous to that in Lemma 3.2 and is left to the reader. O
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We are now in a position to prove Theorem 1.2. We shall use Lemma 2.5 and denote (v, w) o
(u — ug, b — by); thus, from (2.3), we can express

v= BW,v)+ B(v,ur)+ B(u.,v) + B(ur, ur)
+B(w,w) + B(w,b;) + B(b;,w) + B(b;, b;),

w= BW,w)+ B(v,by) + B(u.,w) + B(u, br)
+Bw,v) + Bw,u;) + B(b;,v) + B(b,, up).

(3.23)

Let X 2 B5(T) be defined by Definition 3.1,

L(v,w) = B(v,ur) + B(ur,v) + Bw,br) + B(br, w)
+ B(v,br) + B(ur,w) + B(w,ur) + B(br,v), (3.24)
xo = B(up,ur) + B(by,ur) + B(ur,br) + B(by, by).

Based on Lemmas 3.1-3.3, it turns out that

322 2
”-xOHX < Cs,qe4(175) ”(un,La bn,L)lLZ 3.1
L I

.—1+F+7)
T pq

T 22
IBllgx) < Cee®™9, and ||L||gx) < Cs,ne4(|_£)||(un,L’bn,L)szr TSI
T 20

. " . 143
Let us now examine the conditions (2.2) of Lemma 2.5. Since (ug, by) € B,,; ”, we can choose ¢ and

t(e,n, ||(uo, bo)Il _i. 3 ) sufficiently small, such that

P.q

1
||(ui7,L’ bn,L)llzzr(.—HlJrl < ( )28- (325)

2,y 7 4CCyy

For T <1, we set

de 1
AT 2(1 - g) \/—5 Gty by, ot (3.26)
L7 Bpg = )
From (3.25) and (3.26), it suffices to have
12 22
4C,,Cpe et ||y, by IP 5., <6. (3.27)
L (Bpg ")

Using (3.27), we can show that (2.2) holds, and, therefore, the system (3.23) admits a unique solution
(v,w) € BX(T) satisfying

32 1 QLA 1 a2
lle”%=aTe" VT (v, w)|| e < e -9, (3.28)

rs,, " 2C

Consequently, from (3.26) and (3.28), we have

lim inf rad(v(), wit)) > 2(1 - &).

t—0 1
_gtln ”(MU,L’ bU,L)lL_z .—1+%+%
7 Bpg )
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4. The Gevrey regularity of solutions to system (1.1) with initial data in L”

Following [10], we shall study the Gevrey regularity of solutions to system (1.1) and the
instantaneous radius of space analyticity of (v,w) = (u — ur, b — by) with the initial data in L? for

p €13, 6][.

4.1. The Gevrey regularity of solutions to system (1.1)
Lemma 4.1. Let by € LP(R?) and by, = e'®by. Then, for p € [2, o[, we have

B, b, 1) S ||bo||%p-

Proof. By definition of the para-product of b, and b;, in Definition A2, we have

AT, bl < C D IS ribillzzas IArbllzy )
li-F|<4

3k
<C > > 2N IAbllran 1AL )
i-1'|<4 k<l'-1

(-3
< ¢,227 % Iboll

where we use the fact that L? < B°

o> and by virtue of Lemma A2, we infer that

NAbDLIzewr) + 22[”AlbL”L1T(Lp) < Aol < cppllbollre-
By using Lemma A1 and (4.2), for p € [2, co[, we obtain

N _
AR L, D) ey < c2! Z WA DLl an ALl i)
r>1-3

3 A
<C27' ) e g2 bl
I'>1-3
—(2-3
< ¢ 227 ol
Using (4.1) and (4.3), we can show that
(-3
1A b ® by < €527 IbollZ,-

We infer an estimate similar to (3.17) and (3.18) such that

IAB(bL, bo)llswry + 2 NABGbL bl sy < 2'10(BL @ bl

< me,p2” P byl
which combined with Definition 1.1 completes the proof of Lemma 4.1.

