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Abstract: In this paper, we proposed a generalized mosquito-borne epidemic model with a general
nonlinear incidence rate, which was studied from both deterministic and stochastic insights. In the
deterministic model, we proved that the endemic equilibrium was globally asymptotically stable when
the basic reproduction number R, was greater than unity and the disease free equilibrium was globally
asymptotically stable when Ry was lower than unity. In addition, considering the effect of environmental
noise on the spread of infectious diseases, we developed a stochastic model in which the infection rates
were assumed to satisfy the mean-reverting log-normal Ornstein-Uhlenbeck process. For this stochastic
model, two critical values, known as R; and ROE , were introduced to determine whether the disease will
persist or die out. Additionally, the exact probability density function of the stationary distribution near
the quasi-equilibrium point was obtained. Numerical simulations were conducted to validate the results
obtained and to examine the impact of stochastic perturbations on the model.

Keywords: mosquito-borne epidemic model; log-normal Ornstein-Uhlenbeck process; stationary
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1. Introduction

Mosquito-borne infectious diseases, a common type of vector-borne infections diseases, are primarily
caused by pathogens, which are transmitted from mosquitoes to humans or other animals [1]. Mosquitoes
are one of the most widely distributed vectors in the world, transmitting a variety of parasites and viruses.
While the vector organisms may not develop the disease themselves, they serve as a means for the
pathogen to spread among hosts. With mosquitoes found in various locations from tropical to temperate
zones, mosquito-borne infections have a wide and diverse geographic distribution [2]. Diseases such as
malaria, lymphatic filariasis, West Nile Virus, Zika virus, and dengue fever are commonly transmitted
by mosquitoes, with no specific vaccine or medication available for treatment. These diseases pose a
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significant threat to human health and socio-economic development worldwide.

Malaria is an infectious disease caused by a protozoan parasite that is mainly transmitted to humans
through the bite of a mosquito [3]. The disease is widespread in tropical and subtropical regions,
particularly in poorer areas of Africa, Asia, and Latin America. Globally, malaria remains a major public
health problem, resulting in millions of infections and hundreds of thousands of deaths annually. Apart
from malaria, as the classic mosquito-borne infectious disease, dengue fever also attracts considerable
attention. Dengue fever is a serious infectious disease caused by the dengue virus, primarily transmitted
to humans by the Aedes aegypti mosquito, but also through blood transfusion, organ transplantation,
and vertical transmission [4]. In addition, both yellow fever and West Nile disease are also caused by
mosquitoes carrying the corresponding viral infections [5,6]. Yellow fever is a rare disease among U.S.
travelers. Conversely, West Nile virus is the primary mosquito-borne disease in the continental U.S.,
commonly transmitted through the bite of an infected mosquito.

Research on mosquito-borne diseases has proliferated [7-10]. Mathematical models have been
increasingly used for experimental and observational studies of different biological phenomena, and a
wide range of techniques and applications have been developed to study epidemic diseases. For example,
Newton and Reiter [8] developed a deterministic Susceptibility, Exposure, Infection, Resistance, and
Removal (SEIR) model of dengue transmission to explore the behavior of epidemics and realistically
reproduce epidemic transmission in immunologically unmade populations. Moreover, Pandey et al. [9]
proposed a Caputo fractional order derivative mathematical model of dengue disease to study the
transmission dynamics of the disease and to make reliable conclusions about the behavior of dengue
epidemics. In addition, in order to investigate the effect of the vector on the dynamics of the disease,
Shi and Zhao et al. [10] proposed a differential system with saturated incidence to model a vector-borne
disease

( Su=pK+dly—pSy— (lfiff]v 1622711)5"’
_ (bl Bal
IH - (1+i71‘;v 1+?72111,H)SH - (d +u+ ')’)IH,
S _,BAI s [filrlfsiv mSy,
(v =T, —mlv,

the biological significance of the model (1.1) parameters are shown in Table 1. In this model, there are
two populations, namely mosquito vector population and human host population. The mosquito vector
population is divided into two categories, Sy and Iy, and N = Sy + I, while human host population is
divided into three categories, S g, Iy and Ry. According to [10], it is reasonable to assume that the total
number of human K = Sy + Iy + Ry 1s a positive constant.

Obviously, we can get that there always exists a compact positively invariant set for model (1.1) as
follows

A
F() = {(SH,IH,RH,Sv,Iv) GR_?_ : SH+IH+RH SK,Sv+IV < _} (12)
m

The incidence rate has various forms and plays an important role in the study of epidemic dynamics.
In addition to the saturated incidence used in model (1.1) of this paper, other forms of the incidence rate
have been widely used. For example, Chong, Tchuenche, and Smith [11] studied a mathematical model
of avian influenza with half-saturated incidence rate ; bj’; s ;”f; and Ifhll In addition, Li et al. [12]
also carried out numerical analysis of friteral order pine wilt disease model with bilinear incidence rate

S,1, and I,,S . In order to make the model (1.1) have wider research significance and apply to more
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infectious diseases, we consider replacing the saturated incidence rate with the general incidence rate
d1(ly), ¢2(Iy) and ¢5(1y), and then give the epidemic model with the general incidence as follows

St =puK=Su)—Bid1IV)S u — Bodo(In)S 1 + dly,

In = By (V)S 1 + Bapo(In)S 1 — wly,

Ry =yl — iRy, (1.3)
'ST.V =N - B3D3(Iy)Sy —mSy

Iy = B3¢3(Iy)Sy — mly.

Furthermore, the incidence rate in model (1.3) are assumed to meet the following conditions

(A1) 61(0) = ¢$2(0) = ¢3(0) = 0,

(Fo) ¢1(Iv) = 0, ¢(I) = 0, ¢5(1) 2 0,V Iy, Iy 2 0,

(A0 < (¢1I(‘;v)) <mp,0 < (%) <mp,0 < (ﬁ) < my, where my is a positive constant.

By looking at the model (1.3), the following equation is valid, ii—?’ = A — mN, that indicates,
N@) — %ast—> oo. Notethat Sy + Iy + Ry =K, Sy + 1y = %,thismeansthatRH =K-Sy-1y,
Sy = % — Iy, let w = d + u + vy, thus the host population and pathogen population system are equivalent

to the following system

S“H = ,fl(K —SH) _,8:1¢1(1V)SH _B_2¢2(IH)SH +dly,
Iy =iy (IV)S 1 + Paa(In)S 1 — Wiy, (1.4)
Iy = Bsps(Ip)(2 — Iy) — mly.

Table 1. Variables and parameters in model (1.1).

Variables and Parameters Description

SH number of the susceptible human host

Iy number of the infected human host

Ry number of the recovered human host

K sum of the total human host

Sy density of the susceptible mosquito vectors

Iy density of the infected mosquito vectors

N sum of the total mosquito vectors density

Bi biting rate of an infected vector on the susceptible human
B infection incidence between infected and susceptible hosts
B3 infection ratio between infected hosts and susceptible vectors
m determines the level at which the force of infection saturates
M determines the level at which the force of infection saturates
3 determines the level at which the force of infection saturates
Yy the conversion rate of infected hosts to recovered hosts

u natural death rate of human

A birth or immigration of human

m natural death rate of mosquito vectors

d disease-induced mortality of infected hosts
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Noise is ubiquitous in real life, and the spread of infectious diseases will inevitably be affected by the
environment and other external factors. With the unpredictable environment, some key parameters in the
infectious disease model are inevitably affected by external environmental factors. Therefore, in order
to more accurately describe the transmission process, we use a stochastic model to describe and predict
the epidemic trend of diseases. For the perturbation term of the parameter, two methods are commonly
used, including linear function of Gaussian noise and mean-reverting stochastic process [13—17]. For
Gaussian noise, when the time interval is very small, the variance of the parameter will become infinite,
indicating that the parameter has changed greatly in a short time, which is unreasonable [18]. So we
mainly consider the mean-reverting Ornstein—Uhlenbeck process. Let 8;(i = 1,2) take the following
form

dBi(t) = ai(B; — Bi(1))dt + od Bi(1), (1.5)

where a; represent the speed of reversal and o-; represent the intensity of fluctuation. Solve the Eq (1.5),
we can get

Bi(t) = e "Bi(0) + Bi(1 — ") + o / e IdB(s),
0

where £;(0) is the initial value of 5;(#). For arbitrary initial value £;(0), B;(¢) follows a Gaussian
— 2 -

distribution S;(¢) ~ N(B;, %) (t = o0). Furthermore, setting 3;(0) = £3;, then the average value of 5;(¢)

satisfies

l

Bty =+ / Bis)ds = i+ - / T = e aBy(s),

it is known that the mathematical expectation and variance of S;(¢) are 5; and ”th + O(#%), respectively,
where O(#?) is the higher order infinitesimal of 2. Obviously, the variance becomes zero instead of
infinity as t — 0. This shows the universality of the Ornstein—Uhlenbeck process. Moreover, in order
to ensure the positivity of the parameter values after adding the perturbation, the log-normal Ornstein-
Uhlenbeck process for the noise perturbation to the transmission rates 5; and 3, of the system (1.4) is
used, then following stochastic model is obtained

dS p(t) = [u(K = S u(0) = B1¢1(Iv(0))S u(1) — Bo(O)2(In())S n(2) + dIy(1)]dl,

dly(0) = [Bi(O@1Tv(D))S 1 (@) + Bo(D)p2 (T (1))S n(t) — wln(D)]dt,

dIy(1) = [Bsp3In(D)(5 = Iy(1)) — mIy(D)]dt, (1.6)
dlogﬂl(t) = aq(log,B_l - IOgIB] (t))dr + O']dB](l),

dlog (1) = ay(log By — log Bo(1))dt + 2d By (t).

In this paper, we extend the saturated incidence rate of model (1.1) to the general incidence ¢;(ly),
¢>(Iy) and ¢3(Iy) to obtain models (1.3) and (1.4), and investigate the global asymptotic stability of the
equilibrium point of model (1.3). Furthermore, we choose to modify the parameter 8, and 3, to satisfy
the log-normal Ornstein-Uhlenbeck process to obtain the stochastic model (1.6), and study its stationary
distribution, exponential extinction, probability density function near the quasi-equilibrium point and
other dynamic properties.