Lemma 4.2. Let u,b € E,(T) with p €]3,6[ and % =1- %, then we have

1
1B, D)|g,r) < T Mlulle, 1Dl 1)

4.1

4.2)

4.3)

4.4)
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Proof. In a similar way as in the proof of Lemma 4.1, we obtain

”Al(Tub)”LT%(LI’) <C Z IS -1 ullis = llArDIl o

3rp
[I-V|<4 Lr )
3k
<C > > 2 Az lIArbl ¢
L} (LP)
|I-l'|<4 k<l'—1
< 02 ullg 0] (4.5)
=CLe UE,(DIPIIE,(T)> .
where we use the fact that
A 2 < IABIL AT, <y 27030 o 4.6)
PO oy S MR an MR Ty = 1% Ey™) '

and
3 —(1=5yr
20| Al ey < €p 2270 Nl ).
k<'—1
The term ||A1(Tbu)||Lg(Lp) has the same bound as (4.5). By using Lemma A1 and (4.6), for p € [2, o[ ,
we obtain '

3
ARG DD g < €2 D lidvadl,

Apb|| e
Lp)|| rDllLswr
I>1-3

5
T(

3 -2U
< 21" 3" en g2 Nl 1Bl
I'>1-3

—_(n-3
< ¢027 Nl 1Bl - 4.7)
By a suitable modification of the proof of Lemma 4.1, we can show that
IAB, b)lliswry + 2 NABG, DI 1ry < 2N ® D1 1)

T2 A u bl ¢

3 4
L7 )

IA

IA

—(1=3) L
c,p 27Tl g o 1B ) -

This combined with Definition 1.1 ensures Lemma 4.2. O

Lemma 4.3. Let u € E,(T) and by € L? with p €]3, 6], then we get

1
1B, b)lle,ry < T2 |lulle,)llbollLer-

Proof. By applying an argument similar to the one used to prove (4.5), as well as Holder’s inequality
and (4.2), one shows that
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IA(T.bOIl 2 < C Z 1S - 1”||L°°(L°°)”Al’bL” 2

L™ (L) =1 <4 )
pt3 pt3

<c >’ Z P TN P N AV A

|[=l'|<4 k<l'—

4 2j

<C Y a2 ||u||Epm||Apr||LW(Lp)<2f||Apr||Ll(Lp)> 5

|I-l'|<4

—(2-3)1

< ¢.02" % udll, 1ol - (4.8)

The term with 7', u has the same bound as (4.8). Owing to Lemma A1, we have

ARG b 2 < €20 Y vl 2 1Al
LPY (L) =

I'>1-3

3 —or
<C2' Y e y2 ||u||E,,<T)||bo||Lp

I'>0-3
—(2-3y)1
< ¢,227 P ludll g, 1ol - (4.9)

From estimates (4.8) and (4.9), it is evident that
ABG, bl + 2 NABG bl s iy < 21AKU ® DDl 10,

1
< T2 A (u@bo)|| 2
L;7+3 (U’)

—(1=3) L
< ¢, 27 VT |lul| g ol boll o
which together with Definition 1.1 ensures Lemma 4.3. O

Now, let us present the existence part of Theorem 1.3 by using Lemma 2.5. We take X “E (1)
according to Definition 1.1, and use (3.24) to choose L and xy. Then, we deduce from Lemmas 4.1 to 4.3
that

2 1 1
Ixollx < (o, Doz,  Bllgxy < T>, and ||L||gx) < T2 ||(uo, bo)llrr-

To ensure contraction condition (2.2) holds true, we take T% ||(uo, bo)llLr < & for a sufficiently small &,
then by using Lemma 2.5, we get that the system (3.23) admits a unique solution (v, w) € E,(T). We
thus obtain the unique solution (u, b) = (u; + v, by + w) of the system (1.1) on [0, T'].

The aim of the next subsection is to study the instantaneous radius of analyticity of (v, w) under the
assumptions that the initial data (uo, by) € LP(R?) for p €]3, 6[.

4.2. The radius of analyticity of (v, w)

Definition 4.1. Under the conditions of Definition 1.1, let p € [2, o[, then the definition of the norm of
the function space B7(T) is as follows:

def = _ 32 1 LA
Wfllgsry = lle 32T e" V7 fllg, 7). (4.10)
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Lemma 4.4. Let by € L?(R3) with 2 < p < 00 and by = ¢'*by, for some 1 €]0, [ and € €]0, 1[. Then,

we have
32 2
IB(bL, bi)llss(r)y < Cee™-9||boll7,-

Proof. An argument similar to Lemma 3.1 shows that

_32 1 1-LAD)
lle™ 27" NT AT p, bl (1)