The rest of this article is organized as follows. In Section 2, some necessary mathematical symbols
and lemmas are introduced. In Section 3, some conclusions of deterministic model (1.3) are obtained and
the global stability of equilibrium point in this model is proved. In Section 4, we obtain some theoretical
results for the stochastic system (1.6) where we prove the existence of a unique global positive solution

Electronic Research Archive Volume 32, Issue 6, 3777-3818.



3781

for the stochastic system (1.6). In addition, through the ergodic properties of parameters 5;(¢),i = 1,2
and the construction of a series of suitable Lyapunov functions, sufficient criterion for the existence
of stationary distribution is obtained, which indicates that the disease in the system will persist. Next,
we have sufficient conditions for the disease to go extinct. Further, we solve the corresponding matrix
equation to obtain an expression for the probability density function near the quasi-local equilibrium
point of the stationary distribution. Next, in Section 5, some theoretical results are verified by several
numerical simulations. Finally, several conclusions are given in Section 6.

2. Preliminaries

To make it easier to understand, denote R} = {(yl, Y2, ¥n) €ER,ly; >0,1<j < n} I, represents
the n-dimensional unit matrix. I, denotes the indicator function of set A, and it means that when
x € A, I, = 1, otherwise, I, = 0. If A is a matrix or vector, then A” stands for its inverse matrix, and A~!
stands for its inverse matrix.

Lemma 2.1. (Ito’s formula [19]) Consider the n-dimensional stochastic differential equation
dx(t) = f(t)dt + g(t)dB(¢), 2.1)

where B(t) = (Bi(t), By(1), ..., B,()) and it represents n-dimensional Brownian motion defined on a
complete probability space, let L act on a function V € C*'(R, X R™; R), then we have

dV(x(t),t) = LV(x(1), t)dt + V. (x(t), t)g(H)dB(t), a.s.,
where .
LV (x(1),1) = Vi(x(1), 1) + Vo(x(0), ) (1) + Etmce(gT(t)Vxx(X(t), Ng(1)),
it represents the differential operator,and

6t » VX T 0){:1,.“, axn s V' xx — axlxj nxn-

V, =
Lemma 2.2. (Ma et al. [20]) Letting ¢(A) = A" + a; A" + ap A" 2 + - -+ + a,_1 A + a, is the characteristic
polynomial of the square matrix A, the matrix A is called a Hurwitz matrix if and only if all characteristic
roots of A are negative real parts, that is equivalent to the following conditions being true

ap as ds - d-|
I a a -+ axo
H 0 a a3 - ays 0
=10 1 a oo ang |7V
0O 0 0 - &
k=1,2,---,n, among them j > n, replenishing definition a; = 0.
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Lemma 2.3. ( [21]) For five-dimension algebraic equation G + L® + OLT = 0, where © is a symmetric
matrix, Gy = diag(1,0,0,0,0) and

-l =L -l =l -Is
1 0 0 0 O
L=|10 1 0 0 O
O o0 1 0 O
0O 0 0 0 -

Ifly, >0, >0,l3 >0,l4 >0and L5 — l% - l%l4 > 0, then the symmetric matrix © is a positive
semi-definite matrix. Thus, we have

Lilg—1

bbb g L0 0

0 “Lo 40
=] % o -4o0 0 |,

0 b0 o

0 0 0 0 0

where | = 2(LE — 15 + BB).

Lemma 2.4. ( [22, 23]) For n-dimension stochastic process (1.6), X(t) € R" and its initial value
X(0) € R", if there is a bounded closed domain U in R" with a regular boundary and

t—+o0

1 t
liminf — / P(1,X(0),U)dr > 0,a.s.,
0

in which P(t, X(0), U) represents the transition probability of X(t), then X(t) has an invariant probability
measure on R", then it admits at least one stationary distribution.

3. Theoretical results for model (1.3)

In this section, we focus on the local stability of the equilibrium point of the deterministic model (1.3).
Initially, we verify the existence and uniqueness of equilibria model (1.3). We can calculate the basic
reproduction number of the deterministic model (1.3) by the next generation method [24], define

B4 (OK  S1¢h1 (0K w 0
F:<022 Ol 1 )’V:<_B3A¢'3(O) m),

therefore, the next generation matrix is

1 ( FKS0) | FBAKS 060 fid 0K )
FV_ = )

w m2w m

0 0
then, the basic reproduction number for system (1.3) is obtained

PK$y0) | BiBsAK (00¢5(0)
w

m2w

Ro=p(FV™") =

Based on the key value of the basic reproduction number Ry, the conditions for the existence of local
equilibrium point for the model (1.3) can be found.
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Theorem 3.1. The disease-free equilibrium Eq of model (1.3) is Ey = (Swo, 0, 0, Syo, 0) =
(K, 0, 0O, %, 0) which always exists. If Ry>1, there is a unique local equilibrium E* =
Sy, Iy, Ry, Sy, ).

After finding the conditions for the existence of the equilibrium point of model (1.3), next we verify
that the global stability of equilibria.

Theorem 3.2. (i) If Ry<1, the disease-free equilibrium point E is globally asymptotically stable. If
Ro>1, Ey is unstable. (ii) If Ry>1, the endemic equilibrium point E* is globally asymptotically stable.

Remark 3.2 The global stability of Ej in this theorem can be referred to the method in the literature [10].
By constructing a series of suitable Lyapunov functions, we prove the global stability of E*.

4. Theoretical results for model (1.6)

Initially, we verify that the stochastic model (1.6) has a unique global positive solution. This provides
preparation for the dynamic behavior of the model. For model (1.6), it is easy to see that

A
r= {(SH,IH,IV,,Bl,,Bz) €ER :Sy+1Iy<KIy< —}
m

is the positive invariant set, and the subsequent research will be discussed in I'.

Theorem 4.1. For any initial value (S y(0), [5(0), Iy(0), 81(0), 82(0)) € T, there exists a unique solution
Sy, Iy), Iy(1), B1(1), B2(1)) of system (1.6) and the solution will remain in I" with probability one
(a.s.).

The stationary distribution of stochastic model (1.6) plays a key role in regulating the dynamics
of disease and analyzing the sustainable development of disease. Next, sufficient conditions for the
existence of stationary distribution will be obtained. We define

_ BaKe,(0) N BB AK$1(0)¢5(0)

R =
0 w m2w

where
2 2

o

B = Bre™1, By = fre ™.
Theorem 4.2. If R > 1, then stochastic system (1.6) has a stationary distribution.

Remark 4.2 The Theorem 4.2 is proved by constructing the Lyapunov functions. It is observed that
when R} > 1, a stationary distribution exists and the disease will be endemic for a long period of time.

Furthermore, disease propagation and extinction are two major areas of research in stochastic system
dynamics. After establishing the conditions under which a disease reaches a stable state, it is also
essential to understand the conditions under which the disease becomes extinct. In addition, we discuss
the sufficient condition for disease extinction in the model (1.6), define

2 2 2
T o 75 o

2
mRo(e™ — 2e™1 + 1)} + ¢o(0)Kfa(e™ — 2e™: + 1)}

E _
Ry =Ro + ﬁ'm;(om}
Ro

min{m,
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Theorem 4.3. If RS < 1, then the disease of the system (1.6) will become exponentially extinct with
probability 1.

Remark 4.3 Theorem 4.3 gives the sufficient condition for the exponential extinction of diseases Iy, Iy.
From the expressions of R} and R, the relationships R > Ry and RS > R, are deduced, and the equal
sign holds if and only if o7y = 0, = 0.

Additionally, the density function of a continuous distribution is essential to understanding a stochas-
tic system, making the precise determination of its expression a crucial challenge. Through the matrix
analysis method, we have successfully derived the expression for the probability density function in
the vicinity of the equilibrium point for model (1.6). Linearize the model (1.6) before calculate the
probability density function. Define a quasi-endemic equilibrium point P* = (S, I}, I}, log 57, log 55),
it satisfies

MK = uS* = Brig1(Iy)Sy = BadoI)S™ + dly = 0,

Bio(L)S iy + Bogo(I)S™ — wlyy = 0,

Bsds i) (5 = I;) = ml;, = 0, @.1)
a,(logp; —logpy) =0,

ax(log B, —logB3) = 0.

Let (21,22, 23, X1, X2). = (S — 83, Iy — Iy, Iy — I, 1og B — log 87, log B2 — log 85), then system (4.1)
can be linearized around P* as follows

dzy = [~anzi — annzs — a13z3 — ax) — asxxldt,

dzy = [ay12) — a2 + a;3zz + ax) + ajsx;ldr,

dz; = laxz, — azzzzldt, “4.2)
dx| = —aguxdt + o1dB (1),

dx, = —assxdt + 0,d B, (1),

where aj; = p+ Bi191(Iy) + Bodo(lyy), arx = Batpr (IS 3 —d, a;3 = Brg1 ) 3y, ars = Bia(1)S 3y,
ars = Bpo(i)Stys = Bion(Iy) + Bado(liy), an = w = Body(I;)S iy axy = Bods (i) = 1), axs =
Bsds(Iy) +m, asy = @1, ass = a,. Apparently, a;; > 0.

By denoting
—djp —dapp —diz —ai4 —dps 0
an) —dp dj3 ajg ais 0
A= 0 asn —as3 0 0 , G = 0 ,
0 0 0 —ay4 0 g1
0 0 0 0 —dss ()

B(t) = (0,0,0, B(1), Ba(1))", Z(1) = (21,22, 23, X1, %)

Then system (4.1) can be expressed as
dZ(t) = AZ(t)dt + GdB(t), 4.3)

then, the solution of (4.3) can be calculated as

t
X(®) = ¢MX(0) + / AIGAB(),
0
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since fot A 9GdB(t) obeys a mnormal distribution AN(0,3(r)) at time t, where 2(r) =
fot AIGGT A 9 ds, then, we can get X(£) ~ N (e X(0), 3(1)).

First, we need to verify that matrix A is Hurwitz matrix [25], the characteristic polynomial of A can
be obtained as follows

A+ay ap as ais ais
—a; A+ay -—ap —aiy  —dps A+ay;  ap a
pa() =10 —axp A+ax 0 0 =A+ay)(A+ass)| —ay A+ay -—an
0 0 0 A+ay 0 0 —asz; A+ assz
0 0 0 0 A+ ass
Obviously there are A; = —ay4, A, = —ass, other characteristic roots can also be found with negative real

part according to Section 3. Therefore, matrix A is a Hurwitz matrix by Lemma 2.2. According to the
stability theory of zero solution to the general linear equation [20], we have

lim ¢*X(0) = 0,

t—+00

t

+00
Y2 lim £ = lim [ A9GGT A 95 = / AGReM dt
0

t—+00 —+00 0

Based on the solution of Gardiner [26], it follows
G*+ AT +3AT = 0. 4.4)

Second, we will solve the Eq (4.4) to get the exact expression of probability density function near the
quasi-endemic equilibrium.

Theorem 4.4. For any initial value (S y(0), I5(0), Iy(0), 51(0),82(0)) € I, if Ry > 1 and m—u+Bx¢ps(1}5,) >
0, then the stationary distribution of stochastic system (1.6) near the P* approximately admits a normal
probability density function as follows

oS gy, Iy, Iy,log By, 1og 5>)
=(2m 2z exp[—%(SH = i In = Iy Iy = I, log B — log 1, log B2 — log )
(S u = Shdu — Iy, Iy — I, log 1 — log By, log B, — log )" ].
The exact expression of covariance matrix X is shown in the proof.

Remark 4.4 In Theorem 4.4, by defining the quasi-endemic equilibrium P*, we derive an exact expres-
sion of probability density function of the stationary distribution around a quasi-positive equilibrium
Pr.

5. Numerical simulations and conclusions

In order to illustrate the above theoretical results, we perform several numerical simulations in
this section. Consider bilinear incidence rate ¢(Iy) = Iy, ¢o(Iy) = Iy, ¢p3(Iy) = Iy, letting x;(¢) =
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log Bi(t) — logB;,i = 1,2, then according to the method in [27], the following is the corresponding
discretized equation for the system (1.6)

p

SH = Sh+ (K = S = Fiet LS| + foe TS + dIGIA,
1= 1+ e ST + Foe 1)) - ol

I = 1+ (B IS - 1) — mE 1A,

x{“ = x{ - alx{At + oy VALE, ; + %%(512] - DAs,

G = ] — aax At + oy VAL + %%(ég,j - DAz,

\

let & ; be random variables that follow a Gaussian distribution 'N (Q, I)fori=1,2and j =1,2,...,n.
The time interval is denoted by Ar > 0. The values (S7,, I, I}, x], x3) correspond to the j-th iteration of
the discretization equation.

5.1. Simulations for stationary distirbution and extinction

First and foremost, taking into consideration the importance of parameter selection, rationality, and
the visual effectiveness of theoretical results, we choose the following appropriate parameters, referring
to [10,28,29], and denoted them as Number 1

1 =0.05,K = 100,54, = 0.15,4, = 0.1,8; = 0.1,w = 0.8,d = 0.5,

vy=025A=5m=05,a, =08,a, =0.8,0, =0.1,0, = 0.1,

after calculation, we can get m — u + 8315, = 2.0391 > 0 and the indexes of deterministic system and
stochastic system can be obtained respectively, as shown below
_BK | BiBsAk

:’82—K+’81’83Ak:50>1, Ry=—+
w m2w w m2w

Ry = 50.0365 > 1,

which satisfies the condition in Theorem 4.2. More importantly, we can calculate the quasi-endemic
equilibrium and the covariance matrix X, which have the following forms

(S3. I, I, log B, logBs) = (4.6565, 15.8906, 7.6066, log0.15, log0.1),

0.0529 -0.0377 -0.0038 -0.0093 -0.0130
-0.0377 0.0352 0.0031 0.0072  0.0100
Y= -0.0038 0.0031 0.0004 0.0006 0.0008
-0.0093 0.0072  0.0006  0.0062 0
-0.0130 0.0100  0.0008 0 0.0062

Therefore, we can get that the solution (S y(¢), In(?), Iy(2), B1(2), B2(t)) obeys the normal density function
DS 1, I, Iv, B1, B2) ~ N((4.6565, 15.8906, 7.6066,0.15,0.1)", %).
The marginal density functions are as follows

g, = 1.7345 e—9.4518(SH—4.6565)2 @, =2.1264 e—14.2045(1H—15.8906)2 ®;, = 19.9471 e—l250(1y—7.6066)2
H : > H * ’ Vv . .
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Using the above parameters, we can get trajectories of S 4(7), Iy(t) and Iy (t) respectively, which
are present in Figure 1. It is used to represent the variation of the solution (S y(¢), I(t), Iy(¢)) in the
deterministic model (1.4) and the stochastic model (1.6). Frequency histograms and marginal density
function curves for S 4 (), Iy(f) and Iy(t) are also given in the right column of the Figure 1.

In addition, the frequency fitted density functions and the marginal density functions for S y(¢), Iy(?)
and Iy(7) are given in Figure 2, respectively, which are highly consistent. Therefore, we deduce that
the solutions (S y(?), I5(?), Iy(¢)) have a smooth distribution and their density functions follow a normal
distribution. As we can see, the disease eventually spreads, which is consistent with Theorem 4.2.

Frequency histogram and probability density curve of S(t)

Stochastic system
Deterministic system

5 4 4.5 5 5.5 6 6.5

Frequency histogram and probability density curve of I(t)

Stochastic system
Deterministic system

145 15 15.5 16 16.5 17

Frequency histogram and probability density curve of Y(t)

Stochastic system
Deterministic system 201

Figure 1. The left and right columns show the trajectories of the solutions (S y(¢), I5(?), Iy(?))
of the stochastic and deterministic systems under perturbations oy = 0.1, 0 = 0.1, as well as
histograms of the solutions and the marginal density functions, respectively.

On the other hand, we select that a part of parameters are shown below, and the remaining parameters
are consistent with Number 1, 5, = 0.015, 8, = 0.001, 83 = 0.015. These are denoted as Number 2. The
crucial value R§ takes the form

Lt i KB,

RE = Ry + (e —2e™1 + 1)? + ~22(em —2e™ + 1)t = 0.7986 < 1
m

which satisfies the condition in Theorem 4.3. Figure 3 represents the trajectory of the solution
Sy, Iy(1), Iy(1)), and it is clearly visible that the eventual trend of the disease is towards extinc-
tion.
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Figure 2. The frequency fitting density functions and marginal density functions of S 5 (¢), I5(¢)
and Iy (1), respectively.
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Figure 3. The trajectory of solution (S y(¢), Iy(?), Iy(1)) under the condition R§ < 1.
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stable extinction

V()

100

Figure 4. The left panel shows the trajectories of the solution (S g(#), Iy(?), Iy(?)) in the
stochastic model (1.6) for Rj > 1, and the right panel shows the trajectories of the solutions of
the stochastic model (1.6) for R§ < 1.

Further, by choosing the parameters in Numbers 1 and 2, respectively, the left panel in Figure 4
satisfies the condition R > 1 and the right panel satisfies Rf < 1. It can be seen that the disease
exhibits a trend towards stabilization and extinction as conditions Theorems 4.2 and 4.3 are satisfied,
respectively.

5.2. The effect of noise on stochastic epidemic model

Now, we study the effect of perturbations for a mosquito-borne epidemic model. Assuming that all
parameters take the values in Number 1, we choose different reversion speed « and volatility intensity
o to plot the graphs, respectively. Taking a; = @, = 0.8 and different volatility intensity as shown in
the Figure 5, the icons are red line o; = 0.05, blue line o; = 0.1 and green line o; = 0.15, i = 1,2,
the trends of the solution (S y(¢), Iy(¢), Iy(#)) of the stochastic model (1.6) are represented by the figure.
It shows that the fluctuation decrease as the volatility intensity decreases. Then, we set the volatility
intensity oy = o0, = 0.1, the reversion speed @; = 0.1 as shown by the red line in the figure, the blue
line shows a; = 1.0, and similarly, the green line indicates «; = 1.5, i = 1, 2, then the same insightful
changes in Figure 6 indicate that the fluctuation decreases with the increase of the reversion speed.

Further, we make the rest of the parameter assumptions consistent with Numbers 1 and 2, respectively,
except for the the volatility intensity and reversion speed. Figures 7 and 8 depict the trends of Ry, R},
and Rf under different volatility intensity and different reversion speed, respectively, and the range of
the two variables we choose is [0, 1]. Combining the information in the two figures, it can be concluded
that higher reversion speed and lower volatility intensity can make RS and R} smaller.
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Figure 5. Trajectory plots of the solution (S y(¢), Iy (¢), Iy(?)) of the stochastic model (1.6) at
the reversion speed a; = 0.8, i = 1,2 and different volatility intensity is shown in the icon with

the red line oy = 0, = 0.05, the blue line o; = 0, = 0.1 and the green line oy = 0, = 0.15.
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Figure 6. Trajectory plots of the solution (S y(¢), Iy(t), Iy(t)) of the stochastic model (1.6) at
the volatility intensity o; = 0.1, i = 1,2 and different reversion is shown in the icon with the

red line @; = @, = 0.1, the blue line @; = @, = 1 and the green line @y = a; = 1.5.
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Figure 7. Trend plots of Ry, R}, and Rg at fixed reversion speed @; = @, = 0.8 and volatility
intensity o; € [0.01, 1], o, = 0.1. The rest of the parameter values in the left figure are
consistent with those in Number 1, and the rest of the parameter values in the right figure are
consistent with those in Number 2.
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Figure 8. Trend plots of Ry, R}, and R} at fixed volatility intensity oy = o = 0.1 and
reversion speed a; € [0.01, 1], @, = 0.8. The rest of the parameter values in the left figure are
consistent with those in Number 1, and the rest of the parameter values in the right figure are
consistent with those in Number 2.
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Figure 9. Color plot of the trend of Rg and R; with variables (a,0) € [0.5,0.6] X
[0.005, 0.09], with the rest of the parameters consistent with those in Number 1.

Next, we continue to discuss the effects of reversion speed @ and volatility intensity o~ on R} and R}
and their magnitude relationships under different conditions.

(i) Assuming that , o-; are the variables, and the other parameters are consistent with Number 1,
The Figure 9 shows the three-dimensional chromatograms of R and Rf, which are consistent with the
results of Figures 7 and 8, where R;, increases with increasing o-;, and decreases with increasing ;.
This indicates that the disease stabilizes as the reversion speed decreases or volatility intensity increases.
In addition, it can be seen that both R} and R§ are greater than 1 and R is greater than R}, in the range
where @, belongs to [0.5,0.6] and oy belongs to [0.005, 0.09];

(i1) Conditionally the same as in (1), we set the other parameters are consistent with Number 2, it
is noted that Rg increases with the increase of oy and decreases with the increase of «; in Figure 10,
implying that the diseases in the stochastic model (1.6) tend to become extinct when the volatility
intensity decreases. Moreover, in the parameter range of the plot, both R and R are less than 1, and RS
is greater than R;.