< 3 et TP FNOS bt o TP A B0
I-rj<4
_iL 1 _iL 2
<C Z lle™ =97 Z, 38 r-1bllieas)lle” T Z, 3 sAvbyllLs s,
I~I'|<4

4.11)

for the operators Z, ; . and Z, ; ; defined by Lemma 2.3 and (6.0, 0) € {1,-1)%. By virtue of L? —

Lo
B) ,(R%) in Theorern 2.40 of [25] and (2.5), we have

32 g FAD
e 2,5 ;Avb s 0y < Clle 0t ST 8Bl 1)

_ e T ANTAD) g A o Dol

(LP)
iy 221
< Celllle™™ Avbolle
-
< (:a‘cl’,p2 ”bOIIL”-
By Lemmas 2.3 and Al, for r > 1, the following inequality holds true:
_32 Spy -3 1
le 7 Z, 5 oS ibillipas) < C Y 208l AT Z, 5 bz
k<=2
<C Y 23w e VNP pUmia g k" byl 1)
k<=2
3k A
<Ce > 241 bollizar)
k<=2
3k
<Ce Y 20 libollus
k<'—2
3y
< C2v cppllbolle.
By substituting estimates (4.12) and (4.13) into (4.11), we get
_32 1 AL AD) _i-3 2
le™ =57 & NTX P ATy, bl 1) < Coer 27 P lIboll7 -
Along the same lines as in the proof of (4.14), we get
_32 1 1LAD)
lle” 2o 7 " VT AI(R([?L, bL))”Ll 1 (L)
3 A A
-3

(4.12)

(4.13)

(4.14)
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3 R
<C Y 2Me TR 1Z, 4 Arblsanlle T Z, g Rl
I'>1-3

IA

3 -2r 2
C:20' Y cr g2 liboll,

I'>1-3
-1(2-3 2
< Coey 2777 |Iboll7,-

By summing up the estimates (4.14) and (4.15), for p € [2, o[, we obtain

_32 1 1-LAD) -12-3 2
lle™=57 & NP A (b @ bl < Cocrg2” 77 bl

We deduce from Lemmas 2.2 and Al that for any t < T and € €]0, 1],
|| f e T AP SN AT (b, © by )(s)dsll

=5
f e~ 7 A NP 1= 5-9

3/12 s

X e MoTe AvTA(D)e%(tis)AAIV(bL ® br)()||rds

322 ! s
< C2ledrs f ~esl=2% |~ F 1 ADIA (b, & br)(s)||rds.
0

Combining (4.16) with (4.17), we have

_32 1 1LAD 32 1 QL AD
le” 32T ¢" VT ( )AIB(bL, bL)||LoTo(Lp) +221||e aita 7 e VT M )AIB(bL,bL)”L'T(LP)

342 32 s Qs
< C2lema|lemmat e TN A (b @ bL)(9)llpy 1)
< Cvacl,q2 B p)e4(l a)”bOHLPs
which together with Definition A1, we get the desired result.

Lemma 4.5. Letv,w € B‘;(T) with p €]3, 6], then for % =1- %, we have

321
IBW, Vllgzry S Cee® =T |[Wlige | IVllss ).
1
Proof. We recall v*! S A AD
obtainfor0 <t < T,

e =5+ PP AT )|

V4
L3
T

_32% 1 _3a2 r
<C Y e TTZ, 5o S e laslle T Z, g A
[[-I'|<4

where ((Z,)Z, J) € {1,-1}’. By Lemmas 2.3 and A1, we deduce

L (LP)

(4.15)

(4.16)

(4.17)

v(t), and follow the same technique as in the proof of Lemma 4.4 to
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32 1 2 3p oy — 3t 2
le 7 Z, 5 oS willipas) < C ) 205 Clle 01 Z, 53 Aol
k<l'-2
3p, —322 1
S C Z 2[7k||e 4(|_£)TAkw/l||L;,°(Lp)
k<l'-2

< Coep 2570
S LeCppa? ||W||B;(T)-

We infer from the interpolation inequality that

_3a2 1 _32 1 1
le™ =0T Z, s ;A o < le” 5T Al
1. b 3 3
s L} (L) Ly (LP)
AR I
e 4(1—5)TAZ,V ||

<l A
<l|le"FT=aT Ay .
LL(Lr)

1-3

A P

AN
_Ir(+3

< CSCl;’gZ ( +”)||V||B§,(T)-

Combining (4.18) and (4.19), we get

_32 1 1-LAD) _ro-3
lle2a=a7e" T AT W)l ey < Cocp 22 ( P)||W||B;(T)||V||B;(T)-

(4.18)