5.3. The mean first passage time

Next, we will discuss the mean first passage time, the moment a stochastic process first transitions
from one state to another is termed the first passage time (FPT) [30]. The mean first passage time
(MFPT) is then defined as the average of these first passage times [31]. Starting with an initial value of
(S 5(0), I4(0), Iy(0)), we aim to examine the time it takes for the system to evolve from this initial state
to either a stationary state (M F PT) or to an extinction state (M F PT)).

Electronic Research Archive Volume 32, Issue 6, 3777-3818.



3793

The value of Rg under different (a,0) The value of Rg under different (a,0)
] [ 0.68805
082
— 0.688
081
0.68805
08 - 0.68795
0688
N, 068795
= 0.6879
06879
0.78
0.68785
0.68785
9o
o7 © oes78
0.68775 0.6878
0.76
0.6877
0.75 0.68765 0.68775
0.6876
0.74
0.6877
0.08
0.73
0.68765
072
0.6876

Figure 10. Color plot of the trend of ROE and R; with variables (a;,0;) € [0.5,0.6] X
[0.005, 0.09], with the rest of the parameters consistent with those in Number 2.
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Figure 11. The mean first passage time for transitioning from the initial state values
(S #(0), I5(0), Iy(0)) = (3, 1, 1) to the state of stationary with o; € [0.01,0.1], @; = 4,5,6, i =
1, 2. The other fixed parameter values are consistent with those in Number 1.
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Figure 12. The mean first passage time for transitioning from the initial state values
(S 5(0), Ix(0), Iy(0)) = (5, 200, 10) to the state of extinction with o; € [0.01,0.1], a; =
0.1,0.15,0.2, i = 1, 2. The other fixed parameter values are consistent with those in Number 2.

Then we define 7, as the FPT from the initial state to the persistent state, and 7, as the FPT from
the initial state to the extinct state

T :inf{t:SH <S;I,IH >I;1’IV >I‘*/},

7y = inf {t : Iyp < 0.0001, Iyy < 0.0001} .

Then we have
MFPT, = E(ty), MFPT, = E(1,).

Using Monte Carlo numerical simulation method, if S y(nAf) < Sy, Iy(nAt) > I, Iy(nAt) > [}, then
T, = nAt, assuming that the number of simulations is N, then

N
¥ nAt
MFPT, = 2=t AL

Similarly, if Iy¢ < 0.0001 and 7y, < 0.0001, then 7, = mAt and

N
¥ mAr
MFPT, = 221 WAL

Here, we set N = 2000, 0; and a;, i = 1,2 are random variables. Figures 11 and 12 depict the relationship
between MFPT, and MF PT, and the speed of reversion «; and the volatility intensity o;, i = 1,2 in
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stochastic system (1.6) with the bilinear incidence rate, respectively. Figure 11 reveals the values of
MFPT, with N = 2000, 0; € [0.01,0.1] and «; = 4,5,6, i = 1,2, respectively. It shows that MF PT,
decreases with decreasing reversion speed «; or increasing voltility intensity o, implying that the
disease is much easier to arrive the stable state. Similarly, Figure 12 shows the trend of MFPT, at
N = 2000, o; € [0.01,0.1] and @; = 0.1,0.15,0.2. Through the figure it can be noted that M F PT,
increases with «; decrease and o-; increase.

6. Conclusions

We mainly develop a stochastic model, coupled with the general incidence rate and Ornstein-
Uhlenbeck process, to study the dynamic of infectious disease spread, which includes the stationary
distribution and probability density function. In view of our analysis, we can draw the following
conclusions

(i) For the deterministic epidemic model, two equilibria and the basic reproduction number R are
obtained, and their global asymptotic stability are deduced. Specificaly, the endemic equilibrium is
globally asymptotically stable if Ry > 1, and the disease free equilibrium is globally asymptotically
stable if Ry < 1.

(i1) Considering that the spread of infectious disease is inevitably affected by environmental pertur-
bations, we propose a stochastic model with general incidence and the Ornstein-Uhlenbeck process.
By constructing a series of appropriate Lyapunov functions, the stationary distribution of model (1.6)
is derived and we establish the sufficient criterion for the existence of the extinction. Specifically, the
innovation of this paper is that we obtain a precise expression of the distribution around its quasi-positive
equilibrium P* by solving a difficult five-dimensional matrix equation, which is quite challenging.

(ii1) We also verify some conclusions of this paper by several numerical simulations.

e When R;j > 1, i.e., the parameters satisfy the condition of Theorem 4.2, we obtain trajectory
plots of the solutions of the deterministic model (1.4) and the stochastic model (1.6), as well as the
corresponding frequency histograms and edge density functions, and as shown in Figures 1 and 2, the
disease eventually persists. This provides some verification of Theorem 4.2 of the theoretical results.

e Also, from Figure 3, we can further find that when R < 1, the population strengths decrease with
time and eventually converge to zero, which implies extinction of the disease. Figure 4 also further
illustrates these points. The theoretical result of Theorem 4.3 is visualized through Figures 3 and 4.

¢ In addition, we also investigate the effect of perturbations and give Figures 5 and 6 to depict the
effect of trends with different reversion speed and different volatility intensity. It can be seen that the
fluctuation decreases as the volatility intensity decrease and the reversion speed increase.

e Then, correlation plots of Rj, Rf with reversion speed and volatility intensity are obtained in
Figures 7-10. We conculde that higher reversion speed and lower volatility intensity can make Rf and
Rp more smaller.

e Finally, Figures 11 and 12 visually demonstrate the relationship between M FPT and the a; and
o, I = 1,2 in a stochastic system (1.6) with bilinear incidence. We can see that if voltility intensity o
is much bigger (or the reversion speed «; is much smaller), then the disease is more easier to arrive the
stable state. This is consistent with the results of the above conclusions.
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Appendix A. Proof of the Theorem 3.1

Proof. The equilibria of system (1.3) satisty

WK =S p) —,3_1_¢1(IV)SH —Bapr(Iy)S y + dly = 0,
Bio1(Iv)S u + Bop2(In)Sw — wly = 0,
yly — Ry = 0, (A1)
A = B303(Ig)Sy —mSy =0,
B3ps(Uy)Sv —mly = 0.
Notice that

A
RH:K—SH—IH, SV:__IV,
m
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and we have ) B
WK =S n) =B1o1(V)S = Babo(Ip)S 1 + dly = 0,
Bio1(Iv)S i + Bop2(In)Sw — wly = 0, (A.2)
Bads(Um)(5 = Iy) —mly = 0.

Obviously Ey = (Swo, 0, 0, Syo, 0) = (K, 0, 0, %, 0) always exists.
On the other hand, we have
Su=K—(1+Dly,
I, = Bad3(Um)A
m?+mpB3d3(Ix)

Iy = ﬂl¢l(IV)SH + /52¢2(1H)SH

w

Therefore, Iy € [O ] let

,31¢1(IV)SH ﬁ_zfﬁz(IH)SH

H(Iy) = - Iy,
w
then by calculation, H(0) = 0, H (/J+7) u+y <0, and
H 1y < BOISn _mBadsUnh y)ﬁlqblav) BotrtnSu _ | v Bodolln) |
w (m? + mB3¢3(Iy))? w uooow
If Ry > 1, then .
H () = BEOO | BBAKSOBO) |
w m*w
I
H uk =1+ ) ,31¢1( V(#ﬂ,)) ﬁ2¢2(u+y)] i <o,
H+y H w w

therefore, there exists a point & such that H (1) > 0 on [0 & and H (Iy) < Oon (f ] 1e., H(Iy) is

monotonically increasing on [O ¢) and monotonically decreasing on (f /’fﬁ/ ]

Hence, there is a unique I}, € (0, £ iy ) such that H(I;;) = 0, which implies that when Ry > 1,
system (1.4) has a unique endemic equilibrium E* = (S, I};, Ry, Sy, I}). This completes the proof. O

Appendix B. Proof of the Theorem 3.2

Proof. (i) Through calculation, Jacobian matrix of model (1.3) is obtained as follows

J(S s 1, Ry, Svly)

—p = Big1Iy) = Bopo(Iy) d = Bodhs(I)Su 0 0 L1 (Iy)S

Bioi1(Iy) + Batha(Iy) BrpsI)Sy—w 0 0 Bid>(IV)S u
=1 0 Yy -u 0 0

0 B OISy 0 —BsdiIy)—m 0

0 B3 @5(I)S v 0  Bs®3(ly) —m
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Substituting Ey into the matrix J to get Jy

-1 d=BK¢0) 0 0 B OK
Bp,(OK-w 0 0 B¢ (0K
Jo = Y -« 0 0 ,

—5Bs¢50) 0 —m 0
200 00 -m

the corresponding characteristic polynomial is as follows

¢ (D) = (A + (A + (A +m)(A +m)(A + (@ = B,0,(0))),

S O OO

obviously, if Ry < 1, then w — ,B_zq)'z(O) > 0, according to the Routh-Hurwitz criterion, there are only
negative real part characteristic roots, so the disease-free equilibrium Ej is locally asymptotically stable.
If Ry > 1, then w — B, ®,(0) < 0, this indicates that J; has the eigenvalue of the positive real part, so
the disease-free equilibrium E is unstable.
Next we prove the global attractiveness of E, define

S A A S
V=Sy-K-Klog=2 + I+ Sy - = - ~log =¥ +1I,
K m m A
Using Ito’s formula for the above equation, we get
> . K? dIyK
LV =pK +dly = Sy = fi®1(IV)S 1 = f2P2(In)S 1 — ‘;— - S”
H H

+B1D1(IV)K + B Do(I)K + pK + 1@ (I)S i + Lo®o(Iy)S 1 — wly
2
+ A= B3®:(Iy)Sy —mSy —

A
+ﬁ3®3(111)% + A+ B3D3(Iy)Sy — mly

moy
K dl,K . o
<QuK +dly — Sy — “S— - SH + 1O OV K + oDy K — wly
H H

2

’ A
- mSV - +ﬁ3(D3(0)IH— +2A — mlv,
m

4
according to the method in [10], it is easy to see that Sy — K ast — oo, Sy — % ast — oo, and
Iy, Iy — 0 ast — oco. Then, LV < 0 and equal to 0 when it takes Ey. Therefore, according to the
LaSalle invariance principle, we conclude that when R < 1, Ej is globally asymptotically stable.

(i1) According to the method in [32], the positive equilibrium point E* of the model (1.3) satisfies the
following system of equations

pK = uSy + (B101(I) + B ®a(I})) Sy — dlyy,
(B1D1UIy) + Br02(I})) S}y = wl,
Yy = uRy, (A.3)
AN = B3Ds(I;)Sy + mSy,
BsO3(I;)Sy = mly.
Define
SH
Sk

Iy
Ly

Vi=Su—-Sy—-Sylog— + Iy — I, — I;log
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after calculation

d(-S%logst K _ _ dl
) =S (—’g— + 1+ B O1(Iy) + BrDr(Iy) — —H)

dt H SH
. w+ B0 + Bo0y(I3)) S, — dI: _ B dI
=Sy _( Skl St H) = H+/l+ﬁ1(D1(1v)+ﬂ2(D2(1H)——H
SH SH
(4 +Bi®1(I) + o ®oI})) Sty - O (Iy) D, (1)
=S5 | - + B,0,([; + B, D, (I;
H( 5, By g s +Baali s
* S*
+uSs(1 =y + ZHarn, - dly),
Sy’ Sy
d(~I;logt) S (NI Sy (I
= B0 (I1)S P B ) (1) S e 2T
dt Pr®i(ly) HS O (I)y B ®2Iy) HSs Oyl
dSy+1
%zuK—uSH+le—le
) L R ) BiD(I3) + B Do(I5)) S
:(ﬂ+ﬁ1d>1(lv)+ﬁ2(1)2(IH))SH—dIH—,uSH+dIH—(1 v - ) Hr.
H
* S* o) * o) * * I *
=S (1 = ) + (B101U17y) + F2®a1}) S (1 = I—i’) —d(I}; - Iy),
H H
then we have
dv * S* o) £ o) * * I % *
L =S5 = 2y (BiD(I) + Ba®a(T) S 3y(1 = 2y — d(I}y — Iy) + wI
(1 +B1DiIy) + Bo@o(})) S3 - O (Iy) D, (1)
+S55 | - +B,D,(I; + B,D,([;,)——=
H( SH ,Bl 1( V)(Dl(lz}) ,82 2( H)CDz(I;I)
St 8 _ S y® (N - S @ (I
+uSth(1 - =Y+ ZHdr:, — dly) - Bi®(I)S i ———— 2 _ B @, ([5)S———
M H( SH) SH( H H) B1D:( V) HS;Iq)l(I;)IH B 2( H) HS;Iq)Z(I;])IH
St S _ O,y St Sy®UIN
S5 - 22 L g0 (1)S, [—I(Z)——H——f’ I Z)H——’j+3}
Sy S O,(I;) Sy SOy I
- nare | P2Up) Sy S0y In . Sy Iy
+ B ®(I)S { L oh TR Ty 3| —dl(1 - Sy -
Pr®2ly)S y O,(I;) Sy SuO:.Uply I Sy Iy
Sy Suw. 5 D, (1Iy) Sy Su®i ()l Iy
<uSHQ2 - =2 -4 B0(I))S: { —1lo —log=—/— —H2 _ =
T Pr®iy)Sy o) Bs, CEsLoIly I

+ﬁ_2(D2(I;I)S;I |:

N(SH; S’
H

+ B O (I;)S T [

D, (1) S Su®Up)l; Iy
—— —log —log "~ — 7~
= evon | 1Y) I;®,(Iy) IH:|
+B101(L)S [ V) g ALV
N R F N
Q(In) log Iy @2(I) I_H:|
Oy (I}) In®y(Iy) Iy
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Similarly, define

S I
Vo=Sy -8t —Silog=Y + 1y - I, — I;log—,
Sy Iy

the same can be obtained

av, Sv Iy Sy D3(In)
=mS (1 — + B3DO5()S (1 — =) + B3 D3(G)S o | —— +
dt m V( *) B3Ds3( H) v( *) B3D3( H) V< Sy @3(1;})
IS V‘I’3(1}}) . .
S SR - S D31
+m 3( H)IVS (I)3(IH) ﬁ3 v 3( 1-1)
S . I S¥ I.S vOs(1; I
=mS (1 — = s;q>3(1;;){ 3({:’)——V—M——f+2}
S (D3(IH) SV IVS vq)3(IH) Iv
LSy =8p)? . . {‘1)3(111) I, D3(1) Iv}
mS oY "2V B Dyl | ) og VORH) Y
v, TSR g ) T e T T
Next, define B
B1O(I))S
Vi=Vi+——T""=V,,
T RSy
we can get
dVs Sy—Sy)? mﬁ_lq)l(ﬁ/)SZ = . {q)z(IH) I P(1y) IH:|
—> < —uS; = + B 0a(I)S 1o N T
dr s, Gty PP g g T e T
_ D] ;D1 1 Ds(1 JONIH Ji
+,81(D1(I§",)SH{ 1( Z)—log HPi( 1/)__1;1_*_ 3( f)—log v Ps( H)__Z]
D (1) In®Iy) Iy Os3(Iy) IyOs(ly) Iy,
—S*)? 3D (I5)S - D, (1 15D,(1; I
S_’ULS,;I(LSUjr S _m,Bl 1 Z)SH +,82<D2(I};)SL{ 2( f)"‘ 1;1 2( H)__I:_1:|
Su B3O (1y) O (Iy)  ID.(In) Iy

> D, Iy O (I 1 Iy O3(17 D (1 I
LB 1(Iy) v y) Iy L 3(I) N sUw) Ty ’
O(Iy) Loy) Iy Iy @s3(Ip)  D3(ly) Iy

by the condition (A,) and (Aj3), we can know

D (1 I ONs I I

0y) + o L2 Y P A [(cb (Iy) = ©1(L))(
(Dl(lv) V I(IV) Iv q)l(lv)q)l(lv)
®,(Iy) and ®;(1y) similarly satisfy the structure of the above equation, combined with S5 and Sy are

bounded, we finally get

Q,(Iy)  Pi(y)

<o
Iy Iy

dV; u ,  m*Bi®(I)S 2
C8 B, — Sy - PRV H (g g2
ar = g8 Sk A,83(D3(I,’;)S*V( v Sv)
Next, we define
Sy —S%+ Iy —I%)? R R:)? Sv—S8%+ Iy, — I¥)?
V4=(H H2H H),VS (H2 ) V6=(V V2V V)’

similarly calculated

dV * * * *
d_t4 =—u(Sy =Sy’ = (d+y)uy - 1;)* = (S u =Sy — I
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(d+y) w?
<—uSu—=Si)? = d+y)UIy—I;)* + Iy —I)* + Su—Si)?
<—ulSy H) ( Y)Uu H) (g — H) 2(d+)/)( H H)
w? (d+)/)
< Suy—S8t)? - Iy — 15,
_2(d+)/)( H H) (H H)
and
dVs . . . o v Y .
7 y(Iy — I;)(Ry — Ryy) — u(Ry — R} < _E(RH - Ry’ + Z(IH - I,
and
dv, " *
d—: =—m(Sy =S5 —m(ly = I})* = 2m(Sy — )y — I})
=—m(Sy -8y —my —I})* + %(IV — )" +2m(Sy - S})*
* m *
<m(Sy —Sp)* - >y = L)
Finally, define
V=Vi+A Vs+A,Vs+ A3V,
then
dv p W’ b ) M )
— <—-(=-A - - A——A Iy —1I;)" —Z=A(Ry — R;
i =gy S-Sy @224, 3 A0 = 1 = ARy = Ry
mﬁl (IS y 2 M )
—(—=—-A Syv—=8v) —=A3(Iy - L),
(Aﬁ3<1>3(1;,)S* 3m)(Sy v) ) 3(ly V)
take ) -
A :,u(d+)/) Ay_:d+)/ _m Bi1Di(1})S Y
YTUKe? T T2 TR T A 2mBsds(1)S
we get
av d+
E<——(SH S = A~ )" = S ARy - Ry’
_m? Bir®i()Sy 2 £\2
— 2 (§Sy =S ——A Iy - I},
A 2ﬁ3q)3(1;i1)5*( \%4 v) 2 3( \%4 v)
the proof is done. m|

Appendix C. Proof of the Theorem 4.1

Proof. Itis obvious that the coefficients of the system is locally Lipschitz continuous, so there is a unique
local solution (S (1), Ix(?), Iy(¢), B1(2), B2(t)) on t € [0, T.), where T, represents explosion time. To show
that the solution is global, according to the method in [33], we just need to verify that 7, = +o0 a.s..

Choose kj be a sufficiently large integer for every component of (S (0), I5(0), Iy(0),51(0), 8(0))
within the interval [é, ko]. For each integer k > k, define the stopping time as

1
7y = inf {t € [0.7e) Imin(S (), In(0). Iy (1), B1(D). B2(1)) < 1 or max(S u(0), In(1), Iv(D). B1(1). Bo(1)) 2 k} :
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It can be seen that 7, is monotonically increasing with respect to k. Then define inf{@} = +co and
T = lim,_, ;o Ty. Itis clearly visible that the solution is global due to the fact that 7., < 7, a.s., Teo =
leading to 7, = co. Next, we will prove 7., = oo by the contradiction method. Assuming 7., < +o0 a.s.,
then there are gy € (0, 1) and T > 0 such that P(7, < T) > &, so there is a positive integer k; > kj that
makes

P(Tk < T) > &, Vk > kl.