(4.19)

(4.20)

. _32 1ot )
Along the same lines of the proof of (4.20), the term ||e” 21-5 7T A(D)AZ(T vw)lng(L : admits the same
3 )4
T

estimate. Moreover, from the same lines to prove (4.15) and Lemma A1, we get that

_32 1 1L AD
lle™ %=1 & ST A(R(w, V)| 2

L} (L)
370 _ 32 1 gL 1L —A=AD)Y
< Z 2Pl||€ o Tt ﬁA(D)(e AWA(D)AJ'WA 4 A‘EA(D)AI'VA)” £ op
L} (L2)
I'>1-3
37, —32% 1 2 _32 ~ 2
<C Z 27 |e 4(l—s)TZt’$,/?ApW ”L;"(Lﬁ)lle 4("8)72,,5’,;A1/V ”L%)(LP)
I'>1-3 §
3 =2l
<C2v Z cr 2277 Wllgscr)Vllsg )
I'>1-3

-r@e-3)
< Cocp 2277 | Wllgs VI ).

As a consequence, we obtain

_3a2 A-=A(D) _]j2-3
lem 5 T PN W@V < Coey 27 Pl M-
Ly (LP)

Then, we get
32 1 gL
”e—mTe/l \/TA(D)A[B(W, 91117

322 ! 342 .
< Cgcl’z%Zlem% f e‘cs(’_smlle—m%el ﬁA(D)A,(w ® v)(8)||z-ds.
0

(4.21)

(4.22)
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which combines with (4.22) to ensure that
_ 32 1 QL AD _ 32 1 QL AD
lle™ x5 7 ' O A B(w, Wiy + 271l 70 e NP A B, W)
32 32 1)L
< C2lemt Tl e P A (W @ VI o)
32 132 1)L
< C2lewta Tr|le 1107 TP A (w e )|
L (L)
—l(l—i) % 1
< Cecr 277 rem=a T |[Wlige Vil ),
which together with Definition Al ensures Lemma 4.5. O

Lemma 4.6. Let w € B,(T) and by € LP(R?) with p €]3, 6], then the following inequality holds
1 322
IBw, bp)llgsry S CeT e%=a[|wllgs(r)llbollLr-
Proof. According to the Bony decomposition of Definition A2, we have
wb; = T,,b; + TbLW + R(W, bL)
By an argument similar to the one used to prove Lemma 4.5, we get that

322 1 gL
lle™ %=1 TP AT, b 2

L;+3 (LP)
_32 1 1 _32% 1 1
<C YN TATZ 5 S e W lipaslle TATZ s AbIl 2
I-T|<4 Ly (P
where (¢, ¥, ) € {1, —1}%. Then, by using (3.3) and (4.18), we infer that
_ 32 1 QL AD) —12-3
le” =57 VEEEAT BN 2, < Cocy g 27 P lWllsger l1bollr. (4.23)
Ly (L)
Along the same lines as in the proof of (4.23), it is easy to verify that
_32 1 L AD) _in-3
lle”2=07e" ATy, W 2p < Cecyp2 @ Iwllgs ) l1bollr- (4.24)
L (L)
Taking advantage of Lemma A1l and a similar way to get (4.15), we have
342 _t
le™ 57 ST P AR, b 2,
L;{i (Lp)
37, 32 1 _32 1 ~
<C Y 20 0T Z, g Awlizanlle 007 Z, 5 5ArbIl 2,
r>i-3 L™ (@)
3 -2r
< €20 3 er g2 Ibollslwllag
rzi-3
_]j2-3
< Cecy 22 D wilgs ) 1Bol Ly
The remainder of the argument is analogous to that in Lemma 3.2 and is left to the reader. O
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We now apply Lemma 2.5 to prove Theorem 1.3. Let X “ B (T) according to Definition Al, and

use (3.24) to choose L and x;. Based on Lemmas 4.4-4.6, it turns out that

312 322 1
24 2 oA 1
llxollx < Cee®™=9|(uo, bo)ll7r, IIBllgx)y < Coe™aT7,

32 1
and ||L||gx) < Cee™ 2T 2 ||(ug, bo)llLr

We set
def 2(1 —¢)
AT) = y|————|InT|, 4.25
(T) \/3y(1+8)|n | (4.25)
and we deduce from (4.25) such that
2 1 &
2C,eT 5T 5| |(ug, bo)llr = 2C.T 50 |[(utg, bo)ll1- (4.26)

We take t, so small such that
2C,17" ||, bo)llzr < 6,

where ¢ being sufficiently small, then we have

b 32 1 2
4C e =T ||(ug, bo)llr < 67,

from which we can show that (2.2) is true. Thus, Lemma 2.5 leads us to conclude that the system (3.23)
admits a unique solution (v, w) € B‘;(T) satisfying

_32 1 ) LA _32 1
e % =-aT " VT (v, W)||iw(3 _%) < °C e maT v,
T\2, P €

1
Pz

which implies

1 i
T 7. 4.27
3C. (4.27)

A=A
lle” (v, wll 3 <
B p

rs

This is (1.9) of Theorem 1.3. (1.10) follows from (1.9) and, thus, we complete the proof of Theorem 1.3.
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Appendix: Littlewood-Paley decomposition and functional spaces

We start with the classical dyadic decomposition in R?; see [25]. Let y, ¢ € [0, 1] be two nonnegative
radial functions which are supported, respectively, in the ball B = {£€ € R3,|£| < %} and the annulus
C={¢e R3,% <)l < %} such that

XO+ Y 2T =1, VEER and ) 27 =1, VEeR\O),

j=0 JEZ

The homogeneous dyadic blocks A ; and the homogeneous low-frequency cut-off operator S ; are defined
for all j € Z by

Aju = 927/ Dyu = 27 f . hQ2'y)u(x — y)dy,
R
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Siu=xQ2 /Dy = 274 f} %(2jy)u(x — y)dy,
R\

where h < 7o and T ¥ F-1y. Formally, A ;=S 11 — S is a frequency projection to annulus |€] ~ 2/,
and $ ; is a frequency projection to the ball {|¢] < C2/}. The homogeneous dyadic blocks A; are defined by

Au=0if j=-2 Aqu=xDu= [ Bt
3

R

and Aju= @2 'Dyu= Zjdf hQ2'y)u(x—y)dy if j=0.
R3

The homogeneous low-frequency cut-off operator S ; is defined by

Sju= Z Aju.

j<j-1
First, we recall the definition of the homogeneous Besov space.

Definition A1. (Besov Spaces) Let S’ be the space of all tempered distributions. For s is a real number
and (p, q) is in [1, c0)?, the homogeneous Besov space B;’ o Is defined by

B;,q ={f¢€ S;(R3)| ||f||B;‘q < oo},

where
Sy={feS®): f=) A,
Jje€zZ

and N |

O 29NAf1lE,)7, if g < oo,

Ifllgy, =1 7= |
sup 2°lA fll,  if g = co.
Jj€Z

Now, we give the definition of the following so-called Bony decomposition.

Definition A2. (Bony’s para-product) The para-product of f and g is defined by

Tof = ) Sii8Aif = ). > Aighif.

jez J€Z i<j-2

The remainder of f and g is defined by

j=itl
R@@:}P%@ﬁ MweAJz}j@f
Jez j=i-1

Then, Bony’s decomposition reads

fg=Tf +Trg +R(f,2).
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Lemma Al. (Bernstein’s inequalities; see [25]) Let B be a ball and C be an annulus of R3. A constant
C exists such that for positive real number A and nonnegative integer k, any smooth homogeneous
function o of degree m, and any couple of real numbers (p, q) in [1, 1> with g > p > 1, we have

1_1
Suppit € A8 = sup [|0%ulle < CAGD)ul| o,
lal=k

Suppii € 2C = C™* VW ullyy < sup10®ully < C AN Jullyp,
la|=k

Suppit € AC = lor(D)ullps < Corm 52 |lul| 1,

with -(Dyu < F\(oi).
Definition A3. (Chemin-Lerner type space; see [25]) For T >0, s € R, and 0 < r,q < oo, we set

def

lullzrozs,,) = I27°1Aullywnllioe).-

We also need the following lemma to describe the action of the semigroup of the heat equation on
distributions with Fourier transforms supported in an annulus.

Lemma A2 ( [25]). Let C be an annulus. Then, there exist positive constants ¢ and C such that for any
p in [1,00] and any couple (t, 1) of positive real numbers, we have

~ _ 2
Suppit € AC = |le™ullr < Ce™ |ul|L.
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