Define a non-negative C?-function V(S y, Iy, Iy, 51, 52) as follows
V=Sy—-1-logSy+Iy—1-logly+Iy—1-logly +(K-Sy—1Iy)—1-log(K—-Sy—1y)
+ (% —Iy)-1- 10g(% —Iy)+B1—1-logB + B, — 1 —logp,.
Applying Ito’s formula to V, then we can get

dly

K
LV =u(K = Sy) = Bi1d1(Iv)S 5 — Pop2(In)S 5 + dly — l;,—H +u+Bid1y) + Bada(Iy) — S,

Bio1(Iv)SH  Pordr(Iu)SH
- - +w

+B191Uy)S g + P2d2(Ig)S w — wly

IH IH
A A
+ Bas(In)(— = Iy) = mly = Baps(In))—— + Baps(Iy) + m
m mIV
1 A A
TR ]V('B3¢3(IH)(% = Iy) —mly) _,83¢3(1H)(% —Iy) + mly
1

+Bi(ar log By — a; log By + %0'%) — a(log B —log B1)
+ Ba(az log By — ay log By + %0'5) — a,(log B, — log 3,)
<uK +dly + p+pid1y) + Paga(Ip) + w + %ﬁ3¢3(111) +m+2B3¢3(In) + p + ylu
+Bi(ar log By — a; log By + %0'%) — a(log B —logB1)
+ Ba(az log By — ay log By + %0'3) — a(log B, — log 3).
By the condition (A3, we can know that

¢1(Iy) < ¢, (0)y, po(Iy) < 50, P3(Iy) < 3(0)]y,

then, we obtain
LV Sk + 200+ 04 m+ B Oy + [Ba630) + - B363(0) + 2B650) + 1y
+Bi(an log i — an logy + 50) ~ a0z ~ log )
+ Br(aslog By — as log B + %o%) — ar(log B, — log 3»)
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;A , A, ,
<uK +2u+w+m +,81¢1(0)% + [B20,(0) + %,83%(0) + 2B3¢5(0) + v1K
_ 1 _
+ Bi(ai log By — ag log B + 50%) — a (logB; —logB1)
_ 1 _
+ Bz log By — @z log B + 50%) — as(log B, —log B,)
=H (1, B2).

It’s easy to see H(B,3;) = —0 as 1 — +00,8; — 0,5, — +00,8, — 0, so there’s a positive constant
H, that makes LV < H,. Integrating on both sides and taking the expectation, then

OSEWSu@AT) Iyt AT) Iy (e AT) B (7 ANT) ,Ba (T AT))

T AT
= EW (S 1(0), 11(0), Iv(0), 51(0), 52(0)) + E / LV (S u(0), In(1), Iy(7), B1(7), Bo(7)) dT
0
< EV (S 1(0), 11(0), 1v(0), 51(0), 52(0)) + HoT.

One gets that for any { € Gy, W(Sy (75, ) , Iy (71, O) s Iy (11, {) , B1 (1, {) , B2 (4, £)) will larger than
(F=1-k)A(e*=1+k),s0

EW (S 1(0), I5(0), 1y(0), 51(0), 52(0)) + HoT

>EWSa@AT)  In (i AT) Iy (te AT),Bi (e AT) o (7 A T))

> E [l oW Su (@ AT) Ay (e AT) Iy (e AT) By (i AT) B (i A T))]

2 P(GO)W(SH (i) dn (1,0 Iy (11, 0) . B (Tr, ) . B2 (Tx, £))
>eo[(f—1-k)A(eF=1+k)].

Since k is an arbitrary constant, it can be contradictory by making k — +o0

+oo < EV (S 1(0), I1(0), 1v(0), 81(0), B2(0)) + HoT < +o0.
Therefore 7., = +co a.s., i.e., T, = +o0o. Then system (1.6) has a unique global solution
(S u(0), In(0), Iv(1), B1(1), B2(1)) on . O
Appendix D. Proof of the Theorem 4.2

Proof. The theorem will be proved next in the following two steps.
Step 1. Construct Lyapunov functions
Using Ito’s formula, we obtain

K di
L(=logSy) = —’;— +u+ Biodi(Ly) + Baa(Iy) — S_H
" H
L(-logly) = _Bi¢iv)Su _ PaboUn)S cw

Iy Iy ’

A 1
L(-logly) = —n—1ﬁ3¢3(lﬂ)n + B3¢3(Iy) + m.
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Define a function V| = —log Iy —cylog S y—c; log S y—c3log Iy, where ¢y, ¢,, c3 are given in subsequent
calculation. Using Ito’s formula, then
Iy)S IS K dl
LV, =- Aioldv)Su _ BobalUm)dn -2 i+ ci1fio1y) + ci1frdr(Iy) — atn
Iy Iy Su Su
165777, 4 crdl A 1
e, ot + 11 (Iy) + cofrdpr(Iy) — L c3—P3¢3(Ig)— + c3f3¢3(Ig) + cam
SH SH m IV
IV+1+(IV 1) IH+1+(IH 1)
-c Ca— c - = -c C5— c - —
o) 0 T edy) 610 U U650 s #50)
Iy N 1 + el Iy 1 )
-c Ce— c - = .
“ooly) " $50) " dally)  ¢5(0)
By the condition A3, notice that
I 1
( Vv )’ — o1(ly) é1ly) < mo,
) Iy °
which can deduce
Iy 1
- — < mply, (A4)
si(ly)  ¢,(0) =
similarly, one gets
1 1 I 1
" < I’HQIH, il < molH. (AS)

$(ly)  $,0) ~ ¢s(ly)  ¢30) ~

Combining (A.4) and (A.5), we have

1 e 1
$,0) " 45(0)

+w + c1f19 (0 + 182y (D) Iy + c38305(0)y + 2516, (0)]y

-3/ cacePoptK

A
LV <=5 §/C1C3C4C5ﬁ1ﬁ3luKa + iU+ Ccsm+Cy

1
+ Coll + Co—

21 6 #5(0)
+ (,’2,32¢,2(0)IH + C4I’)’l()]V + (C5 + c6)mOIH

- A 1 1 5 -
=-5 i/C1C3C4C5,31,33/.1KE + iU+ c3m+cy 5.0) + c5 ¢,3(0) -3 \3/ crcefruK

+Cot + Co +w + c1f19 () + 182y (D) + c38305(0)y + c216,(0)]y

1
$,(0)

, ~ A A
+ c2320,(0) g + camoly + (cs + co)moly + 5( {/C103C405,31,33ﬂ[(% - {/0103046‘5,31,33#1(%)

+3(\/ cacefoptK — 3/ crceBopK).

Let ¢y, ¢;, 3, ¢4, ¢5 and cg satisfy the following equalities

1 1 BiBAKg (0)¢5(0)

“80) - C g0 m?

Cii = C3m =
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1 o ,
U = c6¢/2(0) :ﬁ2K¢2(0)9
then
3.8 AK$ (0)- (0 ~ p p ,
v, <~ PBEEOONE g Kg10) 400+ (1 + e Ol + s Ol
+(c1 + €)@, (0)B1 1y + camoly + (cs + co)moly
: A A
+5( \/01€3C4C5/31,33ﬂKn—1 - \/01€3C4CS,31,33NKZ) +3(\/ caceouK — \/ c2c6BruK)
= — w(RS — 1) + (c1 + )¢ (0)Baly + c303(0)Bs1y + (c1 + €2)¢y (0)B1 Iy + camoly + (cs + co)moly
5 ~ A 5 A 3 ~ 3
+5( \/C1€3C405ﬁ1ﬁ3ﬂKn—1 - \/C1€3€465,31,33,UKE) + 3(\/ cacefouK — \/ 206821 K),
where

PiBsAK (0)¢3(0) | SrKp(0)
m2w w
By Holder inequality, for any positive constant 9, the following equations are true

Ry =

1 A I, A -,a9 I, A o 9
Iy <@Bi+ )y <8BF—+ = ==86"en + — + —5(82 -, em),
Bily < (6B 45)\/ ﬁlm 45 mﬁlel 45 m(ﬁl Bie)

1 I PSR | 7
Boly < (683 + 15 < SBK + % = KBy e™ + ﬁ + K682 — Br7e).

If take § to be s
5 SRy~ 1)

2 2 9
BiB3pK e, (0)¢50) | BaKey(0), o 52 72 , -2 4
(4 3,000 4 £ ﬂz N$,(0)KB, e +¢1(0)%ﬁl e)

um?

then we can get

kst

o
a

, 1 ,
2+ (cp + c2>¢2<0>£ + c3¢5(0)B3 1

]

LV < —w® - 1) + (¢ + )y (0)KSBy e
’ A —_ 2 ﬁ ’ IV
+ (¢ + Cz)¢1(0)a5,31 e +(c + Cz)¢1(0)5 + camply + (c5 + co)moly
, L, 3 . A L,
+ (01 + )OS =By’ e™) + (1 + €)1 (0) 0B - fiem)

. A A / -
+ 5( {/C1C3C4C5ﬁ]ﬁ3ﬂKn—/l - i/C1C3C4C5ﬁ]ﬁ3ILlKE) + 3( \ c2c6,82,uK - \3/ 02c6,82,uK)

, 1 ,
= %(Ra ~ D+ 1ler +€2)$5(0) 75 + €35 (005 + (s + co)molln

, 1
+ [(c1 + Cz)¢1(0)4—5 + camglly + F(B1,52),

where
’ — i% !’ A — ﬁ
F(B1,B) =(c1 + ) (0)KS(B — Bae™ ) + (c) + c2>¢1<0>;5<ﬂ% ~Bilem)
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- A A -
+ 5(</01C3C4csﬁlﬁ3ﬂKn—1 - §/C1C3C405ﬁ1ﬁ3ﬂKn—1) + 3( \3/ c2¢6BopK — N/ cacePopK).

Next we define

(C1 + C2)¢,1 (0) + 4604m01

Vo=V +
: ! 4mo

Vs

applying Ito’s formula to V,, it leads to

, 1 ,
LV, <- %(Rg = 1)+ [(e1 + )a(0) < + cad(O)Bs + (cs + comolly

(C] + C2)¢’1£(‘.((;) + 46C4m0 IV + F(ﬂl,ﬁz) + (C1 + C2)¢;1|.(0) + 46C4m0ﬁ3¢3(1H)é
mo m
C(a+ cz)qu1 0) + 4éc4mo’83¢3 Uy — (c1 + 2)$1(0) + 46camy I
mo 46

w
<- E(R(S) = D)+ Aly + F(B1,B2),

where

((c1 + c2)1(0) + 45C4m0)/33¢3(0)1\
4m26

’ 1 ’
A=(c+ C2)¢2(O)% + c3¢5(0)B3 + (c5 + co)mp +
Next, define
A
Vi =—logSy —logly —log(K — (Sy + Iy)) - log(% —Iy) + (B — 1 —logB)) + (B> — 1 —log ),

then, we have

K dl I 1
LVy =~ /;— +u+Bid1y) + Bado(Iy) — —H - —,33¢3(1H)— + Ba3ps(Iy) + m ¢3(I;H) + ¢,3(0)
- m[—ﬂ(l( —(Su+ 1) +ylyl - A _1, —,33¢3(1H)(— = 1Iy) + mly] + ¢3(1H)
1 1 1 1
¢ (0) +,81(al logﬁl - —0’1 logﬁl + 0'1) a/l(logﬁl - = lOgﬁl) - —,810/1 lOgﬁl + CU] lOgﬁl
3
_ 1 1 - 1 1
+ Ba(ay log By — Eaz log B, + 50'3) —ax(logB, - 5 logB) — 5,3202 log B, + Eaz log B,.
uk ABsIy vly mly
=5y N mly T K-Gu+lp g, TV

1 1 1 1
- Eﬁlal log B + ok log B — 552(12 log B, + Pk log B,

where

AN , ,
WB1,B2) =2u+m+ —— +'81¢1(0)n_1 +520,(0)K + 2B3¢5(0)K + myK

¢3(0)
o 1, 1
+ﬁ1(011 logﬁ] - ECY] logﬁl + 50'1) —a](log,Bl - Elogﬁl)
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-1 1 -1
+Ba(azlogBr — ;% log B, + 50'5) —ax(logBr — 3 log 35).
Choose M is a large enough positive constant , let
V= MV, + V3,

where M satisfying the following inequality

Mw
—T(Rg -1+ sup W(B,B2) < -2.
(B1.82)€R3
Notice that V has a minimum value V,,;, in the interior of I because V — +o0 as (S g, Iy, Iy, 81, 82) tends
to the boundary of I'. Ultimately, establish a non-negative C 2_function V(S g, Iy, Iv,51,B2) : T — R, as
follows

V(SHa IHa ]VnBl’BZ) = V(SH’ IH’ IVaﬁlaﬁZ) - Vmin,
then we obtain

Mw ukK ABsly 074 mly
V<— 2R, - 1)+ MALy + MF(B,,5,) - — — 1/ - -
L 2 R . Brh) =5, mly  K-Su+lp) A-1,

1 1 1 1 (A.6)
- 5,3101 log B, + Pkl logB; — 5,320/2 log B, + ;@ log B> + W(B1,02)

::G(SH’ IH7 IV’ﬁbﬂZ) + MF(B]7ﬁ2)'
Step 2. Set up the closed set U,
Us :{(SH’ IHa IV?ﬁlvﬁZ) € 1—‘|IH > &, SH 2> &, IV > 82’

A 1 1
Su+Iln<K—-&,Iy<—-¢&,e<fi<—, e<phr<—},
m & P

where ¢ is a small enough constant and the complement of U, can be divided into nine small sets as
follows

1
Uig = {(SH,IH$ IV’ﬁlaﬁZ) € rlo <ﬁ1 < 8}’ Uig = {(SH7 IH7 IVaﬁl’ﬁZ) € rlﬁl > ;}’

Us, ={(SuIu,Iy,B1,B2) €TI0 < B < &}, Uy, = (S, Iu, Iv,B1,B2) € TG > é},
Us, ={SuIu, v, f1,.62) €TI0 < Iy < &}, Ug, = {(Sw, Iu, Iv.p1,B2) €TI0 < Sy < &},
US, ={SuIu, Iv.pr1.2) €TI0 < Iy < €, 1y > &},

Us, ={SuIn,Iv.p1.2) €TISy + Iy > K — &%, Iy > &},

Us, = (Sl Ty Brof) €Ty > > =1y 2 ),

then the following results hold
Case 1: (S, Iu, Iy, B1,B2) € Ui, then

Mw uk ABsly yI
G(S i I Iy, 1. o) = — —— (R — 1) + MAIy + W(B1. ) — — — ] _
Gl Lv- o) 2 R )+ nt WiBi.p2) Su mly K—-Sy+1p)
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mIV
=

M 1 1
<- T“’(Rg = 1)+ MALy + W(B1.B2) + senloghy + S log By

1 1 1 1
- 5;310/1 log B + ok logB — 5,320’2 log B, + ;@ log B,

M 1 |

<~ TR — 1)+ MAK + ~ayloge + ~ar logfr + sup W(B1, o)
2 2 2 (B1.B2)ERY

<-1.

Case 2: (SH, IH9IVaﬁl,ﬁ2) € Ug,a’ then

Mw . 1 1 1
G, Iy, 1v,B1,62) < — T(Rf) — 1)+ MAI; + W(B,,5) + =a logB + 3O log 3, — Eﬁlal log 3,

2
M 1 1 alogl
<~ ZCR 1)+ MAK + ~anlogBy + ~anlogs — —2282 4 sup W(BLBY)
2 2 2 28 g per?
<—1.

Case 3: (Sy, Iy, 1v,B1,B2) € Us. then

Mw 1 1
G(SH,IH,Iv,ﬁl,ﬁz) < - T(R(S) - l) + MAIH + W(ﬁl,ﬁz) + Eallog[jl + Ea’z lOg,BZ

M. 1 |

<~ TOR 1)+ MAK + ~asloge + ~ailogB + sup W(Bi,B2)
2 2 2 (B1.B2)ER:

<-1.

Case 4: (SH, Iy, Iv,ﬁl,ﬁz) S UX,&’ then

Mw 1 1 1
G(SH’ IH’ IVaBl?ﬁZ) <- T(RB - 1) + MAIH + W(ﬂl,ﬁz) + ECL’]IOg,B] + Ea’z logﬂz — 5,8202 logﬁz

M alogt 1 1
== Tw(RS — 1) + MAK - = e sailoghy + sazlogBr + sup W(B1,Bo)

2 2 (B1.B2)€R:

<-1

Case 5: Sy, Iy, 1v,B1,B2) € Us.. then

Mw 1 1
G(SHaIHaIV»ﬁl’ﬁZ) < - T(R(; — 1) + MAIH + W(ﬁ],ﬁz) + 50/110&31 + Ea’z 10g,82

M 1 1
<- —w(Rf) - 1)+ MAe + —aylogB + zaplogBr + sup W(By,5,)
2 2 2 (B1,82)eR?
<-1.

Case 6: (Sy, Iy, 1ly,B1,B2) € Us > then

Mw K 1 1
G(SH,IH,Iv,ﬁl,ﬁz) <- T(Ré - 1) + MAIH + W(ﬁ],ﬁz) - l;— + icxllogﬁl + za’z logﬁz
H
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M K 1 1

<— TE2R - 1)+ MAK - "= 4 Zailoghy + ~azlogB + sup W(B1,B)
2 & 2 2 (B1B2)eR2

<-1.

Case 7: (S, I, Iv, B1,B2) € U5, then

Mo AB:ly 1 1
GSwu,In,Iv,B1,.p2) < — T(Ro = 1)+ MAIy + W(B1,52) — o + Eallogﬁl + o log B3,
%

M A 1 1
<- Z2R - 1)+ MAK - ABs | —ayloghy + —axlogBr + sup W(B1, )
2 mée 2 2 (B1.82)€R?
<-1.
Case 8: (Su, Iu, Iv,B1,p2) € Ug,, then
Mw 1 1 1
G(SH’ IH’ IVnBl’ﬁZ) <- T(Ra - 1) + MAIH + W(ﬁl,ﬂz) - m + Ea/llog,Bl + Ea’z 10g,82
M 1 1
< - TO2R - 1)+ MAK - L + ~ailoghi + ~azlogfs + sup W(B1,5)
2 & 2 2 (B1B2)eR?
<-1.
Case 9: (Su, I, Iy, p1,B2) € U, then
Mw ml 1 1
G(S - I Iv. 1. B2) < = —— (RS = 1) + MALy + W(By.52) - ﬁ + Saloghy + Sazlogh,
n_1 -1y

M 1 1

<— ZE2R - 1)+ MAK - 2 + —aylogBy + ~aslogBr+ sup W(B1, o)
2 & 2 2 (B1B2)eR?

<-1.

According to the discussion of cases above, we can know that
G Sy lu 1v,pr1,B2) < -1, Y(Su, Iy, ly,B1,B2) € N\U,,
in other words, let H is a positive constant that makes
GSuluIv.pr,2) < H < +co, Y (Su,Iu 1v,B1.p) €T.

For any initial value (S 4(0), I5(0), Iy(0), 5:(0), 5,(0)) € T, integrating the inequality (A.6) and taking
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the expectation, we get

0 < E[V (S u(t), Iu(0), Iy(1), B1(D), B2(1))]
- t

- AVOuO LO LD LA, 2 / E(LY (S 40, In(), (D) By (), B i
0
< EVCuOInONOLOLOD 1 [ (G501 (e ) Br0 Bor0
0

+5M7{ C1CgC4C5ﬁ3,LtK—— / (\/> /Bi(T) > dt + 3M 3/ crceuK — / (i/ﬁ?g - \3/,82(7')) dr

, Al [ -5 % , 1 /[ 2 %
+ (Cl + 6‘2)(]51(0)5”—1;/ E (ﬁ%(‘l’) _:81 e“l) dr + (Cl + C2)¢2(0)5K;/ E (ﬁ%(‘r) —ﬁzzeaz) dr
0 0
(A.7)

One gets that 5;(i = 1,2) is ergodic according to [34,35], then we can get that

t +00 _ R
lim — / Bl (t)dr = hm - e”l"gﬁ"(T)dT = / ePin(ydy; = B e *i

t—+oo [ t—+oo [ I

-

hence

t—+00

lim — / ﬁl(T)dT ,81 e”l hm / ﬁz(T)dT ,82 e

t—+00

1 [ T SO R N Lt N I
lim —/,315(7)077:,315@]00‘” =pB1°, Em —/,323(7)617:523636"2 =52,

Q‘NN

Then letting t — +oco and taking infimum to (A.7) it follows

1 t
0 <liminf — / E(G (S y(1), Iy(1), Iy(7), B1(1), B2(7))) dT

t—+00

NS B
= lim inf — / E (G (S u(0), In(0), Iy(7), Bi(T), , Ba(D)) L e o)1y e) pr(or prret) ) AT
0

t—+00

—+00

e
+ liminf — / E (G S (D), Iu(7), Iy(7), B1(7), B2(7)) I (s H(T),IH(T),IV(T),ﬂl(T),,BQ(T)GF\UE}) dr
0

t—+0c0

N
<H lim mf; / (8 o) 1n(0). 1y (1) 51 (1) o) AT
0

1 t
—hmmf; / (S 1) 0501y (1) B1 (0) o)\ U, AT
0

t—+00

1 t
<-1+(H+ Dliminf — / L 401001y (0.1 (1) o)) AT,
0

—+00

which means

11tm+1nf ! / P{(S g(1), Ig(1), Iy(7), B1(7), Ba(7)) € U} dT > > 0a.s.,
1 /[ 1
lim inf —/ P {7, (S (0), I5(0), Iy(0), 5:(0), 32(0)) , U} d7 > 1
400 0 +1
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V(S 1(0), 1r(0), 1y(0), 81(0), 52(0)) € T.

According to the Lemma 2.4, we can conclude that when Rj) > 1 system (1.6) has a stationary distribution
onl. |

Appendix E. Proof of the Theorem 4.3

Proof. Define a C*>-function G(Iy, Iy, 31,3,) : T — R by

Gy, 1y, B1,52) = vilg + voly,

ﬁ1¢1(0)K

where v = Ry, v, = . Applying Ito’s formula to G(Iy, Iy, B1,82), then we have

1 A
L(logG) =T[V1W1¢1([V)SH + B2 (In)S 5 — wly) + V2(ﬁ3¢3(IH)(n_1 —Iy) —mly)]

vily 21y

’ ’ ’ A
S———1B1¢(0)KIy + viB2$,(0)K 1y — viwly + vof3¢5(0)(— — Iy)ly — vamly]
vily + v Iy m

-— ’ e~ ’ ’ A
=————[1B19, (K 1y + vi20,(0)KIy — viwly + vof3¢5(0)(— — Iy) Iy — vamly]
VIIH + VQIV m

i(B1 = B)d1 (0K Iy + vi(Ba — )5 (0)K ]

+ e —
V]IH + VzIV

- - ’ A

S————[B19, (0K —vam)ly + (Vi (0)K + v2B3¢5(0) — — viw)Iy]

vilg +wvaly m

R _ , _
+ =51 = il + 6.OK B, - B
- ’ - ’ R e~ ’ —
_m[ﬁ1¢1(0)K(Ro = DIy + B2¢,(0)K(Ry — DIy] + %Iﬁl — Bil + $,(0)K|B2 — sl
3,¢,(0)K R - , -

Smin{m»%}mo -+ %Wl = Bil + $,(0)K|B2 — Bal.

Integrating both sides of this equation from O to ¢ and dividing by 7, we get

log G(¢) —log G(0 3,¢,(0)K R
OO =800« minon, 220K e, 1)+ 0L [ 1y o1 -plar+ 00K [ 1sto1-fitar
(A.8)
According to the ergodicity of 81, 5>, then
lim — /Iﬁl(T) ,31|dT<11m( /(ﬁl(T) ﬁl)zdf)z—ﬁl(e”l —2eT + 1),
(A.9)

hm /|:5’2(T) ,82|dr<hm( /(ﬁz(f) - Bo)dr): —,32(6“2 —264”2 +1)2.
Letting t — +oco, and submitting (A.9) into (A.8), then inequailty (A.8) becomes

B> (0)K o o L _ 3 o2
Ry

lim su JRo — 1) + mRo(e™ —2e1 + 1)7 + ¢y (0)KBa(e™ — 2e%2 + 1)?

t—+0o

log G(¢
png() < min{m,
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3,0,(0)K
= mingm, 222208 ge 1),
Ry
where o2 o2 o2 o2 1
RE _ o, MRo(e" = e + 1) + ¢,(0)KBa(e™ —2e%2 + 1)1
o =fo¥ B OK :

min{m, R—o}
IfRE < 1,

log G(t

lim sup 0g G(1) <0
t—+00 t

will be true which indicates
lim Iy(¢t) =0 lim Iy(¢) =0,
t—+00 t—+00

this means the disease will die out exponentially.
Appendix F. Proof of the Theorem 4.4

Proof. Step 1 Consider the following equation
G+ AL, +3,AT =0,

where G| = diag(0,0,0,0,0).
Let A, = JiAJ7!, where

J1:

S O O = O
S O~ O O
S = O O O
S OO O -
— O O O O

then
—dyq 0 0 0 0

—di4 —dapp —dpp —diz —dajs

A= | au ay —ap ap as
0 0 asy —dads3 0
0 0 0 0 —dadss
Let Ay = JobAJ;!, where
1 00 0O
01000
HL=101100 |,
000T1O
0 0O0O01
and
—ay4 0 0 0 0
—di4 adpp —dap —dap —ajz —aps
Ay = 0 app—ap +ay +ay —ap—an 0 0
0 —asp asp —azz 0
0 0 0 0 —dass

(A.10)
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Duetoay, —aj; +ax +a» = Y > 0, let A3 = J3A2J3_1, where

1 00 0O
010 00O0
Ls=loo1 oo/,
00 a—;z 1 0
000 O01
and
—aq 0 0 0 0
—ap ap —ap a”ya” —ap —a;z —ds
A3 = 0 Y —djp —dn O 0
0 0 w —das3 0
0 0 0 0 —dass
in which
+
W= an— 6132(611; an) N 6132;133 = m— i+ s (I") > 0.

By using the methodology in [36,37], the standard transformation matrix of Az has the following form

m; mp ms my ms
2
0 wy -w@@np+an+taz) a0
M = 0 0 w —das3 0 ,

0O O 0 1 0

0O O 0 0 1
where m; = —wyay, my = —wy(as +ay +axn), my = wajzasm —wyapp +w(ap +ax +ax)(apn +an) +

2 _ 3 —

wdaszs, My = —ywasz — dzz, Ms = —Yywdis.

Define Ay, = MA;M™", then we can get

—bl —b2 —b3 —b4 —b5
1 0O 0 O 0
Ag = 0 1 0 0 0 ,
0 0 1 0 0
0 0 0 0 —dss

in which

by =ay + ay + as; + A,

by =as(ay + axn + as3) + apaxn + apay + ajaz — apazp + andass,

b3 =as(ay1ax + anay + ay1as3 — a13as; + anasz) — a;1a13as; + dy1aas;
+ apaass + a;zazass,

by =as(araxaszs — ay1ai3az; + apas as; + a;d az).

Let J = J3J,J;, we can equivalently transform the Eq (A.10) into

(MDGEMD" + [(MDAMI) NIMDHZ(MDT] + [(MDE(MDTIIMDHAMI) " =0, (A1)
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where (MJ)G3*(MJ)T = diag((m,01)*,0,0,0,0), let p; = m;oy, then (A.11) becomes
G+ p? Ao (MM + pT [(MDZ((MD)TAS, = 0,

then we obtian

b1b4;b2b3 0 % 0 0
0o -2 o0 & 9
o1 := P 2 (MDZ M) = N R
0G0 o
0 0 0 0 0

where b = 2[b4b% — b1bybs + b%]. We can obtain that the matrix X, is a positive semi-definite matrix,
the exact expression of X is as follows

2 = o (M) o (M)

Step 2 Consider the following equation

G+ A%, + AT =0, (A.12)
where G, = diag(0,0,0,0, o).
Let B, = P;APy!, where
0 00O0°1
1 00 0O
Pr=101200 0],
00100
0 001O0

then
—dss5 0 0 0 0

—dais —dj; —dip —diz —dadig

B, = ais as) —dy 43 aig
0 0 asy —das33 0
0 0 0 0 —ay4
Let B, = P,B, P;', where
1 00 0O
01000
P,=101100],
00O0T10O0
0 00O01
then
—ass 0 0 0 0
—dj5 djpp —dadp —dap —aj;z —dadi4
B, = 0 app—ap +ay +ay —ap—an 0 0
0 —asp asp —azz 0
0 0 0 0 —ayq
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Similarly, due to aj, — ayy + @z + ax =y > 0, let B3 = P3B,P3!, where

1 00 0O
010 00O
P;=f 001 00|,
00 ‘% 1 0
000 01
and
—ass 0 0 0 0
—ais ap—an BE-ap —az —ay
By=10 Y —app—ay 0 0 ,
0 0 w —das3 0
0 0 0 0 —ay4
in which
W= as — ayn(ap + axn) L Gds 1+ Bss(I) > 0.
Y Y
The standard transformation matrix of B3 has the following form
n N ns ng O
0 wy —w(asz + app + ax) Cl%3 0
N = 0 0 w —das33 0 ,
0 O 0 1 0
0 O 0 0 1
where ny = —wyais, no = —wy(ass + a1y + axn), n3 = wapzas; — wyapy + wap + axn + as)(ap + an) +
wa%S, ng = —ywaz — a§3,n5 = —ywdi,.

Define By, = NB3;N~!, then we can get

—dl —d2 —d3 —d4 —d5
1 0 0 0 0
By = 0 1 0 0 0 ,
0 0 1 0 0
0 O O O —ay4

in which

dy =ay + ay + as; + ass,

dy =ass(ay| + axp + as3) + ayaxn + apdy + ajaz — apaxp + andass,

d3 =ass(ay1ax; + apay) + ay1as3 — a13as; + anasz) — a;d13as; + dya»as;
+ apaass + apzazass,

dy =ass(a1a2a33 — a11a13a3 + 12021033 + A1302103)).
Let P = P;P,P;, the equation (A.12) can be equivalently transformed into

(NP)G3(NP)" + [(NP)A(NP) 'I[(NP)Z2(NP)"] + [(NP)Z,(NP)"I[((NP)A(NP)'1" =0,  (A.13)
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where (NP)G3(NP)T = diag((n,0,)%,0,0,0,0), let p, = n;0, then (A.13) becomes
2, T - Tvpl _
Gy + 3 Boi[(NP)Zy(NP) ] + p3 [(NP)Z2(NP)" 1By, = 0,

then we obtian

didy—
1 4dd2d3 0 (2_3 0 0
o -4 0 4 o0
= 032 T = 4 0 -4 0 0
Zo2 := Py (NP (NP)' = 4 a ;
o 4 0 et o
0 0 0 0 0

where d = 2(d4d% —didyds + d%), and we can obtain that the matrix X, is a positive semi-definite matrix,
the exact expression of X, is as follows

%, = p5(NP) 'Sl (NP) ']

Finally, ¥ = ¥, + %,. Obviously, the matrix X is a positive definite matrix. The proof is complete. O
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